B Supplemental web appendix for “Semiparametrically
efficient estimation of the average linear regression

function” by Bryan Graham and Cristine Pinto

This supplemental web appendix contains proofs of the results not included in the main
appendix as well as additional detailed calculations for some proof steps. All notation is
as defined in the main text and/or appendix unless explicitly noted otherwise. Equation

numbering continues in sequence with that established in the main text and its appendix.

Proof of Proposition 2

Begin by noting that under Assumption 4 we have
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which, invoking conditional independence yields
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Using this result we can re-write the [, estimand as follows:
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Next observe that
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Putting all these pieces together we have
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with

_ 1 _E[X—eo(W)|W:w,X2x](1—FX|W(x]w))
fxw (zlw) [TE[X —eg (W)W =w, X >v] (1 - Fxyw (v|w)) dv

w (w, )

Proof of Corollary 1

Let f(z|w;¢) be a known parametric family of conditional distributions for X given W.
Let fo(x|w) = f (xz|w;¢) at some unique ¢ = ¢y. Relative to that considered in Theorem

1, the parametric submodel changes to

fw,z,y;m) = f(ylw,z) f(z]w; ¢ (n)) f(w;n)
with an associated score vector of

99 (n)
on’'

sn<w,x,y;n>—sn<y\w,m>+( ) Sy (2] w: ) + 1, (wi) (56)

where S, (2| w; ¢) is the score function associated with the parametric conditional log-
likelihood for ¢.

From (56), and the usual (conditional) mean zero properties of score functions, the tangent
set is evidently
T ={s(ylw,z) + cSy (2| w) + 1 (w)}

where S, (| w) =Sy (2| w; ¢p), ¢ is a matrix of constants, and
B (s (Y] W, X)| W, X] = B[S, (X| W) W] = E[t (W)] = 0.

To show pathwise differentiability, begin by noting that /5 (1) continues to equal (37), however

b (w;n) now satisfies the modified conditional moment restriction
1
x

//( )<y—a<w;n>—x’b<w;n>>f<y|w,x;n>f<xrw;¢<n>>dxdy—o. (57)

We can derive a close-form expression for %ﬁﬁ"o) in (39) by differentiating (57) with respect
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to n (and evaluating at n = n):

15 .
_// < :1 > %ﬁf@\w,m%)ﬂx\w;qbo)dxdy
_// < ;;/ ) Wf(yw,x;no)f(ﬂw;qﬁo) dzdy

+<//(i>(y—xlb(w;%)){Sn(y’w,x;%)+(8%570)>/S¢(x]w)}

xf (ylw, z;m) f (2| w; ¢o) dedy) = 0

Analogous to the corresponding calculations given in the proof of Theorem 1 we can solve

=\ 1 —e (w; ¢o)' v (w; ¢o) ™!
%n;/m) —v (w; ¢0)_1 e (w; ¢o) v (w; <Z50)_1

( Y —a(W;n) — X'b(W;no) )
XY —aW;ng) —X'b(W;no))

to get

xE

<o (VWX + (%ﬁﬁ”)lswmvv)}’w ~ul.

Plugging the second row of the above expression into (39), which remains unchanged relative

to its form in the proof of Theorem 1, we get

= E[v(W;ido) " (X —e(W;¢o)) (Y — ag (W) — X'by (W))

<o riwxin + (2 's, o ]
+E [by (W) t,, (W)]. (58)

Now observe that (17) remains a pathwise derivative. Furthermore (17) continues to lie in the
tangent space with its first component playing the role of s (z, y| w) = s (y| w, z) +cSy (2| w)
and its second component that of ¢ (w). The claim again follows from Theorem 3.1 of Newey
(1990).
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Detailed calculations for proof of Theorem (2)

Let m (Z;,0) be the (L+J+ 14 J+ JK + K) x 1 vector of moment conditions as defined

in the main text. In this appendix we work with the more refined partition of this vector:

ma(Xi, Wi, ¢) S¢(X|VI/’L7 ¢)
ma (Wi, pw) =Wi — pw
m3(Zi, pow, A, B) =U; (pw, A, B)
m(Zi, pw, A, B) = (Wi — pw) Us (pw, A, B)
ms(Zi, pw, A, B) = (Wi — pw) ® Xi) Ui (pw, A, B)
ms(Zi, &, pw, A, B) =v (W;9) ™ (X — e (W;9)) U

where 0 = (¢, pw, N, 3) with dim (§) = L+ J + 1+ J + JK + K as before.

The Jacobian of the moment vector equals

Afﬂ AIQ
-Ngl -NEQ
Aﬂﬂ Aﬂﬁ
Afﬂ Ai@
Aﬁﬂ -N&2
Aﬁﬂ <N%2

A[M
Moy
Aﬁ%
A[M
Ms4
A%4

Considering the first block of columns in M, we have that

AIH::

LxL

H (¢o)

i (pw, A, B)

with H (¢g) equal the L x L expected Hessian matrix associated with the generalized propen-

sity score log-likelihood (under Assumption 5 we have that —

that

My =0, M3, =0, My =0, M5 =0,
JK XL

JXL 1xL

JXL

90

H (¢o)

= [E[SS']). We also have



and, finally

Moy =E | (| =0 (W, 00) " 255200 (W, 00) " (X = e (W, 60))

— o) 2 CE O ) (= e 7))
+v@%¢w‘1@3§%@ﬁ)cquV&ﬁ%ﬂ.
Iterated expectations gives
MﬁleHq(W,gbo) cL(W,qso)}C(X,U*IW)er(W%)E[U*IWﬂ (65)
with o (W,¢) = —v(W,¢)" 2890 (W,¢)"! for | = 1,...,L and d(W,¢) =

1 de(W,p
v (W, 0) 7 200)

It is useful to develop an alternative expression for (65). Note that

E [ms(Zs, o, ftw . As, Bo)] = E [v (W, ¢0) ™ (X — e (W, 60)) U (1w, As, Bo)] = 0,

is mean zero. A GIME argument, similar to the one used to derive (22) in the main text,

therefore gives

%ﬂvwaﬂ< —e(W,00)} U.| = —E [0 (W,d9) " (X — ¢ (W, 60)) UST,  (66)

where we use the fact that U, = U (uw, A, Bo) does not vary with the propensity score
parameter, ¢. We can use (66) to write

Mgy = —E [v (W, )" (X — e (W, ¢0)) U.S'] .

If both Assumptions 5 and 6 hold simultaneously, then U, = Uy is conditionally mean zero
and uncorrelated with X (i.e., E[Up| W] = E[XUy| W] = 0). In this case Mg = 0 (see
Equation (65) above). If Assumption 6 does not hold, then Mg may be non-zero.

Turning to the second block of columns in M, we have that

Mis =0, My = —1,
LxJ JIxJ
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and also that

My =8 {1+ (1. ) 5*}'}

{\]443 =E |-1;U.+ (W — pw) {”Y* +(;® X)l(s*} }

=E | (W — pw) {(IJ ® X) 5*}/]

Mz, =E |— (I[; @ X) U, + (W — pw) ® X) (’y* +(I;®X) 5*)1

JKxJ

A0 (W = pw) ® X) (’Yo + (L ®X)/50)1 :

Note that the second equality after My does not require Assumption 6 to hold. Even if A,
does not correctly parameterize the CLP coefficients, it remains true that U (uw, A, Bo) is
mean zero. However U (uw, s, fo) may covary with X when Assumption 6 fails. Therefore
the second equality after My, does require Assumption 6 to hold. The forms of Mszy, My
and Msy determine the effect of sampling uncertainty about the value of uy on sampling

uncertainty about the value of .

Finally we get

My, = E |v (W $0) (X — e (W; ) {7* +(I;®X) 5*}/}

Turning to the third block of columns in M, we have that

M3 =0, Moz =0, Mz3 =—1,
Lx1 Jx1 1x1

and also that

]}{45 =—E[(W — pw)] =0, %5;31 = —E[(W — pw) ® X)]

and

Mgz = —E [U (W; 9250)71 (X —e(W; ¢0))] =0.

Kx1

Turning to the fourth block of columns in M, we have that

My =0, Moy =0, My = —E [(W — )| =0,
LxJ JxJ 1xJ
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and also that

%4}1 =—E[(W —pw) (W — uw)'] = —Sww, JJ\]{?J =-E [((W — pw) @ X) (W — //JW)I} ;

and finally that

Mgy = —E [0 (W3 60) ™" (X — e (W; 60)) (W — o) | = 0.

KxJ

Turning to the fifth block of columns in M, we have that

M15 - 0, M25 - 0,
LxJK JXJK

and also that

My, = —E[(W = ) © X)'|, My = ~E [(W = puw) (W = ) © X) ],

IxJK JXJK

and also that

Mgz = —E [0 (W360) ™" (X = e (W; 60)) (W = ) @ X) | =0,

Turning to the sixth, and final, block of columns in M, we have that

M16 - 0, MQG - 0,
LxK JxK

and also that
My = —E[X'|, My = ~E[(W — ) X'] . My = ~E |(W — puw) 8 X) X'

IxK JXK

and finally that
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Marking out the zero and identity terms we have that

My 0 0 0 0 0
—I; O 0 0 0
Mz -1 0 Mz Mss
My 0 My My My
Msy Msz Msy Mss  Msg

Mg Mgy 0 0 0 —Ix

Using the above we have (44), as defined in the appendix to the main paper, equal to

/ /
M3, {,Y* * (IJ ®© X) 5*} ,
B =| My |=E W — ) {1y © X)'6. }
(I+J+JK+K)xJ ,
M52

Ly ® X) U, + (W — ) © X) (’y* (e X) 5*)

Additional detailed calculations
Equation (46)

To derive the lower-left-hand block of (46) in the Appendix to the main paper we multiply

E[RR]' —E[RR] 'E[RX"] 0 -B ~H(¢o)™" 0\
B 0 Ix — Mg —B, 0 I ]

 ( E[RRT'E[RX| Mg —E[RR]™" (Bi — B,E[RX")) —H (¢o)" 0
—Me — By 0 Iy
~E[RR'E[RX']| Mg;H (¢o)" —E[RR|™" (B, — B,E[RX'])

- Mo H (¢) ™" B |

out:

Equation (43)

To derive (43) in the Appendix start by observing that moment (30) in the main text implies

(1)

the following characterization of A\q and [ :

E[RY]
E [vo (W)™ (X — e (W))Y]

E[RR] E[RX']
0 IK

o4



After some calculation we get that

X =E[RR|E[R(Y — X'B)]
=E[RR] ™ E[R (a0 (W) + X' (bo (W) = f)) + Uy
=E[RR| ' E[R (ag (W) + X’ (b (W) — Bo))],

where the last line uses Lemma 1 of the main text.

Equation (50)

To derive equation (50) in the Appendix expand the variance of by (W) +
A (k) (W) — uD)) — By as follows:
V (bo (W) + AD (kD (W) — 5D) = o) =AYV (KD (W) (AP
+ V(b (W))
+ 2B | (b (W) — o) {A) (K (W) — ) }']
=AY (K (1)) (A7)
)

+V (by (W))
+ 2E [(bo (W) — o)
% {b (W) + A (69 (W) — ) = B,]

x = (bo (W) = Bo)}]
=AY (D (W) (AD) =V (b (W)
— 2E [(bo (W) — o)
X {bo (W) + A (k(J) (W) — M(J)) - 50}/} :
(67)
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