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We construct a theoretical model that allows us to examine disclosure and the different 

faces of competition across fields. Our modeling choices are motivated by interviews with scien-
tists in fields such as molecular biology, computer science, and mathematics, which exhibit quite 
different disclosure patterns. We consider a researcher who has made a discovery of partial value 
in solving a problem in her field, who decides whether to keep it secret until completion of the 
project or to disclose it to her colleagues. We first consider disclosure in an environment that 
risks unwanted competition despite the fact that it gives her credit for discovery and may attract 
collaborators with skills and/or resources to augment the project, in either cost reduction or qual-
ity improvement. In our model, collaboration also has the potential to remove a competitor. We 
then examine the contrasting situation where the researcher wants to attract others to work inde-
pendently on her line of research. In this version of the model, the disclosing scientist gains a 
reputational benefit if she convinces other researchers to pursue her line of investiga-
tion—potentially creating a hot new area of research. Despite some similarities, these two envi-
ronments present somewhat different faces of competition.  

                                                       
1Corresponding author: marie.thursby@mgt.gatech.edu; tel-494-894-6249; fax-404-385-4894. Jerry and Marie 
Thursby gratefully acknowledge funding from NSF SciSIP Award 0965289. We thank Peter Thompson and Henry 
Sauermann for insightful conversations. 
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Introduction 

 

A growing body of research suggests that the ideal of communalism among academic 

scientists is just that—an ideal (Blumenthal et al. 1996; Campbell et al. 2002; Cohen and Walsh 

2008; Murray 2010).2 In many cases, commercial incentives associated with commercial poten-

tial or industrial support for the research itself may limit dissemination (Cohen and Walsh 2008; 

Gans and Murray 2010; and Gans et al. 2011). But, more fundamentally, the scientific reward 

system of giving priority to the first to discover a result creates competitive incentives which 

limit disclosure of preliminary ideas during the research process (Dasgupta and David 1994; 

Murray and Mahony 2007; Haeussler et al. 2012). This type of withholding is well documented 

in life sciences, and our informal interviews suggest it occurs across many fields. In considering 

disclosure of early results, scientists often said the incentive was not merely early credit, but the 

potential to attract collaborators with additional skills or resources, which they weighed against 

the risk of increasing competition by giving others (particularly those with a large lab or resource 

base) projects they could adopt and complete on their own. But our interviews also suggest a 

different environment in fields such as mathematics and computer science, where examples 

abound of researchers reporting unsolved problems in current research and inviting entry and 

competition (von Hippel 2005; Hong and Walsh 2009; Franzoni and Sauermann 2012; 

http://polymathprojects.org/tag/tim-gowers/).   

We construct a theoretical model that allows us to examine disclosure and competitive 

incentives among scientific researchers in these different environments. We consider a game in 

which a researcher who has made a discovery of partial value in solving a problem in her field 

decides whether to keep it secret until completion of the project or to disclose it to her colleagues. 

We first consider disclosure that risks unwanted competition despite the fact that it gives credit 

for discovery and may attract collaborators with skills and/or resources to augment the project, in 

either cost reduction or quality improvement. In our model, collaboration also has the potential to 

remove a competitor. We then examine the contrasting situation where the researcher wants to 

attract others to work independently on her line of research. In this version of the model, the dis-

closing scientist gains a reputational benefit if she convinces other researchers to pursue her line 
                                                       
2  Although some will claim that mathematics is not a science, if one views science as the production of knowledge 
that can be falsified by evidence, mathematics clearly qualifies. Thus we use the terms scientific inquiry in its most 
general terms. 
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of investigation—potentially creating a hot new area of research. We refer to the first scenario as 

the competition/collaboration case and the latter as the research leader/hot area case. 

In both cases the focal researcher’s expected payoff has three components, a determinis-

tic benefit associated with disclosure, a probabilistic component which is realized only if she is 

the first to complete the project, and an opportunity cost. The deterministic portion of the benefit 

turns out to be important for disclosure in both cases. In both, she moves first, but her choice 

variables differ to fit the situation. In the competition/collaboration case, the focal researcher de-

cides to disclose and to whom, where we allow for two types of colleagues, those who can be 

trusted not to compete once they know the result and general colleagues who might compete. In 

the research leader/hot area case, where she views competition more positively, we simplify by 

abstracting from trusted colleagues and explicit collaboration, but we allow her to choose the 

stage at which she discloses her result.  

Throughout, the other researchers make their decisions, taking into account their oppor-

tunity cost. Thus, in both cases, the opportunity cost, which we specify as including the base 

value of the focal researcher’s project relative to the value of an alternative, is an important fac-

tor. If we interpret the opportunity cost component of the expected payoffs in terms of project 

novelty, we obtain the result that, all else equal, less novel projects are more likely to be gener-

ally disclosed in equilibrium in the competition/collaboration case. This is in contrast to the re-

search leader/hot area case where disclosure occurs earlier as the novelty of the project rises. 

Not surprisingly, in both cases, the quality of potential competitors relative to the focal 

researcher is important. Our preliminary results are quite rich, and we only highlight a few here.  

In the competition/collaboration case, where we introduce a distinction between trusted and gen-

eral colleagues, we find that an increase in the quality of one’s trusted colleagues, all else equal, 

increases the likelihood of disclosing to the general audience. An important factor behind this 

result is the fact that the focal researcher can improve the quality of her project if she attracts a 

higher quality trusted colleague to work with her, which acts as a deterrent to potential general 

competitors.  

A comparison of the marginal effects of increasing the quality of the focal researcher’s 

general colleagues highlights the different faces of competition. In the competition/collaboration 

case, the marginal impact of an increase in the quality of general colleagues is negative, but it is 

the greatest in magnitude when the focal researcher is more capable than her general colleagues. 
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This result occurs because of the fact that collaboration rarely occurs in equilibrium in this case, 

so that the dominant factor in the focal researcher’s expected payoff is the reduction in her prob-

ability of being first to solve the complete problem.  

In the research leader/hot area case, the marginal impact of an increase in the quality of 

general colleagues on entry and the stage of disclosure are both positive. With higher quality 

general colleagues, the focal researcher’s probability of being first to solve her problem declines, 

but if she can attract others to this area, she benefits from having introduced the problem. Her 

role, if one of her colleagues wins, is analogous to that of the conceptual-helpfulness star scien-

tist in Oettl (2012). The higher quality colleagues are more likely to be first to complete the 

problem. The focal researcher discloses at a later stage, however, because this increases the de-

terministic portion of her expected payoff. This face of competition, though quite intuitive in the 

context of the research leader/hot area case, is not present in the traditional view of competition.  

These results contribute to an emerging theoretical literature on information sharing in 

research which has largely focused on firms (Von Hippel, 1987; Anton and Yao, 2002; 2004; 

Lerner and Tirole, 2002, Gächter et al., 2010; Baker and Mezzetti, 2005; Stein, 2008; Hellmann 

and Perotti, 2010; Gans et al., 2011; and Gill, 2008). Stein (2008) is sufficiently general to char-

acterize communication among academics, but it has the limitation of assuming strong comple-

mentarity of players so that they must communicate for an idea to move forward. Theoretical 

studies of disclosure in an academic setting have largely focused on issues related to publication 

and secrecy (Mukherjee and Stern 2009; Gans and Murray 2010; Gans et al. 2011). The studies 

which examine prepublication disclosure have largely focused on projects of interest to industry 

and differences in industrial and academic incentives (Jensen et al. 2003, Aghion et al. 2009; 

Lacetera 2009). The study closest to ours is Haeussler et al. (2012) which focuses on the role of 

potential misappropriation in discouraging early presentation of ideas. Additionally, researchers 

in their model do not consider potential for collaboration, nor do they consider presentation only 

to a selective group of researchers outside the lab. 

In this paper, misappropriation plays no role. The negative face of competition in both the 

competition/collaboration and research leader/hot area cases is simply that disclosing one’s ini-

tial results decreases the discloser’s probability of getting a publication when competitors enter. 

This negative effect is weighed against the benefits of attracting a collaborator in the competi-

tion/collaboration case and against the benefit from creating a hot new area in the research leader 
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case. 

Finally, it is important to recognize that this is not a general model of collaboration, but 

rather a model in which collaboration potential is one of the benefits of early disclosure. Thus we 

abstract from the types of issues considered in the extensive work on the economics and man-

agement of teams and collaboration in organizations.3 The consideration of collaboration most 

closely related to our paper is Bikard and Murray (2011) analysis of academic collaboration with 

reference to quality of output versus coordination costs, which is factored into our theoretical 

specification.  

 

2 The Researcher’s Disclosure Problem 

 

  Throughout, we model the disclosure problem of Researcher 1 (our focal researcher) who is 

working to solve a defined problem (the focal problem) in a given field. The problem, if solved, 

will generate value ܸ݅ where ܸ is some base value for solving the problem and ݅ is a measure 

of the researcher's quality in this field; without loss of generality we assume that ݅ ∈ ሺ0,1ሻ. A 

natural interpretation of ܸ is the reputation effect of a publication; not all publications in the 

same journal or set of journals are equal thus we model the value of the final product - a journal 

publication - multiplied by a measure of researcher 1's quality.4 Quality, ݅, represents the lab's 

resources or expertise in the given field and can reflect specialized human or physical capital. 

The higher the i, the more capable her lab is in solving problems in this field. Thus, ݅ can also 

approximately indicate the probability that Researcher 1 can solve a problem (e.g., the focal 

problem) in this field. 

   While other labs may be working on the same overarching problem, none is working on pre-

cisely the same approach or specification. Examples of this phenomenon abound. For example, 

in the 1980's researchers attempting to show the existence of high-temperature superconductivity 

approached the problem using different materials, and the same is true today for scientists trying 

                                                       
3  A survey of these works is far beyond our scope. Much of the work in economics relates to team composition and 
is reviewed in Conti et al. (2012). In the innovation literature there is much on open source which is clearly related 
to our research leader scenario (von Hippel (2005) is a reference of note). Bikard and Murray (2011) provide an in-
teresting review of work on creativity and collaboration.  
4One could also think of V in terms of monetary value, as in the case of patents. In fact much of the literature on 
academic researchers sharing information is related to secrecy surrounding patented discoveries (Gans et al. 2011, 
Haeussler et al. 2012). 
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to show room-temperature superconductivity. Similarly, research into the causes and/or treat-

ments of various diseases focuses on a variety of approaches.5 In such settings, it is reasonable 

to assume that each lab works on a unique and specific problem. If solved, each specific problem 

adds value to the field. Thus researchers in the field may compete indirectly, each taking a dif-

ferent approach, or they may compete head-to-head if they work on the same specification. 

While initially Researcher 1 is the only researcher working on her approach, by disclosing her 

progress she could attract others to work on her specific problem --either in direct competition or 

collaboration. 

 

3. Disclosure, Collaboration, and Competition 

 

     We consider first a situation in which the focal researcher has made a discovery during her 

problem solving, and this initial discovery has a value of ܸݎ, with r<1, and this initial discovery 

is independent of her quality i.  That is, she has preliminary findings, but the findings do not 

merit a publication. We treat r as independent of the researcher’s quality to allow for any re-

searcher to make a random discovery that merits the attention from others. Quality is quite im-

portant in the value of the final scientific output that builds on the discovery, so that high quality 

researchers can turn the initial discovery into a result of higher value than lower quality re-

searchers, should the high quality researchers become aware of it. Thus if researcher 1 is the only 

researcher to continue working on the problem, she will receive benefit 	ሾrV  ሺ1 െ rሻܸ݅ሿ 

which is also the quality of the completed project. The opportunity cost of continuing to work 

independently is the value of an alternative project ܭ times her quality ݅. Note that ܸ   ,ܭ

otherwise the focal researcher would not have undertaken her current line of work (the focal 

project) rather than ܭ. Suppose the time she needs to spend on completing the project is equiva-

lent to (1-r), then the opportunity cost to complete the remaining project is ሺ1 െ  Thus the .݅ܭሻݎ

net benefit of completing the project before disclosing is 

ሾr  ሺ1 െ rሻ݅ሿܸ െ ሺ1 െ  .݅ܭሻݎ

 Given her discovery ݎ, the researcher may want to disclose it to other researchers outside of her 

lab to obtain credit or to attract collaborators to complete the project. We model the other re-

                                                       
5There is a stream of research on the benefits of openness in science because of complementary approaches. See for 
example, Stein (2008), Boudreau (2011), Hellmann and Perrotti (2011), and Jeppesen and Lakhani (2010). 
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searchers in her field as either trusted or general colleagues and their qualities as ݐ and ݃, re-

spectively, and ݐ and ݃ are both in ሺ0,1ሻ.6 A trusted colleague is someone she knows well 

and can trust not to compete with her and not to pass private information to others. If she shares 

-with him, and he becomes interested in working on her problem, he might offer to help Re ݎ

searcher 1; otherwise, he maintains his own research direction. Thus, she bears no risk by shar-

ing with a trusted colleague and she might gain a collaborator who could improve the quality of 

the final solution, depending on the trusted colleague's lab capabilities.  

Sharing with a general colleague, on the other hand, has both benefits and risks. The risk 

is that it exposes Researcher 1 to possible competition on project ܸ. If interested, a general 

colleague can replicate Researcher 1's work and work to solve the problem on his own. Suppose 

the replicability (or the level of spillover) is s (0<s<1). Then the higher the replicability, the eas-

ier it if for the general colleague to replicate what the focal researcher has done to date hence the 

less there is to do by the general colleague. Thus the general colleague’s opportunity cost is (1-rs) 

times the value of his alternative project Kg. The main risk of competition is that someone else 

may solve the (1-r) problem and get the credit. This is more likely to happen when competitors 

have greater quality, when there are more such competitors, and when Researcher 1 has lower 

quality. Thus we assume the probability of winning as 


ା
 if Researcher 1 works alone and 

competes with the n symmetric general colleagues, where n (n ≥ 1) is the number of general col-

leagues.  

However, one benefit of general sharing is letting the entire community of scientists 

know that she discovered ݎ, with a reputational value to her of ሺ1   associated with ܸݎሻݑ

recognition from the scientific community. We make the reasonable assumption that 0 ൏ ݑ ൏ 1. 

Another benefit is that she may find a collaborator among the general colleagues. Collaboration 

could reduce research cost since the collaborator would bring his lab resources to bear on the 

remainder of the problem. Collaborating with a higher quality researcher will also improve the 

quality of the final output. Additionally, collaboration would reduce the number of potential 

competitors to ݊ െ 1. If there were only one general colleague, collaborating would eliminate 

competition, but if ݊  1, collaboration risks competition from ݊ െ 1 general colleagues if 

they decide to compete with Researcher 1. If this situation is highly risky, Researcher 1 may 
                                                       
6  We assume all general colleagues are of the same quality. An interesting extension would be to allow general 
colleagues to differ in their quality. 
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want to keep her results secret or share only with a trusted colleague. From the general col-

league's point of view, collaboration would save him the replication cost. 

Given the above premise about collaboration, we assume the value of the collaborative 

output is a convex combination of the quality of researcher 1 and the highest quality of the re-

searchers in collaborative work. The value is also determined by the fraction of the research yet 

to be completed. Specifically, the value of the collaborative effort is ܸሺ1 െ ,ሺ݅ݔሻ݉ܽݎ ݆ሻ ൈ  .

,ሺ݅ݔܽ݉ ݆ሻ is the maximum of ݅ and ݆ where ݆ ൌ  if the collaborator is a trusted colleague ݐ

and ݆ ൌ ݃ if the colleague is a general colleague. That is, the remainder of the work reflects the 

quality of the "best" researcher in the collaboration. For example, if Researcher 1 collaborates 

with a trusted colleague whose quality is ݐ  ݅, then the collaboration will generate a value of 

ܸሺ1 െ ݐ On the other hand if the trusted colleague has value .ݐሻݎ  ݅, then the final solution 

will have same value that Researcher 1 would have obtained if she had completed the project 

alone.7  is the probability of winning the competition if there is competition. It is assumed to 

increase with the pair’s maximum quality and decrease with competitors’ quality:  ൌ
୫ୟ୶	ሺ,௧ሻ

୫ୟ୶ሺ,௧ሻା
 if Researcher 1 works with her trusted colleague and competes against the general 

colleagues; or  ൌ ୫ୟ୶	ሺ,ሻ

୫ୟ୶ሺ,ሻାሺିଵሻ
 if Researcher 1 works with a general colleague and competes 

against the other general colleagues. 

If such collaboration takes place, Researcher 1 receives a portion of value (credit) that 

results from the collaboration. Let this portion to be ܽ, where 0 ൏ ܽ ൏ 1. Thus the colleague 

(trusted or general) receives ሺ1 െ ܽሻ of the credit. For simplicity, we assume ܽ ൌ 0.5 since we 

do not model the process that leads to a value of ܽ. Our purpose is instead to model situations in 

which collaboration will occur given the likely value of parameters. The assumption of ܽ ൌ 0.5 

is as if that the researchers split the credit evenly for their publication once their work is pub-

lished jointly.8 

We have modeled collaboration as increasing in the quality of the final output but only if 

the collaborator has higher quality than Researcher 1. However, we assume that collaboration, 

regardless of the quality of the collaborator, reduces the opportunity cost of the project by re-

                                                       
7 In our simulations of the model we also considered the average quality of the collaborators. Results are very simi-
lar. 
8  An interesting extension to our model would be to make a depend on a function of the relative qualities of the 
collaborators. This is beyond the scope of the current work. 
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ducing the time to completion from ሺ1 െ ሻ to ሺ1ݎ െ ሻሺ1ݎ െ ݆݅ሻ, ݆ ൌ  or ݃. Following Bikard ݐ

and Murray (2011) we also assume that collaboration can have a negative effect due to time in-

volved in coordinating across several researchers. Coordination costs are measured as the extra 

time needed to complete the project. An important aspect of this coordination is that the higher 

quality person needs to educate the lower quality person so that the collaborative outcome will 

reach the higher quality level. The coordination time, which increases the greater the differences 

in researcher qualities, is modeled as ሺ1 െ ሻሺ݅ݎ െ ݆ሻଶ. Thus the cost of solving the remaining 

problem collaboratively is the time to completion times the value of the alternative project ݅ܭ 

or ሺ1 െ ሻሾ1ݎ െ ݆݅  ሺ݅ െ ݆ሻଶሿ݅ܭ.  

The Appendix lists all the choices and the payoff functions. From the game tree, it should 

be clear that Researcher 1 decides among sharing with no one, sharing only with trusted col-

leagues, or generally sharing. If she shares with no one, the game ends. If she shares only with a 

trusted colleague, then the trusted colleague may offer to collaborate, in which case Researcher 1 

accepts or rejects. If she shares generally, then she may be approached by trusted and/or general 

colleagues with offers of collaboration, which she can accept or reject. If collaborating with ei-

ther the general or trusted colleague has the same payoff, we assume she will collaborate with 

the trusted colleague. While we can solve for the subgame perfect equilibria, clearly the compar-

ative statics, such as how the likelihood of general sharing or the likelihood of collaboration (and 

with whom) vary with parameters such as the spillover, s, the progress of the project, r, or re-

searcher qualities is not simple.  

 

4. The Research Leader and a Hot New Area 

 

Now consider disclosure in a different environment, one loosely characterizing our inter-

views with computer scientists and mathematicians. The focal researcher wants to invite other 

people to work on the same topic in order to increase her visibility. If she can induce others to 

enter and conduct research on her topic she can be seen as a “research leader.” Although having 

more people working on the same topic means more competition, it has the positive effect of 

raising her stature in the field. In this model, we do not consider inviting trusted versus general 

colleagues because the researcher’s current focus is to invite entry to a topic rather than to deter 

competition. For the same reason, we do not consider inviting collaboration. 
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Given these assumptions, the game tree becomes much simpler. Researcher 1 moves first 

and decides at what stage (r1) to disclose a topic before she turns it to the public to invite entry. 

Given the focal researcher’s decision, the other people decide whether to enter this topic area. 

Thus, Researcher 1’s decision will influence the number of other people, e, who would join the 

same topic. There are n > 0 potential entrants each with quality g < 1. The focal researcher has 

quality i.  

If the she does not disclose until the project is complete (r1 = 1 so that e = 0) or if disclo-

sure when r1 < 1 does not induce entry, then her payoff is Vi – Ki where, as before, K is the val-

ue of the alternative project and V > K (otherwise, she would not be engaged in solving the focal 

project). If she discloses when r1 < 1 and if early disclosure induces entry she earns recognition 

as a research leader expressed as	ሺ1   which increases with the number of people who	ଵܸ݅ݎሻ݁ݑ

enter the area e, her own quality i, and the value of the topic V. As in the competition version of 

the model, the researcher receives this benefit whether or not she successfully completes the so-

lution. In contrast, however, in this scenario she obtains this credit only if she induces other re-

searchers to enter and compete. In addition, the discovery is not random with respect to the focal 

researcher’s ability i since the focal researcher in this model is selecting the stage of discovery at 

which to disclose.  

With competition, her likelihood of winning is 


ା
. The additional payoff from winning 

the competition is not only an additional (1 െ  ଵሻVi but also an additional payoff reflecting theݎ

fact that she has completed a project that has attracted others. The added payoff is given by 

ܾ݁ሺ1 െ  ଵሻܸ݅, which we call the “hot area” effect because a large value of e reflects a “hot” orݎ

“popular” research topic. The presence of the factor b allows for an examination of cases where 

the hot area effect is absent (b = 0). As such, Researcher 1’s payoff is  

ଵߨ																						 (1) ൌ ሺ1  ଵܸ݅ݎሻ݁ݑ 	


ା
ሾܾ݁ሺ1 െ ଵሻܸ݅ݎ  ሺ1 െ ଵሻܸ݅ሿݎ 	െ  ݅ܭ	

				ൌ 	ܸ݅ ሺ1  ଵݎሻ݁ݑ 	
݅

݁݃  ݅
ሺܾ݁  1ሻሺ1 െ ଵሻݎ 	െ 	݇൨. 

Where k ≡	


. Note that we assume the focal researcher continues to work on the project if r1 < 

1 so that she pays opportunity cost on the entire project even if she does not win.  

If r1 < 1, other researchers decide whether to enter the topic area. As long as entry is more 

worthwhile than working on an alternative topic, entry will take place. If a researcher enters, the 
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probability of winning the completion is 


ା
. If an entrant wins the competition, then the hot 

field effect is b times the number of entrants e times the value that the entrant provides, or 

ܾ݁ሺ1 െ	ݎଵሻܸ݃. Thus the expected net payoff for an entrant is  

ߨ ൌ
݃

݁݃  ݅
ሾܾ݁ሺ1 െ ଵሻܸ݃ݎ  ሺ1 െ ଵሻܸ݃ሿݎ െ ሺ1 െ  .݃ܭଵሻݎݏ

ൌ ܸ݃ ቈ
݃

݁݃  ݅
ሺܾ݁  1ሻሺ1 െ ଵሻݎ െ ሺ1 െ ଵሻ݇ݎݏ .	

As before, the replicability (or the level of spillover) is s (0<s<1). 

The first order derivative of ߨ with respect to e is: 

ߨ߲
߲݁

ൌ ܸ݃ଶሺ1 െ ଵሻݎ
ܾ݅ െ ݃
ሺ݁݃  ݅ሻଶ

. 

Thus,  

1) when ܾ  ݃/݅,  
డగ
డ

 0. Entry will take place until e=n. Thus, 

ଵߨ ൌ ܸ݅ሾሺ1  ଵݎሻ݊ݑ 	
݅

݊݃  ݅
ሺܾ݊  1ሻሺ1 െ ଵሻݎ 	െ 	݇ሿ 

and 

ଵߨ߲
ଵݎ߲

ൌ ܸ݅ ቆ1  ݊ݑ െ
݅ሺܾ݊  1ሻ
݊݃  ݅

ቇ. 

When ݑ  ି

ା
, the equilibrium r1 that maximizes ߨଵ is 1. Intuitively, that is when the credit of 

being a sole leader in a niche weighs more than competing in a hot field. Otherwise, the equilib-

rium r1=0.  

 

2) When ܾ	  ݃/݅, డగ
డ

 0. As more people enter, the entry payoff of the next person who fac-

es the entry decision reduces. Thus, entry will continue until the ߨ=0. That is when 

݁∗ ൌ
ሺ1 െ ଵሻݎݏ

݅
݃ ݇ െ ሺ1 െ ଵሻݎ

ሺ1 െ ଵሻܾݎ െ ሺ1 െ ଵሻ݇ݎݏ
ൌ
ሺ ݅݃ ݇ െ 1ሻ െ ݇ݏଵሺݎ

݅
݃ െ 1ሻ

ሺܾ െ ݇ሻ െ ଵሺܾݎ െ ሻ݇ݏ
. 

Thus, 

ଵߨ ൌ ܸ݅ሾሺ1  ଵݎሻ∗݁ݑ 	
݅

݁∗݃  ݅
ሺܾ݁∗  1ሻሺ1 െ ଵሻሿݎ െ  .݅ܭ	

Note that 
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߲݁∗

ଵݎ߲
ൌ
൬
݅ܭ
ܸ݃ െ 1൰ ቀܾ െ ݏ ቁܸܭ െ ൬ݏ

݅ܭ
ܸ݃ െ 1൰ ቀܾ െ

ܭ
ܸቁ

ቆቀܾ െ ܭ
ܸቁ െ ଵݎ ቀܾ െ ቁቇܸܭݏ

ଶ  

And   

ଵߨ߲
ଵݎ߲

ൌ ܸ݅ ൮1  ∗݁ݑ  ଵݎݑ
߲݁∗

ଵݎ߲
 ݅

ሺ1 െ ଵሻሺܾ݅ݎ െ ݃ሻ ߲݁
∗

ଵݎ߲
െ ሺܾ݁∗  1ሻሺ݁∗݃  ݅ሻ

ሺ݁∗݃  ݅ሻଶ
൲. 

 

5. Simulated Results for the Competition/Collaboration Case 

  

5.1 Simulation Set-Up 

 The competition/collaboration case is simulated using multiple values of each parameter. 

A total of 4,100,625 cases are examined and 2.28% are cases of mixed strategies which are 

dropped from further consideration. Attention is directed to the decision to disclose (that is, to 

generally share, GS, or target share only with trusted colleagues, TS) and the decision to collab-

orate (whether the focal researcher discloses or not). The decisions are analyzed using tabula-

tions of results as well as logit models. GS = 1 if disclosure occurs (0, otherwise) and COLLAB 

= 1 if there is collaboration (0, otherwise), and GS or COLLAB are the dependent variables in 

the logit models. Notice that the focal researcher will always share with her trusted colleagues 

since TS weakly dominates NS. We use the following notation to indicate the intersection of GS 

and TS with COLLAB: 

 Generally share Collaborate with 
general colleague 

Collaborate with 
trusted colleague 

GS_G Yes Yes No 
GS_T Yes No Yes 
GS_N Yes No No 
TS_T No No Yes 
TS_N No No No 

 

 The logit regressors include the levels of each of the parameters as well as all possible 

interactions. Model parameters are i, g, t, s, r, n, k, a and u. k ≡ K/V, and, as discussed earlier, k 

< 1 which imposes the condition that the research direction of the focal researcher is more im-

portant than the alternative research project (otherwise, she would not have undertaken this line 
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of research). The case of small k is one in which the discovery is important and large k can be 

thought of as an incremental discovery. Recall that the opportunity cost of working on the focal 

project is the quality of the researcher (i, t, or g) times the value of the alternative project K 

which is now replaced by k. The number of general colleagues, n, is set to 1, 2 and 5. These val-

ues were picked based on Walsh et al. (2011) survey results on numbers of competitors for re-

search labs across a variety of fields. When n = 1, competition will not occur if the focal re-

searcher generally shares and then collaborates with the general colleague. When n = 5 the 

probability of entry is very low; if the focal researcher generally shares entry occurs in only 0.6% 

of the cases when n = 5. As noted earlier, we assume a = 0.5. Attention is restricted to u = 0.1; 

clearly, increases in its value would increase the likelihood of GS. All other parameters vary over 

(0, 1). 

The marginal effect of each parameter in the logit regression is the partial of the probabil-

ity of general sharing or collaboration with respect to the parameter. Since the partial involves 

the levels of the other parameters, the marginal effect of a parameter is computed as the average 

partial where the partials vary across all values of the other parameters.  

Four situations are of interest. The first involves only those cases in which the focal re-

searcher (Researcher 1) is more capable than either her trusted colleague or the general col-

league(s) (alternatively, we can think of this case as one in which the focal researcher has more 

resources relevant for solving the remainder of the problem). ISMARTER is the condition that i > 

t and i > g. The second situation is one in which the focal researcher is the least capable re-

searcher. IDUMBER is the condition that i < t and i < g. The final two are cases where the focal 

researcher capability lies between that of the general and the trusted colleague: IBET_TIG is the 

condition that if t < i < g and IBET_GIT is the condition if g < i <t.  

 In Table 1 are the results for the fractions of sharing and collaborative behavior for each 

of the four cases of interest. Several results stand out. First, regardless of the relative values of i, 

g, and t, general sharing (GS_G = 1, GS_T = 1, or GS_N = 1) occurs more often than sharing 

only with a trusted colleague (TS_T = 1 or TS_N = 1). GS is most likely when g < i < t 

(IBET_GIT) and least likely when t < i < g (IBET_TIG). 

 Second, the majority of the equilibrium outcomes involve general sharing without col-

laboration. This is particularly true for ISMARTER, where collaboration occurs in only 4.42% of 

the cases. In this case collaboration does not improve the quality of a completed project, though 
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it can still decrease the cost of completing the project. In the other cases, collaboration is much 

more likely to occur (IDUMBER, IBET_GIT and IBET_TIG), the focal researcher has more in-

centive to collaborate because collaboration not only reduces the cost of completing the project, 

but it also leads to an improved solution if the collaborator is more capable. Of course, the trust-

ed and/or general colleague must also receive a net benefit in order for collaboration to be possi-

ble. Incentives are aligned roughly 34% of the time the when the focal researcher is less capable 

than both her trusted and general colleagues. When she collaborates with the trusted colleague it 

is almost always after general sharing. 

Table 1 

  IDUMBER ISMARTER IBET_TIG IBET_GIT 
GS_G  13.06%  2.21%  23.35%  0.06% 
GS_T  20.79%  2.21%  0.00%  27.95% 
GS_N  49.22%  82.36%  55.18%  61.76% 
TS_T  3.20%  0.00%  0.00%  0.38% 
TS_N 13.72%  13.23%  21.47%  9.85% 
Total cases   1,139,446  1,233,225  552,825  552,825 

 
 The interesting question is how relative abilities and other parameters, such as the oppor-

tunity cost colleagues to collaborate, and spillovers affect the outcomes. Section 5.2 discusses the 

averages of marginal effects on disclosure and 5.3 discusses the effects on collaboration.  

 

5.2 The Disclosure Decision 

 Notice that the focal researcher will always share with her trusted colleagues since TS 

weakly dominates NS. In considering whether to also share with general colleagues, she consid-

ers three issues. First, by disclosing generally she earns credit in addition to any expected return 

from solving the entire problem. Second, if she generally shares she may attract a collaborator 

from among the general colleagues. In the absence of general sharing her only option for collab-

oration is a trusted colleague. A more capable collaborator leads to an improvement in the final 

product and lower cost if the collaborators solve the problem (that is, if a competitor does not 

first solve the problem). On the other hand collaboration imposes a coordination cost. Finally, 

there is the potential for competition from a general colleague if the focal researcher generally 

shares. Because all three effects are relevant, the sign of the marginal effects can be positive or 

negative, in general.  
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 In Table 2 are the average marginal effects for the logit model of general sharing re-

gressed on the levels and interactions of the parameters. 

 

Table 2. Average Marginal Effects for General Sharing 
 

Parameter  IDUMBER  ISMARTER IBET_TIG IBET_GIT 

i  ‐0.075  0.117 0.055 ‐0.039 

g  ‐0.144  ‐0.299 ‐0.056 ‐0.356 

t  0.152  0.002 0.012 0.144 

s  ‐0.098  ‐0.083 ‐0.131 ‐0.056 

r  0.515  0.254 0.439 0.271 

k  0.580  1.532 0.824 0.695 

n  0.047  0.047 0.075 0.016 

R‐square  0.670  0.920 0.884 0.798 

# Cases  1139466  1233225 552825 552825 

 
Note: All marginal effects are statistically different from zero (p value = 0.000). 

 

Effect of i 

An increase in own quality, i, reduces the chance that a general colleague could successfully 

compete with the focal researcher. This makes general sharing less risky from the point of view 

of inviting competition and occurs regardless of the relation of i to t and g. However, the impact 

of increases in i on coordination cost or the benefit from collaborating with a researcher with 

other skills or resources (i.e., different g or t) depends on the position of i in the community. For 

example, when i < g, the coordination cost of collaborating with a general colleague decreases 

with an increase in i, while the gain in the quality of the project from such collaboration decreas-

es. Similarly, the impact of i on sharing for collaborative purposes is ambiguous for i > g, but the 

direction of the coordination cost and quality gains are the reverse. Thus the effect of an increase 

in i on general sharing for collaborative purposes can be positive or negative. 

The negative effect dominates for IDUMBER and IBET_GIT. For IBET_GIT, the com-

petitive threat is small because the focal researcher already has a higher quality than the general 

colleagues. In fact, if the focal researcher generally shares entry occurs in only 2.52% of the cas-

es for IBET_GIT. Note also that the focal researcher has fewer resources than the trusted col-

league in IDUMBER and IBET_GIT, so that collaboration with the trusted colleague will in-
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crease the quality of the competed project. In fact, as shown in Table 1, these are the cases where 

collaboration with t after generally sharing is very likely.  

The positive effect dominates for ISMARTER and IBET_TIG. For ISMARTER, entry 

occurs only 1.52% of the time when the focal researcher generally shares, thus the downside of 

generally sharing (competition from a general colleague) is already very low. The chance of 

competition is much higher for IBET_TIG. In this case, if the focal researcher discloses entry 

occurs 7.99% of the time; however, since the general colleagues have more resources there is a 

chance of collaboration that will increase the quality of the project. 

 

Effect of g 

The average marginal effects of changes in g in Table 2 are always negative, but the magni-

tudes vary substantially. Larger values of g, all else equal, increase the likelihood of a competitor 

solving the problem before the focal researcher. For IDUMBER and IBET_TIG increasing val-

ues of g lead to improvement in the final solution in the case of collaboration, but it also increas-

es the coordination costs of collaboration. On the other hand, for ISMARTER and IBET_GIT, 

increases in g do not lead to an improved product, but, since g < i, increases in g for a given val-

ue of i are associated with lower coordination costs. The smallest (in absolute value) marginal 

effects are for IDUMBER and IBET_TIG.  

The largest marginal effects are in cases where the focal researcher is more capable than a 

general colleague. While this may seem counterintuitive, the combined results in Tables 1 and 2 

show that for g < i, collaboration rarely occurs in equilibrium, so that the dominant effect of 

general sharing is the increase in the probability that the focal researcher loses. When g>i, col-

laboration is more likely to occur in equilibrium, which means that cost saving and/or quality 

improvement play a significant role.  

 

Effect of t 

The marginal effects of t are all positive, but for ISMARTER and IBET_TIG they are very 

small (effectively zero). For IDUMBER and IBET_GIT increases in t, holding i constant, in-

crease the quality of the final project if the trusted colleague becomes a collaborator thus making 

it less likely that a general colleague could successfully compete. Although the increase in t also 

increases coordination costs, it is clear from Table 1 that collaboration with trusted colleagues is 



  17

common for IDUMBER and IBET_GIT, which suggests the quality effect dominates.  

 

Effect of r 

An important reason for disclosing is to obtain credit. The results are intuitive. As r increases, 

the fraction of the final solution that has been discovered by the focal researcher increases. This 

is an incentive to generally share and thus to obtain credit for what has been discovered. In addi-

tion, greater r means that more must be replicated by a competitor. The average value of r when 

sharing occurs is 0.529 and it is 0.318 in the case of no disclosure (results are similar across the 

four conditions on relative capabilities). In Table 2 the average marginal effect of r is always 

positive, but it is largest when i < g (IDUMBER and IBET_TIG) and these are the cases when 

the focal researcher is most at risk of losing to a competitor. For these cases, earning credit for 

intermediate results is more attractive.  

 

Effect of s 

The effect of s is quite intuitive—a decrease in replication cost reduces general sharing. Thus 

any policy attempts to reduce replication costs has the counterproductive effect of reducing the 

amount of sharing, all else equal. 

 

Effect of K/V 

The marginal effect of k = K/V is always positive. This is not surprising since larger values 

of k represent higher opportunity cost, all else equal, and the threat of entry is less. 

  

Threat of Entry 

General sharing always has the positive benefit of giving credit to the focal researcher for her 

discovery, but it can have the negative effect of inducing entry. If the threat of entry is suffi-

ciently low, the focal researcher will chose to generally share. In fact, if the focal researcher dis-

closes, entry occurs in only 1.52% of the cases for ISMARTER versus 11.46% of the cases for 

IDUMBER. When g < i < t (IBET_GIT) entry occurs in only 2.52% of the cases, while in the 

case of t < i < g (IBET_TIG) entry occurs in 7.99% of the cases. The differences in entry rates 

are not surprising. The focal researcher faces competition only from a general colleague and a 

general colleague has less incentive to enter when the focal researcher is more capable 
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(ISMARTER and IBET_GIT). In the case of IBET_GIT, a general colleague potentially com-

petes with quality that is the max of i and t; that is, a team with trusted colleagues is tougher 

competition. We also see this in the fact that the marginal effect of t is positive and largest when 

t > i (IDUMBER and IBET_GIT). As t increases and t > i collaboration between i and t leads to 

tougher competition; this does not hold for t < i.   

 This low rate of entry raises the question of why general sharing does not induce greater 

levels of competition. Entry is least likely when k and/or n are high, when g is low relative to i, 

and when s is low. When k is high the discovery is not path breaking (at least in comparison with 

the alternative project) thus the opportunity cost of entering and competing with the focal re-

searcher is high (that is, the potential gains from entry are low). In Table 3 are the rates of entry 

conditional on general sharing by the focal researcher and for the events k ≥ 0.7 and k ≤ 0.3.  

 

   Table 3. Rates of Entry and k = K/V 
 

 k ≤ 0.3 k ≥ 0.7 
IDUMBER 19.99% 0.63% 
ISMARTER 3.16% 0.14% 
IBET_GIT 7.53% 0.0% 
IBET_TIG 20.02% 3.75% 

 

For each of our conditions on relative capabilities, entry is much more likely for path breaking 

discoveries. Note that IDUMBER and IBET_TIG are more at risk of entry than are ISMARTER 

and IBET_GIT. This follows from the fact that an entrant is competing with a more capable re-

searcher for the first two conditions and an entrant in these cases is more likely to solve the 

problem first. 

 The threat of entry also increases with g and s. An increases in g, holding i constant, 

means that the general colleagues are more capable in competing with the focal researcher and 

thus a greater competitive threat. The focal researcher’s incentive to generally share is lower for 

higher values of g. The marginal effect of an increase in g is always negative and it is largest in 

absolute value when i is greater than g (columns ISMARTER and IBET_GIT of Table 2).  

 High values of s are associated with discoveries that are easier to replicate, hence the op-

portunity costs of entry are lower for small versus large values of s. This leads to less disclosure. 

To provide additional context for the number of competitors, we examine entry by com-
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petitors when n varies over 1, 2 and 5. When n = 1 and disclosure takes place, the likelihood of 

entry varies from a high of 25.77% for IDUMBER to a low of 3.75% for ISMARTER. For n = 2 

the respective percentages are 8.86% and 0.97%. Finally, when n increases to 5, the likelihood of 

entry falls to 1.65% for IDUMBER and 0.04% for ISMARTER. The entry percentages for 

IBET_GIT and IBET_TIG lie between the ISMARTER and IDUMBER percentages. 

 

5.3 The Decisions to Collaborate 

Here we consider the case of collaboration between the focal researcher and either the 

trusted or general colleague (COLLAB = 1). The average marginal effects for are in Table 4; all 

are significantly different from zero with the exception of n for IDUMBER and IBET_TIG. Col-

laboration patterns are very different depending on relative capabilities. 

 

Table 4. Average Marginal Effects for Collaboration 
 

Parameter  IDUMBER  ISMARTER IBET_TIG IBET_GIT 

i  ‐0.550  0.168 ‐0.249 ‐0.677

g  0.089  0.244 1.198 0.105

t  0.382  0.159 0.174 1.417

s  ‐0.065  0.003 ‐0.024 0.007

r  0.185  0.015 0.189 0.037

k  ‐0.566  0.257 0.230 0.108

n  NS  ‐0.003 NS ‐0.002

R‐square  0.42  0.82 0.41 0.625

# Cases  1139466  1233225 552825 552825

 Note: NS = average marginal effect not significantly different from zero.  
 All other marginal effects are statistically different from zero (p value = 0.000). 
 

Very little collaboration takes place for the condition ISMARTER. Collaboration takes place 

in only 4.42% of the cases, and there is little difference between the likelihood of collaborating 

with a trusted colleague and with a general colleague (see Table 1). Since the focal researcher is 

more capable (has more resources), collaboration does not improve the quality of a completed 

project, though it can still decrease the cost of completing the project.  

Compared with ISMARTER, when i is less than g and/or t, the focal researcher has more in-

centive to collaborate because collaboration offers the advantage not only of reducing the cost of 
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completing the project, but it also leads to an improved solution if the collaborator is more capa-

ble. Of course, the trusted and/or general colleague must also receive a net benefit in order for 

collaboration to be possible. Incentives are aligned frequently since collaboration frequently oc-

curs and occurs most often for the cases of IDUMBER when the focal researcher is less capable 

than both the trusted and general colleagues. When the focal researcher collaborates with the 

trusted colleague it is almost always after general sharing. 

 

Effect of i 

 In Table 4 the average marginal effect of a change in i is positive only for ISMARTER. 

When the focal researcher is the most capable researcher, there is no possibility of improving the 

project, though the time to completion can be shortened. For the other cases, increases in i, rela-

tive to t and/or g, reduce the benefit of an improved project and this dominates a reduction in 

costs of completion. 

  

Effects of g and t 

The marginal effects of g and t are always positive. In the case of g, the largest effect is for 

IBET_TIG. In this case the only improvement in the quality of the project comes from increases 

in g. A similar argument holds for t, which has its largest marginal effect for IBET_GIT so that 

the only improvement in the quality of the project comes from increases in t 

 

Effects of r and s  

The marginal effects of these two are always small but they are the largest in magnitude 

when i < g (IDUMBER and IBET_TIG). As s rises, and/or r falls, the costs of entry for a general 

colleague falls which makes collaboration less appealing for him.  

 

Effect of k 

The average marginal effect of k in Table 4 is negative for IDUMBER and positive for all 

other cases. Consider the case of ISMARTER first. When k ≤ 0.3 collaboration occurs in only 

0.46% of the cases, whereas collaboration is the result in 10.59% of the cases when k ≥ 0.7. Thus, 

when the focal project is important (so that the opportunity cost to the focal researcher of work-

ing on the project is low), collaboration rarely takes place. On the other hand, when the focal 
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project is less important relative to the alternative project, collaboration is more likely.  

In the case of IDUMBER collaboration is more likely for the cases where the focal project is 

more important (collaboration occurs 61.11% of the time where k ≤ 0.3, versus 9.55% of the 

time where k ≥ 0.7). The different effects of k depending on the relative capability of i versus g 

and t and results from the fact that the trusted and general colleague cannot improve on the pro-

ject in the case of ISMARTER, they can only reduce costs. When k is small (and the project is 

important), the potential reduction in costs is small relative to the case of k large; thus the 

cost-saving benefit – the main reason for ISMARTER to collaborate -- is smaller when k is 

smaller. For IDUMBER, on the other hand, there are both cost savings and project improvement. 

Further, the trusted and general colleagues are much more willing to work with the less capable 

focal researcher when that researcher has a very good research result. 

Thus collaboration with a more capable researcher takes place rarely, and when it occurs it is 

for the less important projects. For the less capable researcher, collaboration is more likely and it 

is most likely with more important projects. 

 

 6 Simulated Results for the Research Leader Case 

 

SIMULATION RESULTS INCOMPLETE 

 

In the research leader section some analytic results were presented. For example, in cases 

where b > g/i, if the focal researcher discloses before completing the project (that is, where r1 < 1) 

entry takes place until e = n. The case of b ≤ g/i is more complicated and simulation will be used 

to characterize equilibrium. 

Preliminary results are quite interesting. Restricting attention to interior solutions (that is, 

when (0 < e*< n), we find, for example, that equilibrium entry rises as project novelty rises (that 

is, as k = K/V falls). This is accompanied by falling equilibrium r1.  

Somewhat counterintuitive in the context of traditional views of competition, we find that, 

all else equal, a researcher who faces increasingly capable competitors chooses to disclose at a 

stage that induces higher entry. That is, an increase in g/i leads to higher equilibrium e*, and 

hence to higher equilibrium r1. To understand this result, it is useful to decompose the focal re-

searcher’s expected benefit from disclosing into its certain and probabilistic components (see 
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equation 1). By increasing r1 she increases the certain relative to the uncertain component.  The 

end result is our finding of higher g/i associated with higher e*. 

If there is not research leader effect (u = 0) and b ≤ g/i, there is no value of b for which 

the focal researcher will encourage entry by disclosing.  

 

6. Concluding Remarks 

 
There is growing body of evidence that patterns of disclosure and competition among 

scientists are quite complex and markedly different across fields (Haeussler 2012; Stephan 1996, 

2012). In this paper, we constructed a framework that allows us to begin to understand differ-

ences among fields such as molecular biology where disclosure is often postponed until publica-

tion and/or patenting and computer science and mathematics where incomplete results are posted 

for the entire community quite frequently. Interesting, computer scientists claim their field is 

quite competitive, as do biologists; so clearly they view competition somewhat differently.  

While we have only begun to explore the differences in the competition/collaboration and 

research leader/hot area cases, the preliminary results provide interesting insights. With regard to 

the effect of changes in the quality of general colleagues, the direction of marginal effects is op-

posite in the two cases. In the competition/collaboration case the marginal effects of an increase 

in the quality of one’s potential competitors reduces disclosure. One of the insights from consid-

ering the effect of trusted colleagues in this setting is that, by contrast, an increase in the quality 

of trusted colleagues increases general sharing. The reason comes from the fact that higher qual-

ity trusted colleagues decrease entry by competitors in response to disclosure. Further, in the re-

search leader/hot area case, entry is increased by an increase in the quality of colleagues, and, as 

well, the focal researcher postpones disclosure (but does disclose before publication). 

    With regard to policy, we find that policies aimed at reducing replication costs have the un-

intended consequence of reducing disclosure in the competition/collaboration case. Results of 

such policies in the research leader/hot area case are in progress. Although beyond the scope of this  

paper, interesting other issues to explore include consideration of misappropriation in the two 

contexts. Note that we also have not explored collaboration in the research leader/hot area case. 

Finally, it is well beyond this scope but endogenizing credit to each collaborator is a fruitful di-

rection to explore.   
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APPENDIX 

 
The game for the competition model: 
 

 
Payoff functions: 

1ݔ ൌ ሺ1  ܸݎሻݑ  ܽሺ1 െ ሻ݉௧ܸݎ


ା
െ ሺ1 െ ሻݎ ݂௧݅ܭ, where  ݉௧ ൌ maxሺ݅,  ሻݐ and 

݂௧ ൌ 1 െ ݐ݅  ሺ݅ െ  .ሻଶݐ
1ݕ ൌ ሺ1 െ ܽሻሺ1 െ ሻ݉௧ܸݎ



ା
െ ሺ1 െ ሻݎ ݂௧ݐܭ. 

1ݖ ൌ ሺ1 െ ሻܸ݃ݎ 

ା
െ ሺ1 െ  .݃ܭሻݏݎ

 
2ݔ ൌ ሺ1  ܸݎሻݑ  ܽሺ1 െ ሻ݉௧ܸݎ െ ሺ1 െ ሻݎ ݂௧݅ܭ. 
2ݕ ൌ ሺ1 െ ܽሻሺ1 െ ሻ݉௧ܸݎ െ ሺ1 െ ሻݎ ݂௧ݐܭ. 
2ݖ ൌ 0. 
 

3ݔ ൌ ሺ1  ܸݎሻݑ  ܽሺ1 െ ሻܸ݉ݎ


ሺିଵሻା
െ ሺ1 െ ሻݎ ݂݅ܭ, where  ݉ ൌ maxሺ݅, ݃ሻ  and 

݂ ൌ 1 െ ݅݃  ሺ݅ െ ݃ሻଶ. 
3ݕ ൌ 0. 
3ݖ ൌ ሺ1 െ ܽሻሺ1 െ ሻܸ݉ݎ



ሺିଵሻା
െ ሺ1 െ ሻݎ ݂݃ܭ. 

3ݖݖ ൌ ሺ1 െ ሻܸ݃ݎ 

ሺିଵሻା
െ ሺ1 െ  .݃ܭሻݏݎ

 
4ݔ ൌ ሺ1  ܸݎሻݑ  ܽሺ1 െ ሻܸ݉ݎ െ ሺ1 െ ሻݎ ݂݅ܭ. 
4ݕ ൌ 0. 
4ݖ ൌ ሺ1 െ ܽሻሺ1 െ ሻܸ݉ݎ െ ሺ1 െ ሻݎ ݂݃ܭ. 
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y1     y2 
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x3     x4 
y3     y4 
z3     z4 
zz3  zz4 
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x7     x8 
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z9   z10 

 

x11  x12 
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x13  x14 
y13  y14 
z13  z14 

x15   x16 
y15   y16 
z15   z16 
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y17     y18 

x18 
y18 

x18 
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4ݖݖ ൌ 0. 
 

5ݔ ൌ ሺ1  ܸݎሻݑ  ሺ1 െ ሻܸ݅ݎ 

ା
െ ሺ1 െ  .݅ܭሻݎ

5ݕ ൌ 0. 
5ݖ ൌ ሺ1 െ ሻܸ݃ݎ 

ା
െ ሺ1 െ  .݃ܭሻݏݎ

 
6ݔ ൌ ሺ1  ܸݎሻݑ  ሺ1 െ ሻܸ݅ݎ െ ሺ1 െ  .݅ܭሻݎ
6ݕ ൌ 0. 
6ݖ ൌ 0. 
 

7ݔ ൌ ሺ1  ܸݎሻݑ  ܽሺ1 െ ሻ݉௧ܸݎ


ା
െ ሺ1 െ ሻݎ ݂௧݅ܭ. 

7ݕ ൌ ሺ1 െ ܽሻሺ1 െ ሻ݉௧ܸݎ


ା
െ ሺ1 െ ሻݎ ݂௧ݐܭ. 

7ݖ ൌ ሺ1 െ ሻܸ݃ݎ 

ା
െ ሺ1 െ  .݃ܭሻݏݎ

 
8ݔ ൌ ሺ1  ܸݎሻݑ  ܽሺ1 െ ሻ݉௧ܸݎ െ ሺ1 െ ሻݎ ݂௧݅ܭ. 
8ݕ ൌ ሺ1 െ ܽሻሺ1 െ ሻ݉௧ܸݎ െ ሺ1 െ ሻݎ ݂௧ݐܭ. 
8ݖ ൌ 0. 
 

9ݔ ൌ ሺ1  ܸݎሻݑ  ሺ1 െ ሻܸ݅ݎ 

ା
െ ሺ1 െ  .݅ܭሻݎ

9ݕ ൌ 0. 
9ݖ ൌ ሺ1 െ ሻܸ݃ݎ 

ା
െ ሺ1 െ  .݃ܭሻݏݎ

 
10ݔ ൌ ሺ1  ܸݎሻݑ  ሺ1 െ ሻܸ݅ݎ െ ሺ1 െ  .݅ܭሻݎ
10ݕ ൌ 0. 
10ݖ ൌ 0. 
 

11ݔ ൌ ሺ1  ܸݎሻݑ  ܽሺ1 െ ሻܸ݉ݎ


ሺିଵሻା
െ ሺ1 െ ሻݎ ݂݅ܭ. 

11ݕ ൌ 0. 
11ݖ ൌ ሺ1 െ ܽሻሺ1 െ ሻܸ݉ݎ



ሺିଵሻା
െ ሺ1 െ ሻݎ ݂݃ܭ. 

11ݖݖ ൌ ሺ1 െ ሻܸ݃ݎ 

ሺିଵሻା
െ ሺ1 െ  .݃ܭሻݏݎ

 
12ݔ ൌ ሺ1  ܸݎሻݑ  ܽሺ1 െ ሻܸ݉ݎ െ ሺ1 െ ሻݎ ݂݅ܭ. 
12ݕ ൌ 0. 
12ݖ ൌ ሺ1 െ ܽሻሺ1 െ ሻܸ݉ݎ െ ሺ1 െ ሻݎ ݂݃ܭ. 
12ݖݖ ൌ 0. 
 

13ݔ ൌ 15ݔ ൌ ሺ1  ܸݎሻݑ  ሺ1 െ ሻܸ݅ݎ 

ା
െ ሺ1 െ  .݅ܭሻݎ

13ݕ ൌ 15ݕ ൌ 0. 
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13ݖ ൌ 15ݖ ൌ ሺ1 െ ሻܸ݃ݎ 

ା
െ ሺ1 െ  .݃ܭሻݏݎ

 
14ݔ ൌ 16ݔ ൌ ሺ1  ܸݎሻݑ  ሺ1 െ ሻܸ݅ݎ െ ሺ1 െ  .݅ܭሻݎ
14ݕ ൌ 16ݕ ൌ 0. 
14ݖ ൌ 16ݖ ൌ 0. 
 
17ݔ ൌ ܽሾݎ  ሺ1 െ ሻ݉௧ሿܸݎ െ ሺ1 െ ሻݎ ݂௧݅ܭ. 
17ݕ ൌ ሺ1 െ ܽሻሾݎ  ሺ1 െ ሻ݉௧ሿܸݎ െ ሺ1 െ ሻݎ ݂௧ݐܭ. 
 
18ݔ ൌ ሾݎ  ሺ1 െ ሻ݅ሿܸݎ െ ሺ1 െ  .݅ܭሻݎ
18ݕ ൌ 0. 
 
 


