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This appendix serves two purposes. First, it examines what happens if
the assumption of scale symmetry in consumption holds only approximately.
The empirical literature often finds non-zero n* or long-run elasticities, but
since these estimates are generally close to zero, it is important to show what
happens when our restriction holds approximately. Second, it uses this more
general assumption to derive the expressions among the local labor elasticities
discussed in brief in “Labor Supply: Are the Income and Substitution Effects
Both Large or Both Small?” (2008).

At an interior solution to the household’s problem, it is convenient to
use the Frisch dual problem to study relationships among local labor supply
elasticities. Defining

let

(I)(M, Wl, WQ) = Cr}l\[w]% MU(C, Nl, Ng) + W1N1 + W2N2 - C.
34V1,4V2
(The single and single earner cases can be seen as special cases of this dual
earner case in which the share of labor income for one household member is
zero.) By the envelope theorem,
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Define “net expenditure” X by

X - C - W1N1 - WQNQ.

Then
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We will begin by expressing elasticities in terms of the labor income ratios
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and the standardized second derivatives of ® defined by
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With X as one alternative out of X, A\, C', U A general notation for the
wage elasticities we are interested in is
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x=constant, w,/w;=constant
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Thus, n;X is an elasticity with respect to a proportional increase in both
wages, while % is a labor income weighted average of the individual n*
elasticities.

These definitions and the fact that ;1 = constant is the same thing as A =
constant allow one to lay out the following:

81nNi(u,W1,Wg) Qb/u’

dlnp h;
Oln Ni(u, W1, Wa) ¢y
oW, ==, (2)
i1+ @i
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A lel + 2¢12 + ¢22
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The absolute values of the local marginal propensities to earn are given
by the fraction of extra net expenditure devoted to reduced work hours when
u varies, holding W and W5 constant:

—WZ ON; —h dln N; qu'
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The marginal propensity to consume out of an increase in net expenditure
X is

olnC
1 € g o ¢,LL,M + ¢/.L1 + ¢u2 o 8M . aC 12
A1 T2 — (b — 1 98X 87 ( )
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Given the nature of our evidence, which is first and foremost about in-
come effects, it is reasonable to think of the marginal propensities to earn ¢,
and /5 as the most robustly identified of all the local elasticities if the func-
tional form is loosened up. Therefore, we focus on deriving equations that
determine other quantities in terms of ¢; and /5, among other fundamentals.
In particular, hereafter we will routinely write —¢;¢,,, in place of ¢,;:

¢m' = _gigbuu (13)

Given h; and hg, knowing ¢; and ¢, determine two of the six dimensions
of the standardized second derivatives ¢. We need four more restrictions
to pin down the other four dimensions. The degree of departure from scale
symmetry in consumption, or alternatively the value of the overall uncom-
pensated labor supply elasticity n* will provide one more restriction. Two
more restrictions will come from imposing the degree of additive nonsepa-
rability between consumption and each of the two types of labor. The last
restriction will come from imposing either the value of ¢15 or the closely
related elasticity of substitution between N; and N,. But in the leading
case the elasticity of substitution between N; and N, does not affect the
elasticities n; with respect to proportional increases in both wages.
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A convenient way to measure the degree of nonseparability between con-
sumption and the two type of labor by a; and as in the definition

dInC = sdIn pu + ar1hidIn N1 + ashsdIn Ns. (14)

Literally, the parameter s is the labor-constant elasticity of intertemporal
substitution for consumption. Ultimately we will use oy, as and the degree
of departure from scale symmetry in consumption to eliminate s since in our
context where the interest rate is constant and always equal to p it cannot be
functioning as the elasticity of intertemporal substitution for consumption.
To relate «; to the standardized second derivatives ¢, substitute

1
dln NZ = E[_€Z¢Mﬂd IHM + gbildln Wl + Qbigdln WQ] (15)
into (14):
dinC = [S — (04161 -+ a2€2)¢w]dlnu -+ [ombn + Oég(blg]dhl W1
+a1d12 + aaan]dIn Wy (16)

Comparing (16) to (5) and (6), it is clear after using (13) and rearranging
that

[1 =01 — 1) = bo(1 — g, = s (17)

4 o1 P12 l—a
¢W [ ly ] l P12 P22 I —ay ( )
There is a close relationship between the degree of nonseparability be-

tween consumption and labor indicated by «; and ay and how closely the
utility function comes to scale symmetry in consumption. Define

o olnW;
T 9InC

N1, No=constant

Scale symmetry in consumption implies #; = 65 = 1. More generally, weak
separability between consumption and an aggregate of the two types of labor
implies ¢; = 605 = 6, since weak separability means that a change in C'
holding N; and N, constant should not change the slope of the indifference



curve between N; and Ny, which is W /Ws,. From equation (15), one can see
that dIn N7 = dIn Ny, = 0 requires

1 [ o o dln W,
PRI b | P
As long as
[Cbn m]
¢12 ¢22

is nonsingular (equivalent to the reasonable assumption of a nonzero Frisch
labor supply elasticity for any linear combination of N; and Ny), (18) and
(19) together imply that

alHWZ
dln

Ni1,No=constant

Combining (20) with the definition in (14) that

oC
=s, (21)
d1n N, No=constant
one can solve for 6;:
OlnC Ni,No=constant S

One consequence of equation (22) is that weak separability between consump-
tion and a labor aggregate implies not only 6; = 05 = 6, but also a; = as = a.
Another consequence is that s can be eliminated by substituting

1-— (673
= ) 2
5= (23)
Also, given (17),
1-— a;
§b## - QZ[l — 61(1 — O[l) — 62(1 — OZQ)]' (24>

The assumption of weak separability between consumption and a labor
aggregate (or equivalently between consumption and a leisure aggregate) is



attractive. We will focus on that case from here on. With weak separability
between consumption and a labor aggregate, equation (24) becomes

l—«

= 25
Qb,u,u, 9[1 — (1 — Oé)(fl + 62)] ( )
Also, substituting a; = ay = « into (18),
gi(lﬁ,u,u €Z
i 2 = = 26
St 0= T T g A= o)l + 6] (26)
One obvious consequence is that
P11+ P12 4
L 27
P12+ P22 Lo (27)
Also, by (3),
i 2
AT o o ’ 28
and by (4),
0+ 0 0+ 0
77>\ _ ( 1 2)¢MM — 1 2 (29)

(hi +ho)(1 =) O(hi+ ho)[l — (1 =) (b + £a)]
It is useful to relate n} to n* by the following implication of (28) and (29):

4;
{1+4
= A, (30)
h1+ho

Both n} and 7 are inversely proportional to 6. Therefore, a modest
departure from scale symmetry in consumption leads to only a modest mod-
ification in the implied value of n* and n* as a function of /1, £, and a. For
example, if # = 1.1, so that consumption growing 2 percent per year with no
trend in labor would imply W;/C up 20 percent (or 22 percent after com-
pounding) over the course of a century, then the implied value of 7} would
be % as large as if strict scale symmetry in consumption held.

By (2) and (3), in terms of the unknown value of ¢,

Ao P2
MNii = T h;

while
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These are quite useful formulas if N; and N, are Frisch separable, so that

012 = 0, as we assume in our primary functional form. If not, to get further,

let’s relate ¢15 to the Frisch elasticity of substitution between N; and Ns.
Define the Frisch elasticity of substitution between N; and N, by

. OIn(Ny/Ny)

12 = : (31)
OIn(W1/W2) |\_constant, v—constant
From (9), (10) and (13),
%dU = GuuldIn i — LdIn Wy — lodIn Wy] = 0 (32)
If dlnmu = —dIn X\ = 0, this implies
gldhl W1 + Egdln W2 =0 (33)
or ,
dIn Wy, = —2—dIn(W, /W
n by + 4y n(W1/W2)
din W, = 4 dIn(W; /Ws)
2T 0+ 0 A
Thus (remembering that d1np = 0),
lopry — l1h1o
din Ny = ———=dIn(W/W: 34
n /Vy h1<€1+€2> D( 1/ 2) ( )
lagra — L1
dln Ny = —F————=(1 .
11 Vo h2(£1 i 62) H(Wl/WQ) (35)

Combining (34) and (35),

Uo(p11 + d12) — li(P12 + P22)
44y

hidIn Ny + hadln Ny =



Weak separability between consumption and a labor aggregate implies that
hldln N1 + hgdlnNZ =0.

That is, N7 and N, change in such a say as to stay on the same indifference
curve between N; and N,. Because the labor aggregate remains unchanged,
consumption C' must also remain unchanged to keep A fixed.

Subtracting (35) from (34) and dividing through by dIn(W; /W) yields
after simplification using (28),

lom + 01y (hy + he)o
At i U 2)P12
2= T, hihs (36)

Thus, ¢12 is given by

(37)

hihy [ lom + Gim) A
P12 )

T Y

Thus, ¢ differs from zero when the elasticity of substitution between N;
and N, differs from a weighted average of the Frisch labor supply elasticities
of N7 and Ny. The lower the elasticity of substitution between N; and Ny,
the more Frisch complementarity there is between N; and Ns.

Let us examine uncompensated labor supply elasticity n* next, since the
size of ¥ is an alternative way of measuring the degree of departure from
strict scale symmetry in consumption. Equations (7) and (8), together with
(13) imply that

dX
C
Therefore, dX = 0 implies

= I 1 — (16 + ha]dIn Wy — [Cahy, + holdIn .

h h
dln,u = <1 —|—€1> danl + (2 —|—€2> danQ

Pup Oup
and by (15),
! h; b Uiy
Adding up,



l;(hy + hs)

4
n =) — (4 ) by + , (39)
h; h;
and averaging with labor income weights,
x _ o (it 6)?
=10 — ———¢u — ({1 + ls). 40
n n h1+h2¢uu (01 + £2) (40)
Note that using (30), we obtain a similar relationship:
4
=, (41)
h1+ha

The similarity to (30) is a consequence of the structure imposed by weak
separability between consumption and a labor aggregate.

Adding ¢, + ¢5 to both sides of (40) and substituting in the expression for
7 in (29),

X . (gl -+ 62)[1 — (1 — Oé)(él + 52)]
7 +€1+€2—¢W< e ) (42)
Equations (42) and (25) imply
B X (h1 4+ ho)(1 — )
O = O ) G T (1 - )6+ 6)
1l—«
S M- (—a)h+h) (43)
Thus,
01+ Uy
)+ 6+ ) )
and
v 1

Since 7 is more easily observed than @, it is good to have an expressions
for n* in terms of ¥ instead of . Substituting in from (44), (28) and (29)
become

10



= Ci(hy + ha) (™ + 41 + £
Y ()bl — (1 =) (b + b))
X407
P (47)
[1—= (1 —a)(ly+4)]
This implies that as long as ¢, + /5 is substantial compared to the size of ™,
the difference between n* and zero does not change the overall picture of the
size of the elasticity n*.

In addition to using ¥ to gauge the size of 0, it is possible to use either

cross-elasticity 775 or n2y to gauge ¢1o. Substitute in from (43) for ¢, into
(38) and rearrange to get

(46)

(h1 4+ ho)(1 — @)

(1 + L2)[1 — a(ly + £2)]
(h1 4+ ho)(1 — @)

(01 + ly)[1 — a(ly + £5)]

¢12 = hﬂ]{; + hgél + 6162(77)( + 61 + €2>

= h277§1 + hyly + 5152(77)( + 01+ ls) . (48)

The two versions of the formula reflect the Slutsky symmetry condition.
To complete the set of elasticities, formulas for n® and 7Y are in order.
By (5), (6) and (13),

dInC = (1-0,—03) ¢, d I p+[Pp11+P12— 1P| d It Wi 12+ P2 —Lla,|d In W

(49)
Thus, dIn C = 0 implies
1

dln,u = [(€1¢#u — ¢11 — ¢12)d111 W1 + (62@5”# - ¢12 - ¢22)d11’l Wl] .

[1 - 61 - 62]@1#
Then

1 l;p
C _ )4 — VY . b —
My = h; {(bw (1=t — 6) P [£ibun — o ¢12]}
l;

Adding over j, and using (29), (30) and (43),
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¢ gl — (1 —a)(li + 0]
T T =t — 6)(1—a)
l;
Ohy(1 — (1 — 0)
éz(hl + h2)(77X + El + 62)

51
hi(61 + €3)(1 — 41 — £3) (51)

Averaging with labor income weights,
e = b + 4y _ X + 0 + by (52)

O(hy + ho)(1 — £y — £s) 1 =40 — 0
Note that
4
¢ = (53)
h1+ha

Again, this is a reflection of the assumption of weak separability between
consumption and a labor aggregate.
To find Y, use (32) in the form
dln,u = Eldln W1 - ggdhl WQ (54)
Then

¢ij — ligp lil;o
Ufﬁ:%: g_# (55)
Adding up over j and using (43), (29) and (30)
- Gl — (L= o) (01 + £)|ppp
! hl(l — C()
~ Oh,
_ él(hl + hQ)(’f]X + fl + 62) (56)
hi(ly + ¢3)

Finally, averaging over ¢ with labor income weights,
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U ly + 0

X
=———— ="+l +/ o7
T T+ hyy T AT (57)
Not surprisingly,
4
D= (58)
h1+ha

The foregoing equations show the most important relationships. The one
remaining task is show how to find the other elasticities from n*, which is
what we literally do after finding 7* from the parameteric model. Inverting
equation (29) yields

G(hl + h2)7]>\

0+ 0y = . 59
P40 = a)(ha + ho)n? (59)
Substituting from (59) into (52) and (57) yields
A
C _ U
T fa(hy + ho)n? (60)
A
U N
= 61
1 1+6(1 — a)(hy + ho)n? (61)
Using (57) again to find n* from n* =nY — ¢; — £y, one finds that
(L= 0+ h)ly )
14+60(1 — a)(hy + ho)n?
Equation (30) implies
0; A
bifp _ b (63)
h1+ho n

Together with (53), (58) and (41), (63) implies that one can find the individ-
ual elasticities 7, nY and 7;¥ by multiplying the corresponding household
A

average elasticities by ZT The individual local MPE /; can be found as

o hm?
! (hl + hg)n)‘

th{\
b+ 4,) = - 64
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Finally, in the main text, we discuss the individual own-wage uncompensated
elasticity in a dual earner setting: 7;. Equations (38), (43), (59) and (64)

imply

X oA Ohin [1 +6(1 — a)hyn}]
In translating these formulas into those in the main text, set § = 1 to
impose scale symmetry in consumption and 7; = 7" to impose Frisch inde-
pendence of N; and N,. Also, remember that similarly to the other overall
household elasticities designated by 7,

(65)

A hany + hany
hi + ho

and that
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