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Abstract

Options on crude oil futures are the most actively traded commodity derivatives. Existing pricing
models for crude oil derivatives are computationally intensive due to the presence of latent state
variables. We adopt a class of computationally efficient discrete-time jump models that allow for
closed-form option valuation, and investigate the economic importance of jumps and dynamic
jump intensities in the market for crude oil futures and futures options. Including jumps is crucial
for modeling crude oil futures and futures options, and we find very strong evidence in favor of
time-varying jump intensities. The main role of jumps and jump risk in the crude oil futures and
options markets is to capture excess kurtosis in the data. We find that jumps account for a large part
of the variation in crude oil futures and options prices, and a substantial part of the risk premium is
due to jumps. Futures data indicate the presence of many small jumps, while option data point

towards large infrequent jumps.
JEL Classification: G12; G13.
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1 Introduction

Crude oil is the single largest commodity in international trade, and the crude oil derivatives market
constitutes the most liquid commodity derivatives market. In December 2011, WTI and Brent crude oil
futures accounted for 51.4% of dollar weight in the S&P GSCI commodity index. Nearly 900,000 futures
and options contracts trade on WTI every day.

In order to price and hedge this increasingly important commodity, it is crucial to model crude oil
futures and options and better understand their dynamics. Surprisingly though, there are relatively few
studies on pricing crude oil derivatives, especially when compared with the existing literature on equity
derivatives. Trolle and Schwartz (2009) estimate a continuous-time stochastic volatility model using
NYMEX crude oil futures and options and find evidence for two, predominantly unspanned, volatility
factors. They do not consider jump processes, which have been used in other security markets to model
large movements. Larsson and Nossman (2010) examine the performance of affine jump diffusion models
with stochastic volatility for modeling the time series of crude oil spot prices. Their results show that
stochastic volatility alone is not sufficient and jumps are an essential factor to correctly capture the time
series properties of oil prices. However, they do not use panel data on futures contracts nor option prices.
Hamilton and Wu (2011) model crude oil futures with an affine term structure model and document
significant changes in oil futures risk premia since 2005. Pan (2011) studies the relationship of state price
densities and investor beliefs. Chiarella, Kang, Sklibosios, and To (2012) document a hump-shaped
volatility structure in the commodity derivatives market. To the best of our knowledge, no existing studies
have implemented jump models using extensive cross-sections of crude oil derivatives.

There is an extensive literature on the modeling of equity derivatives, which mainly focuses on index
returns and options. This literature includes models with both stochastic volatility and jumps (e.g., see
Bakshi, Cao, and Chen, 1997; Bates, 1996, 2000, 2006; Pan 2002; Eraker, 2004; Carr and Wu, 2004;
Santa-Clara and Yan 2010,), as well as GARCH-style jump models (Maheu and McCurdy, 2004; Duan,
Ritchken and Sun, 2006, Christoffersen, Jacobs, and Ornthanalai, 2012; and Ornthanalai, 2012).

The implementation of continuous-time stochastic volatility models with Poisson jumps is complex,
because the likelihood function is typically not available in closed form, and therefore option pricing in
the presence of jumps typically relies on complex econometric methods to filter the unobserved state

variables. For example, Chernov, Gallant, Ghysels, and Tauchen (2003) use an Efficient Method of
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Moments (EMM) based method, Pan (2002) uses the implied-state Generalized Method of Moments
(GMM) technique, Eraker, Johannes, and Polson (2003), Eraker (2004), and Li, Wells, and Yu (2007)
employ Markov Chain Monte Carlo (MCMC) techniques, and Trolle and Schwartz (2009) use the
Extended Kalman Filter (EKF). This type of estimation is computationally intensive, especially when
dealing with large data sets.

In this paper, we study discrete-time models in which the conditional variance of the normal
innovation and the conditional jump intensity of a compound Poisson process are governed by GARCH-
type dynamics. We estimate four nested jumps models to investigate the importance of time-varying
conditional variance and time-varying jump intensity using an extensive panel data set of crude oil futures
and option prices.

For the discrete-time models in this paper, both the conditional jump intensity and the conditional
variance can be directly computed from the observed shocks using an analytical filter. With the analytical
filter, filtering the normal component and the jump component is relatively simple and extremely fast,
even when the jump intensity is time-varying. It takes less than a second to filter 38,024 futures contracts
using Matlab on a standard PC. Because the variance and the jump intensity dynamic can be updated
analytically, we can conveniently estimate the model using MLE or NLS estimation. Calculating the
Implied Volatility Root Mean Squared Error (IVRMSE) of 283,653 option contracts takes about 7
seconds.

We investigate the economic importance of jumps and dynamic jump intensity in the crude oil market
and compare the fit of the jump models with that of a benchmark GARCH model without jumps. We
study four jump models with different specifications of jump intensity and conditional variance. The
DVCIJ (dynamic volatility with constant jumps) model is assumed to have constant jump intensities,
which is consistent with most of the existing continuous-time SVIJ literature. The CVDJ (constant
volatility and dynamic jumps) model has time-varying jump intensity, but the normal innovation to the
return process is assumed to be homoskedastic. It is related to the constant volatility jump-diffusion
models of Bates (1991) and Merton (1976). The DVDIJ (dynamic volatility and dynamic jumps) model
contains time-varying jump intensities and a time-varying conditional variance but the dynamics are
driven by the same dynamic. The DVSDJ (dynamic volatility with separate dynamic jumps) model is the
most general model in which both the jump intensity and the conditional variance are time-varying and
the dynamics are modeled separately. The latter two models are related to the most complex SVJ

dynamics of Eraker (2004) and Santa-Clara and Yan (2010).



We find strong evidence of the presence of jumps and dynamic jump intensities in the crude oil
market. During crisis periods, when market risk is high, jumps occur more frequently. Jump models with
time-varying jump intensities outperform the benchmark model significantly, and in models with time-
varying intensities jumps explain a large part of the variance of the underlying futures data, regardless of
the data used in estimation.

Estimates based on futures data indicate the presence of many small jumps, whereas estimates based
on option data point towards infrequent large jumps. The implied conditional kurtosis from option-based
estimates is much larger than that implied by futures data. Contrary to equity index markets, the main role
of jumps and jump risk in crude oil futures markets is to capture the excess kurtosis in the data, while
skewness is of second-order importance.

The rest of the paper proceeds as follows. Section 2 develops discrete-time pricing models for
commodity futures. We propose four nested jump models and a benchmark GARCH model. Section 3
discusses the crude oil futures and options data used in this paper. In Section 4 we explain MLE
estimation on futures contracts and report the estimation results. Section 5 derives the risk-neutral
dynamics and the closed form option valuation formula. Section 6 presents estimation results using
options data, and Section 7 presents results using options and futures jointly in estimation. Section 8

concludes.

2 Models for Commodity Futures Markets

In commodity futures markets, we observe futures prices for different maturities, and spot prices are
considered unobservable. We develop a general class of discrete-time models by first specifying models
for the unobservable spot price, and then imposing the relationship between the spot price and futures
prices for different maturities.

The relationship between the futures price and the spot price of a commodity is given by

F(t,T) = S(t)exp [c(t,T) (T —t)] (2.1)

where S(t) denotes the spot price at time t, F(t, T) is the time t price of the futures contract maturing at
time T, and c(t,T) denotes the time t forward cost of carry for the futures contract maturing at T.
Combining this with the expression for the time t+1 futures price maturing at time T, the log futures

return is given by



F, S
logﬂ = logﬂ + Ac(t, t+1,T) (2.2)
Fir St

where Ac(t,t + 1, T) captures the cumulative difference of the forward cost of carry between time t and
t+1 for futures contracts maturing at time T.

The forward cost of carry c(t, T) is unobservable. We assume it is deterministic, and extract it from
the relationship between futures and spots prices following the approach of Gibson and Schwartz (1990).
We provide details on this method in Appendix A. Several studies have estimated more general models
with stochastic cost of carry specifications. We implemented stochastic cost of carry models, but for the

models under study here the cost of carry model does not seem to substantially affect the results.
2.1 The Benchmark Model

We formulate a new class of jump models for commodities markets. To provide a benchmark for these
models that can capture several important stylized facts of commodity markets, we first consider a
standard GARCH model. We specify the spot return process

St+1

1
IOgS— =Ti41 T (/12 - _> hyt41+ Zesq (2.3)
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Where 13,4 is the instantaneous risk free rate, z;,4 is an innovation which is distributed N (0, hzltﬂ),
h; ¢+1 is the conditional variance known at time t, and 4, is the market price of risk associated with the
normal innovation.

Substituting (2.3) into (2.2), we get the benchmark GARCH model for futures returns

Fepar
lo

1
=Ti4q1 t+ (’12 - E) hpte1 + Rz 4182041 +Ac(E,t+1,T) (2.4)

t,T

where &, ¢4 is distributed N(0,1). The conditional variance of the normal innovation h, 1 is governed

by a GARCH (1, 1) process, which is specified according to Heston and Nandi (2000).

hz,t+1 = w; + bzhz,t + az(‘gz,t - Cz\/h—t)z (2.5)

GARCH models provide a convenient framework to capture stylized facts in financial markets such as
conditional heteroskedasticity, volatility clustering, and mean reversion in volatility. These stylized facts
are also very prominent in commodity futures markets. The GARCH dynamic in (2.5) is different from

the more conventional GARCH specifications of Engle (1982) and Bollerslev (1986), and is explicitly



designed to facilitate option valuation. We discuss the benefits of the specification in (2.5) in more detail
below.

Consistent with other GARCH specifications, the conditional variance h, .1 in (2.5) is predictable
conditional on information available at time t. The unconditional variance is given by E [hz‘tﬂ] = (w, +
a,)/(1 — b, — a,c2), where b, + a,c? is the variance persistence. Further, given a positive estimate for
a,, the sign of ¢, determines the correlation between the futures returns and the conditional variance.
Equivalently, c, can be thought of as controlling the skewness or asymmetry of the distribution of log

returns, with a positive ¢, resulting in a negatively skewed multi-day distribution.

2.2 Filtering the Conditional Variance Using Futures with Different Maturities

Heston and Nandi (2000) estimate their model using S&P 500 index returns and options. For that
application, it is straightforward to directly filter the conditional variance h,;.; from the return
innovations with the GARCH model. Our application is more complex, because we have a cross-section
of crude oil futures prices with different maturities (eight time series of futures contracts in our case).

Consider the following futures return series

Feiar, 1
log For =Tt41 t+ (Ai,z - E) hiztr1 +Vhizer18izee1 At t+1,T)) (2.6)
tT;

where i = 1, 2,..,8 and T; represents the maturity date of the futures contract. The number of parameters
in this model is very large if the parameters for the return and variance dynamics are maturity-specific,
and the number of parameters increases with the number of futures contracts. Instead, impose the
restriction that these parameters are the same for all eight maturities. Furthermore, instead of separate

dynamics for each maturity, consider filtering the volatility using
2 2
hz,t+1 =w; + bzhz,t + az(‘gl,z,t — Cz4/ hz,t) +a, (gz,z,t — Czv/ hz,t) + e

2
+ az(g&z,t - Cz\/ hz,t)

Finally, we have to specify the structure of the covariance matrix of the vector of residuals. To keep the

(2.7)

model as parsimonious as possible and further reduce the number of parameters, we assume that

covariance matrix of the return innovations is a diagonal matrix, &,;.9 = [El,z,t+1' E2 7 t4+1r e s



gzt+1] ~ 1 i.d. N(0,Ig) , where Ig is the identity matrix. This approach is consistent with the

assumptions made by Trolle and Schwartz (2009), who use the Kalman filter for estimation.
2.3 Commodity Futures Returns with Dynamic Jump Intensities

The futures return process in (2.4)-(2.5) provides a benchmark model that can capture several important
stylized facts using a simple setup with a single normal innovation. We now provide a much richer class
of models with jumps in returns and volatilities, and with potentially time-varying jump intensities.

Futures returns are given by

F 1
log—=2L =1, + (Az - E) hyte1 + (Ay - f)hy,t+1 + Zy1 + Ve HAc(t t+ 1L, T). (2.8)

Fer

where the notation for 1,4, A,, Z;4q and h; ;.4 is the same as in Section 2.1. The jump component y; 4
is specified as a Compound Poisson process denoted as | (hy,tﬂ, 0,6 2). The Compound Poisson structure
assumes that the jump size is independently drawn from a normal distribution with mean 8 and variance
52. The number of jumps n,,; arriving between times t and t+1 is a Poisson counting process with

intensity h,, ¢, 1. The jump component in period t+1 is therefore given by

Nt+1

Vig1 = Z xZH (2.9)
j=0
where x,{ +1-1 =01, 2, ... is an i.i.d. sequence of normally distributed random variables, x,{ 1~N(6,6%).
The conditional expectation of the number of jumps arriving over time interval (t, t+1) equals the jump

intensity, E¢[n¢,1] = hy¢41. The conditional mean and variance of the jump component y;,; are given

by Ohy ¢4 and (62 + 6%)h,, ;44 respectively.

52
. . 1 & .
The convexity adjustment terms Ehzltﬂ and &hyiyq = (eB+ 2 —1Dhy;yq in (2.6) act as

compensators to the normal and jump component respectively. The conditional risk premium is given by
Ye1 = Azhg 401 + Ayhy 144, With A, and 4, denoting the market prices of risks for the normal and jump

components.

2.4 Four Jump Models



We formulate four nested models with jump dynamics. In the most general model, we assume that both
the conditional variance of the normal component and the jump intensity are governed by the following

extended GARCH (1, 1) dynamics.

az

hz,t+1 = w, + bzhz,t + h,. (z¢ — Czhz,t)z +d,y; (2.10)
Z,
ay 2

hy,t+1 = (Uy + byhy,t + h_t(zt - Cth,t) + dyyt (211)
z,

where w,, a,, b,, c,, d,, wy, Ay, by, Cy, dy are parameters to be estimated.

We refer to this specification as the Dynamic Volatility and Separate Dynamic Jumps (DVSDJ)
model. It is a very rich and flexible model. First, it allows for jumps in volatility as well as jumps in
returns. It has been shown in the index option literature that jumps in volatility are useful to explain
option volatility smiles and smirks (see for example Eraker, Johannes and Polson, 2003; and Eraker,
2004). Moreover, in (2.10)-(2.11), the normal and jump innovations, z; and y;, enter separately into the
GARCH updating dynamics. The model therefore allows each type of innovation to impact the variance
and jump intensity separately. Second, the model is designed to yield closed-form expressions for
securities prices. Critically, we are able to derive analytical results for option valuation.

The specification of h, ;44 and hy ;4 qin (2.10)-(2.11) therefore has substantial advantages. One
potential problem is that the model is richly parameterized. This presumably will not create problems for
in-sample option valuation, but it may cause the model’s out-of-sample performance to deteriorate. We
therefore also investigate three nested specifications, which impose restrictions on h, ;4 and hy ;,4, and
greatly reduce the dimension of the parameter space.

The first nested model is the Dynamic Volatility and Constant Jumps (DVCJ) model, which imposes
the following restrictions

, =0 (2.12)

This model maintains the normal component’s GARCH dynamic, but jumps arrive at a constant rate w,,
regardless of the level of volatility in the market.

The second nested model is the Constant Volatility and Dynamic Jumps (CVDJ) model, which
imposes the restrictions

b,=0, a,=0  ¢,=0, d,=0 (2.13)



In this model, time-variation in the return distribution is driven by the jump component only. The normal
component of returns is homoskedastic, with a constant variance equal to w,.

In the third nested model, the Dynamic Volatility and Dynamic Jumps (DVDJ) model, h, ., and
hy t+1 are both time-varying but driven by the same dynamic. The conditional jump intensity is affine in
the conditional variance of the normal component

hyti1 = khgeiq (2.14)

where K is a parameter to be estimated. The DVDJ specification can be written as a special case of the

DVSDJ model, subject to the following restrictions on the parameters of h,, 141

wy = wzk, by = by, a, = ak, Cy =€y dy, =d;k (2.15)

The specification of these four models is based on the index returns models in Ornthanalai (2012) and
Christoffersen, Jacobs, and Ornthanalai (CJO, 2012). We follow the classification of jump models
proposed in CJO (2012), but the model dynamics in (2.10)-(2.11) are different in a very important way.
They are designed to yield a closed-form solution for option prices, and in order to do so we have adopted
a rather simple specification for jumps in volatility. The drawback of this approach is that we cannot

ensure positive volatility.
3. Crude Oil Futures and Options Data

We now discuss the crude oil futures and options data used in the empirical analysis, and present
summary statistics.

We use a data set of Chicago Mercantile Exchange (CME group, formerly NYMEX) crude oil
futures and options data. We use a sample of daily data from January 2", 1990 to December 3™, 2008.
The CME crude oil derivatives market is the world’s largest and most liquid commodity derivatives
market. The range of maturities covered by futures and options and the range of option strike prices are
also greater than for other commodities (for a discussion see Trolle and Schwartz, 2009, henceforth TS).

We screen futures contracts based on patterns in trading activity. Open interest for futures contract
tends to peak approximately two weeks before expiration. Among futures and options with more than two
weeks to expiration, the first six monthly contracts tend to be very liquid. For contracts with maturities
over six months, trading activity is concentrated in the contracts expiring in March, June, September, and

December.



Following TS (2009), we therefore screen the available futures and options data according to the
following procedure: discard all futures contracts with 14 or less days to expiration. Among the remaining,
retain the first six monthly contracts. Furthermore, choose the first two contracts with expiration either in
March, June, September or December. This procedure leaves us with eight futures contract series which
we label M1, M2, M3, M4, M5, M6, Q1, and Q2.

We include the following options on these eight futures contracts. For each option maturity, we
consider eleven moneyness intervals: 0.78-0.82, 0.82-0.86, 0.86-0.90, 0.90-0.94, 0.94-0.98, 0.98-1.02,
1.02-1.06, 1.06-1.10, 1.10-1.14, 1.14-1.18, and 1.18-1.22. Moneyness is defined as option strike divided
by the price of the underlying futures contract. Among the options within a given moneyness interval, we
select the one that is closest to the mean of the interval.

Our data consist of American options on crude oil futures contracts." CME has also introduced
European-style crude oil options, which are easier to analyze. However, the trading history is much
shorter and liquidity is much lower than for the American options. Since the pricing formulae are
designed for European options, we have to convert the American option prices to European option prices.
We assume that the price of the underlying futures contract follows a geometric Brownian motion. This
specification allows for very accurate pricing of the American option using the Barone-Adesi and Whaley
(1987) formula. Inverting this formula yields a log-normal implied volatility, from which we can
subsequently obtain the European option price using the Black (1976) formula. To minimize the effect of
errors in the early exercise approximation, we use only OTM and ATM options, i.e., puts with moneyness
less than one and calls with moneyness greater than one. In addition, we only consider options that have
open interest in excess of 100 contracts and options with prices larger than 0.10 dollars.

This data filtering procedure yields 38,024 futures contracts and 283,653 option contracts observed
over 4,753 business days. The number of futures contracts is 8 on every day of the sample, while the
number of option contracts is between 23 and 87.

Figure 1 displays the prices of the futures contracts. All prices in this paper are settlement prices.” To
avoid cluttering the figure, we only display the futures term structure on Wednesdays. Futures prices
increase dramatically between 2003 and 2007, and subsequently decline. Consistent with existing studies

(Trolle and Schwartz (2009), Litzenberger and Rabinowitz (1995)), we find that the crude oil market is on

! Futures contracts expire on the third business day prior to the 25™ calendar day (or the business day right before it
if the 25™ is not a business day) of the month that precedes the delivery month. Options written on futures expire
three business days prior to the expiration date of the futures.
? The CME light, sweet crude oil futures contract trades in units of 1000 barrels. Prices are quoted in US dollars per
barrel.
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average in backwardation. Also, the price of long maturity futures contracts such as Q2 is lower than that

of short maturity futures contracts. Figure 2 plots the daily returns, log F;'—l'T, for the eight (M1, M2, M3,
tT

M4, M5, M6, Ql, Q2) futures contracts and Panel A of Table 1 provides summary statistics. Table 1
indicates that futures returns on longer maturities futures contracts, e.g., Q2 futures contracts, are less
volatile than futures returns for shorter maturity contracts. However, Figure 2 indicates that returns of
futures contracts with long maturity seem to have more spikes, which can be interpreted as jumps.

Table 1 also reports summary statistics for higher moments of the daily futures returns. On average
across maturities, skewness is -0.91 and kurtosis is 14.77. The daily crude oil futures return series is thus
skewed towards the left, indicating that there are more negative than positive outlying returns in the crude
oil market. Moreover, the return series is characterized by a distribution with tails that are significantly
thicker than a normal distribution.

Panel B of Table 1 lists the average number of option contracts across maturity and moneyness. The
number of option contracts decreases with maturity. Among the 11 moneyness intervals, the number of
option contracts is highest in the ATM interval. Panel C reports the average option prices. As expected,
the average price of the option contracts increases as the maturity of underlying futures contracts
increases.

Figure 3 displays the implied ATM log-normal volatilities, and Panel D of Table 1 reports their
averages by moneyness and maturity. Options with short maturities have higher implied volatilities than
options with long maturities. Large spikes in the option implied volatilities appear around the end of 1990
and beginning of 1991, at the time of the first Gulf War, around the September 2001 terrorist attack, the
second Gulf War in March 2003, and during the financial crisis in 2008.

Among the eleven moneyness intervals, the average implied volatilities are lowest for ATM options.
The data exhibit a smirk for several maturities, but for other maturities it is not clear if the smirk pattern is
economically significant, or if the data are instead characterized by a smile. These patterns are important
with respect to the relative role of return skewness and kurtosis for characterizing the option data. Panel D
of Table 2 suggests that modeling kurtosis may be more critical than capturing skewness for crude oil

data. This is consistent with the descriptive statistics for the futures data in Table 1.

4. Evidence from Futures Prices
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We first discuss how to use maximum likelihood to estimate the models using futures returns. We then
present parameter estimates for the four proposed models as well as the benchmark GARCH model.
Subsequently we use the parameter estimates to investigate the models’ most important implications for

option valuation.

4.1 Maximum Likelihood Estimation using Futures Data

We estimate the model parameters using Maximum Likelihood (MLE). The likelihood function for
returns depends on the normal and Compound Poisson distributions. The conditional density of the ith
returns process in equation (2.8), given that there are n;,; = j jumps occurring between period t and t+1,

is given by

2
) 1 Riti1 — Uirs1 — JO
ft(Ri,t+1|nt+1 :]) = exp <—( l;i;l 111.62]) ) > (4.1)
Jzn(hz,tﬂ +j52) zt+1 ™)

Feya

T 1
Fir foand Yyppq =T (/12 - 5) hoeer + (Ay = E)hyeq + Ac(t, t + 1,T).

R

where R; ;41 = log
The conditional probability density of returns can be derived by summing over the number of jumps

ft(Ri,t+1) = Z 1ft(Ri,t+1|nt+1 = j) Pry(nesr = J), (4.2)
j:

where Pry(ngy, =j) = (hy’Hl)j exp (—hy¢41)/j! is the probability of having j jumps which is
distributed as a Poisson counting process.
We can therefore write the log likelihood function as the summation of the log likelihoods for all

eight futures contracts

8 T-1

Lie = ) > 10 (f(Rigsn) (@3)

i=1t=1

In estimation we assume that the conditional variance and the jump intensity are equal across maturities.
This is clearly a simplifying assumption that will worsen the fit, but it is useful for the purpose of
comparison with option-implied estimates.

When implementing maximum likelihood estimation, the summation in (4.2) must be truncated. We
truncate the summation at 50 jumps per day. We have experimented with increasing the truncation limit

beyond 50 and found that our results are robust.
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Equations (2.9) and (2.10) indicate that we need to separately identify the two unobserved shocks
Zt4+1 and Y44 and filter the conditional variance h, .4 and the conditional jump intensity hy, ., which
enter the likelihood function. The structure of the model allows us to do this using an analytical filter,
which is discussed in CJO (2012). Using this filter, calculating z;,, and y; 4 is straightforward and very
fast. It takes less than a second to filter 38,024 futures contracts and about two seconds to filter 283,653

option contracts using Matlab on a standard PC.
4.2 Estimation Results

Table 2 presents the maximum likelihood parameter estimates for the GARCH benchmark model and the
four proposed jump models. The results are obtained using all eight futures contracts jointly in estimation
for the time period 1990-2008. For each jump model, we separate the parameters into two columns. The
parameters with subscript y are reported in the column labeled “Jump”. The parameters with subscript z
are reported in the column labeled “Normal”. Under each parameter estimate, we report its standard error
calculated using the Hessian matrix. Under “Properties”, we report the implied long-run risk premiums
for the normal and jump components, the percent of total variance captured by the normal and the jump
component, the average annual volatility, the expected number of jumps per year implied by the
parameter estimates, and the log likelihood. Some of these properties are discussed in more detail in
Section 4.3 below.

The log-likelihood values of the DVCJ, DVDJ, DVSDJ models are much higher than that of the
GARCH model. This is not the case for the CVDJ model, which does not nest the GARCH model. To
examine whether the dynamic volatility jump models significantly improve over the GARCH model, we
test the null hypothesis of no jumps. To implement this test, we use the standardized likelihood ratio test
proposed by Hansen (1992, 1994). A likelihood ratio test of the null hypothesis of no jumps does not have
the usual limiting chi-squared distribution because the jump parameters are unidentified under the null.
Hansen'’s test is able to provide an upper bound to the asymptotic distribution of standardized likelihood
ratio statistics, even when conventional regularity conditions (for example due to unidentified parameters)
are violated. We calculate Hansen’s test for each of the DVCJ, DVDJ, DVSDJ models compared with
GARCH and report the standardized likelihood ratio and the corresponding simulated critical values in
Table 3. Using Hansen’s standardized LR test, we find that all three dynamic volatility jump models
significantly improve over the GARCH model, suggesting that the null hypothesis of no jumps is rejected.

Among the three jump models, the test result for the DVDJ model provides the strongest evidence against

13



the null. These statistical tests strongly suggest that incorporating jumps in addition to dynamic volatility
helps to improve model performance.

The CVDIJ model, which has constant conditional variance of the normal component, performs the
worst among the four jump models, with the lowest log-likelihood. This suggests that this extended
Merton (1976) jump model, which has constant volatility and a GARCH dynamic for the jump intensity is
not able to adequately fit the data, which confirms the importance of allowing for time-varying volatility
in models for commodity futures. In the CVDJ model, it is not surprising that the jump component of
CVDIJ accounts for 63% of the total return variance, because the time variation in the return innovation is
restricted to the jump intensity. The jump component is relatively more important for this specification
because jumps are the only source of heteroskedasticity. In summary, the results for the CVDJ model
suggest that jumps are a useful modeling tool, but that modeling time-varying volatility is at least as
important. This finding is very similar to results obtained in equity and equity index markets.

The DVCJ model improves model fit significantly by adding a simple constant jump component. For
this specification, the average expected number of jumps is given by E [hy,t+1] = w,,. The estimate of
0.103 implies that jumps arrive at an annual frequency of 0.103x252, or approximately 26. This number
is much higher than what is usually found in equity index markets, see the summary table in Broadie,
Chernov, and Johannes (2007). Most existing estimates in equity index markets find between one and
three jumps per year. This suggests that jumps arrive more frequently in the crude oil market. Part of the
explanation is that the models identify smaller jumps in crude oil futures as opposed to equity index
returns. The estimate of the average jump size 6 in the DVCJ model in Table 2 is -0.0069, which is
approximately one-fourth of the average jump size in index returns documented in CJO (2012) for a
model with constant jump size.

The results for the DVDJ model indicate that allowing for state-dependent jump intensities can
further improve model performance. The estimate of K is statistically significant, confirming that the
arrival rate of jumps depends on the level of volatility. The mean jump size in the DVDJ model is smaller
(in absolute value) than in the DVCJ model and jumps arrive more frequently, with on average 207 jumps
per year.

The MLE estimates of the DVSDJ model indicate that there are on average 183 jumps per year. The
likelihood for the most general specification, DVSDJ model, further improves on DVDJ. We run a
likelihood ratio test to compare DVSDJ with CVDJ and the result is in favor of the unrestricted DVSDJ

model.
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The results for the DVDJ and DVSDJ models indicate that allowing for time-varying jump
intensities can greatly improve model performance. The average jump arrival frequency for the DVDJ
and DVSDJ models is significantly lower than for the DVCJ model, but other important model features
are similar to the DVCJ model.

4.3 Model Implications

We now further discuss the model properties listed at the bottom of Table 2. We report the decomposition
of the total unconditional return variance into the normal and jump components. The total unconditional
return variance, o2, is given by

0% =07+ (0% +6%)0) (4.4)

where g2 and ayz are computed as the time series averages of h, ¢y and hy ;1. We report the normal
contribution and jump contribution to the total return variance in percentages. Overall, the contribution of
jumps to the total return variance is very high for the CVDJ model, since jumps are the only source of
heteroskedasticity. For the other three models, the DVDJ and DVSDJ models have higher percentages
(43.60% and 40.36%) for the jump contribution compared with the DVCJ, which has 15.48% of total
variance contributed by the jump component. While the likelihood ratio tests indicate that allowing for
time-varying jump intensities is supported statistically, these findings suggest that this model feature is
also economically important.

The average variance is very similar across models. The left panels in Figure 4 depict the time path of
the conditional variance and clearly indicate that in fact the entire time path is very similar across models,
with the exception of the CVDJ model. However, there is one important difference between the models
with time-varying intensity (DVDJ and DVSDJ) and the DVCJ model. When the variance increases in
1991 and 2008, the increase is more pronounced for the DVCJ model. The reason for this can be seen in
the panels on the right in Figure 4. For the DVDJ and DVSDJ models, there is also a sharp increase in the
jump intensity during those crisis periods. The paths of the jump intensity for the DVDJ and DVSDJ
models are similar, but the intensity is more variable for the DVSDJ model.

The variations in jump intensities affect the risk premiums, which are depicted in Figure 5. For the
DVCJ model in the first row, the risk premium in the middle panel is constant, and all the time variation
in the total risk premium in the right panel is due to variation in the normal risk premium. In the case of

the DVDJ and DVSDJ models, a large amount of the increase in the total risk premium in 1991 and 2008
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is due to the increase in the jump risk premium. This effect is stronger in the more richly parameterized
DVSDJ model. For the CVDJ model in the second row, all the time variation in risk premiums is due to
the jump risk premium. This clearly does not lead to as much time variation in total risk premiums as for
the other models.

Overall, Figure 5 clearly indicates that jump risk premiums are economically important, and that they
represent a significant component of the total risk premium. Under “Properties” in Table 2 we also report
the averages of the risk premiums over the sample. On average the jump risk premium is large. For the
CVDJ model, it is on average larger than the risk premium for the normal component, but this is of course
due to the model’s restrictive structure. It is also noteworthy that the average risk premiums are very
similar for the DVCJ and DVSDJ models, which have a very different structure. The jump risk premium
is relatively smaller in the case of the DVDJ model.

Figure 6 applies the analytical filter to decompose futures returns in the jump and normal component
to infer their relative importance. The middle column contains the filtered jump component and the right
column contains the filtered normal component. The figures clearly indicate that most of the time, the
normal component dominates returns. However, in crises, such as the first Gulf War in late 1991, the
jump component explains more of the movement in returns than the normal component. The
heteroskedasticity in the normal component is also apparent. The left columns depict the filtered number
of jumps n; occurring each day. We find strong evidence for multiple jumps per day in all jump models,
especially during the first Gulf War, when the DVDJ and DVSDJ models indicate 10 jumps per day.

For the purpose of option valuation, the time path of the conditional variance is of paramount
importance. However, different models often yield variance paths that are nearly similar, as evidenced by
Figure 4. It is therefore of great interest to inspect differences in the conditional third and fourth moments.

We now turn to this evidence. The first four conditional moments are given by:

1
Ec(Rey1) = Peyr =Terr + (Az - E) hoesr + (Ay = E)hyeiq + Ac(t, t +1,T) (4.5)
Vary(Rep1) = hypyq + (6% + 862 hy 14q (4.6)

(0% + 35%)h
Skew(Re41) = ( Yhyen

3 (4.7)
(hyes1 + (02 + 8Dhy 141 )?
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(0* +6026% + 36")hy 141
2
(hz,t+1 + (62 + 52)hy,t+1)

Kurt,(R;41) =3+ (4.8)
where Skew;(R;;1) and Kurt;(R;,,) are the conditional skewness and the conditional kurtosis of futures
returns respectively. From equation (4.7), it is clear that in presence of jumps, when hy, ;.4 is positive, the
sign of the conditional skewness depends on the sign of the mean jump size 6. Both skewness and
kurtosis are critically affected by the parameters 6 and 6.

Figure 7 plots the conditional one day ahead skewness in (4.7) and kurtosis in (4.8) for each of the
four jump models. The estimated average jump size 6 is negative for all four jump models, and therefore
the conditional one day ahead skewness is negative. However, skewness is rather small, and interestingly
it is smaller for the more flexible models. Conditional kurtosis is of the same order of magnitude for the
DVCJ, DVDJ, and DVSDJ models, but contains more sharp peaks for the DVCJ model. Clearly, for a

given model outliers in model skewness and kurtosis are related, which is driven by the parameterization.

5. Option Valuation Theory for Crude Oil Futures

We first characterize the risk-neutral dynamics. Subsequently we derive the closed-form option valuation

formula.
5.1 The Equivalent Martingale Measure and Risk-Neutral Dynamics

The estimates obtained from futures prices in Section 4 are physical parameters. To value crude oil
options, we need return dynamics under the equivalent martingale or risk-neutral measure. In a
framework with compound Poisson processes, the futures price can jump to an infinite set of values in a
single period, and the equivalent martingale measure is therefore not unique. We proceed by specifying

the conditional Radon-Nikodym derivative

dQ¢+1
dPry;  €Xp (NpZey1 + Ay Yesq)

dQr  Eilexp (Ayzesq + AyYiy1)]
dp,

(5.1)

This Radon-Nikodym derivative specifies a risk-neutral probability measure if and only if A, and A,, are

determined by
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A, +2,=0 (5.2)

52 A28 5
The futures return process under the risk-neutral dynamic takes the form
l Ft+1,T _ 1 * 1% *
0g Frr Tev1 — Ehz,t+1 =&y (V)R 41 + Zeg1 +Yipr HAc(tt+1,T) (5.4)

with the following variance and jump intensity dynamics

a
hz,t+1 =w, + bzhz,t + h_Z(Zt - C;hz,t)z + dzyt* (5.5)
z,t
* * * a; * 2 * .ok
hy 41 = wy + byhy . + h—t(zt —cyh, )+ dyy; (5.6)
z,

0 4382 0+
where B} 1y = hy g l1, T =e"" 72,0 =0+ 4,62, 81) =’ "2 -1, 4, = -1, , wy = w1l

ay =Ilay, c; =c, — Ay, ¢y =cy, — Ay, dy =11d,y, and yi 1 ~J(hy 41, 07, 52).
The risk neutral dynamic for the GARCH benchmark model in Section 2.1 is a special case of (5.4)-(5.6)

with hy 41 =Yi41 =0
5.2 Closed-form Option Valuation

Under the risk-neutral measure, the generating function for the asset process in (5.4)-(5.6) takes the

following form

flp;t,T) = EL[F?]

(5.7)
= FfTexp(Al((p; t,T) + B1(@; t, T)hy 41 + CL(@; t, TR, 111)
Here we present the analytical solutions to the affine coefficients A1(¢;t,T), B1(¢;t,T), and
C1(p;t, T). Details on the derivation are provided in Appendix B.
Al(@;t,T) = @oreyq + Al(@;t + 1, T)+B1(p;t + 1, Tw, + C1(p; t + 1, 7w,
(5.8)

1
— Elog(l —2B1(p;t +1,Ta, — 2C1(p; t + 1,T)a;)
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B1(¢; t,T) = u1, + B1(@; t + 1,T)(b, + a,c;?) + C1(p; t + 1, T)ajc;?

(¢ — 2B1(p; t + 1, Tayc; — 2C1(p; t + 1, Nalc))’ (5.9)
2(1—2B1(p; t + 1, Ta, — 2C1(g; t + 1, T)a})

C1(p;t,T) = by,C1(p; t + 1,T) + @y + &, (&) (5.10)
1 * — % *E5* 15*2 2
where gy, = =2y = =&, (1), §,(8) = e 5 —q,
with =9+ Bl(p;t+1,T)d, + Cl(p;t +1,T)d; (5.11)

By imposing the restrictions hy, ;.1 = wy, = a;, = 0, (5.7)-(5.11) reduces to the generating function for
GARCH benchmark model in Section 2.1.

With the risk neutral generating function (5.7), we can value European options using the Fourier
inversion method as in Heston (1993), Heston and Nandi (2000), and Duffie, Pan and Singleton (2000).

The price of a European call option on a futures contract is given by
T
Cco(t, T, T, K) = EtQ [e_ft co T(S)dS(F(TCO' T) — K)+]
1 1(® [K%f*(ip+1)
=F(t,T)<—+—j Re[ —— d
2 ), iof (1) ¢ (5.12)

Teo 1 1[° [KfF
—e r(s)dSK(— + f Re [M] d o)
2 0 ip

/s

where CO (t, T, T, K ) is the time t price of a European call option expiring at time T, with strike K on a

futures contract expiring at time T, and K is the strike price.

6. Estimation using Option Data

We first discuss the loss function used to estimate the model parameters from option data. Subsequently

we discuss the empirical results.
6.1 MLE using Option Data

It is possible to use the parameter estimates in Table 2 obtained through MLE estimation on futures data

to compute option prices using the option valuation formulae. However, this procedure exclusively uses
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historical information and ignores the expectations about the future evolution of the futures prices that are
embedded in option prices. We therefore study the models’ option valuation performance by maximizing
the log-likelihood function for the option contracts to match model option values as closely as possible to
observed market prices.

We use a loss function based on implied volatilities, inverting option prices into implied volatilities.
This results in a cross-section of market data that is of similar magnitude along the moneyness, maturity,
and time-series dimensions. Option prices differ significantly along these dimensions. Define the model

€1Tror

U = Ope — O, (Ot (he (67))) (6.1)

where oy + is the Black (1976) implied volatility of the kt" observed option price at time t, and
Okt (Ok,t(he(87))) is the implied volatility converted from each computed option price, Oy +(h:(67)),
using the Black (1976) formula.

Assuming normality of the implied volatility errors, the log-likelihood function based on options is
N
(6.2)

:qwl §N

N 1
Lopt = —— 2) — -
opt 5 In(2may) 3
k=1
where N = 283,653 is the total number of option contracts. We estimate parameters based on options data

only by maximizing Lq,. We report the optimized likelihoods as well as the corresponding volatility root

mean squared error (IVRMSE)

2

11 ]
IVRMSE = - N;[ak,t — 01t (O e (e (69)))] (63)

where T = 4,753 is the number of days used in our analysis.

Ideally one would fit the model directly to implied Black volatilities. However, since the
optimization routine requires computing implied volatility from model prices at every function evaluation,
this approach is extremely slow. We follow TS (2009) and fit the model to option prices scaled by their
Black (1976) vega, that is, the sensitivities of the option prices to variations in log-normal volatilities.
This approach is motivated by the approximation oy ; =~ O +/Vy, Where V;, is the Black (1976) vega
associated with the i*" observed option price at time t. This approximation has been shown to work well
in existing work. Thanks to the use of the analytical filter, the quasi-closed form option valuation formula,

and the use of the vega-scaled prices, the optimization problem is feasible with our large data sets.
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6.2 Empirical Results

Table 4 reports the MLE estimates on crude oil options for the benchmark GARCH model and the four
jump models. We report the log likelihood and the IVRMSE for each model at the bottom of the table, as
well as a number of important model features implied by the parameter estimates. Note that unlike the
parameters in Table 2, these are risk-neutral parameters.

Similar to the estimation results based on crude oil futures data in Table 2, the log-likelihood values
for the DVCJ, DVDJ, and DVSDJ models are much higher than that of the GARCH model. The CVDJ
model performs the worst among the four jump models. We find that jump models, except for CVDJ
model, provide substantial improvements in option pricing performance. Jump models with time-varying
intensities, DVDJ and DVSDJ, obtain IVRMSEs of 6.83 and 6.75 respectively and outperform the
GARCH model by approximately 6% and 7%. This result further confirms that incorporating time-
varying jumps in addition to the dynamic volatilities helps to improve model fit.

The most striking difference between these estimates and the estimates based on futures returns in
Table 2 is that the average jump size 0 implied by option prices is much larger, and that jumps occur less
frequently. These findings suggest that jumps implied by crude oil options are larger and rarer events

comparing with those estimated using crude oil futures returns.

7. Estimation using Futures and Options Data

The parameters obtained by minimizing option errors in Section 6 are of substantial interest, and the
resulting differences in option fit are a useful indicator of the models’ performance. It must also be noted
that the exercise in Section 6 does not ignore the underlying futures returns, because volatilities and jump
frequencies are filtered from the futures returns. However, the futures returns do not directly enter the loss
function.

So while this exercise imposes considerable discipline upon the models, it has nevertheless two
important drawbacks. First, if a model is richly parameterized, only fitting the option data may result in
overfitting. Second, the price of risk parameters, which are some of the most economically important
model parameters, cannot be reliably identified using option data only.

We therefore follow Bates (1996), who suggests that the most stringent test of an option pricing

model lies in its ability to jointly fit the option data and the underlying returns. In our case, this means
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that we have to construct a loss function that contains a crude oil option component as well as a futures
return component.

We first explain how we combine the option data with the underlying futures data to conduct a joint
likelihood. We then discuss the parameter estimates, and subsequently we compare the most important

model properties with the properties implied by the physical parameters from Table 2.
7.1 The Joint Log Likelihood Function

In previous sections we used MLE to estimate the jump models using futures returns and option implied
volatilities respectively. The log-likelihood functions for futures and options are defined in equations (4.3)
and (6.2). To jointly estimate the jump models using the option data and the underlying futures data, we
maximize the weighted average of the log-likelihoods of futures and options.

The number of option contracts in the data set is much larger than the number of futures contracts.
To ensure that joint parameter estimates are not dominated by options, we assign equal weight to each
log-likelihood. The resulting weighted joint log-likelihood is

M+NLpye M+N Loy
Ljoint = =" 2 N

(7.1)

where M=38,024 is the total number of futures contracts and N=283,653 is the total number of option

contracts. The joint likelihood function can then be obtained using the results in Sections 4.1 and 6.1.

7.2 Empirical Estimates and Model Implications

Table 5 contains the parameter estimates obtained by maximizing the joint log-likelihood function in (7.1)
for the GARCH model and four jump models. At the bottom of the table, we also report the IVRMSE and
model properties implied by the parameters such as the long-run risk premium, the percent of total annual
variance explained by the normal and the jump component, the average annual volatility, and the
expected number of jumps per year.

Similar to the results based on options and the results based on futures, the jump models, except for
the CVDJ model, outperform the benchmark GARCH model according to both log-likelihood values and
IVRMSE values. The most richly parameterized jump model, DVSDJ, performs best.

The most important conclusion from the parameter estimates is that the structure of the estimated
jump processes is very different from the jumps estimated from futures returns in Table 2. Results are
more similar to those based on options in Table 4, in the sense that jumps are larger and more infrequent.
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The implied expected number of jumps is indeed much smaller than in Table 2. The average number of
jumps per year implied by the joint estimation of the DVSDJ model is 0.58, while the average number of
jumps calculated from futures returns is 182 per year. For the DVCJ model, we have on average 0.47
jumps per year in Table 5, while in Table 2 we have approximately 26 jumps. The implied variance paths
in the left panels of Figure 8 are very similar to the corresponding variance paths in Figure 4. On the
contrary, the conditional jump intensities on the right hand side of Figure 8 are of a different order of
magnitude than those in Figure 4.

Large and more infrequent jumps are consistent with larger skewness and kurtosis. The estimates of 6
are negative for all models, implying negative skewness, but compared to Table 2 they are an order of
magnitude larger in absolute value. The estimates of the variance of the jump size § are larger for the
DVCIJ and DVSDJ models compared to Table 2. These larger estimates of 6 and § indicate the presence
of fatter tails.

Since option prices contain important information about the pricing kernel which is not available
from underlying futures returns dynamics, the market prices of risk for the normal component and jump
component are of particular interest. The total risk premiums for the DVCJ, DVDJ and DVSDJ models
are on average 11.79, 12.81, and 11.77 percent, roughly similar in magnitude, but larger than the implied
estimates in Table 2. As a percentage of the total risk premium, the jump risk premium is somewhat
smaller than in Table 2, but both the normal and the jump components are economically important in
Table 5. Figure 9 plots the resulting time variation in the conditional normal risk premium, the
conditional jump risk premium and the total risk premium.

Although the DVCJ model has a higher conditional variance than the other jump models and a lower
occurrence of jumps, its total risk premium has a similar magnitude and dynamic as those of the DVDJ
and DVSDJ models, but the peaks in the risk premiums are higher. The models with dynamic jump
intensities, DVDJ and DVSDJ, have higher jump risk premiums as a percentage of the total risk premium.
The time path of the jump risk premiums is similar in the DVDJ and DVSDJ models.

In the models with time-varying jump intensities, DVDJ and DVSDJ, jumps explain approximately
30% of the total variance, while jumps explain 9.71% of the total variance of the DVCJ model. The
relatively more prominent role for jumps is consistent with the findings in Table 2, and overall these
results confirm the importance of allowing for time-varying jump intensities.

Figure 10 plots the sample paths of the number of jumps, as well as that of the filtered jump

component and normal component. Clearly there a far fewer jumps compared to Figure 6. When jumps
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happen, they are larger, especially in the case of downward jumps as during the first Gulf war. In those
instances, jumps are the dominant component of returns.

Figure 11 plots the time path of conditional skewness and kurtosis. Consistent with the findings of
large and infrequent jumps, and the large estimates of 0 and &, skewness and kurtosis are larger in
absolute value compared to Table 7. This is especially the case for kurtosis, confirming that for the
purpose of modeling options on crude oil futures capturing kurtosis may be more important than
capturing skewness.

Table 6 further investigates the differences in fit between the models. We report IVRMSEs and IV
bias by moneyness and maturity category. Because of space constraints, we limit ourselves to a
comparison of the DVSDJ model and the benchmark GARCH model. For all moneyness and maturity
categories in Panel A of Table 6, the average IVRMSE is significantly lower for the DVSDJ model
compared to the GARCH model. However, the differences between the models are much larger when
considering IV bias in Panel B of Table 6. Since RMSEs reflect model bias and variance, we conclude
that the data may be rather noisy, and that some contracts are poorly fit by both models. The much
improved bias for the DVSDJ model is therefore very important.

Figure 12 further investigates this by depicting the models’ ability to capture the “smiles” and
“smirks” in the data. We again limit ourselves to a comparison between the benchmark GARCH model
and the DVSDJ model. The red solid line shows the average actual log-normal volatility smiles and
smirks. The green dashed line and the blue dotted line show the average of the fitted “smiles” for the
DVSDJ model and the GARCH model respectively. Both models are estimated on entire option data.
Averages are taken over a maximum of 4,753 daily observations from January 2, 1990 through December
3, 2008. Figure 12 clearly demonstrates that the DVSDJ model fits the implied volatility “smiles” vastly
better than the GARCH model for options on all different maturity futures contracts, in line with the bias
results in Panel B of Table 6. As maturity increases, the pricing errors of both the GARCH model and the
DVSDJ model decrease, suggesting that both models fit long maturity options better.

8. Conclusion

We estimate discrete-time jump models for pricing CME crude oil futures and options on futures.
The most general model allows for a heteroskedastic normal innovation and a jump component with time-

varying jump intensity. We also investigate three other nested models with jumps, as well as a benchmark
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GARCH model that does not contain a jump component. All models are tractable, providing a quasi-
analytical option valuation formula, and analytical results for filtering the volatility and jump intensity.

We find strong evidence for the presence of jumps in the crude oil derivatives market, using futures
data as well as options data. However, the analysis of futures data favors models with many small jumps,
and the presence of multiple jumps per day, especially when market risk is high. The analysis of options
data as well as joint estimation of futures and options favors models with infrequent large jumps.

We find strong evidence in favor of time-varying jump intensities. Jump models with dynamic jump
intensity dramatically improve model performance. This is the case whether or not futures options are
used in estimation. During crisis periods, when market risk is high, jumps occur more frequently.

Jumps account for a large part of the risk premium in crude oil futures, regardless of whether jump
intensities are time-varying, and regardless of whether futures or options are used in estimation. Jumps in
the crude oil market contribute significantly to the total variation of underlying returns, more so than in
equity index markets. The primary purpose of modeling jumps in crude oil markets seems to be to capture
the excess kurtosis of the distribution, rather than the skewness.

In future research, we aim to reconcile the finding of many small jumps based on futures data with the

finding of infrequent large jumps based on options data.
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Appendix
A. The Cost of Carry for Crude QOil

In commodity markets, the arbitrage relationship between futures and spot prices

F(t,T) = S(t)e™ -9 (A.1)
may not hold in many cases because of storage costs and convenience yields. Instead, the following
relationship applies

F(t,T) = S(t)e=OT-1) (A.2)

where ¢ = r — § is the forward cost of carry, with r denoting the forward interest rate and § the forward
convenience yield net of storage costs.

The convenience yield is generally unobservable. Gibson and Schwartz (1990) provide a method to
compute the convenience yield using two futures prices with different maturities. Their procedure relies
on the relationship between the futures and the spot price of a commodity (A.2) when there is neither
interest rate nor convenience yield uncertainty. Due to the absence of spot crude oil contracts, we use the
closest maturity futures contracts prices as proxy for spot prices. This allows us to determine the monthly
forward cost of carry by using pairs of different maturity futures prices according to the following

formula:

F(t, Tl-)] (A3)

c(t, T;) =1In [F(t M)

where T; is the maturity date of the futures contract maturing in i months, withi = 1,2,3,4,5,6,9,12 in
our case.

The difference between time t and t+1 forward cost of carry for a futures contract maturing in T; months
can be calculated as

Ac(t,t+1,T;) =c(t+1,T;) —c(t,T;) (A.4)

F(t+1; Ti)] _ F(t; Ti)] (A5)

AC(t,t +1, TL) = In [F(t + 1;’1"1) n F(t; Tl)

For i=1, we have Ac(t,t + 1,T;) = 0.
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B. The Generating Function and the Option Valuation Formula

We solve for the coefficients A(;t,T), B(p;t,T), and C(¢@; t,T) in equation (5.7) as in Ingersoll (1987)
and Heston and Nandi (2000), utilizing the fact that the conditional moment generating function is

exponential affine in the state variables h,;,; and hy ¢, 4.

Since St is known at time T, equation (5.7) requires the terminal condition

Al(e;T,T) = B1(@; T,T) = C1(¢; t,T) = 0 (B.1)

Applying the law of iterated expectations to f (¢@; t,T)*, we get
flo:t. )" = EX[f (@it + 1,7)]
= SYE? [exp(@Resr + AL(@;t + 1,T) + B1(@; t + 1, Thy s (B.2)
+ Cl(p;t+1, T)h;t_‘_z)]

We can rewrite the futures return process in (5.4) as
Riy1 = Tee1 + azhg e + tayhyepr + Zeq + yi HAC(EE+ 1, T) (B.3)

1 *
where py, = —pty = =&y (D"
Substituting the futures return process in equation (B.3), the conditional normal variance dynamic

equation (5.5), and the conditional jump intensity dynamic equation (5.6) into (B.2), we get

fl;t,T) = St(pEL? exp(@(res1 + Hizhzee1 + ayhy v1 + Zesr + Yiv1)

+ A1(p;t+1,T) + Bl(g;t + 1,T)(w, + byhy 41
a

2
+ o tz ) (Zt+1 - Czhz,t+1) + dyee1) + Cl(@;t + 1, T)(wy, (B-4)
Zt+

a*
* y * P
+ byhy i1 + o (Zes1 — Cyhz,t+1)2 + dyYie1))
Z,t+1

After rearranging terms through completing squares and following some algebra we get
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flo;t,T)" = SPE? [¢Tt+1 +Al(p;t +1,T) + Bl(p;t + 1,T)w,

+ C1(p; t + 1, Dwy + (ppa, + (by+a,c?)BL(@;t +1,T)hy 41
+ (puay + (by + a5 ;) CL(@; t + 1, T))hy 144

2
Zty1

+(a;BL(p;t + 1,T) + ¢, Cl(pst + 1,T)) +
Z,t+1

+ (@ — 20,6,B1(@;t + 1,T) = 2,0, CL(p; t + L,T)) 241 + (0

* (B.5)
+d,B1(p;t+ 1,T) + djC1(p; t + 1,T))y{4q

Where we use the following results for normal and Poisson variables

2h, 1
E¢ [exp(azfyy + Bzesn)] = exp (o — = 7108 (1= 2Bhy i) (8.6)
EtQ [exp(Ey{11)] = exp (fy(E)*hy,Hl) (B.7)

¥ =k l—v*
where &,(8)7 = 7' #2%°%" _ 1,

Substituting (B.6) and (B.7) into (B.5) and subsequently equating terms in the right hand sides of
(B.5) and (5.7) gives the analytical solutions for the affine coefficients A(¢@;t,T), B(p;t,T), and
C(p;t,T)in (5.8) and (5.9).
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Table 1. Summary Statistics

We report summary statistics for crude oil futures returns and options. M1 (M2, M3, M4, M5, M6) refers
to futures contracts with expiration in 1 (2, 3, 4, 5, 6) months; Q1 and Q2 refer to the next two futures
contracts with expiration in either March, June, September or December. Moneyness is defined as the
option strike divided by the price of the underlying futures contract. The data spans 4,753 trading days
from January 2, 1990 to December 3, 2008.

Panel A. Historical Moments of Futures Returns

Maturity
M1 M2 M3 M4 M5 M6 Q1 Q2 Average
Mean 0.0002  0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002
Variance 0.0005 0.0004 0.0004 0.0003 0.0003 0.0003 0.0003 0.0002 0.0003
Skewness  -1.25 -1.16 -1.01 -0.94 -0.87 -0.80 -0.71 -0.51 -0.91
Kurtosis 23.38 19.50 15.91 14.46 13.21 12.01 10.98 8.66 14.77

Panel B. Average Number of Option Contracts

Maturity
Moneyness M1 M2 M3 M4 M5 M6 Q1 Q2 All
0.78-0.82 443 2122 2765 2867 2790 2559 2504 1738 17788
0.82-0.86 1087 2907 3340 3424 3293 2974 2883 2007 21915
Puts 0.86-0.90 1985 3647 3960 4065 3897 3474 3217 2335 26580

0.90-0.94 3080 4309 4470 4262 4056 3592 3345 2434 29548
0.94-0.98 4000 4607 4472 4190 4070 3635 3416 2559 30949

0.98-1.02 4410 4527 4400 4116 3958 3505 3355 2482 30753
1.02-1.06 4001 4605 4470 4259 3973 3464 3249 2337 30358
1.06-1.10 3136 4362 4405 4155 3925 3473 3161 2153 28770

Calls 1.10-1.14 2209 3714 4196 4042 3683 3151 3116 1994 26105
1.14-1.18 1404 3135 3482 3574 3368 2877 2877 1845 22562
1.18-1.22 815 2547 3010 2819 2674 2367 2366 1727 18325

All 26570 40482 42970 41773 39687 35071 33489 23611 283653
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Panel C. Average Option Prices

Maturity

Moneyness M1 M2 M3 M4 M5 M6 Q1 Q2 All
0.78-0.82 027 031 045 058 072 0.89 1.11 1.58 0.74
0.82-0.86 026 040 059 075 0.92 1.11 1.36 1.86 0.91

Puts 0.86-090 031 055 078 095 1.12 133 1.67 215 1.11
0.90-0.94 042 0.76 1.04 1.29 1.50 1.78 2,10 2.64 1.44
0.94-098 0.66 1.14 151 1.82 202 231 267 3.13 1.91
0.98-1.02 1.08 1.69 209 243 264 296 336 390 2.52
1.02-1.06 0.69 120 1.59 189 2.14 243 286 3.52 2.04
1.06-1.10 0.48 0.86 1.18 1.45 1.66 1.91 230 296 1.60

Calls 1.10-1.24 037 068 091 1.13 130 153 1.83 251 1.28
1.14-1.18 033 054 078 094 1.06 1.23 1.53 2.14 1.07
1.18-122 032 044 065 086 096 1.11 133 1.71 0.92

All 047 078 1.05 128 146 1.69 2.01 256 1.41

Panel D. Average Implied Log-Normal Volatilities
Maturity

Moneyness M1 M2 M3 M4 M5 M6 Q1 Q2 All
0.78-0.82 0.57 044 040 037 036 034 032 0.30 0.39
0.82-0.86 047 041 038 035 033 032 030 0.29 0.36

Puts 0.86-090 043 038 035 033 031 030 029 027 0.33
0.90-0.94 039 035 033 031 0.30 030 028 0.27 0.32
0.94-098 035 033 032 031 030 029 028 0.26 0.30
0.98-1.02 033 033 032 031 029 029 027 0.26 0.30
1.02-1.06 035 033 032 031 029 029 027 026 0.30
1.06-1.10 038 034 032 031 029 029 027 0.26 0.31

Calls 1.10-1.14 041 036 033 031 030 029 027 0.26 0.32
1.14-1.18 045 039 036 033 030 029 027 0.26 0.33
1.18-1.22 050 040 037 035 032 031 028 026 0.35

All 042 037 034 033 0.31 0.30 0.28 0.27 0.33
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Table 2. MLE Estimates using Crude Oil Futures Returns, 1990 — 2008

We report estimation results from MLE estimation on daily crude oil futures returns from January 2, 1990 to December 3, 2008. Columns labeled “Normal”

contain estimates of the parameters governing the normal component; columns labeled “Jump” contain parameters governing the jump component. Reported in

parentheses are standard errors computed using the Hessian matrix.

Parameters

A

Properties
Risk Premium (%)

% of Annual Variance
Ave. Annual Volatility
Exp. No. of Jumps/Yr.
Log-Likelihood

GARCH DVCJ
Normal Normal Jump
7.31E-01 5.27E-01 1.52E-03
(1.72E-03)  (2.22E-04)  (2.32E-06)
-1.03E-05 -1.50E-05 1.03E-01
(1.06E-08) (3.31E-08)  (4.69E-04)
2.01E-05 2.56E-05
(4.45E-08)  (1.91E-07)
9.78E-01 9.81E-01
(1.14E-03)  (1.18E-03)
1.03E+01 6.32E+00
(2.14E-02)  (9.44E-03)
-3.71E-04
(6.52E-07)
-6.87E-03
(1.29E-05)
2.54E-02
(5.02E-05)
9.18 5.16 3.94
100.00 84.52 15.48
0.35 0.34
25.9
11682 11830

CVvDJ

Normal
9.93E-01
(5.41E-03)
1.85E-04
(5.28E-07)

4.63
36.93

Jump
9.75E-04

(2.87E-06)
5.52E-03
(7.17E-06)
3.30E-03
(6.46E-06)
9.71E-01
(1.47E-03)
2.81E+00
(7.23E-03)
1.75E-03
(2.29E-06)
-8.99E-03
(3.19E-05)
3.34E-02
(4.92E-05)

6.49
63.07

0.36
66.5
11544

DVDJ
Normal Jump
1.08 E+00 1.11E-04
(3.10E-03)  (4.31E-08)
-1.45E-05
(5.66E-08)
2.81E-05
(7.61E-08)
9.89E-01
(8.17E-04)
9.04E+00
(1.96E-02)
5.27E-05
(8.45E-08)
-2.08E-03
(1.67E-06)
1.55E-02
(1.71E-05)
3.14E+03
(7.72E+00)
7.10 2.30
56.40 43.60
0.34
206.5
11841

DVSDJ

Normal
7.66E-01
(1.42E-03)
-1.45E-05
(1.21E-08)
2.86E-05
(2.49E-08)
9.85E-01
(1.12E-03)
9.90E+00
(1.71E-02)
5.85E-05
(2.08E-07)

5.33
59.64

0.34
182.8
11850

Jump
2.17E-04

(3.72E-08)
3.46E-02
(6.13E-05)
2.98E-02
(4.89E-05)
5.52E-01
(1.26E-03)
1.82E+02
(4.53E-01)
8.65E-02
(1.28E-04)
-2.18E-03
(6.97E-06)
1.59E-02
(2.24E-05)

3.97
40.36
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Table 3. Hansen’s Standardized Likelihood Ratio test

We report Hansen’s Standardized Likelihood Ratio test and the corresponding simulated critical values for the discrete-
time DVCJ, DVDJ, and DVSDJ jump models. Under the null hypothesis there are no jumps. The log likelihoods are

calculated using daily crude oil futures returns from January 2, 1990 to December 3, 2008. *, **_ *** and ****represents

significance at the 20%, 10%, 5% and 1% level or better.

Models DVCJ DVDJ DVSDJ
Hansen's standardized LR test 4.5946%*** 11.5006%*** 5.3905%***
Simulated 20% critical value 1.4400 1.5399 1.6021
Simulated 10% critical value 1.8731 1.9776 2.0262
Simulated 5% critical value 2.1269 2.4070 2.3480
Simulated 1% critical value 2.7016 3.0147 3.1183
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Table 4. MLE Estimates using Crude Oil Options, 1990-2008

We report risk-neutral estimation results from MLE estimation on daily crude oil options from January 2, 1990 to December 3, 2008. Columns

labeled “Normal” contain estimates of the parameters governing the normal component; columns labeled “Jump” contain parameters governing

the jump component. Reported in parentheses are standard errors computed using the Hessian matrix.

Parameters
W*

a*

k*

Properties

% of Annual Variance
Ave. Annual Volatility

Exp. No. of Jumps/YT.

RMSE
Log-Likelihood

GARCH
Normal
-6.23E-06
(4.03E-07)
9.22E-06
(5.91E-07)
9.76E-01
(1.40E-02)
3.27E+00
(5.46E-01)

100.00
0.29

7.23
335441

DvCJ

Normal

Jump

~1.04E-05
(1.40E-06)
1.26E-05
(2.19E-06)
9.83E-01
(5.07E-03)
2.56E+01
(1.34E+00)
8.56E-05
(3.88E-05)

89.10

7.68E-04

(3.76E-05)

2.17E-02

(2.75E-03)
2.49E-01

(6.36E-02)

10.90

0.33

0.19

7.13
346577

CVvDJ
Normal
2.09E-04
(1.90E-05)

Jump
5.96E-04

(4.55E-05)
2.05E-03
(1.30E-04)
9.71E-01
(1.53E-02)
1.10E+01
(1.63E-01)
9.65E-05
(7.47E-06)
-2.14E-02
(1.94E-03)
3.59E-02
(6.78E-04)

56.37 43.63
0.31
23.36
9.84

255322

DVDJ DVSDJ
Normal Jump Normal Jump
-9.04E-06 -8.98E-06  -6.63E-05
(1.04E-06) (5.27E-07)  (1.01E-05)
1.17E-05 1.17E-05 8.41E-05
(1.09E-06) (2.01E-06)  (6.10E-06)
9.84E-01 9.83E-01 9.83E-01
(5.52E-03) (9.59E-03)  (1.31E-02)
6.80E+00 9.63E+00 2.08E+00
(7.43E-01) (7.51E-01)  (1.91E-01)
6.54E-04 5.67E-05 2.58E-04
(6.54E-05) (7.83E-06)  (2.90E-05)
-2.64E-01 -2.63E-01
(7.34E-03) (2.83E-02)
1.44E-02 1.38E-03
(1.56E-03) (6.59E-05)
7.07E+00
(3.15E-01)
66.86 33.14 65.78 34.22
0.37 0.37
0.65 0.47
6.83 6.75
358555 359739
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Table 5. Joint MLE Estimates using Crude Oil Futures and Options, 1990-2008

We report estimation results from MLE estimation using daily crude oil futures and options from January 2, 1990 to December 3, 2008. Reported
in parentheses are standard errors computed using the Hessian matrix.

CVvDJ

Normal

2.05E+00

(2.08E-01)
9.89E-05

(1.78E-05)

Jump

2.90E-03
(2.36E-04)
2.88E-03
(1.57E-04)
2.56E-03
(2.02B-04)
9.61E-01
(8.11E-03)
1.80E+01
(9.67E-01)
9.43E-05
(8.06E-06)
-2.00E-02
(2.06E-03)
3.59E-02
(2.59E-03)

Parameters GARCH
Normal
A 1.40E+00
(3.25E-01)
w -6.28E-06
(5.96E-08)
a 9.59E-06
(6.88E-08)
b 9.87E-01
(1.27E-04)
c 2.07E+00
(5.24E-01)
d
0
)
k
Properties
Risk Premium (%) 14.07
% of Annual Variance 100.00

Ave. Annual Volatility 0.32
Exp. No. of Jumps/Yr.

RMSE 7.26
Log-Likelihood 245031

DVCJ
Normal Jump
1.09E+00 2.99E-02
(7.36E-02)  (2.11E-03)
-1.04E-05 1.88E-03
(6.46E-07)  (6.87E-05)
1.27E-05
(5.39E-07)
9.83E-01
(4.25E-03)
2.35E+01
(2.11E-01)
8.01E-05
(6.16E-06)
-2.47E-02
(1.54E-03)
1.44E-01
(1.24E-02)
10.37 1.42
90.29 9.71
0.32
0.47
7.06
247921

5.10 10.55
28.88 71.12
0.29
37.17
10.05
187131

DVDJ
Normal Jump
1.14E+00 4.11E-02
(4.46E-04)  (1.04E-05)
-9.04E-06
(4.82E-09)
1.17E-05
(6.38E-09)
9.84E-01
(2.56E-05)
5.16E+00
(1.10E-03)
1.30E-04
(7.86E-08)
-2.64E-01
(1.18E-04)
1.44E-02
(5.86E-06)
6.00E+00
(3.65E-03)
10.53 2.28
70.40 29.60
0.36
0.56
6.86
252327

DVSDJ
Normal Jump
9.61E-01 5.44E-02
(2.12E-02)  (1.68E-03)
-1.33E-05  -1.82E-05
(1.42E-06)  (9.63E-07)
1.66E-05 1.07E-05
(1.52E-06)  (7.15E-07)
9.73E-01 9.61E-01
(1.32E-02)  (5.82E-02)
2.35E+01 1.61E+02
(4.30E-01)  (4.36E+00)
7.91E-05 9.09E-06
(1.08E-05)  (6.40E-07)
-1.07E-02
(1.07E-03)
2.63E-01
(8.70E-03)
8.60 3.17
68.86 31.14
0.36
0.58
6.77
257467
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Table 6. IVRMSEs and 1V Bias for Crude Oil Options by Moneyness and Maturity

We report the option implied volatility root mean squared errors (IVRMSEs) and the implied volatility
bias within each moneyness-maturity category for the GARCH and DVSDJ models. The models are
estimated using daily crude oil returns and options jointly for the period January 2, 1990 to December 3,
2008. The pricing errors are defined as the difference between fitted and actual implied volatilities and
reported in percentage. M1 (M2, M3, M4, M5, M6) means option contracts with expiration in next (2, 3,
4, 5, 6) month; Q1 and Q2 refers to the next two option contracts with expiration in either March, June,
September or December. Moneyness is defined as the option strike divided by the price of the underlying

futures contract.

Panel A. IVRMSEs for Crude Oil Options by Moneyness and Maturity

Maturity
Moneyness  Model M1 M2 M3 M4 M5 M6 Q1 Q2
0.78-0.82 GARCH 1285 9.01 7.89 7.12 675 6.18 575 598
DVSDJ 9.12 7.87 7.05 633 6.14 576 554 5.68
0.82-0.86 GARCH 10.88 9.01 823 7.56 7.07 6.17 588 6.17
DVSDJ 8.01 726 696 6.60 638 587 555 571
0.86-090 GARCH 9.81 882 8.09 749 7.02 631 6.03 648
Puts DVSDJ 7.52 7.19 7.04 671 642 598 576 6.26
0.90-094 GARCH 8.74 836 7.61 696 682 622 6.06 6.57
DVSDJ 7.44 727 676 628 623 580 566 5.69
0.94-098 GARCH 8.42 815 7.56 7.06 643 6.13 6.13 693
DVSDJ 7.91 742 690 640 586 559 552 577
0.98-1.02 GARCH 8.4l1 809 7.53 7.1 632 614 632 698
DVSDJ 8.38 7.68 7.05 654 574 544 557 584
1.02-1.06 GARCH 8.29 826 7.53 701 640 628 638 6.93
DVSDJ 8.14 7.84 703 642 572 558 548 558
1.06-1.10 GARCH 849 850 7.68 7.09 656 633 638 7.00
DVSDJ 7.85 792 706 649 586 560 536 570
Calls 1.10-1.14 GARCH 9.24 868 7.82 7.7 6.69 640 6.62 721
DVSDJ 7.97 7.87 725 6,53 593 577 553 6.01
1.14-1.18 GARCH 1029 9.01 8.13 738 6.64 6.61 687 17.72
DVSDJ 8.53 795 731 6.75 6.05 595 588 6.04
1.18-1.22 GARCH 11.83 933 821 750 676 6.71 644 1791
DVSDJ 9.44 823 740 6.87 601 587 547 5.71
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Panel B. IV Bias for Crude Oil Options by Moneyness and Maturity

Maturity

Moneyness Model M1 M2 M3 M4 M5 M6 Ql Q2
0.78-0.82 GARCH -13.82 -7.65 -595 -4.72 -3.80 -3.47 -224 -2.24
bpvsbD) -389 040 047 029 011 -0.19 -0.32 -1.29

0.82-0.86 GARCH -11.51 -7.18 -5.17 -3.64 -2.70 -2.29 -1.14 -0.57
DvsD) -198 -048 -0.28 0.09 0.15 0.05 -0.10 -0.69

0.86-0.90 GARCH -859 -5.77 -3.76 -230 -138 -094 -0.15 0.76
Puts bvsbD) -253 -141 -055 -0.02 0.22 034 024 043
0.90-0.94 GARCH -5.77 -400 -2.73 -166 -0.89 -048 048 1.48
pvsb) -3.11 -1.79 -095 -0.33 0.00 0.16 0.29 0.25

0.94-0.98 GARCH -336 -3.01 -2.22 -1.40 -048 -0.01 095 237
DvsD) -348 -2.24 -139 -0.84 -0.28 -0.04 0.23 0.70

0.98-1.02 GARCH -2.07 -2.68 -198 -1.20 -0.24 0.24 130 227
pvsb) -3.72 -2.63 -1.75 -1.16 -048 -0.22 0.30 0.77

1.02-1.06 GARCH -293 -2.65 -190 -0.97 -0.04 053 144 2.46
pvsb) -391 -2.62 -1.77 -1.08 -049 -0.04 0.20 0.30

1.06-1.10 GARCH -480 -3.16 -2.01 -1.04 -0.04 041 154 237
bvsbD) -3.64 -246 -159 -1.04 -049 -030 0.08 0.25

Calls 1.10-1.14 GARCH -7.03 -452 -255 -133 -0.03 036 171 228
pvsb) -365 -249 -151 -1.03 -031 -0.29 035 044

1.14-1.18 GARCH -950 -5.66 -3.68 -193 -050 0.25 149 2.67
bpvsbD) -358 -2.14 -169 -1.03 -043 -0.16 030 0.46

1.18-1.22 GARCH -1240 -6.39 -438 -3.04 -136 -0.31 1.07 2.45
DvsD) -468 -153 -145 -1.44 -085 -0.49 0.02 0.13
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Figure 1. Prices of Futures Contracts

The data spans 4,753

We plot the prices of the M1, M2, M3, M4, M5, M6, Q1, and Q2 futures contracts.

trading dates from January 2, 1990 to December 3, 2008. To avoid cluttering the figure, we only display

the futures term structures on Wednesdays.
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Figure 2. Daily Futures Returns

We plot daily futures returns, log
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Daily M2 Futures Returns

data spans 4753 trading dates from January 2, 1990 to December 3, 2008.
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Figure 3. Implied Log-Normal ATM Volatility of Futures Options
We plot implied log-normal ATM volatilities of options on the M1, M2, M3, M5, M6, Q1, and Q2 futures
contracts. Implied volatilities are computed from option prices by inverting the Barone-Adesi and Whaley

(1987) formula. The data spans 4,753 trading dates from January 2, 1990 to December 3, 2008.
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Figure 4. Conditional VVariance and Jump Intensity Estimated Using Futures Contracts

We plot the annualized conditional variance, h; ¢4, in the left column and the annualized conditional

jump intensity, hy ;. 1, in the right column for four jump models.
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Figure 5. Risk Premiums Estimated Using Futures Contracts
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We plot the normal risk premium, y,; = A,h,; in the left column, the jump risk premium, y,, » = Ay hy, ¢,

in the middle column, and the total risk premium, y; = A,h, + A, h,, , in the right column for four jump

models.
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Figure 6. Decomposition of Daily Futures Returns Estimated Using Futures Contracts
We plot the filtered number of jumps, n;, in the left column, the filtered jump component, y;, in the
middle column, and the filtered standardized normal component, z;, in the right column for four jump

models. Results are obtained using the analytical filter and the MLE estimates from Table 2.
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Figure 7. Conditional Skewness and Conditional Excess Kurtosis Estimated Using Futures
Contracts
This figure plots daily conditional skewness in the left column and conditional excess kurtosis in the right

column for four jump models.
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Figure 8. Conditional Variance and Jump Intensity Estimated Using Futures and Option Contracts.

We plot the annualized conditional variance, h; ¢4, in the left column and the annualized conditional

jump intensity, Ay ¢ 1, in the right column for four jump models.
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Figure 9. Risk Premiums Estimated Using Futures and Option Contracts
We plot the normal risk premium, y,; = A,h,; in the left column, the jump risk premium, y,, » = Ay hy, ¢,
in the middle column, and the total risk premium, y; = A,h, + A, h,,, in the right column for four jump

models.
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Figure 10. Decomposition of Daily Futures Returns estimated Using Futures and Option Contracts

We plot the filtered number of jumps, n;, in the left column, the filtered jump component, y;, in the

middle column, and the filtered standardized normal component, z;, in the right column for four jump

models. Results are obtained using the analytical filter and the joint MLE estimates of futures and options

from Table 5.
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Figure 11. Conditional Skewness and Conditional Excess Kurtosis Estimated Using Futures and
Option Contracts
We plot the daily conditional skewness in the left column and the conditional excess kurtosis in the right

column for four jump models. The moments are estimated using joint MLE on futures and options data.
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Figure 12. Average Implied Log-Normal Volatility “Smiles”
We plot the average implied volatility across moneyness. Moneyness is defined as the option strike

2

divided by the price of the underlying futures contract. The red solid line “  ” shows the average
volatility smiles in the option data. The green dashed line “  ” shows the average over time of the
fitted smiles for the DVSDJ model. The blue dotted line “...... ” shows the average over time of the fitted
smile for the GARCH model. Model parameters are from Table 5. Averages are taken over a maximum of
4,753 daily observations from January 2, 1990 through December 3, 2008.
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