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Abstract

We develop a model of the market for federal funds that explicitly accounts for its two
distinctive features: banks have to search for a suitable counterparty, and once they have
met, both parties negotiate the size of the loan and the repayment. The theory is used to
answer a number of positive and normative questions: What are the determinants of the fed
funds rate? How does the market reallocate funds? Is the market able to achieve an efficient
reallocation of funds? We also use the model for theoretical and quantitative analyses of
policy issues facing modern central banks.
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1 Introduction

In the United States, financial institutions keep reserve balances at the Federal Reserve Banks
to meet requirements, earn interest, or to clear financial transactions. The market for federal
funds is an interbank over-the-counter market for unsecured, mostly overnight loans of dollar
reserves held at Federal Reserve Banks. This market allows institutions with excess reserve
balances to lend reserves to institutions with reserve deficiencies. A particular average measure
of the market interest rate on these loans is commonly referred to as the fed funds rate.

The fed funds market is primarily a mechanism that reallocates reserves among banks.
As such, it is a crucial market from the standpoint of the economics of payments, and the
branch of banking theory that studies the role of interbank markets in helping banks manage
reserves and offset liquidity or payment shocks.! The fed funds market is the setting where
the interest rate on the shortest maturity, most liquid instrument in the term structure is
determined. This makes it an important market from the standpoint of Finance. The fed funds
rate affects commercial bank decisions concerning loans to businesses and individuals, and
has important implications for the loan and investment policies of financial institutions more
generally. This makes the fed funds market critical to macroeconomists. The fed funds market
is the epicenter of monetary policy implementation: The Federal Open Market Committee
(FOMC) communicates monetary policy by choosing the fed funds rate it wishes to prevail in
this market, and implements monetary policy by instructing the trading desk at the Federal
Reserve Bank of New York to “create conditions in reserve markets” that will encourage fed
funds to trade at the target level. As such, the fed funds market is of first-order importance for
economists interested in monetary theory and policy. For these reasons, we feel it is crucial to
pry into the micro mechanics of trade in the market for federal funds, in order to understand
the mechanism by which this market reallocates liquidity among banks, and the determination
of the market price for this liquidity provision—the fed funds rate.

To this end, we develop a dynamic equilibrium model of trade in the fed funds market
that explicitly accounts for the two distinctive features of the over-the-counter structure of the
actual fed funds market: search for counterparties, and bilateral negotiations. In the theory,
banks are required to hold a certain level of end-of-day reserve balances, and participate in the

fed funds market to achieve this target. We model the fed funds market as an over-the-counter

!The recent financial crisis has underscored the importance of having well-functioning interbank markets. See
Acharya and Merrouche (2009) and Afonso, Kovner and Schoar (2011).



market in which banks randomly contact other banks, and once they meet, bargain over the
terms of the loans. The model is presented in Section 2 and its key building blocks are related
to the main institutional features of the market for federal funds in Section 3. In Sections 4 and
5 we define and characterize the equilibrium, and provide theoretical answers to a number of
elementary positive and normative questions: What are the determinants of the fed funds rate?
What accounts for the dispersion in observed rates? How does the market reallocate funds? Is
the assumed market structure able to achieve an efficient reallocation of funds?

In Section 6 we use the theory to identify the determinants of commonly used empirical
measures of trade volume, trading delays, and the fed funds rate. We also describe the equilib-
rium dynamics of the fed fund balances of individual banks, and propose theory-based measures
of the importance of bank-provided intermediation in the process of reallocation of fed funds
among banks. The baseline model has banks that only differ in their initial holdings of reserve
balances. In Section 7 we develop extensions that allow for ex-ante heterogeneity in bank types.
Each extension is motivated by a particular aspect of the fed funds market that our baseline
model has abstracted from. One extension allows banks to differ in their bargaining strengths.
Another allows for heterogeneity in the rate at which banks contact potential trading part-
ners. A third extension allows for the fact that policy may induce heterogeneity in the fed
fund participants’ payoffs from holding end-of-day balances. For example, the Federal Reserve
remunerates the reserve balances of some participants, e.g., depository institutions, but not
others, e.g., Government Sponsored Enterprises (GSEs).

Section 8 proves a number of propositions in the context of a small-dimensional version of
the theory that can be analyzed using paper-and-pencil methods. In Section 9 we calibrate the
theory and use it to conduct several quantitative exercises. First, we compute the equilibrium
of a small-scale example and carry out comparative dynamic experiments to illustrate and
complement the analytical results of Section 8. Second, we simulate a large-scale version of the
model and use it to assess the ability of the theory to capture the salient empirical regularities
of the market for federal funds in the United States, such as the intraday evolution of the
distribution of reserve balances, the dispersion in loan sizes and fed funds rates, the skewness in
the distributions of the numbers of transactions per bank, the intraday patterns of trade volume,
and the skewness of the distribution of the proportion of traded funds that are intermediated
by the banking sector. Finally, we use the large-scale calibrated model as a laboratory to study

a key issue in modern central banking, namely the effectiveness of policies that use the interest



rate on banks’ reserves as a tool to manage the fed funds rate.

Previous research on the fed funds market includes the theoretical work of Poole (1968), Ho
and Saunders (1985) and Coleman, Christian and Labadie (1996), and the empirical work of
Hamilton (1996) and Hamilton and Jorda (2002). The over-the-counter nature of the fed funds
market was stressed by Ashcraft and Duffie (2007) in their empirical investigation, and used by
Bech and Klee (2009), Ennis and Weinberg (2009), and Furfine (2003), to try to explain certain
aspects of interbank markets such as apparent limits to arbitrage, stigma, and banks’ decisions
to borrow from standing facilities. Relative to the existing literature on the fed funds market,
our contribution is to model the intraday allocation of reserves and pricing of overnight loans
using a dynamic equilibrium search-theoretic framework that captures the salient features of the
decentralized interbank market in which these loans are traded. Recently, the search-theoretic
techniques introduced in labor economics by Diamond (1982a, 1982b), Mortensen (1982) and
Pissarides (1985) have been extended and applied to other fields. Our work is related to the
young literature that studies search and bargaining frictions in financial markets. To date, this
literature consists of two subfields: one that deals with macro issues, and another that focuses
on micro considerations in the market microstructure tradition.

On the macro side, for instance, Lagos (2010a, 2010b, 2010c) uses versions of the Lagos and
Wright (2005) search-based model of exchange to study the effect of liquidity and monetary
policy on asset prices. On the micro side, Duffie, Garleanu and Pedersen (2005) employ search-
theoretic techniques to model the trading frictions characteristic of real-world over-the-counter
markets. Their work has been extended by Lagos and Rocheteau (2007, 2009) to allow for
general preferences and unrestricted long positions, and by Vayanos and Wang (2007) and
Weill (2008) to allow investors to trade multiple assets. Duffie, Garleanu and Pedersen (2007)
incorporate risk aversion and risk limits, and Afonso (2011) endogenizes investors’ entry decision
to the market. Relative to this particular micro branch of the literature, our contribution is
twofold. First, our model of the fed funds market provides a theoretical framework to interpret
and rationalize the findings of existing empirical investigations of this market, such as Furfine
(1999), Ashcraft and Duffie (2007), Bech and Atalay (2008), and Afonso, Kovner and Schoar
(2011). Our second contribution is methodological: we offer the first analytically tractable
formulation of a search-based model of an over-the-counter market in which all trade is bilateral,

and agents can hold essentially unrestricted asset positions.?

2In contrast, the tractability of the model of Lagos and Rocheteau (2009) (the only other tractable formulation



2 The model

There is a large population of agents that we refer to as banks, each represented by a point in
the interval [0, 1]. Banks hold integer amounts of an asset that we interpret as reserve balances,
and can negotiate these balances during a trading session set in continuous time that starts at
time 0 and ends at time 7T'. Let 7 denote the time remaining until the end of the trading session,
so 7 =T —t if the current time is ¢ € [0,7]. The reserve balance that a bank holds (e.g., at
its Federal Reserve account) at time 7' — 7 is denoted by k(7) € K, with K = {0,1,..., K},
where K € Z and 1 < K. The measure of banks with balance k at time T — 7 is denoted
nk (7). A bank starts the trading session with some balance k (T') € K. The initial distribution
of balances, {ny, (T)}, k., is given. Let u; € R denote the flow payoff to a bank from holding &
balances during the trading session, and let Uy € R be the payoff from holding k£ balances at
the end of the trading session. All banks discount payoffs at rate r.

Banks can trade balances with each other in an over-the-counter market where trading
opportunities are bilateral and random, and represented by a Poisson process with arrival rate
a > 0. We model these bilateral transactions as loans of reserve balances. Once two banks have
made contact, they bargain over the size of the loan and the quantity of reserve balances to be
repaid by the borrower. After the terms of the transaction have been agreed upon, the banks
part ways. We assume that (signed) loan sizes are elements of the set K = KU {-K,...,—1},
and that every loan gets repayed at time T+ A in the following trading day, where A € R;. Let
x € R denote the net credit position (of federal funds due at 7'+ A) that has resulted from some
history of trades. We assume that the payoff to a bank with a net credit position £ who makes
a new loan at time T — 7 with repayment R at time T + A, is equal to the post-transaction

discounted net credit position, e 7"t (z 4+ R).

3 Institutional features of the market for federal funds

The market for federal funds is a market for unsecured loans of reserve balances at the Federal
Reserve Banks, that allows participants with excess reserve balances to lend balances (or sell

funds) to those with reserve balance shortages. These unsecured loans, commonly referred to

of a search-based over-the-counter market with unrestricted asset holdings) relies on the assumption that all trade
among investors is intermediated by dealers who have continuous access to a competitive interdealer market.
While there are several examples of such pure dealer markets, the market for federal funds is not one of them.



as fed(eral) funds, are delivered on the same day and their duration is typically overnight.® The
interest rate on these loans is known as the fed funds rate. Participants include commercial
banks, thrift institutions, agencies and branches of foreign banks in the United States, govern-
ment securities dealers, government agencies such as federal or state governments, and GSEs
(e.g., Freddie Mac, Fannie Mae, and Federal Home Loan Banks). The market for fed funds is
an over-the-counter market: in order to trade, a financial institution must first find a willing
counterparty, and then bilaterally negotiate the size and rate of the loan. We use a search-based
model to capture the over-the-counter nature of this market.*

In practice, there are two ways of trading federal funds. Two participants can contact
each other directly and negotiate the terms of a loan, or they can be matched by a fed funds
broker. Non-brokered transactions represent the bulk of the volume of fed funds loans, so we
abstract from brokers in our baseline model.> Most Fed funds loans are settled through Fedwire
Funds Services, a large-value real-time gross settlement system operated by the Federal Reserve
Banks. More than 7,000 Fedwire participants can lend and borrow in the fed funds market
including commercial banks, thrift institutions, government securities dealers, federal agencies,
and agencies and branches of foreign banks in the United States. In 2008, the average daily
number of borrowers and lenders was 164 and 255, respectively.

Fedwire operates 21.5 hours each business day, from 9:00 pm Eastern Time (ET) on the
preceding calendar day to 6.30 pm ET. On a typical day, institutions receive the repayments
corresponding to the fed funds loans sold the previous day, before they send out the new loans.
In 2006, the average value-weighted time of repayment was 3.09 pm + 9 minutes, while the
average time of delivery was 4.30 pm + 7 minutes. The average duration of a loan was 22 hours

and 39 minutes.” For simplicity, in our theory we take as given that every loan gets repaid after

3There is a “term” federal funds market where maturities range from a few days to more than a year, with
most loans having a maturity of no more than six months. The amount of term federal funds outstanding has
been estimated to be on the order of one-tenth of the amount of overnight loans traded on a given day (see
Meulendyke, 1998).

“There is a growing search-theoretic literature on financial markets which includes Afonso (2011), Duffie,
Garleanu, and Pedersen (2005, 2007), Garleanu (2009), Lagos and Rocheteau (2007, 2009), Lagos, Rocheteau,
and Weill (2011), Miao (2006), Rust and Hall (2003), Spulber (1996), Vayanos and Wang (2007), Vayanos and
Weill (2008), and Weill (2007, 2008), just to name a few. See Ashcraft and Duffie (2007) for more on the
over-the-counter nature of the fed funds market.

% Ashcraft and Duffie (2007) report that non-brokered transactions represented 73 percent of the volume of
federal funds traded in 2005. Federal fund brokers do not take positions themselves; they only act as matchmakers,
bringing buyers and sellers together.

5See Afonso, Kovner and Schoar (2011).

"This is documented in Bech and Atalay (2008).



the end of the operating day, at a fixed time T + A.

Fed funds activity is concentrated in the last two hours of the operating day. For a typical
bank, for example, until mid afternoon transactions reflect its primary business activities. Later
in the day, the trading and payment activity is orchestrated by the fed funds trading desk and
aimed at achieving a target balance of fed funds. In 2008, more than 75 percent of the value

of fed funds traded among banks was traded after 4:00 pm.®

By this time, each bank has a
balance of reserves resulting from previous activities which is taken as given by the bank’s fed
funds trading desk.? We think of t = 0 as standing in for 4:00 pm and model the distribution
of actual reserve balances given to the bank’s fed funds trading desk at this time, with the
initial condition {nj (T)},cx. Fed funds transactions are usually made in round lots of over
$1 million.' In 2008, the average loan size was $148.5 million while the median loan was $50
million. The most common loan sizes were $50 million, $100 million and $25 million. To keep
the analytics tractable, we assume discrete loan sizes in our model.

The motives for trading federal funds may vary across participants and their specific cir-
cumstances on any given day. In general, however, there are two main reasons why institutions
borrow and lend federal funds. First, some institutions such as commercial banks use the fed
funds market to offset the effects on their fed funds balances of transactions (either initiated
by their clients or by profit centers within the banks themselves) that would otherwise leave
them with a reserve position that does not meet Federal Reserve regulations. Also, some par-
ticipants regard fed funds loans as an investment vehicle; an interest-yielding asset that can
be used to “park” balances overnight. In our model, all payoff-relevant policy and regulatory

considerations are captured by the intraday and end-of-day payoffs, {uy, Uy} cx-

®In line with this observation, Bartolini et al. (2005) and Bech and Atalay (2008) report very high fed funds
loan activity during the latter part of the trading session. (See, for example, the illustrations of intraday loan
networks for each half hour in a trading day in their Figure 6.)

9For example, as reported by Ashcraft and Duffie (2007), at some large banks, federal funds traders responsible
for managing the bank’s fed funds balance ask other profit centers of their bank to avoid large unscheduled
transactions (e.g., currency trades) near the end of the day. Toward the end of the trading session, once the fed
funds trading desk has a good estimate of the send and receive transactions pending until the end of the day,
it begins adjusting its trading negotiations to push the bank’s balances in the desired direction. Also in line
with this observation, Bartolini et al. (2005) attribute the late afternoon rise in fed funds trading activity to the
clustering of institutional deadlines, e.g., the settlement of securities transactions ends at 15:00, causing some
institutions to defer much of their money market trading until after that time, once their security-related balance
sheet position becomes certain. Uncertainty about client transactions and other payment flows diminishes in
the hour or two before Fedwire closes at 18:30, which also contributes to the concentration of fed funds trading
activity late in the day.

198ee Furfine (1999) and Stigum (1990).



4 Equilibrium

Let Ji (z,7) be the maximum attainable payoff to a bank that holds k units of reserve balances
and whose net credit position is x, when the time until the end of the trading session is 7. Let

s = (k,z) € K x R denote the bank’s individual state, then
min(7,7)
Jp(x,7) =E / e Fupdz + Iip s ye”"" (Uk + e_rAa:) (1)
0

+ Lr<ye™™ /‘]kbss/(TTa) (t+ Rys (T —7Ta), T—Ta) b (ds/, T — Ta)} ,

where E is an expectation operator over the exponentially distributed random time until the
next trading opportunity, 7o, and I, <7y is an indicator function that equals 1 if 7, < 7 and 0
otherwise. For each time 7 € [0, 7] until the end of the trading session, yu (-, 7) is a probability
measure (on the Borel o-field of the subsets of K x R) that describes the heterogeneity of poten-
tial trading partners over individual states, s’ = (k’,2’). The pair (bss (T — 7o) , Rs's (T — 7o)
denotes the bilateral terms of trade between a bank with state s and a (randomly drawn) bank
with state s, when the remaining time is 7 —7,. That is, bgg (7 — 7,) is the amount of balances
that the bank with state s lends to the bank with state s’, and Ry 4 (T — 7,) is the amount of
balances that the latter commits to repay at time 7'+ A.

For all 7 € [0,T] and any (s,s’) with s,8' € K x R, we take (bsg (), Rg's (7)) to be the
outcome corresponding to the symmetric Nash solution to a bargaining problem.'' For all
(k, k') € K x K, the set

H(k‘,k"):{(k—l—k'—y,y)GKXK:yE{O,l,...,k‘—I—k"}}

contains all feasible pairs of post-trade balances that could result from the bilateral bargaining
between two banks with balances k and k’. This set embeds the restriction that an increase in
one bank’s balance must correspond to an equal decrease in the other bank’s balance, and that
no bank can transfer more balances than it currently holds. For every pair of banks that hold

(k, k') € K x K, the set II (k, k') induces the set of all feasible (signed) loan sizes,

T (kk)={beK: (k—0bk +b) €I (k,K)}.

" This axiomatic Nash solution can also be obtained from a strategic bargaining game in which, upon contact,
Nature selects one of the banks with probability a half to make a take-it-or-leave-it offer which the other bank
must either accept or reject on the spot. It is easy to verify that the expected equilibrium outcome of this game
coincides with the solution to the Nash bargaining problem, subject to the obvious reinterpretation of Ry s (7)
as an ezpected repayment, which is inconsequential. See Appendix C in Lagos and Rocheteau (2009).



Notice that II(k, k') = II (K, k), and T (k, k') = —T' (K, k) for all k, k" € K. The bargaining
outcome, (bsg (7), Rgs (7)), is the pair (b, R) that solves

N[

max  [Jr—p(x+ R, 7) — Ji (x 7')]% [Jwtp (2 = R, 7) = Jp (2, 7)] 2.
bel'(k,k'),RER = ’ ’ + ’ ’

In the appendix (Lemma 2) we show that
Te (2,7) = Vi (7) + e 7T (2)

satisfies (1), if and only if Vi (7) : K x [0,7] — R satisfies
min(7a,7)
Vi(r)=E / e Pudz + H{Ta>T}6_TTUk (3)
0

+ Lpp<rye™ ™ Z N (T — 7o) Vie—by o (r—7a) (T —7Ta) + e TTHA-T) R (T — Ta)} } ,
k'eK

for all (k,7) € K x [0,T], with

b (7) € arg o Vs (7) + Vi (1) = Vi () = Vi (7))] (4)
e TR Ry (1) = % Vi b (r) (T) = Vie ()] + % Vi (7) = Viep, (1) (7)] - (5)

In (4) and (5), we use (bgxs (7), Rirg (7)) (rather than (bss (7), Rs's (7))) to denote the bar-
gaining outcome between a bank with individual state s € K x R and a bank with individual
state s’ € K x R, in order to stress that this outcome is independent of the banks’ net credit
positions, x and 2’. Hereafter, we use V' = [V ()] ¢ 7}, with V' (7) = {Vj, (7) }4ek, to denote
the value function in (3).

When a pair of banks meet, they jointly decide on the size of the loan and the size of the
repayment. The loan size determines the gain from trade, and the repayment implements a
division of this gain between the borrower and the lender. For example, suppose that a bank
with ¢ € K balances and a bank with j € K balances meet with time 7 until the end of the
trading session, and negotiate a loan of size b;; (1) =¢ —k =s—j € I'(4,j). Then the implied

joint gain from trade, the (match) surplus, corresponding to this transaction is
S’fjs (1) =V (1) + Vs (1) = Vi(r) =V (7). (6)

Thus, according to (4), the bargaining outcome always involves a loan size that maximizes the

surplus. According to (5), the size of the repayment is chosen such that each bank’s individual



gain from trade equals a fraction of the joint gain from trade, with that fraction being equal
to the bank’s bargaining power. To see this more clearly, note that (2), (4) and (5) imply that
the gain from trade to a bank with balance k& who trades with a bank with balance ¥’ when the

time remaining is 7, namely Jy_y,,(r) (z + Rix (1), 7) — Ji (2, 7), equals

V%—q%wﬂ(T)*‘e_MT+A)Rk%(T)“V%(T)
1
115[V%q¢kyﬁo(7)4—1%—bmyug(7)-V%/(T)—-V%(Tﬂ- (7)
Consider a bank with ¢ balances that contacts a bank with j balances when the time
until the end of the trading session is 7. Let ¢ff (1) be the probability that the former and
the latter hold k& and s balances after the meeting, respectively, i.e., cbfj (1) € [0,1], with

> Y ¢F (1) = 1. Feasibility requires that ¢f (1) = 0 if (k,s) ¢ I1(,j). Given any feasible
kEK s€K
path for the distribution of trading probabilities, ¢ (1) = {qzbfjs (7)}i,5.k,sek, the distribution of

balances at time 7' — 7, i.e., n (1) = {ny (7)}, k. evolves according to
ng (1) = f[n(r),¢(r)] forall k€K, (8)

where

f[n(T)a(b( _Oé’l’Lk Zzznz

€K jeK seK

—a) D> ni(r)n (1) 6 (7). ()

ieK jeK seK

The first term on the right side of (9) contains the total flow of banks that leave state k between
time t =T — 7 and time ¢’ = T — (7 — ¢) for a small € > 0. The second term contains the total
flow of banks into state k over the same interval of time.

The following proposition provides a sharper representation of the value function and the

distribution of trading probabilities characterized in (3), (4) and (5).
Proposition 1 The value function V' satisfies (3), with (4) and (5), if and only if it satisfies
‘G(T)——Uz()‘+(1j/ Vi (2) e (rte)(m=2) g,

+5 [T Som ol () )+ Vi) = W)~ V(e s (10)

jeK keK seK

10



for all (i,7) € K x [0,T], with

ulr) = [L- e T e, )
for alli € K, and
ks _ Nfs (T) if (k7 5) SR [V (T>]
e ={ 07 v, -
for alli,j,k,s € K and all T € [0,T], where éfjs (1) >0and > > éfjs (1) =1, with
keK seK
Qi [V (n)] =arg  max [V (1) + Ve (1) = Vi(7) = V; (7)]. (13)

(K',s")€ll(d,7)

The set §;; [V (7)] contains all the feasible pairs of post-trade balances that maximize the
match surplus between a bank with ¢ balances and a bank with j balances that is implied by
the value function V' (7) at time 7' — 7. For any pair of banks with balances ¢ and j, gbfj (1)
defined in (12) is a probability distribution over the feasible pairs of post-trade portfolios that

maximize the bilateral gain from trade

Definition 1 An equilibrium is a value function, V', a path for the distribution of reserve
balances, n (7), and a path for the distribution of trading probabilities, ¢ (7), such that: (a)
given the value function and the distribution of trading probabilities, the distribution of balances
evolves according to (8); and (b) given the path for the distribution of balances, the value function

and the distribution of trading probabilities satisfy (10) and (12).
Assumption A. For any i,j € K, and all (k,s) € I (4, j), the payoff functions satisfy:

U|’z+7j'| +UL%J > Up + us (DMC)

2

U(”ﬂ —|—UL%J >Up+Us, “>7 unless k € {L%J ; [%W }, (DMSC)

2
where |z] = max{k € Z:k <z} and [z] =min{k € Z: z < k} for any z € R.

In the appendix (Lemma 3) we show that conditions (DMC) and (DMSC) are equivalent to
requiring that the payoff functions {ug } ,cx and {Uy },cx satisfy discrete midpoint concavity, and

discrete midpoint strict concavity, respectively. These are the natural discrete approximations

11



to the notions of midpoint concavity and midpoint strict concavity of ordinary functions defined
on convex sets.

The following result provides a full characterization of equilibrium under Assumption A.
Proposition 2 Let the payoff functions satisfy Assumption A. Then:

(2) An equilibrium ezists, and the equilibrium paths for the maximum attainable payoffs, V (1),

and the distribution of reserve balances, n (1), are uniquely determined.

(¢2) The equilibrium path for the distribution of trading probabilities, ¢ (1) = {(bff (7)}i,j.kseK s

is given by
~k3 - *
ks oi; (1) if (k,s) € 5
i (1) = { 0 if (k,s) ¢ Q’,‘J. (14)
for alli,j, k,s € K and all T € [0,T), where ¢ g ks (1) >0 and QNSZS (1) =1, where
(k,s)EQ;‘j
w1 i if i+ j is even

IR IR R AT

(#i2) V is the unique bounded real-valued function that satisfies

rVi () + Vi (1) =i + = ZZZ% ) [Vi (1) + Vi (1) = Vi (1) = V; ()] (16)

jG]K keK seK
for all (i,7) € K x [0,T], with

Vi(0)=U; forallicK, (17)

and with the path for ¢ (1) given by (14), and the path for n (1) given by N (1) =
fin(r), (7).

(2v) Suppose that at time T — 7, a bank with balance j extends a loan of size j —s =k —i to
a bank with balance i. The present value of the equilibrium repayment from the latter to
the former is

1 1

e TTHARE () = 5 Ve (m) = Vi(r)] + 5 [V (1) = Vi ()] (18)
2Let X be a convex subset of R™, then a function g : X — R is said to be concave if g (ex + (1 —¢)y) >
eg(z)+(1—€)g(y) forallz,y € X, and all € € [0,1]. The function g is midpoint concave if 2g (*£2) > g (z)+g (y)
for all x,y € X. Clearly, if g is concave then it is midpoint concave. The converse is true provided g is continuous.
The function g : K — R satisfies the discrete midpoint concavity property if g (|—1+7 -‘) +g (V“J) > u; + uy for
all i, j € K. See Murota (2003) for more on the midpoint concavity/convexity property and the role that it plays

in the modern theory of discrete convex analysis.
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The equilibrium distribution of trading probabilities (14) can be described intuitively as follows.
At any point during the trading session, if a bank with balance ¢ contacts a bank with balance
7, then the post-transaction balance will necessarily be VJFTJJ for one of the banks, and [%1
for the other. This property, and the uniqueness of the equilibrium paths for the distribution of
reserve balances and maximum payoffs, hold under Assumption A. In the appendix (Corollary
1) we show that if we instead assume that u satisfies discrete midpoint strict concavity and U
satisfies discrete midpoint concavity, then the existence and uniqueness results in Proposition 2

still hold.

5 Efficiency

In this section we use our theory to characterize the optimal process of reallocation of reserve
balances in the fed funds market. The spirit of the exercise is to take as given the market
structure, including the contact rate a and the regulatory variables {u, U}k, and to ask
whether decentralized trade in the over-the-counter market structure reallocates reserve bal-
ances efficiently, given these institutions. To this end, we study the problem of a social planner

who solves

max [/ E mk uke_”dt + et Z mg (T) Uy,

X®izo [0 ek keK

s.b. iy (8) = —f [m (¢) , x (¢)], (19)
X2 (t) € 10,1], with X7 (t) = 0if (k,s) ¢ TL(4,5),

X5 () = x5 (1), and DD X (1) =1,

keK seK

forallt € [0,T], and all 4, j, k, s € K. We have formulated the planner’s problem in chronological
time, so my, (t) denotes the measure of banks with balance k at time ¢. Since 7 = T — ¢, we
have my, (t) = my (T — 7) = ny (1), and therefore ry (t) = —ng (7). Hence the flow constraint
is the real-time law of motion for the distribution of balances implied by the bilateral stochastic
trading process. The control variable, x (t) = {Xff (t)}ijk,sck, represents the planner’s choice
of reallocation of balances between any pair of banks that have contacted each other at time
t. The first, second, and fourth constraints on x (¢) ensure that {ijs (t) }k,sex is a probability
distribution for each i, j € K, and that the planner only chooses among feasible reallocations of

balances between a pair of banks. We look for a solution that does not depend on the identities
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or “names” of banks, so the third constraint on x (¢) recognizes the fact that ijs (t) and Xjf (t)
represent the same decision for the planner. That is, X%‘S (t) and X;f (t) both represent the
probability that a pair of banks with balances 7 and 7 who contact each other at time ¢, exit

the meeting with balances k£ and s, respectively.

Proposition 3 A solution to the planner’s problem is a path for the distribution of balances,
n (7), a path for the vector of co-states associated with the law of motion for the distribution of
balances, A (1) = { A\ (T)} e, and a path for the distribution of trading probabilities, v (1) =

{wff (7)}ijksex. The necessary conditions for optimality are,

rA (D) AN () =ui+a) YD i () (1) e (1) + A (7) = A (1) = A (7)) (20)

jeK keK seK

for all (i,7) € K x [0,T], with
Ai(0)=U; foralliecK, (21)

with the path for n (1) given by (1) = f [n (1), (7)], and with

ks oy _ | WE () if (kys) € Qij [A(7)]
ro={ 377 A 22)
foralli,j,k,s € K and all T € [0,T], where 1%“]5 (1) >0and > > 1%35 (1) =1.
keK seK

The following result provides a full characterization of solution to the planner’s problem

under Assumption A.
Proposition 4 Let the payoff functions satisfy Assumption A. Then:

(2) The optimal path for the distribution of trading probabilities, ¥ (1) = {1/155 (T)}ijk,seks 45

given by
~l€5 N *
ks oy _ | Wi (7)) if (k,s) € Q
v = { 00 i (k) £ 23)
foralli,j,k,s € K and all T € [0,T], where Q/NJZS (1) >0 and > 1%35 (1) =1.

(k,5)€Q;

(¢t) Along the optimal path, the shadow value of a bank with i reserve balances is given by
(20) and (21), with the path for 1 (t) given by (23), and the path for n (1) given by
n(r) = fln(r), (7))
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Notice the similarity between the equilibrium conditions and planner’s optimality conditions.
First, from (12) and (22), we see that the equilibrium loan sizes are privately efficient. That is,
given the value function V', the equilibrium distribution of trading probabilities is the one that
would be chosen by the planner. Second, the path for the equilibrium values, V (1), satisfies
(16) and (17), while the path for the planner’s shadow prices satisfies (20) and (21). These
pairs of conditions would be identical were it not for the fact that the planner imputes to each
agent gains from trade with frequency 2«, rather «, which is the frequency with which the
agent generates gains from trade for himself in the equilibrium. This reflects a composition
externality typical of random matching environments. The planner’s calculation of the value of
a marginal agent in state ¢ includes not only the expected gain from trade to this agent, but
also the expected gains from trade that having this marginal agent in state ¢ generates for all
other agents, by increasing their contact rates with agents in state i. In the equilibrium, the
individual agent in state i internalizes the former, but not the latter.!®

Under Assumption A, however, condition (14) is identical to (23), so the equilibrium paths
for the distribution of balances and trading probabilities coincide with the optimal paths. This

observation is summarized in the following proposition.

Proposition 5 Let the payoff functions satisfy Assumption A. Then, the equilibrium supports

an efficient allocation of reserve balances.

6 Positive implications

The performance of the fed funds market as a system that reallocates liquidity among banks, can
be appraised by the behavior of empirical measures of the fed funds rate and of the effectiveness
of the market to channel funds from banks with excess balances to those with shortages. In
this section we derive the theoretical counterparts to these empirical measures, and argue that
the theory is consistent with the most salient features of the actual fed funds market. We
use the theory to identify the determinants of the fed funds rate, trade volume, and trading
delays. We also describe the equilibrium dynamics of the fed fund balances of individual banks,
and propose theory-based measures of the importance of bank-provided intermediation in the

process of reallocation of fed funds among banks.

13Tn a labor market context, a similar composition externality arises in the competitive matching equilibrium
of Kiyotaki and Lagos (2007).
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6.1 Trade volume and trading delays

The flow volume of trade at time 7" — 7 is

oM =22 2. vi ),

€K jeK keK seK

where
vl (1) = amg (1) ny (1) ¢35 (7) |k — i,

and the total volume traded during the whole trading session is

@:/OT@(T)dT.

Notice that the arrival rate of specific trading opportunities is endogenous, as it depends on the
equilibrium distribution of balances. For example, an; (1) qbff (1) is the rate at which agents
with balance ¢ trade a balance equal to k—t with agents with balance j at time T'—7. Therefore,
even though the contact rate, «, is exogenous in our baseline formulation, trading delays—a key

distinctive feature of over-the-counter markets—are determined by agents’ trading strategies.

6.2 Fed funds rate

In our baseline formulation, banks negotiate loans and the present value of the loan repayment.
It is possible to reformulate the negotiation in terms of a loan size and an interest rate. For
example, consider a transaction between a bank with ¢ balances and a bank with j balances
in which the former borrows k — ¢ = j — s from the latter. We can think of the corresponding
repayment, Rff (7) in (18), as composed of the principal of the loan, augmented by continuously
compounded interest, p. That is, we can write Rfjs (1) = ePT+2) (k —4), and solve for the
transaction-specific interest rate,

In [R,i:’s_(:)}

ks _ —
pij (7) = T+ A s T+ A

Vi(r)—Vi(r) |, 35K (7)
ln[ S + 2 g

(24)

According to (24), the interest on a loan of size j — s extended by a lender with balance j to a
borrower with balance ¢ at time T' — 7, is equal to the discount rate, r, plus a premium, which
increases with the size of the joint gain from trade, Sfjs (1), and with the lender’s bargaining
power (here equal to 1/2). Notice that according to the theory, there is no such thing as the

fed funds rate, rather there is a time-varying distribution of rates. That is, empirically, in
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order to “explain” the rate determination in over-the-counter fed fund transactions, one would
have to control for the opportunity cost of funds (r), the duration of the loan (7 + A), the
size of the loan (j — s in (24)), the bargaining power of the borrower and the lender (1/2
each in (24)), the present discounted value of the loss to the lender from giving up the funds
(Vi (1) = Vs (7)), and the present discounted value of the gain to the borrower from obtaining
the funds (Vi (7) — Vi (7)), both of which depend on the time until the end of the trading session
(7).

In the theory,

=22 0 > Wi (1)elf ()

€K jeK k€K seK

is a weighted average of rates at each point in time, and

1 [T
P:T/O

is a daily average rate, where wff (1) is a weighting function with wfj‘)’ (1) >0and ), wfjs (1) =
irj,k,s€K

1. For example, if wfjs (1) = vijs (1) /v (), then p(7) is the value-weighted average fed funds
rate at time T'— 7, and p is a value-weighted daily average fed funds rate akin to the daily

effective federal funds rate published by the Federal Reserve.'4

6.3 Equilibrium dynamics of fed fund balances

Consider a bank with balance a (tp) = i € K at time ¢y € [0,7), and let ¢t; € (to,T") denote
the time at which the bank receives its first trading opportunity on [tg,T]. The probability

distribution over post-trade balances at t1, a (1) € K, is given by

Pria(ti) =j|a(to) =1 qu (t1) tl)—ﬂzg(tl)
g€k
where ¢’ = ¢+ — j and my (¢1) is the measure of banks with balance ¢ at time ¢;. Given a
probability measure over a (tg) € K, the (K + 1) x (K + 1) transition matrix II (t1) = [m;; (t1)]
records the probabilities of making a transition from any balance i € K to any balance j € K
at trading time ¢;. More generally, consider a bank with balance ky € K at ¢ty that has N

trading opportunities between time ¢y and time ¢, e.g., at times tV) = (t1,t2,...,tN), with

The actual daily effective federal funds rate is a volume-weighted average of rates on trades arranged by
major brokers. The Federal Reserve Bank of New York receives summary reports from the brokers, and every
morning publishes the effective federal funds rate for the previous day.
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0<th<tg <tyg<-+-<ty<t<T. (Weadopt the convention t0) = to.) Then given
the initial balance ko € K and the realization of trading times t(V) e [to,t]N, the probability
distribution over the sequence of post-trade balances at these trading times, i.e., a (¢,) € K for

alln=1,..., N, is given by

N
Prla(t) = ki, o ya (i) = kv [ a(to) = ko, ™| = T iy, (ta). (25)
n=1
Given a probability measure over a (t9) € K, the (K + 1) x (K + 1) transition matrix
™M (EN)) =TI (t) - T (1) (26)

records the probabilities of making a transition from any balance ¢ € K to any other balance
j € Kin N trades carried out at the realized trading times t(&V) = (t1,...,tn). Notice that
I (M) = II (¢1), and by convention, II(® (¢©)) = I, where I denotes the (K + 1) x (K + 1)
identity matrix. The following proposition provides a complete characterization of the stochastic

process that rules the equilibrium dynamics of the balance held by an individual bank.

Proposition 6 Foranyty € [0,T), and anyt € [to, T, the transition function for the stochastic

process that rules the equilibrium dynamics of individual balances is

P (t|ty) = Z alVe—a(t=to)
N=0

) (M) g (27)
TV)

where TW) = {t(N) efto, )Y it <ty <-- <ty <t}.

Let p;j (t|to) denote the (7, j) entry of the (K + 1) x (K + 1) matrix P (t|tp). Consider a bank
with balance i € K at time to, then p;; (t|to) is the probability the bank has balance j € K at

time ¢.

6.4 Intermediation and speculative trades

The equilibrium characterized in Proposition 2 (and by Proposition 5, the efficient allocation
characterized in Proposition 4) exhibits endogenous intermediation in the sense that many
banks act as dealers, buying and selling funds on their own account and channeling them from
banks with larger balances to banks with smaller balances. To illustrate, consider a bank

that starts the trading session with balance a (0). Suppose, for example, that the bank in
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question only trades twice in the session, at times t; and to, with 0 < t1 < to < T, first
buying a (t1) — a (0), and then selling a (t1) — a (t2), so that it ends the session with a balance
a(t2), where a(0) < a(t2) < a(t;). Throughout the trading session, this bank effectively
intermediated a volume of funds equal to a (t1) — a (t2), buying at time ¢; from a bank with
some balance at least as large as a (¢1), and then selling at a later time t5 to a bank with some
balance no larger than a (t2). This type of intermediation among participants is an important
feature of the fed funds market. Next, we propose several theory-based empirical measures of
the importance of intermediation in the process of reallocation of fed funds among banks.

Consider a bank with NV trading opportunities between time tg and time t, e.g., at times
tN) = (t1,t2,..ytn), with 0 < tg < t] < to < --- <ty <t < T. Given the initial balance
ko € K and a realization (™) € [to,]", the time-path of the bank’s asset holdings during [to, ?]
is described by a function ay, 4 : [to,?] — K defined by

ko fortg <z <ty

k‘l for t1 <z <ty
Alto 1] (z) = .

kn forty <z <t,

where k, € K is the post-trade balance at time ¢, for n = 1, ..., N. Given the initial balance
ko at to, the realized path for a bank’s balance during [to,t] is completely described by the
number of contacts, N, the vector of contact times, t(V) € [to, t]N, and the vector of post-trade
balances at those contact times, EWN) = (k1,ka,....kN) € KV. Given kg and k(N), define the

bank’s accumulated volume of purchases during [to, t],
N
O (ko, k™) = " max {kn — kn_1,0},
n=1
the accumulated volume of sales,

N
0°(ko, k™)) = = > "min {ky — kp_1,0},

n=1

and the (signed) net trade, OP(ko, k™)) — 0% (ko, k™)) = ky — ko. Then
I(ko, k™)) = min {Op(kzo, k™), 0% (ko, k;““)} (28)

measures the volume of funds intermediated by the bank during the time interval [tg,t]. Al-

ternatively, OP(ko, k™)) 4+ O%(ko, k™)) is the gross volume of funds traded by the bank, and
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|0P (ko, k™)) — O3 (ko, K™))| is the size of the bank’s net trade over the period [to, ], so
X (ko, k™)) = O (ko, k™) + 0% (ko, k™)) — |OP (ko, k™)) — O (ko, k™)) (29)

is a bank-level measure of excess funds reallocation, i.e., the volume of funds traded over and
above what is required to accommodate the net trade. The measure X (ko, kN )) is an index of
simultaneous buying and selling at the individual bank level during [¢g,¢]. This leads to

X (ko, k™)
0P (ko, k™)) + O3 (ko, k™)

as a natural measure of the proportion of the total volume of funds traded by a bank during

u(ko, kN =

[0,t], that the bank intermediated during the same time period.
Having described the intermediation behavior of a single bank along a typical sample path,

the next proposition shows how to calculate marketwide measures of intermediation.
Proposition 7 Let ty € [0,T), and t € (to,T]. During [to,t]:

(i) The aggregate cumulative volume of purchases (for j = p, sales, for j = s) is
T (tlto) = > mi, (to) Za e~ ot=to) /O] ko, t )Y atg™), (30)
ko€eK T(N)

where

N
O ko, t™My =~ (H Thyy 1k (tn)> O (ko, k™).

kN egN \n=1
(i) The aggregate cumulative volume of intermediated funds is
_ 1.
(o) = 5 X (ilto), (31)
and the proportion of intermediated funds in the aggregate volume of traded funds is

X (tlto)
H(t) = G i) + 0% (1)

where

t‘to kao to Za € —a(t—to) /X ko, ( ) (32)

koeK T(N)

is the aggregate excess reallocation of funds, with

X(ko, tM) = >~ (H Tl 1k ( ) X (ko, k™).

kKN cgN \n=1
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Notice that our measure of excess funds reallocation, X (t|to), is a real-time analogue to the
notion of ezcess job reallocation used in empirical studies of job creation and destruction (e.g.,

Davis, Haltiwanger and Schuh, 1996).

7 Extensions

In this section we develop several extensions of the theory to allow for ex-ante heterogeneity in
bank types. Each extension is motivated by a particular aspect of the fed funds market that our
baseline model has abstracted from. First, according to practitioners, some banks (e.g., large
banks) consistently exhibit a stronger bargaining position when trading against other (e.g.,
small) banks. Our first extension allows banks to differ in their bargaining power parameter.
Second, empirical studies of the fed funds market have emphasized that a few banks trade
with much higher intensity than others, and are consistently more likely to act as borrowers
and as lenders during the same trading session.'® Our second extension allows for banks to
differ in the rate at which they contact and are contacted by potential trading partners. Third,
in practice, in any given trading session institutions may value end-of-day reserve balances
differently. For example, some banks may have balance sheets that call for larger balances to
meet their reserve requirements. Policy considerations can also induce differences among fed
funds participants, as the Federal Reserve remunerates the reserve balances of some participants,
e.g., depository institutions, but not others, e.g., Government Sponsored Enterprises (GSEs).
Our third extension allows for heterogeneity in the fed fund participants’ payoffs from holding
end-of-day balances.

For each extension, we describe the evolution of the distribution of balances and the value
function, and the determination of the trading decisions, i.e., all the ingredients needed to define
equilibrium. In each case, we give the relevant variables a superscript that identifies the bank’s
type. The set of types, Y, is finite and 7Y denotes the fraction of banks of type y € Y, i.e.,
nY € [0,1] and Zer nY = 1. The measure of banks of type y with balance k at time T — 7, is
denoted nf (1), s0 Y pcx ny (7) = n¥. In a meeting at time 7' — 7 between a bank of type  with

i balances and a bank of type y with j balances, qﬁfﬁmy (7) is used to denote the probability that

'5See Bech and Atalay (2008). The intensity of a bank’s trading activity in the fed funds market is also
correlated with the interest rates that the bank charges when it lends, and the rates that it pays when it
borrows. Ashcraft and Duffie (2007) find that rates tend to be higher on loans that involve lenders who are more
active in the federal funds market relative to the borrower. They also document that rates tend to be lower on
loans that involve borrowers who are more active relative to the lender.
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the former and the latter hold k£ and s balances after the meeting, respectively. In this section,

= {n} (T)}er,keK and V (1) = {V}/ (7 }er,keK

the value function, respectively, at time T'— 7. The distribution of trading probabilities at time

T - T, d)( ) - {{(bz] my( )}96 yEY}17]k5€K7 satisfies (bzg my( ) [0 1] with Z Z ¢z] Ty ) = 17

keK seK
and is feasible if ¢ =0if (k,s) ¢ 11(4,7) for all 4,j,k,s € K and all z,y € Y.

denote the distribution of balances and

17,2Y ( )
7.1 Heterogeneous bargaining powers

Let 6,, € [0,1] be the bargaining power of a bank type z € Y in negotiations with a bank
of type y € Y, where 0, + 0y, = 1.15 Given any feasible path for the distribution of trading

probabilities, ¢ (7), the distribution of balances evolves according to
ng(t)=f*m(r),¢(r)] forallkeKandz e, (33)

where

fx[n(7)7¢( _ank ZZZZ” k‘zxy )

yeY ieK jeK seK

—aY Y Y Y nf ()l (1) ¢y (7). (34)

y€Y ieK jeK seK

The value function satisfies

PVE (V1) = ik a 30 S S0l (1) @y (7) 6y [VEE () + V2 (1) = V() = VY (7)]

yeY jeK keK seK
(35)
for all (z,i,7) € Y x K x [0, 7], with
VF(0)=U; forallzeY andalliecK. (36)
The path for ¢ (7) is given by
bhe (7)) if (K, 8) € Qijay [V (7
d)’bj xy( ) { ¢1j,xy( ) ” (k ) QJ: y[ ( )] (37)
0 if (k,s) ¢ Qijay [V (T)],
forall z,y € Y, all 7,7, k,s € K, and all 7 € [0, 7], wheregb”xy(T) >0and > > ¢z]xy( T)=1,
keK seK
with
Qiiou [V (7)] = ar max [V”;’T%—V?fT—VfT—V-yT ) 38
eV (] =g max [VE(7) 4 VE () = V7 (7) = V) () (33)
6For example, a natural specification would be Y = {1,..., N} with 05, < 0y, if z < y. In this case, a higher

type corresponds to a stronger bargaining power.

22



If at time T' — 7, a bank of type y with balance j extends a loan of size j —s = k — ¢ to a bank
of type x with balance 4, the present value of the equilibrium repayment from the latter to the
former is

TN REs () = % Vi (1) = Vi (D] + % LAGENAICI (39)

Z]7x7y

7.2 Heterogeneous contact rates

Let a” be the contact rate of a bank of type z € Y. Notice that from the perspective of any
bank, the probability of finding a trading partner of type y € Y with balance j € K at time
T — 7, conditional on having contacted a random partner, is ﬁyng (1), where

L, oV

"= ZxEY arn® ‘

Hence the rate at which a bank of type x contacts a bank of type y who holds balance j at time

T—r,is amﬁyn? (1), and oﬁﬁyn? (1) n¥ (1) is the measure of banks of type  who hold balance

i, that meet a bank of type y who holds balance j. Therefore, given any feasible path for the

distribution of trading probabilities, ¢ (), the distribution of balances evolves according to
ng(t)=f*n(r),¢(r)] forallkeKand z e, (40)

where

.ol =anf(m)d D > > a'nl (1) ¢, (1)

yeY icK jeK seK

—a® Y NN nf (1) (1) By (7). (41)

yeY ieK jeK seK

The value function satisfies

PV OAVE () = uet S S S S S it (1) 6, (1) [V () 4 VI () = Vi () V) (7)]

yeY jeK keK scK

for all (z,i,7) € Y x K x [0,T7], subject to (36). Given V (7), the path for ¢ (7) is as in (37),
and the repayment as in (39).

7.3 Payoff heterogeneity

Let U,‘qj € R be the payoff to a bank of type y € Y from holding a balance k£ € K at the end of
the trading session. Given any feasible path for the distribution of trading probabilities, ¢ (1),
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the distribution of balances evolves according to (33) and (34). The value function satisfies

(35), but with terminal condition

VZ(0)=U forallz €Y and all i € K,

3 K3

and 6, = 1/2 for all z,y € Y. Given V (7), the path for ¢ (7) is as in (37), and the repayment
as in (39).

On October 9, 2008, the Federal Reserve began to pay interest on the required reserve
balances and on the excess balances held by depository institutions, but not on the balances
held by non-depository institutions.!” This means that some large lenders in the federal funds
market which are non-depository institutions, such as the GSEs, do not receive interest on their

reserve balances.!®

It has been argued (see Bech and Klee, 2009) that such institutions may
have an incentive to lend at rates below the rate that banks receive on reserve balances, which
might have contributed to an increase of their market share and to the effective federal funds
rate (a daily volume-weighted average of brokered transactions rates) being lower than the rate
of interest banks earn on reserve balances. In our extended model, this feature of GSEs, and
its implication for the determination of the distribution of fed fund rates, can be handled by

regarding GSEs as a particular type, yo € Y, with U° = 0 for all k € K.

8 An analytical example

In this section we use the theory with K = {0,1,2} to study the effects that various institu-
tional considerations and policies have on the performance of the market for federal funds. We
interpret a bank with k£ = 1 as being “on target” (e.g., holding the level of required reserves), a
bank with & = 2 as being “above target” (e.g., holding excess reserves), and a bank with &k =0
as being “below target” (e.g., unable to meet the level of required reserves). In this setting the
quantity of federal funds in the market, @, equals ny (T') + 2n9 (T'), so Q < 1 if and only if
ng (T) < ng (T). The feasible sets of post-trade balances are: II(0,2) = {(0,2),(1,1),(2,0)},

7"The Financial Services Regulatory Relief Act of 2006 gives the Federal Reserve authority to pay interest on
reserve balances only to depository institutions, including banks, savings associations, saving banks and credit
unions, trust companies, and U.S. agencies and branches of foreign banks.

18Fannie Mae and Freddie Mac are large lenders of fed funds because their business model involves using the
fed funds market as a short-term investment for incoming mortgage payments, before passing the funds on to
investors in the form of principal and/or interest payments. Similarly, the Federal Home Loan Banks use the fed
funds market to keep their funds readily available to meet unexpected borrowing demands from members.
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I1(1,5) ={(1,5),(, 1)} for j =0,2, and I (4,7) = {(¢,7)} for i = 0,1, 2. Hence,
(k,sl)lé%}((l(]) 555 (1) = max {52101 (1),0}, and

max S¥ ()= max S{“JS (r)=0 forallieK, and j =0,2.
(k,s)€Il(4,5) (k,s)eII(1,5)

That is, in this special case there can only be profitable trade between a bank with ¢ = 2 and a
bank with j = 0 balances.!® To simplify the notation, let S (1) = S3} (1), and refer to a bank
with ¢ = 2 and a bank with j = 0 as a lender, and borrower, respectively. Let 6 € [0, 1] be the
bargaining power of the borrower. We conjecture that S (7) > 0 for all 7 € [0, 7], and will later
verify that this is indeed the case. In this case, the flows (8) and (9) lead to

given the initial conditions ng (7") and ng (7). This implies

T s i g (T) # no ()
no (7') = ? no(T) 0 . (42)
1+om0(T)(T—7') lf ny (T) = No (T)
ny(t)=1—ngy (1) —na (1) (43)
no (1) =no (1) + ne (T) —no (T) . (44)

The expression for the value function V' in (16) and (17) (or (10)) leads to

Vo (1) + Vo (7) = ug + ang (1) 0S (1) (45)
Vi (T) + Vi (1) = wy (46)
rVa (1) 4+ Va (7) = ug + ang (1) (1 — 0) S (1), (47)

for all 7 € [0, 7], given V; (0) = U; for ¢ = 0,1,2. Conditions (45), (46) and (47) imply

S(r)+6(1)S (1) =1 (48)

where u4 = 2u; — uo — ug, and

S(r)={r+alna (1) + (1 —0)ng (7)]}.

"Recall that from (6), we know that in general, Sf° (1) = Sk (1) = S;f (1) = SiF (7) for all 4, j,k, s € K.
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Given the boundary condition S (0) = 2U; — Ua — Uy, the solution to (48) is

S(r) = ( /0 ' e_[‘s(T)_‘s(z)]dz> i+ e 908 (0), (49)

where 6 (1) = [ 6 (z) da.

Suppose that @ = 2u; —ug —up > 0 and S (0) = 2U; — Uy — Up > 0, so Assumption A
holds. Then it is clear from (49) that S (7) > 0 as conjectured. Then, with S () given by (49),
the unique equilibrium is simply the path for the distribution of reserve balances given by (42),
(43) and (44), together with the distribution of trading probabilities given by gbf; (r) =1if
(4,7, k,s) =(2,0,1,1) or (¢,7,k,s) =(0,2,1,1) and fjs (1) = 0 otherwise, and a value function
V' that satisfies the system of ordinary differential equations (45), (46), (47) with the boundary

conditions V; (0) = U; for ¢ = 0,1,2. In equilibrium, the present value of the repayment is
e "THAR (1) = Vo (1) = Vi(r) + (1= 0)S (1) = Vi () — Vo (1) — 6S (7). (50)

The interest rate implicit in the typical loan that promises to repay R (7) at time 7+ A for one

unit borrowed at time T'— 7 is

_ InR(7) In[Vo(r) = Vi(r)+ (1 —0)S(7)]

Py =—FTx =" TLA ' (51)

The equilibrium in this example is a path for the distribution n (7), described explicitly by (42),
(43) and (44); a path for the distribution of trading probabilities explicitly given by ¢fs (1) =
s (1) = L (k,s)=(1,1)} #ks (1) = 0 for all (k,s) € I1(i,i), for i = 0,1,2, and gb’fj (1) € 10,1] for
all (k,s) € II(1,j), for j = 0,2; and a path for the value function V (7),

Vo(r)=(1-¢""7) % +e Uy + / e " any (2) 08 (2) dz (52)
0

Vi (7_) — (1 o 677"7) % + e*TTUl (53)

Va(r)=(1—-¢7") % +e "TUy + / e Hang (2) (1 - 0) S (2) dz, (54)
0

which are given explicitly up to the path for the equilibrium surplus, S (7). Some properties
of the path for the equilibrium surplus are immediate from (49). For example, if @ is small,
then S (1) < 0 (the gain from trade is increasing chronological time, i.e., as ¢t approaches T).
Conversely, S (1) > 0 will be the case in parametrizations with @ large, and small enough «
and r. The following proposition reports the analytical expressions for the equilibrium surplus

and interest rate.
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Proposition 8 The surplus of a match at time T — 7 between a bank with balance i = 2 and a

bank with balance j =0 is

na(T)e 2D =no(MIT=7) —ng(T) g(r)u [n2(T)—no(T)]S(0) :
S(r) = A= (=0 (=00 I [ (T) —no (T)] | n0(T) + 2 (T)ea 2 (D=0 DIT _ o (T) if na (T') # no (T)
1+ang(T)(T—7) | &(7)a S(0) . _
erT [nO(T) + 1+om0(T)T} if na (T) = no (T,
where
(& [”Q(T)]k_l {rta(k—0)[ng(T) —na(T)]}
nqg(T) elrta(k=0)[ng —ng T_1 .
T if ng (T) < ng (T
k:1m+a(k—6) ea(k=1)[ng(T)—ng (T)]T fna (T) o (T)
k
< o (gt ezl e
_ O(T) ano(T) r[TH+ — .
em=5 Y s T amml if ny (T) = no (T)
k=0
- ["O(T)]Hl {rta(k+0)ina (1) =no(T)]}
no(T) elrta(k+0)[ng —nq T_1 .
Zﬁm(mm o (FF D[ng (T) —ng (DT if no (T) <na (T).
L k=0 ng nQ

Given S (7), the equilibrium repayment is given by (50), with

U — Ug ea[nQ(T)_nO(T)}TnQ (T)

Vi (r)=Vo (r) = e~ (Uy = o)+ (1 — e77) 120 no (T)

e ""C[r,u,5(0)],

where [,u,S (0)] is a time-varying linear combination of u and S (0).

8.1 Comparative dynamics

In this section we provide some analytical results on the effect that parameter changes have on
the equilibrium paths for the trade surplus and the fed funds rate.

Proposition 9 describes the behavior of S (7), namely the value of executing a trade (or
the “value of a trade”) between a borrower and a lender when the remaining time is 7. With
% = 0, (49) specializes to S (1) = e (M (0), so S (r) is a discounted version of S (0), with
effective discount rate given by 0 (7). More generally, for @ > 0, S (1) is a linear combination
of u and S (0). There are two reasons why S (0) appears discounted in the expression for S (7).
First, the actual gains from trade accrue at the end of the trading session, so S (0) is discounted
by the pure rate of time preference, r. Second, consider a meeting between a borrower and a
lender when the remaining time is 7 > 0. The value S (0) is discounted because both agents
might meet alternative trading partners before the end of the session, and this increases their
outside options. The borrower’s outside option, Vj (1), is increasing in the average rate at

which he is able to contact a lender and reap gains from trade between time T'— 7 and T, i.e.,

27



af fOT ngy (s) ds. Similarly, the lender’s outside option, Va2 (7), is increasing in the average rate
at which he is able to contact a borrower and reap gains from trade between time T — 7 and

T, ie., a(l—0) [ no(s)ds.
Proposition 9 Assume u > 0 and S(0) > 0. Then:

(i) The surplus at each point in time is decreasing in the discount rate, i.e., for all T > 0,

8S(r)
8'r < 0 .

(ii) If the initial population of lenders is larger (smaller) than that of borrowers, then the
surplus at each point in time during the trading session is decreasing (increasing) in the
borrower’s bargaining power. If the initial populations of lenders and borrowers are equal,
then changes in the bargaining power have no effect on the surplus, i.e., for all T > 0,

8‘3(07) is equal in sign to ng (T') —na (T).

(iii) The surplus at each point in time is increasing in the penalty for below-target end-of-day

balances, increasing in the payoff for on-target end-of-day balances, and decreasing in the

payoff for above-target end-of-day balances, i.e., for all T, 8553) < 0, aaslg) > 0, and

0S(1)
SU; < 0.

Part (i) follows from the fact that a larger value of 7 increases the effective discount rate, ¢ (7),
and also results in a deeper discount of the “dividend-flow gain from trade,” u. The effect of 6
on S (1) =2Vi (1) — Vo (1) — Vo (7) is more subtle because a higher # tends to increase Vj (1)
(benefits borrowers) and at the same time it tends to decrease V5 (7) (hurts lenders). In part
(71) we show that the former effect dominates if and only if ng (T") < ns (T), and in this case,
the effective discount rate decreases with 6, which implies S (7) decreases with 6 for all 7 > 0.
Finally, making the penalty for below-target end-of-day balances more severe (lowering Up),
making the payoff for holding above-target end-of-day balances less attractive, or increasing
the payoff for holding on-target end-of-day balances, increases the terminal surplus S (0), and
consequently increases every surplus along the trading session, which explains part (iii).

The following proposition considers the case with 4 = 0. For example, this would be the
case when banks are not remunerated for holding intraday balances and have access to intraday

credit from the central bank at no cost.
Proposition 10 Assume u =0 and S(0) > 0. Then:
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(i) The fed funds rate at each point in time is increasing in the discount rate, i.e., for all T,
9p(7)
“or > 0.

(ii) The fed funds rate at each point in time is decreasing in the borrower’s bargaining power,

. Ap(T)
i.e., for all 7 > 0, g(e < 0.

(iii) The fed funds rate at each point in time is increasing in the penalty for below-target

; 9p(7)
end-of-day balances, i.e., for all T, aon < 0.

Proposition 10 describes the behavior of the fed funds rate at each point in time along the
trading session. Parts (7)—(%ii) follow from (51) and the fact that the size of the loan repayment

R (7) increases with r and Uy, and decreases with the borrower’s bargaining power, 6.

8.2 Efficiency

Under Assumption A, the equilibrium paths for the distribution of balances and the distribution

of trading probabilities coincide with the efficient paths. The planner’s co-states satisfy

Ao (7) + Ao (7) = ug + ang (1) S* (1) (55)
AL (T) 4+ A (7)) = wy (56)
rAe (T) + )\2 (1) =ug +ang (1) S* (1), (57)

for all 7 € [0, 7], given \; (0) = U; for i = 0,1, 2, where S* (1) = 2A1 (1) — A2 (7) — Ao (7) satisfies

S*(r)+ 6 (r)S* (1) =u (58)

with
0 () ={r+ana(r) +mno(7)]}.

Given the boundary condition S* (0) = 2U; — Us — Uy, the solution to (58) is
S* (1) = < / e—[5*<T>—6*<z>]dz) i+ e 980,
0

where 6* (1) = [, 6* (z) d.
The comparison between (45), (46) and (47), and (55), (56) and (57), illustrates the compo-
sition externality discussed in Section 5. For instance, since in this example meetings involving

at least one agent who holds one unit of reserves never entail gains from trade, (46) and (56)
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confirm that the equilibrium value of a bank with one unit of balances coincides with the shadow
price it is assigned by the planner. In contrast, comparing (45) to (55), and (47) to (57), reveals
that the equilibrium gains from trade as perceived by an individual borrower and lender at time
T — 7 are S (1) and (1 — 0) S (1), respectively, while according to the planner each of their
marginal contributions equals S* (7).

Notice that 6*(r) > ¢ (r) for all 7 € [0,7], with “=” only for 7 = 0, so the planner
effectively “discounts” more heavily than the equilibrium. It is easy to show that this implies
S(r) > S*(r) for all 7 € (0,1}, with S*(0) = S(0) = 2U; — Us — Up. In words, due to the
matching externality, the social value of a loan (loans are always of size 1 in this example)
is smaller than the joint private value of a loan in the equilibrium. Intuitively, the planner
internalizes the fact that borrowers and lenders who are searching make it easier for other lenders
and borrowers to find trading partners, but these “liquidity provision services” to others receive
no compensation in the equilibrium, so individual agents ignore them when calculating their
equilibrium payoffs. Naturally, depending on the value of @, the equilibrium payoff to lenders
may be too high or too low relative to their shadow price in the planner’s problem. It will be high
if (1—-6)S(r)> S*(7), as would be the case for example, if the borrower’s bargaining power,
0, is small. As these considerations make clear, the efficiency proposition (Proposition 5) would
typically become an inefficiency proposition in contexts where banks make some additional

choices based on their private gains from trade (e.g., entry, search intensity decisions, etc.).

8.3 Frictionless limit

In this section we characterize the limit of the equilibrium as the contact rate, a, goes to infinity.
From (42), (43) and (44), it is immediate that

lim ng (7) = max{ng (T') —n2 (T"),0}

ah—{%o ni (1) =1 —max{ng (T) —na2 (T) ,n2 (T) —no (T)}
alLrgO ng (1) = max {ng (T') — no (T"),0}.

The value function Vi (7) is independent of « (see (53)), so limy—y0o V1 (7) = V1 (7). In the
appendix (proof of Proposition 11) we show that for ¢, 7 = 0,2 (with i # j),

(1= ) B o (U4 S (0)] i (T) <y (T)
I i) = { (- cmyukette o0 i S )
(1—e) %4 eU; if nj (T) <ny (T),
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with 1 — 0y = 6y = 60, and

[ N A |
TTk_T (T—7)

k
or(T—1) 2 r(=r) { R+l
1—6*”2 : kk!
k=0

The following proposition summarizes the frictionless limits of the equilibrium surplus, S (7)

@ (7)

limy—00 S (7), and fed funds rate, p™ (7) = limy—00 p (7).

Proposition 11 For 7 € (0,T],

0 if na (T') # no (T')
o] — > L —(T-1)*
ST =Y oyt [ oSG L 15 (0)| i na () = o (7).
k=0
For 7 €10,T],
Inl(1—e—77 MJ,»e*TT U1 —-U
oy PRI O] ) <o
oo n _eTT ug —ug—0u e T — —0S
()=, mllme) e el ()] if s (T) = no (T) (60)
In|(1—e ") X2 4= (U —U
gy Pl T ) o (T) <o (T).

9 Quantitative analysis

In this section we calibrate the theory and conduct several quantitative exercises. First, we
compute the equilibrium of a small-scale example, and carry out comparative dynamic exper-
iments to illustrate and complement the analytical results of Section 8. Second, we simulate
a large-scale version of the model and use it to assess the ability of the theory to capture the
salient empirical features of the market for federal funds in the United States. Finally, we use
the large-scale calibrated model as a laboratory to conduct quantitative experiments to study
a key issue in modern central banking, namely the effectiveness of policies that use the interest

rate paid on banks’ reserves as a tool to manage the fed funds rate.

9.1 Calibration

The motives for trading, and the payoffs from holding reserve balances are different for different
types of fed funds market participants. Since commercial banks account for the bulk of the

trade volume in the fed funds market, we will adopt their trading motives and payoffs as
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the baseline for our quantitative implementation.?® The Federal Reserve imposes a minimum
level of reserves on commercial banks and other depository institutions (all of whom we refer
to as banks, for brevity). This reserve balance requirement applies to the average level of
a bank’s end-of-day balances during a two-week maintenance period.?! End-of-day balances
within a maintenance period may vary but remain in general positive as overnight overdrafts
are considered unauthorized extensions of credit, and penalized. In practice, banks typically
target an average daily level of end-of-day balances and try to avoid overnight overdrafts. On
October 9, 2008, the Federal Reserve began remunerating banks’ positive end-of-day balances.
Since December 18, 2008, the interest rate paid on both, required reserve balances, and excess
balances, is 25 basis points (Federal Reserve, 2008). In the theory, all these policy considerations
are represented by the end-of-day payoffs {Uy}, . Currently, the Fed does not pay interest on
intraday balances, but it charges interest on uncollateralized daylight overdrafts. In the theory,
the flow payoff to a bank from holding intraday balances during a trading session is captured
by the vector {uy};cxk-

For the quantitative work we adopt the following formulation:

U, = e A (k‘ — ];‘0) + F} (61)
with _ _
Fe (k) ifk<k—ko
Fy = max [F¥ (k), Fe (k)] if0<k—ko<k (62)
max [F¥ (k), Fg' (k), F° (k)] if k—ko <0,
where

20 Ashcraft and Duffie (2007) report that commercial banks account for over 80 percent of the volume of federal
funds traded in 2005, while 15 percent involves GSEs, and 5 percent corresponds to special situations involving
nonbanks that hold reserve balances at the Federal Reserve. Their estimates are based on a sample of the top
100 institutions ranked by monthly volume of fed funds sent, including commercial banks, GSEs, and excluding
transactions involving accounts held by central banks, federal or state governments, or other settlement systems.

2IFor an explanation of how these required operating balances are calculated, see Bennett and Hilton (1997)
and Federal Reserve (2009, 2010Db).
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with

I = e "7 (e 1)

I; = e—TA? (eicAf . 1) + Pc]

I}‘U —TAIfU

Il
®

and . B B

e AT (k — ko) T i 0 <k — ko
el (k— ko) if k — ko < 0.
The parameter Ay represents the length of the period between the end of the trading session

U = (63)

and the beginning of the following trading session, when the bank’s reserves held overnight at
the Federal Reserve become available (in practice, this period consists of the 2.5 hours between
6:30 pm and 9:00 pm ET). The parameter ko € {0,..., K — 1} indexes translations of the set
K, which afford us a more a flexible interpretation of the elements of K. Intuitively, ko can
be thought of as the overdraft threshold.?? The parameter k € {1, ey K — ]_fo} represents the
reserve requirement imposed on every bank. The specification of end-of-day payoffs, (61) and
(62), contemplates the fact that in practice, at the end of the trading day a bank with deficient
balance has the option to borrow from the Federal Reserve Discount Window.?3

The overnight interest rate that a bank earns on required reserves is denoted " > 0, while

€ T

i¢ € [0,4"] is the overnight interest rate on excess reserves (i = 4" currently in the United

22For example, in a parametrization with ko = 0, K can be interpreted as the set of fed funds balances that can
be held by an individual bank. More generally, we can instead regard k£ € K as an abstract index, and interpret
k' = k — ko as a bank’s fed fund balance. Under this interpretation, fed fund balances (i.e., ') held by banks are
in the set K' = {k’ : k¥’ = k — ko for some k € K}. Then since K’ = {—l_co, e K — Eo}, this formulation allows
the payoff functions to accomodate the possibility of negative fed funds balances. In line with this more general
interpretation, k represents the reserve requirement imposed on fed fund balances k' = k — ko. (The reserve
requirement stated in terms of the index k, would be k + ko.)

2 According to (62), a bank with end-of-day balance k such that k < k — ko, chooses not to borrow from
the Discount Window (and gets a payoff e ™27 (k — ko) + F*° (k)). A bank with end-of-day balance k such that
0 < k — ko < k, chooses whether to borrow from the Discount Window the amount needed to comply with the
reserve requirement, k — (k — ko) (to secure a payoff e "/ (k — ko) + F (k)), or not to resort to the Discount
Window (and therefore face deficiency charges and get payoff e "2/ (k — ko) + F*° (k)). Similarly, a bank that
ends the day with balance k such that k — ko < 0, can choose not to resort to the Discount Window (and face
unauthorized overdraft and deficiency charges and get payoff e "2/ (k—ko)+ FY), or to borrow from the Discount
Window, either an amount & — (k — ko) (to secure a payoff e "7 (k — ko) + F* (k)), or an amount —(k — ko) to
avoid an overnight overdraft (and secure payoff e="2¢ (k — ko) + F¢* (k)). In the appendix (Lemma 6) we pose
the optimization problem that a bank with end-of-day balance k € K faces at the Discount Window, and show
that Fj is the maximum value of this problem.
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States). The overnight interest rate at which a bank can borrow from the Discount Window is
denoted ¥ > 0, and P“ > 0 represents the pecuniary value of the additional costs associated
with Discount-Window borrowing (such as administrative costs and stigma). The deficiency
charge for failing to meet the reserve requirement consists of an overnight interest rate charged
on the shortfall, denoted ¢ > 0. The parameter P¢ > 0 represents the pecuniary value of
additional penalties that the bank may suffer for failing to meet reserve requirements. The
overnight overdraft penalty rate is ¢° > 0, and P° > 0 represents additional penalties resulting
from the use of unauthorized overnight credit. The interest rate that a bank earns on positive
intraday balances is ii > 0, and i > 0 is the interest rate it pays on daylight overdraft.?*
The parameter € € [0, 1) will be set either to zero or to a negligible value.?® The parameter A}
represents the length of the period between the end of the trading session and the time when the
actual interest payments on reserves are effectively made.?® The parameters AY, ?, and A;’c,
represent the lengths of the periods between the end of the trading session and the times when
the bank is required to pay the charges for the use of Discount-Window credit, for failing to meet
reserve requirements, or for the use of unauthorized overnight credit, respectively. Similarly,
Ajfl represents the length of time between the moment when the interest on intraday balances
is earned, and the moment when it is paid. We assume I} < 19,0 < IS, and I} < I}“. The first
condition says that at the margin, the present value of the penalty from unauthorized overnight
overdraft is larger than the present value of the interest on required reserves. The second
condition implies that there is a penalty for failing to comply with the reserve requirement. The
third condition ensures that the Discount Window does not create arbitrage opportunities.?”

We measure time in the model in days. The model is meant to capture trade dynamics in the

last 2.5 hours of the trading session, so we set T' = 2.5/24. Since most transactions are settled

through Fedwire, and Fedwire does not operate between 6:30 pm and 9:00 pm ET, Ay = 2.5/24.

24In practice, when an institution has insufficient funds in its Federal Reserve account to cover its settlement
obligations during the operating day, it can incur in a daylight overdraft up to an individual maximum amount
known as net debit cap. (This cap is equal to zero for some institutions.) On March 24, 2011, the Federal Reserve
Board implemented major revisions to the Payment System Risk policy, which include a zero fee for collateralized
daylight overdrafts and an increased fee for uncollateralized daylight overdrafts to 50 basis points, annual rate
(from 36 basis points) (see Federal Reserve, 2010a).

2By setting € to a negligible positive value, and i large enough relative to ii, we can ensure that {us}, oy
satisfies the discrete midpoint strict concavity property.

25In practice, interest is credited to an institution’s Federal Reserve account fifteen days after the close of a
reserve maintenance period.

2"These three conditions on policy parameters are used in the proof of Lemma 6, and as will be clear from the
calibration that follows, they are currently satisfied in the United States.
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As for the other settlement lags, the baseline uses Ajlc =0, and A", = A}” = A; = A? = Ay. By
setting A = 22/24, we ensure that all interbank loans in the model have a maturity between 22

¢ 1%, i and ¢°, are all chosen to mimic

and 24.5 hours. The values of the policy rates i¢, ii, i1
current policies in the United States. The interest rate charged on daylight overdrafts, i¢, is
set to 0.0036/360, and the interest rate paid on positive intraday balances, ii, to 1077/360
(one thousandth of a basis point, annualized).?® The Federal Reserve currently pays the same
overnight interest on required and excess reserves, namely 0.25 percent (annualized). That is,
a bank that ends the day with a positive reserve balance x, will have accumulated (claims to)
(1+iys)x reserves by the beginning of the following trading day, with i; = 0.0025/360.% In
the theory, this bank would start the following trading day with (claims to) e’ 2/ reserves.
Therefore, we set i" = i¢ = (1/Af)In(1+is) = 6.67 x 107°. The interest rate on Discount-
Window loans under the Primary Credit Facility is currently i = 0.0075 /360 (i.e., 0.75 percent
per annum), so we set 1 = (1/Ay)In(1 +i¥) = 0.0002. In practice, the penalty rate charged
for reserve deficiencies is 100 basis points above the Primary Credit Facility Discount Window
lending rate on the first day of the calendar month in which the deficiency occured, so we set
i¢ = (1/Af) In(1+4%) with i§ = 0.0175/360, which implies i® = 0.00047. The interest penalty on
overnight overdrafts is generally 400 basis points over the effective fed funds rate. The average
daily effective fed funds rate was 17 basis points (annualized) during 2010, and 14 basis points
during 2011, so we take 15 basis points as the reference effective rate, let z?c = 0.0415/360, and
set i = (1/Ay)In(1 +4%) = 0.0011. In the baseline, the pecuniary values of the additional
costs for borrowing from the Discount Window, P%, for failure to meet reserve requirements,
P¢, and for the use of unauthorized credit, P°, are set to zero.3°

We set a = 50, so that the equilibrium proportion of intermediated funds in the theory

(i.e., £(T|0) as defined in Proposition 7) is 0.38, which is roughly the empirical average in the

28The interest that a bank receives for holding positive intraday reserves is currently zero in the United States.
We set i‘i to a small positive number (and ¢ = 107%, a negligible positive number) only to ensure that {uk}pex
satisfies the discrete midpoint strict concavity property.

29The 360-day year is customary for interest rate calculation in money markets.

3%Notice that the baseline parametrization satisfies our maintained assumptions, If < I, If <I7,0<1If, and
I; < I¥. In addition, it implies Iy’ < If + I}, so (according to Lemma 6), a bank with a deficient end-of-day
balance k (i.e., such that k — ko < k) always chooses to borrow from the Discount Window the amount needed
to comply with the reserve requirement, namely & — (k — ko), and secures a payoff e~ "7 (k — ko) + F (k). None
of the quantitative results that we emphasize below are sensitive to the specific values of P or P°. In a recent
study, Armantier et al. (2011) quantify the impact of stigma associated with banks borrowing from the Discount
Window. They find that, during the recent financial crisis, banks were willing to pay an average premium of at
least 37 basis points to borrow from the Term Auction Facility rather than from the Discount Window. This
estimate could be used to calibrate P“.
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United States during 2005-2010 of the proportion of all fed funds traded by commercial banks
between 4:00 pm and 6:30 pm ET which were intermediated by commercial banks.?! We set
r = 0.0001/365 so that the value-weighted daily average fed funds rate implied by the model
(i.e., the p defined in Section 6.2) is near its current level, 0.0025/360. (The precise value of p will
vary with the initial condition {ng (7')},cx, which we will be experimenting with.) The choice of
initial condition {ny (T)},cx will be guided by identifying ny, (T") with the empirical proportion
of commercial banks whose balances at the beginning of the trading session are k/k times larger
than their daily reserve requirement (prorated over the quarter). In our experiments we work
with kg = 0, and will vary K, {n; (T)} peks and k, to simulate various scenarios regarding the
relative abundance or scarcity of reserve balances in the interbank market on a given day. All

banks have the same bargaining power in the baseline.

9.2 Trade dynamics

For the numerical exercises in this subsection we set K = {0, 1,2}, k = 1, and consider two
initial distributions of funds, {n (T)}i:() = {0.6,0.1,0.3}, and {ng (T)}izo = {0.3,0.1,0.6}.

All other parameter values are as in the baseline calibration described in Section 9.1.

9.2.1 Bargaining power

Figure 1 (with actual time, ¢t = T' — 7, on the horizontal axis) shows the time paths for the
trade surplus, the opportunity cost to a lender from giving up the second unit of reserves, and
the fed funds rate, for different values of the borrower’s bargaining power, § = 0.1, = 0.5 (the
baseline), and # = 0.9. The top row of panels corresponds to the case in which the initial number
of lenders is smaller than the initial number of borrowers, i.e., ns (T) = 0.3 < ng (T") = 0.6.
Notice that in this case, reserve balances are relatively scarce since Q = 0.7 < 1 = k. First
consider the left panel on the top row. Since S (0) = 2U; — Us — Uy, the trade surplus at the
end of the session is the same for all values of #. For all t < T, however, the time-path for the
trade surplus is shifted upward as the borrower’s bargaining power, 6, increases. The reason

is that while for each 7, an increase in 6 increases the borrower’s outside option, Vp (1), and

31The choice of a = 50 also implies that on average banks have 5 meetings during the trading session, i.e., a
trading opportunity every 30 minutes, on average. The implied equilibrium mean and median numbers of trading
partners per bank during the session are 2.5 and 2, respectively. In the actual market for federal funds between
2009 and 2010, the mean and median numbers of fed funds counterparties that a commercial bank traded with
between 4:00 pm and 6:30 pm ET were equal to 3 and 2, respectively. These fed funds market facts are from
Afonso and Lagos (2011).
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decreases the lender’s outside option, V4 (7), the fact that na (7) < ng (7) for all 7, implies that
the decrease in the lender’s outside option is larger than the increase in the borrower’s outside
option, so the resulting trade surplus is larger at each point in time along the trading session.
The middle panel shows that as 6 increases, the path for the value of a lender is shifted down
for all 7 € (0,7]. (Agents with one unit of balances do not trade in this example, so the path
for Vj (7) is effectively exogenous.) The right panel confirms that the path for the fed funds
rate is shifted down as the bargaining power of the borrower increases, as was to be expected
from (51) and the effect of @ on V5 (7) — Vi (7) illustrated in the middle panel. Intuitively, the
borrower pays less for the loan when he has a stronger bargaining power in the negotiation of
the loan rate.

The panels on the bottom row correspond to the case in which reserve balances are abundant;
since the initial number of borrowers is smaller than the initial number of lenders, i.e., ng (T') =
0.3 < ng (T) = 0.6, we have k = 1 < 1.3 = Q. In this case an increase in @ still increases Vp (7)
and decreases V; (1) for each 7 € (0,77, but the fact that ng (7) < ng (7) for all 7 implies that
the decrease in the lender’s outside option is smaller than the increase in the borrower’s outside
option, so the resulting trade surplus is now smaller at each point during the trading session.
As in the top panel, the path for the value of a lender is shifted down for all 7 € (0,7 as 0
increases, but notice that the size of this effect is smaller for smaller ng (7) (because in this case
the lender meets borrowers very infrequently, which makes his expected gain from trade small
to begin with). Again, the right panel confirms that the path for the fed funds rate is shifted

down as the bargaining power of the borrower increases.3?

9.2.2 Discount-Window lending rate

Figure 2 (with t = T'— 7, on the horizontal axis) shows the time paths for the trade surplus,
the opportunity cost to a lender from giving up the second unit of reserves, and the fed funds
rate, for different values of the Discount Window policy rate as it is reported by the Federal

Reserve, i.e., 27;’ = ¢"Ar — 1. The different values considered are 21]? = 0.005, z"}” = 0.0075

32In order to understand the intraday dynamics of the fed funds rate, it is useful to compare the right panel
on the top row with the right panel on the bottom row. In general, the fed funds rate tends to increase over
time (i.e., as the end of the trading session approaches) when there are more lenders than borrowers, but it can
decrease over time when there are more borrowers than lenders, provided 6 is not too small. In both scenarios
S (7) is increasing over time, which tends to make p (7) increasing over time (see (51)). But when the number of
borrowers is large relative to the number of lenders, the difference V2 (7) — Vi (7) is large and decreases steeply
over time, and this effect can (e.g., for 6 large enough) dominate the dynamics of the fed funds rate, resulting in
an equilibrium fed funds rate that decreases over time.
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(the baseline), and z}“ = 0.01. The panels on the top row correspond to the case in which
reserve balances are scarce (the initial number of lenders is smaller than the initial number of
borrowers, i.e., na(T') = 0.3 < ng (I') = 0.6), while the bottom row corresponds to the case
with ng (T') = 0.3 < ny (T') = 0.6, in which reserve balances are abundant. The left panels on
the top and bottom rows show that making it more costly to borrow from the Discount Window
shifts up the path of the surplus, an effect driven by the fact that the first-order implication
of a larger z}” is to reduce the borrower’s outside option, Vj (7), making it more valuable for
borrowers to trade and avoid having to resort to the Window. Naturally, this effect also causes
the paths for the interest rate to shift up. The middle panels show that an increase in z? leads

to an increase in the value of lenders for all ¢ € [0, 7).

9.2.3 Trading delays

Figure 3 (with ¢t = T'— 7, on the horizontal axis) shows the time paths for the trade surplus, the
opportunity cost to a lender from giving up the second unit of reserves, and the fed funds rate,
for different values of the contact rate, a = 25, a = 50 (the baseline), and o = 100. The panels
on the top row correspond to the case in which reserve balances are scarce (the initial number
of lenders is smaller than the initial number of borrowers, i.e., ny (T') = 0.3 < ng (T') = 0.6),
while the bottom row corresponds to the case with abundant reserve balances, ng (T') = 0.3 <
ng (T) = 0.6. The middle panel on the top row shows that traders on the short side of the
market benefit from increases in the contact rate. In contrast, the middle panel on the bottom
row shows that in this example, increases in « decrease the expected payoffs of the agents who
are on the long side of the market. This is explained by the fact that, from the standpoint
of the agents on the long side, a faster contact rate has the undesirable effect of taking scarce
potential trading partners off the market, which can adversely affect the effective rate at which
they are able to trade.??

For all t < T the time-path for the trade surplus is shifted downward as « increases. In the
parametrization illustrated in the top row, an increase in « increases Vs (7) for all 7 € (0, 7]

and decreases Vp (1) for all 7 € (0,7]. However, the former outweights the latter since na (7)

33In general, the effect of changes in « on equilibrium payoffs can be subtle. For example, in some of our
numerical simulations we have found that, if ns (T) < ng (T'), then V; (7) can be nonmonotonic in a: increasing
in « for small values of «, but decreasing in « for large values. If ns (T) < no (T), however, Va2 (7) is typically
increasing in a. We have found the converse to be the case for ng (T') < n2 (T), i.e., Vo (1) is increasing in «,
while increases in « from relatively small values tend to shift V2 (1) up, while increases in « at large values tend
to shift Vz (7) down.
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is small relative to ng (7) for all 7. In the parametrization illustrated in the bottom row, an
increase in « increases Vp (1) for all 7 € (0,7] and decreases Va (1) for all 7 € (0,7 and the
former effect outweights the latter since ng (7) is small relative to ng (7) for all 7.

Together, the dynamics of Vo (7) — Vi (1) and S () account for the pattern of interest
rates displayed in the right panels of the top and bottom rows. In each case, the right panel
shows that traders on the short side of the market benefit from increases in the contact rate.
Specifically, when lenders are on the short side, increases in the contact rate take scarce lenders
off the market which makes borrowers willing to pay higher rates for the loans. Similarly, when
borrowers are on the short side, a faster contact rate takes scarce borrowers off the market

making lenders more willing to accept lower rates for the loans.

9.3 Simulation results

For the numerical simulations in this section we set K = {0,1,2,...,49}, k = 1, and
Nee=A
= T 49
kD i—ony (T)

with A = 10. Notice that Q = Z?io kng (T) ~ 10, so reserves are relatively abundant in

ni (T) (64)

this parametrization, in the sense that the consolidated banking sector holds reserve balances
that amount to ten times its reserve requirement. All other parameter values are as in the
baseline calibration described in Section 9.1. We simulate the equilibrium paths of 1000 banks,
and report the quantitative performance of the model in three figures. Figure 4 displays the
equilibrium behavior of the distribution of fed funds balances and of the fed funds rate. Figure
5 reports several dimensions of trade volume, such as the distribution of transactions per bank,
the distribution of loan sizes, and the intraday time path of the volume of trade. Figure 6
focuses on intermediation.

In Figure 4, the top row describes the evolution of the distribution of balances. The left
panel shows the opening and the end-of-day distribution of balances across banks. The middle
panel describes the intraday evolution of the distribution of balances by depicting a box plot of
the distribution at fifteen-minute intervals throughout the day.** The right panel shows that
the standard deviation of the cross-sectional distribution of balances falls as the trading session

unfolds—an indication that the market is continuously reallocating balances from banks with

34Empirical versions of this box plot can be found in Afonso and Lagos (2011) and Ashcraft and Duffie (2007).
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larger reserves to banks with smaller reserves. The bottom row describes the behavior of the
(distribution of) fed funds rate(s). The left panel plots in chronological time, ¢ = T — 7, at each
minute during the trading session, the value-weighted average value of p (7). The middle panel
shows the histogram of the values of p (7) on all daily transactions. The right panel exhibits a
box plot every 15 minutes of the spread between the theoretical rates on loans traded at minute
t =T — 7 (measured by p (7)) and the value-weighted average of these rates on all transactions
traded in that minute.

In Figure 5, the top left panel shows the proportion of the daily volume (the solid line)
and the proportion of the daily number of loans (the dashed line) traded by time t = T — 7.
Notice that neither the volume of trade nor the number of trades are distributed uniformly
throughout the day; rather, trading activity tends to be higher earlier in the session. The top
middle panel shows the daily distribution of loan sizes, and the top left panel uses box plots
every 15 minutes to describe the evolution of the distribution of loan sizes during the day. On
the bottom row, from left to right, are the distribution of the number of counterparties per
bank, the distribution of the number of borrowers that a bank lends to, and the distribution
of the number of lenders that a bank borrows from. As in the data, the distribution of loan
sizes is skewed, with a few large trades and many small trades, and so is the distributions of
counterparties, with a few banks that have many and many that have a few.?>

In Figure 6, the left panel shows box plots of the distribution of fed funds purchased through-
out the trading day (every 15 minutes) by banks whose adjusted balances, k — k, at the time
of the trade are in the top 70 percent of the distribution of nonnegative adjusted balances.
The figure shows that it is common for banks with relatively large balances to borrow, which
can be interpreted as prima facie evidence of the presence of over-the-counter trading frictions
in the fed funds market.?® The middle and left panels show the distribution of excess funds
reallocation, and the distribution of the proportion of intermediated funds, respectively, i.e., the
two measures of intermediation introduced in Section 6.4. As in the data, these distributions

are very skewed, with a few banks doing most of the intermediation.?”

3%Empirical versions of these figures can be found in Afonso and Lagos (2011).
36This point was first made by Ashcraft and Duffie (2007). See Afonso and Lagos (2011) for more evidence.
37See Afonso and Lagos (2011) for versions of these figures constructed using data from the fed funds market.
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9.4 Policy evaluation: interest on reserves and fed funds rate targets

During the five years prior to the onset of the 2008-2009 financial crisis, total reserve balances
held by depository institutions in the United States fluctuated between $38 billion and $56
billion, and required reserves stood between 80 percent and 99 percent of total reserves.’®
The quantity of reserves increased dramatically from about $41.5 billion in the months prior
to September 2008 to more than $900 billion in January 2009.3° Most of the increase was
accounted for by a sharp rise in excess reserves, which represented more than 93 percent of
total reserves in January 2009 (up from less than 3 percent in the months prior to September
2008). This situation persisted throughout 2010, with required reserves accounting for less than
7 percent of total reserves, which typically remained above $1 trillion.%°

On the policy front, the Emergency Economic Stabilization Act of 2008 authorized the Fed-
eral Reserve to begin paying interest on reserve balances held by or on behalf of depository
institutions beginning October 1, 2008. With this authority, the Federal Reserve Board ap-
proved a rule to amend its Regulation D (Reserve Requirements of Depository Institutions) to
direct the Federal Reserve Banks to pay interest on required reserve balances and on excess
balances.*!

Together, the unprecedented scale of excess reserve balances and the new policy instruments
at the disposal of the Federal Reserve raise important and interesting questions regarding the
Federal Reserve’s ability to adjust its policy stance. For example, how large an open market
operation would be necessary to increase the fed funds rate by 25 basis points in a market with
excess reserves standing at about $930 billion—i.e., more than 93 percent of total reserves? Is
it possible to uncouple the quantity of reserves from the implementation of the interest rate
target? And if so, what will be the elasticity of the fed funds rate to changes in the interest
on reserves? These issues are crucial for the conduct of monetary policy, and as such they are

receiving much attention in policy circles.*?> Consequently, there is a growing need for models

that can be used to explore quantitatively, the effectiveness of the interest rate on reserves as

38Required reserve balances are those held to satisfy depository institutions’ reserve requirements.

39Lehman Brothers filed for bankruptcy on September 15, 2008.

10Keister and McAndrews (2009) discuss why banks are holding so many excess reserves.

“1The Financial Services Regulatory Relief Act of 2006 had originally authorized the Federal Reserve to begin
paying interest on balances held by or on behalf of depository institutions beginning October 1, 2011. The
Emergency Economic Stabilization Act of 2008 accelerated the effective date to October 1, 2008. The Federal
Reserve began paying interest on reserve balances held by depository institutions on October 9, 2008.

42See Ennis and Wolman (2010), Goodfriend (2002), and Keister, Martin and McAndrews (2008).
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a tool to actively manage the fed funds rate.*® In this section we take steps toward fulfilling
this need by conducting policy experiments in a large-scale calibrated version of the model
developed in the previous sections.

For the experiments that follow, we set K = {0, 1,2,...,49} and use (64) to parametrize the
initial distribution of balances (as in the simulations of Section 9.3). The policy experiments
consist of varying the policy rates i}”, i and z? for different values of k. All other parameters
are as in the baseline calibration described in Section 9.1. Notice that in the theory, @ =
Zszo kny, (T) is the quantity of reserves held by the banking system as a whole, while k is the
reserve requirement of the consolidated banking system. Hence @/k indicates whether total
reserve balances are scarce or abundant relative to the quantity of required reserves, and we
can represent different market conditions by varying k.** For example, a market situation in
which Q/k is small, may result from an open market sale at the onset of the trading session,
or from some other portfolio decisions made by banks. By considering different values of Q/k
we can explore the effects that changes in policy rates have on the equilibrium fed funds rate,
for different market conditions determined by quantity of total reserves (Q) relative to the
quantity of required reserves (k). We conduct four policy experiments. For each we consider
seven scenarios depending on the value of Q/k, namely 10/20, 10/13, 10/11, 1, 10/8, 10/7, and
10/6. In all experiments, zjc = z;} =iy as currently in the United States.4®

The first experiment consists of increasing iy by 25 basis points from 0 to 75 basis points,
while leaving ZQ; at its baseline value (75 basis points in every case). The second experiment
consists of increasing z}” by 25 basis points from 25 to 150 basis points, while leaving i at its
baseline value (25 basis points in every case). The implied values of the equilibrium (value-

weighted) daily average fed funds rate, p¢, for the first and second experiments are summarized

43K eister, Martin and McAndrews (2008), for example, conclude that “While the floor system has received
a fair amount of attention in policy circles recently, there are important open questions about how well such
a system will work in practice. Going forward, it will be useful to develop theoretical models of the monetary
policy implementation process that can adress these questions...”. Ennis and Wolman (2010) point out that “In
contrast to the predictions of simple theories, the interest on reserves (IOR) rate has not acted as a floor on the
federal funds rate. It is now well-understood why certain institutional features of the fed funds market and the
IOR program should prevent the IOR rate from acting as a floor, but the precise determination of the fed funds
rate in this environment remains poorly understood.”

441n every case, A = 10, which implies Q = 10. Alternatively, we could leave k fixed and vary .

45The value of i} does not matter for our experiments because it does not affect the equilibrium fed funds
rate (provided that i satisfies the maintained assumptions). The reason is that as explained in footnote 30,
under the maintained assumptions banks with deficient end-of-day balances choose to borrow from the Discount
Window the amount needed to comply with the reserve requirement. Therefore banks can always meet their
reserve requirement, and earn i} per unit of required reserves.
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in Table 1 and Table 2, respectively. In the first scenario, k = 2 so Q / k = 0.50, i.e., this scenario
represents a day in which reserves are very scarce in the sense that the consolidated banking
system holds reserves that are only one half of the (average) required reserves. In this case,
the fed funds rate varies one-for-one with the Discount-Window rate, i"}”, and is insensitive to
the interest rate paid on reserves, iy. Conversely, if the quantity of reserves in the system is
large relative to the quantity of required reserves, e.g., when Q/k = 10/6 ~ 1.67, then the fed
funds rate is insensitive with respect to i}”, and varies one-for-one with iy. The fed funds rate is,
however, sensitive to both policy rates when market conditions are less extreme (in terms of the
size of the total reserves relative to required reserves). For example, if the market is “balanced”,
e.g., if @Q/k =1, then a 1 basis point increase in either policy rate, increases the fed funds rate
by about 0.5 basis point.*6 Other intermediate market conditions give different intermediate
results, for example, if Q/k = 1.25, then a 25 basis-point increase in the interest rate paid on
reserves, increases the fed funds rate by about 24 basis points, while a 25 basis-point increase
in the Discount-Window rate would increase the fed funds rate by 1 basis point.

Naturally, for a given pair of policy rates, the equilibrium fed funds rate is decreasing in
the overall quantity of funds in the system, Q/k, as can be seen by following from left to right
the first four rows of Table 1 or the last five rows of Table 2. Notice that the equilibrium fed
funds rate always lies within the interval [if + £,4} 4+ €]. Such an interval is often referred
to as a channel or corridor by central bankers.*” In Table 1 the corridor gets narrower as i ¥
increases, and in the limit when iy = 4 = 0.0075 (the last row), the interval collapses to a
point: the equilibrium rate can only equal 0.0075 + ¢, and therefore it becomes insensitive to
Q/k. Similarly, the equilibrium rate remains equal to 0.0025 + & for any value of Q/k when
if =iy = 0.0025 (the first row of Table 2).

For the third and fourth experiments we set i =1 +w, where w denotes a number of basis

points (per annum), and increase iy by 25 basis points from 0 to 100 basis points. The implied

46 As we explain below, the 0.5 results from the fact that in our baseline calibration, the bargaining power of
all banks is equal to one half.

4TThe value of ¢ is slightly above half a basis point in our calculations. (It is not exactly zero, because in
the baseline calibration, banks have a small yet positive, concave intraday payoff from holding reserves.) Many
central banks, e.g., the European Central Bank, and the central banks of Australia, Canada, and England, use a
channel or corridor system to implement monetary policy. The system consists of a lending facility that resembles
the Discount Window in the United States, from which banks are allowed to borrow freely (typically against
acceptable collateral) at an interest rate equal to the target rate plus a fixed number of basis points. There
is also a deposit facility that allows banks to earn overnight interest on reserves at a rate equal to the target
rate minus a fixed number of basis points. Hence interest rates at the two standing facilities form a channel or
corridor around the target rate.
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values of pg, for w = 0.0050/360 and w = 0.0025/360 are reported in Table 3 and Table 4,
respectively. From these tables, it is clear that the equilibrium fed funds rate is always inside
a corridor [if +¢€,if +w + €] (the value of ¢ is slightly above half a basis point). Thus, these
experiments amount to shifting the whole corridor keeping its width, w, constant. As before,
the exact position of the equilibrium fed funds rate within this corridor, depends on the amount
of reserves relative to required reserves, Q/k. For example, from the first column of Table 3 or
Table 4, it is clear that if reserves are relatively scarce (e.g., @/k < 0.50) the equilibrium fed
funds rate coincides with the the upper limit of the corridor, z? + &. Conversely, according to
the last column of Table 3 or Table 4, the equilibrium rate coincides with the the lower limit of
the corridor, i + €, if reserves are abundant (e.g., @/k > 1.67). As the market becomes more
balanced, i.e., as Q/k becomes closer to 1, the equilibrium fed funds rate approaches the middle
of the corridor. Finally, notice that both in Table 3 and Table 4, shifting the whole corridor up
by x basis points (keeping the corridor width fixed) increases the equilibrium fed funds rate by

x basis points.

9.4.1 Discussion

In order to explain the impact that changes in policy, such as the Discount-Window rate, or the
interest rate that the Federal Reserve pays on reserves, have on the equilibrium distribution of
fed funds rates negotiated between banks throughout the day, consider the analytical example
studied in Section 8.

Assume that {Uy} is given by (61)-(63), a specification that captures the essential insti-
tutional arrangements currently in place in the United States, and set kg = 0 and k = 1.
As explained in Section 9.1, if the policy rates as quoted by the Federal Reserve are i 1%,
i and i, their theoretical counterparts are i" = (1/Ay)In(1 + %), i¢ = (1/Ay)In(1 + i%),
i = (1/Ag) In(1+4¥) and i° = (1/Ay) In(1+i%), respectively. Similarly, using py (1) to denote
the fed funds rate on a bilateral loan at time 7" — 7 as it is usually calculated from Fedwire

data, p(7) = [1/ (7 + A)]In[1 + p¢ (7)]. In the appendix (Lemma 7) we show that

In[l+py (7)) = (A = AY)r +1n|B ()5 +[1 - B(7)] i}

n €TA? (€ — 1) U — U + C(T) (1 —0)u n e,T(Af,A;) ’
r
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where

B(r)=1—(1-0) {/0 ang (z) e 073y 4 0 —17] (66)
T e r(T=2) ang ( @ldrdz + [T e 8M=0()] g,
c(r)= Doe” (1 : M) fode & Jy , (67

and i} = i} + "R min([§, I} — I}). The first term on the right side of (65) reflects the fact
that the interest on a loan made to another bank is received at time T + A, while the interest
on reserves held overnight at the Federal Reserve is received at time 7" + A}. At time T, the
interest on excess reserves, i;i, is the minimum overnight interest rate at which a bank with

excess balance is willing to lend, while
i3 = min {if + T OTAD (5 4 P, A ANy 4 P}

is the maximum overnight interest rate that a bank with a deficient balance is willing to pay.
If 7 or the maturity difference A — A% is small, then it is clear from (65) along with the
maintained assumptions ¢ < ¢} and I} < I}, that ps (1) > i%, i.e., at no point during the
trading session will a bank with two units of reserves lend the second (excess) unit to another
bank for an interest rate smaller than the interest it can earn on this second unit from the
Fed. The premium that the lender can charge over the interest it can earn on reserves, will
depend on the size of the current gain from trade as well as on the bargaining strength of the
lender (captured both by the lender’s alternative search prospects, and by his bargaining power
parameter, 1 — ).

To explain the effect of policy on the fed funds rate, focus on the case in which A — A7, s
negligible, so (65) simplifies to

ps (1) =B (7)if+[1 =B (7))}

_ 1-0)a
+ erA (67‘7' o 1) Uz up + C:T) ( 9) U + er(A—Af) 1. (68)

For this case, we have the following characterization of the effects of the policy rates on the

equilibrium path of the fed funds rate.

Proposition 12 Suppose that either r =~ 0 or A — A} ~ 0. A one percent increase in the
overnight interest rate that the Fed pays on excess reserves, i?, causes a (B (T) percent increase

in the fed funds rate at time T — 7. A one percent increase in the mazimum overnight interest
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rate that a bank with a deficient balance is willing to pay at the end of the trading session, z"},
causes an 1 — B (1) percent increase in the fed funds rate at time T — 7. If no (T) = no (T,
then B (1) = 0. If na (T') # no (T), then
B =(1-9) e~z (M) =no(MOT L1 (T') — g (T) e~ 2D =no(MI(T=7)
ng (T) — ng (T) e=en2(T)=no(D)T
ng (T) e~ P2(T)=no(D)]T {ea n2(T)—no(T)](1-0)7 1}
no (T) — ng (T) e—aln2(T)—no(T)|T

_.I_

with B (0) = 6 and B (1) € [0,1] for all 7. Moreover, 0 < (1) < 0 and ' (1) < 0 if na (T) <
no (T), and 6 < (1) <1 and ' (1) > 0 if ng (T') < na (T).

Intuitively, 1 — 8 (7) can be thought of a lender’s effective bargaining power at time T'— 7. It
is determined by the lenders’ fundamental bargaining power, 1 — 0, as well as by their ability
to realize gains from trade in the time remaining until the end of the trading session, which
depends on the evolution of the endogenous distribution of balances across banks. For example,
if ng (T) < na (T), it is relatively difficult for banks with excess balances to find potential
borrowers, and 1 — 5 (7) is smaller than 1 — 6 throughout the trading session. In this case the
lenders’ effective bargaining power, 1 — 3 (7), increases toward their fundamental bargaining
power, 1 — 6, as the trading session progresses, reflecting the fact that although borrowers face
a favorable distribution of potential trading partners throughout the session, their chances to
execute the desired trade diminish as the end of the session draws closer.

The mechanism is most transparent if in addition to r ~ 0, we set u; ~ 0 (as is currently

the case in the United States) since in this case

ps (1) =B ()i} +[L = B (7)]i}. (69)

Recall that ps (7) in this example is the rate that a bank with two units of reserves charges a
bank with no reserves for a loan of size one. Since required reserves equal one unit, the bank
with two units has excess reserves, and a bank with zero units needs to purchase one unit to
comply with the reserve requirement. According to (69), the fed funds rate is a time-varying
weighted average of the lender’s end-of-day return on the second unit of balances, O and the
borrower’s end-of-day reservation rate for the first unit of balances, i%. The weight on the former
is B (1), the borrower’s effective bargaining power at time 7' — 7. Notice that if A = A}” = A;,
then i} = min(i;} +i% + P i + PY). Hence, if if + P <4} +14%+ P then a bank with zero
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balance at time T will resort to the Discount Window, and the equilibrium fed funds rate at
time T'— 7 is py (1) = B(7) 4§ + [1 — B(7)] (i} + P*). Conversely, if /% + 4§ + P < i + P,
then a bank with zero balance at time 7" will instead choose to bear the deficiency charges, and
the equilibrium fed funds rate at time 7' — 7 is py (1) = B (7) i} + [1 — B (7)] (i} + i} + P°).

To conclude, we illustrate the importance of basing policy recommendations on a theory
that is explicit about the over-the-counter nature of the fed funds market. Let p3° () denote
the fed funds rate (measured as it is usually calculated from Fedwire data) that would prevail in
the frictionless economy of Section 8.3; i.e., 1+ p%° (1) = eP™(M)(T+2)  In the appendix (Lemma
8), we show that P¥ (7) is independent of 7, so here we denote it p7 . For the special case with
A — Ay =u; =0 for all 4, andeitherr%OorA—A?zO,

ch if ngy (T) < ng (T)
P =4 05+ (1-0)i5 if ny (T) = no (T) (70)
’L? if ng (T) < N9 (T)

is the frictionless analogue of the over-the-counter fed funds rate in (69). Generically, the fed
funds rate in the frictional market is time-dependent and continuous in the quantity of fed
funds in the market (in this case, @ = ni (T) + 2ny(T")). In contrast, the frictionless rate
pjoco is independent of 7 and discontinuous in Q; p?o jumps from zjc up to Hi;i +(1-0) zje as
approaches 1 from below, and jumps from ’L; down to 91’? +(1-06) zjc as @ approaches 1 from

above. In general,

B(r) (i —i%) if 1 (T) < no (T)
pF —pp(r) =4 0 if ng (T') = no (T)
—[1=B()] (i} —i%) ifno(T) <na(T).

Notice that py (7) = p° in the non-generic case of a “balanced market”, i.e., if ns (T') = ng (T')
(or equivalently, if @ = 1), for in this case the distribution of balances is neutral with respect
to borrowers and lenders, and hence their effective bargaining powers, §(7) and 1 — g (1)
coincide with their fundamental bargaining powers, 6 and 1—60. But generically, the frictionless
approximation overestimates the true frictional rate if fed funds are relatively scarce (i.e., if
@ < 1 or equivalently, ns (T) < no(7) in this example), and underestimates the true rate
if fed funds are relatively abundant (i.e., if @ > 1). Interestingly, these biases which are nil
when the market is perfectly balanced, will also tend to be relatively small if the market is
very unbalanced. For example, if ng (T) is very large relative to ng (7', then according to

Proposition 12, the equilibrium path for g (7) will be very close to 1 throughout most of the
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trading session (f (1) will fall sharply toward 6 over a very short interval of time right before

the end of the trading session).
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A  Proofs

Lemma 1 For any (k, k') € Kx K and any 7 € [0,T], consider the following problem:

1-0,,.

max Vi (7) = Vi (7) + e 7R [V (7) = Ve (7) = e 7OFR] (71)

[ [
bel'(k,k'),RER

where Oy = 1 — Oy, € [0,1], and Vi (1) : K x [0,T] — R is bounded. The correspondence

010
* / N = _ *T(T‘f’A) kk
H (kK V) =arg o { [Vk_b (7) = Vi (7) + e R}

1—-6,,/
[Vk’-i-b (7') - Vk’ (T) — 67T(T+A)R] t }
is nonempty. Moreover, (byy (7), Ry (7)) € H* (k, k', 7, V) if and only if

brr (1) € arg max  [Virap (7) + Vi—p (7) — Ve (1) — Vi (7)], and (72)
bel (k,k')

e T Ry (1) = Oty [Virsy () (1) = Vir (1)] + (1= Oar) [Vie (1) = Vi) (1)] - (73)

Proof of Lemma 1. Consider

Ot 1-6,,./
max [sz—b (1) = Vi (1) + 6_T(T+A)R} * [Vkurb (1) = Vi (1) — e_T(T-FA)R} o (74)
(b,R)eD(k,k')

where T (k, k') = {(b, R) € T (k, k') x [-B, B]} for some arbitrary real number B > 0. Clearly,
this problem has at least one solution. Let (b*, R*) denote a solution to (74). If the constraints
—B < R < B are slack at (b*, R*), then (b*, R*) is also a solution to (71), and (b*, R*) must

satisfy the following first-order condition
e TR = O (Vi (1) = Vi (1)) + (1= O [Vie (7) = Vi ()] (75)

Suppose that (b*, R*) with R* given by (75) is a solution to (74) with —B < R* < B (given
(75), these inequalities can be guaranteed by choosing B large enough), but such that

b* ¢ arg pomax Viras (7) + Viep (1) — Vi (1) — Vi (7)] - (76)

Condition (75) implies
Viepe (7) = Vi (7) 4+ e TTHAIR = 011 Vi e (7) + Vi (7) — Vir () = Vi (7)]

Vit (1) = Vig (1) — e TR = (1= ) [Vig e (7) + Viempr (1) = Vi (7) = Vi (7)],
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so the value of (74) achieved by (b*, R*) is
Ok (1= )~ (Vi (1) + Vi (1) = Vi (1) = Vi (7)) = €7
But (76) implies that there exists b’ € T" (k, k") such that
€ <O (1= )" Vo (7) + Vi (1) = Vir (1) = Vi (7)].
Then since B can be chosen large enough so that
R = " T {0 Vi (7) = Vi (1)] + (1= Ogwe) [Vie (7) = Viw (7))} € (=B, B)

it follows that (b/, R") achieves a higher value than (b*, R*), so (b*, R*) is not a solution to (74);
a contradiction. Hence, a solution (b*, R*) to (74) with —B < R* < B must satisfy (75) and

b* € arg pomax Virio (7) + Vis (1) = Vi () = Vi (7)] - (77)

Since the right side of (75) is bounded, R* is finite and B can be chosen large enough such that
R* € (=B, B), so (71) has at least one solution, and any solution to (71) must satisfy (75) and
(77). To conclude, we show that any (b*, R*) that satisfies (75) and (77) is a solution to (71).
To see this, notice that for all (b, R) € T (k, k") x R,

0.,/ 1-0,,,
ﬁ@,b@»-—v@<7>+«f*“+A>R}kk Vi () = Vie (7) = "+ R)
0,11 1—6,.,,
—r(t+A) kk , o , __—r(t+A) kk
< max [Viy (1) = Vi (1) + )™ [Virsa (7) = Vi () = e 7T+

— 00 (1 — O )0 (Vi (7) + Vi (1) — Vi (7) = Vi (7)]

01’ / *
< O (1= Oprr)' Ok pomax Vi (7) + Vit (1) = Vi (1) = Vi (7)] = €7 m

Lemma 2 The function Ji (z,7) given in (2) satisfies (1) if and only if Vi (1) satisfies (3),
given (4) and (5).

Proof of Lemma 2. Let B denote the space of bounded real-valued functions defined on
K x [0,T]. Let B’ denote the space of functions obtained by adding e "(T+A) % for some x € R,
to each element of B. That is,

B' = {g :S—=>R|g(k,z,7)=w(k,T1) 1+ e "B 2 for some w € B},
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where S =K x R x [0,7]. Let s = (k,z) and s’ = (K, 2’) denote two elements of K x R. For
any g € B' and any (s,s’,7) € K x R x S, let

H (s,s,7;9) = arg er (X en {[g (k— b,z + R, 7) — g (k,x,7)]"
[g(K +b,2/ = Ry7) = g(K, o/, 7)) ),

where O = 1 — O, € [0,1] for any k, k' € K. Since g € B, H(s,s',7;9) = H* (k, k', 7;w),
where
01
H* (k, K T w) =arg max { [w (k=b,7)—w(k,7)+ e_T(TJFA)R} "
beT (k,k'), RER

1-0,./
[w(k" +b,7)—w(k',T) — e_T(H'A)R} * }

for some w € B, as defined in Lemma 1. By Lemma 1, H* (k, k', 7;w) is nonempty, and
(b(k,K',7), R(K,k,7)) € H* (k, k', 7;w) if and only if
b(k, k' 7)€ argb Ilp(%)i : [w(k:' +b,7)+wk—=b71)—wk 1) —w(k, 7')] (78)
c K

and

e TTHARE by T) = O {wl[k +b(k,K,7),7] —w(k' ,7)}
+ (1 = Opwr) {w(k,7) —w [k — bk, k', 7),7] } . (79)

The right side of (1) defines a mapping 7 on B’. That is, for any ¢ € B’ and all (k,z,7) € S,
min(7,7) A
(Tg) (k,x,7)=E {/ e Fupdz + I se” T (Up + e 2r)
0
+Lr<e™™ /g [/-c — bk, kK7 —78),x + R(K bk, 7 — 70), T — Ta] 1 (ds', T — Ta)

where b(k, k', 7) satisfies (78) and R(K', k,7) satisfies (79) (for the special case O = 1/2 for
all k, k' € K), for w € B defined by w (k,7) = g (k,z,7) — e ""t8)z for all (k,7) € K x [0, T].
Substitute g (k,z,7) = w (k,7) + e "7tz on the right side of (Tg) (k,,7) to obtain

(Tg) (k,xz,7) = (Mw) (k,7) + e (T A) 5 (80)
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where M is a mapping on B defined by
min(7q,7)
(Mw) (k,7) =E [/0 e Fupdz +Tp s e U
+Iirp<rye ™ /w [k — bk, K, 7 —78), T — Ta] 1 (ds', T — Ta)
e [T CRTIORE ke (a7 )] 6D

for all (k,7) € K x [0,7]. Since the right side of (81) is independent of the net credit position
x, after recognizing that p ({(¥',z) e Kx R: k' =k}, 7) = ng (), (81) can be written as

min(7a,T)
(MUJ) (k), T)=E [/ e Fupdz + H{TQ>T}6_TTU]€
0

+E {]I{TQST}eTT‘* Z np (1 —1a)w [k — bk, k', 7 — 70), 7 — 74|
k'eK

+rrye Y (T —7a) e AR kT — T‘”)} ’ (%)
k'eK

for all (k,7) € Kx[0,T]. From (82), it is clear that M is the mapping defined by the right side of
(3). Since w € B, and (b(k,k',7), R(K', k, 7)) satisfy (78) and (79), it follows that M : B — B,
and together with (80), this implies 7 : B’ — B’. Notice that ¢* = w* + e "+ z € B’ is a
fixed point of 7 if and only if w* € B is a fixed point of M. In the statement of the lemma
and in the body of the paper, the fixed points ¢* (k,z,7) and w* (k,7) are denoted Jj (x,7)
and Vi (7), respectively. m

Proof of Proposition 1. Start with the mapping (82), and notice that after writing out the

expectation explicitly and performing a change of variable, it becomes
(Muw) (k, 7) = vg (T)+ax / 3 (2) {w [k —b(k, K, 2), 2] + e "CTORE K, z)} e~ (rta)(r=2) g,
0 krex

for all (k,7) € K x [0, 7], where

v (1) =E

?

min(7q,7)
/ e Fupdz +Tp s e Uy
0

which can be integrated to obtain the expression in (11). Since b(k, k', 7) and R(K, k, T) satisfy
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(78) and (79), the previous expression for the mapping M can be written as

(Mw) (k, 7) = v (7) + @ /O " (k, 2) e TFT=2) g
/ |:an’ ) O {w [k‘ + b(k, K, z), Z] +w[k—b(/€,k/,z)’z]
k'€K

—w(k, z) — w(k, z)}} e~ rte)T=2)g
In turn, since

w [k +b(k, K, 2), 2] +w [k = bk, K, 2), 2] —w(k,2) —w(k,z)

= K +b k—0b2)—w(k, 2)—wk
L [w(k' +b,2) +w(k = b,2) —w(k, z) — w(k, )]

=  max w(j, z) +w(i,z) —w(k, z) —wlk, 2)|,
e [w2) +ul2) — wlk, )~ w(k, )]

we have
(Muw) (k, 1) = v (1) + a/ w (k, z) e TFT=2) g,
0

i (2) O ; ) — wlk. %) — w(k ~(r+a)(r—2) 4
ta / D i (2) O max [ )+ w(s2) — wlk,2) —w(k, )] e 2

for all (k,7) € K x [0,T]. With a relabeling, this mapping can be rewritten as

(Mw) (i,7) = v; (1) + a/Tw (i, z) e~ (rta)(r=2) 1., (83)
+ 0‘/ DD 0 (2) 058l (2) [wlk, 2) + w(s, 2) — w(i, 2) — w(j, 2)] eI dz,
jeK keK seK

for all (i,7) € K x [0, 7], with
s B ¢~>fs (z) if (k,s) € Qij[w(-,2)]
=107 E D o,

for all i,j,k,s € K and all z € [0, 7], where d;fs( )>0and > > d)ks( ) =1, and
keK seK

Qi lw (-, z)] = ar ma w(k', 2) +w(s',z) —w(i,z) —w(j,2)].
JhwC) =g max k) 4 () - w(i.2) ~w ()

From (83) (with i = 1/2), it is clear that (10) is just V. = MV . m

The following lemma establishes the equivalence between property (DMC) and discrete

midpoint concavity.
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Lemma 3 Let g be a real-valued function on K. Then g satisfies

g ([52]) +9(|%]) 290 +9(s) (84)

for anyi,j € K and all (k,s) € IL(i, j), if and only if it satisfies the discrete midpoint concavity
property,

g ([%2]) +9([*]) 29 +90) (85)
for alli,j e K.

Proof of Lemma 3. Suppose that g satisfies (84). Since the condition holds for all (k,s) €
I1(i,7), and we know that (i,5) € II(4,7), it holds for the special case (k,s) = (4,7), so ¢
satisfies (85). To show the converse, notice that since (85) holds for all i,5 € K, it also holds
for all 4, j € K such that (i,j) € II (k, s) for any k, s € K. But for any such (4, 7), we know that
i+j=k+s,so (85) implies

g (=) +9 (%)) 29 () +9 ()
for any k,s € K and all (4, j) € II (k, s), which is the same as (84) up to a relabeling. m

The following two lemmas are used in the proof of Proposition 2.

Lemma 4 For any given path m (1), there exists a unique w* € B that satisfies w* = Muw*,
and a unique g* € B’ that satisfies g* = Tg*, defined by g* (k,z,7) = w* (k,7) +e "2z for
all (k,z,T) €8S.

Proof of Lemma 4. Write the mapping M defined in the proof of Proposition 1 (with
ekk’ = 1/2), as

(Mw) (i, 7) = vi (7) +O‘/ w(i,z) e T2 g,
0

1% T
+/ n;(z) max |w(k,z)+w(s, z)—w(,z)—w(g,z 6_(r+a)(7_2)dz7
3y 2om ) e bl 2) +w(s,2) = wGi2) — w2

for all (i,7) € K x [0, T]. For any w,w’ € B, define the metric D : B x B — R, by

D (w, w’) = sup {6_57— ‘w (i,7) —w' (4, 7')” ,
(4,7) €KX [0,T]
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where S € R satisfies

max{0,2a —r} < < 0. (86)
For the case with 8 = 0, D reduces to the standard sup metric, do. The metric space (B, d)
is complete, and since (B, D) and (B,ds) are strongly equivalent, it follows that (B, D) is
also a complete metric space (see Ok, 2007, p. 136 and 167). For any w,w’ € B, and any
(i,7) € Kx [0,T7],
eI |(Mw) (i, 7) — (M) (i,7)| =

= PT a/ w (i, z) e”rTT=2)q, a/ w' (i,2) e TTIT=2) g,
0 0

1% T
+/ n; (2 max w(k,z)+w(s,z)—wl(iz)—w(J,z e—(?‘+a)(7'—z)dz
3y 2o e) e o) w0 (s2) w6 2) —w 2

- ;/0 an (2) (k,sl)Tgll'I)%i,j) [w' (K, 2) +w' (s,2) = w' (i, 2) = ' (4, 2)] e~ (rta)(r=2) 1,

.
< oze_ﬁT/
0

w(i,z) —w (i, 2)[e”TTOT=2) g

iy [ o e () m ) Z )

— max [w (k,2)+w (s,2) —w (i,2) —w (§, 2)][e CTH2) g,
o[ (k2) 0! (2) = 1,2) = ' 7, 2)]

Use (kj; (2), s7; (2)) to denote a solution to the maximization on the right side of Mw, that is,

(kij (2) s () € | mac fuw(k,2) + w(s,2) —w(i,2) = w(i,2)].

A solution exists because w € B, and II (i, 7) is a finite set for all (i,j) € K x K. Then

e T |(Muw) (i,7) — (Muw') (i,7)| <

.
Sa/ e P?
0

+‘;/07an (z){e—ﬁz

jekK

w(i,2) —w (i, 2)|e”TTOHA=2) g,

w (ki (2),2) —w' (K (2),2)| + e P |lw (s (2),2) —w' (s7; (2),2)

+e P

3
9% |1 _ o rdadp)T /
Sr—{—a—i—ﬁ[l e }D(w,w)
3a ,
S Tarplw):
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Since this last inequality holds for all (¢,7) € Kx [0,T], and w and w’ are arbitrary,

D (Muw, Mu') < —5°

< mD (w,w'), for all w,w’ € B. (87)

Notice that (86) implies +?(’1a+ 5 € (0,1), so M is a contraction mapping on the complete metric

space (B, D). By the Contraction Mapping Theorem (Theorem 3.2 in Stokey and Lucas,
1989), for any given path n (7), there exists a unique w* € B that satisfies w* = Mw*, and
therefore, by (80), there exists a unique ¢g* € B’ that satisfies g* = T¢*, and it is defined by
g* (k,z,7) = w* (k,7) + e ""t2)z for all (k,z,7) €S. =

Lemma 5 Let i,j,q € K, and (k,s) € 11 (i, ).
(i) If either i+ j or s+ q is even, then

(] L)) (s o) ama (52 1547) (] )
() Ifi+j and s+ q are odd, then

(5] ) en((s9].0) ot (5] L) em())
Proof of Lemma 5. Notice that for any i, j,q € K,

MG, ) ={(i+j—yy) e KxK:ye{0,1,...,i+j}},

SO

H([@],q):{([’:gﬁ]juq—y,y) erK:ye{o,l,...,["+ﬂ']+q

)
H(L%J,Q) z{([%jJJrq—y,y) erK:ye{o,l,...,[‘ 'J+q}}. (89)

For any i, j,q € K, define

~
w‘—i— w‘
~

o

ﬁ(i,j,q):{([%],[%J) eKxK: (k,s) EH(i,j)}
ﬂ(i,j,q)z{({%J,[%]) €K xK: (k,s) eH(i,j)},

E

and recall that (k,s) € I1 (4, j) implies k +s =i + j.
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(i) Assume that either i + j or s + ¢ is even. We first show that given any i,j,q € K, (k,s) €
I1 (4, j) implies ({%—‘ , LSTHJ) ell ({%—‘ ,q). Notice that if either i+ j or s+ ¢ is even, then

-

[Ea] [52]) +q— [552]) € K x K (it — k) €T1G, )}
1 [49] o am) ey (81 [5]  [2])
“(I5]a). (1)
By construction, given any 4, j,q € K, ([’”q] ) U 21] ) for all (k,s) € I1 (4, j

)-
Since 0 < [4], and P’J’ +J1 < [ +ﬂ + g, it follows from (88) and (91) that II¢ ([ 1 ) C
S

H({%—‘ ,q) for all 4, j,q € K, which implies Um-‘, Tq ) € HG 1 ) for all (k, s)
I1(7,7), and any 14, 7j,q € K.

Next, we show that given any i,j,q € K, (k,s) € II(i,j) implies (L%J ) (S—FTQU €

11 (L%J ,q). Notice that if either ¢ + j or s + ¢ is even, then
k+q s+gq 1+ ]
= . 2

e | |52 | +a— |55 ]) €K x K (it j — k) €T1G, )}
v | ] ra-y) exxmiye{lg) 5] [ 257}
(0, g
By construction, given any 4,7, q € K, (L’“*qJ ) Q JJ q> for all (k,s) € I1(3, 7).
&mog@&mpﬂﬁ<pﬁ+wmmmmm@MM(an([J@g

H(L%J ,q) for all i, j,q € K, which implies (LMJ, ?q ) € H(L J ) for all (k,s) €
I1(i,7), and any i, j,q € K.

With (92),

(ii) Suppose that i+ j and s+q are odd. We first show that given any i, j,q € K, (k,s) € I1 (4, j)
implies (L%J , [%D ell (PJ“TJ-‘ ,q). Notice that if ¢ + 7 and s + ¢ are odd, then

3 5]

57




With (94),

iG,5,a) = { ([ 52] + - [59].[554]) € K x K (k,s) € 11 (i, )}
={(I5 ] ra-vy) emxmeye {131 [2 ], [ 255 ] })
= 11° U ] ) (95)
By construction, given any 4, j,q € K, (L’fﬂJ ) ({ ﬂ q) for all (k,s) € I1(3, 7).
Since 0 < [4], and {‘H ﬂ < ﬁﬂ + g, it follows from (8 ) and (95) that [1° ({ },q) c
H({#] ,q) for all i, §,q € K, which implies QMJ ) c HU } ) for all (k,s) €

I1(4,7), and any i, j,q € K.
Finally, we show that given any i,j,q € K, (k,s) € II(i,7) implies U%l , LH%J) €
11 (L%J ,q). Notice that if i + j and s 4+ g are odd, then

5]

With (96),

By construction, given any i, j,q € K, q%w , L%J) eI Q%J ,q) for all (k,s) € I1 (4, j).
Since 0 < L%J, and L%J < L%J + ¢, it follows from (89) and (97) that II° (L%J ,q) -
S

(|%2] .4) for all i,g,q € K, which implies ([%52],[242]) € 11 (| %] ,q) for all (k)
I1(i,7), and any i,j,q € K. m

Proof of Proposition 2. Consider the metric space (B, D) used in the proof of Lemma 4. A
function w € B satisfies the bilateral-trade asset-holding Equalization Property (EP) if for all
(i,7,7) e Kx K x [0,T],
max |w(k,7)+w(s,7)—w(,T)—w(j,T
o (k) +w (s r) —w r) —w G 7)
:w({#—‘,7‘)4—10([%}7’)—w(i,T)—w(j,T). (EP)



A function w € B satisfies the bilateral-trade asset-holding Strict Equalization Property (SEP)
if for all (7,7,7) € K x K x [0, T,

ar max [w(k,7)+w(s,7) —w (i,7) —w (j, )] = N, SEP
g () 4 w(s )~ wlisr) —w (. 7)] = 2 (seP)

where f; is defined in (15). Let

B" = {w € B : w satisfies (EP)}
B" = {w € B : w satisfies (SEP)} .

Clearly, B” € B” C B.

We first establish that B” is a closed subset of B. Let {wy} -, be a sequence of functions
in B”, with lim,, o w, = w. If w ¢ B”, then there exists some (k,s) € I1(4,j) and ¢ € R such
that

0<c=w(k,7)+@(s,T)— [w ({%1 ,7‘) + @ Q%J 7‘)} ,
for some (i,7,7) € K x Kx [0,7]. This implies

i)t = ([5]. ) o |27
—{w (k,7) +w(s,7) — [wy (k, 7) +wn (s,7)]}

+ w
v ([H] ) +o ([55]or) = fon ([%2] ) +oa (5] 7))
For this particular (7,7, 7) € K x Kx [0, T1], for all n large enough we can ensure that
@ (k) + 1 (5,7) = [wn (b, 7) + w0 (5,7 < 5

and

but then
0<¢/2<wy,(k,T)+wy(sT)— [wn d%—‘ ,7') + wy, Q#J ,7‘)} ,
which contradicts the fact that w, € B”. Thus, we conclude that w € B”, so B” is closed.
The second step is to show that the mapping M defined in (81) preserves property (EP),
i.e., that M (B") C B”. That is, we wish to show that for any w € B”, w' = Mw € B”, or
equivalently, that

w({?w ”) *w(l%J 77) > w (k,7) +w(s,7) forall (k,s)eI(i,j),
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for any (i,j,7) € K x K x [0, 7], implies that
w' ([HTJ-‘ ,7') + ' (L%J ,7') —w' (k,7) —w'(s,7) >0 for all (k,s)e€Il(i,7), (98)
for any (i,7,7) € K x K x [0,T]. Since w € B”, using (83) (with 0y = 1/2 for all k, k" € K),

(Muw) (i,7) = v; (1) + a / w (i, 2) e+ g
0

+ ;/OT an (2) [w ([HTIJ—‘ ,Z) +w (LHT(]J ,z) —w(i,z) —w(q,2) 6_(T+a)(T_Z)dz,

qeK

for all (i,7) € Kx [0,T)]. For any (i,7,7) € KxKx [0,T] and (k,s) € I1(,5), let G (i, ], k,s,T)
denote the left side of inequality (98). Then,

G (i, j, k,s,7) = Ulita] (1) +UL%J (1) — v (1) — vs (T)

2

+ OZ/OT [w ([%W ,Z> + (L%J ,z) —w(k,z)—w (s,z)} e~ (rHa)(T=2) 7,

T 4], e
St
q€
—w (%-‘ ,z) —w(q, z)] e (rta)(T=2)q,




With (11) and after deleting redundant terms, this expression can be rearranged to yield
o 1— 6—(7’-‘,—04)7’
G ik ,7) = o (upegey + s = =)

4 e~ (rte)T [U(%W + UL%J —U, — Usi|
+ g/OT [w ([1?1 ’Z) + w L%J ,Z) —w(k,z) —w (5’2)} o (rra)(t=2) 1,

5 2| +w 5 , 2 e rte)(r=2)gq,

What needs to be shown is that w € B” implies that for any (i,5,7) € K x K x [0,T],
G (i,j,k,s,7) > 0 for all (k,s) € I1(4,5). The fact that w € B” immediately implies that
the first integral in the last expression is nonnegative. By Lemma 5, w € B” also implies that
the second integral in the last expression is nonnegative. Together with Assumption A, these

observations imply

1— e—(r—i—a)T
< r+ o (u[
SG(i’j’k?S77—)?

i+ + Up it |~ Uk u5> + e (rto)r |:U|'i+j'| + UL%J — U — Us] (99)

2 2

so we conclude that M (B") C B"” C B”.

The third step is to show that (14) is the equilibrium distribution of trading probabilities.
From Lemma 4, we know that M is a contraction mapping on the complete metric space (B, D),
so it has a unique fixed point w* (k,7) = Vi (7) € B. In addition, we have now established
that B” is a closed subset of B, and that M (B”) C B"” C B”. Therefore, by Corollary 1
in Stokey and Lucas (1989, p. 52) we conclude that Vi (1) € B”. This implies that the set
Q4 [V (7)] defined in (13) reduces to }; for all (i, j,7) € Kx K x [0, T], and consequently, that
(12) reduces to (14) for all (7, j,7) € K x K x [0,T]. This establishes part (i) in the statement
of the proposition.

We can now show that the paths n(7) and V (7) are uniquely determined. Since (by

Lemma 4) the fixed point Vj (7) € B” is unique given any path for the distribution of reserve
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balances, n (), all that has to be shown is that given the initial condition {ng (7')},cx, and
given that the path ¢ (7) satisfies (14), the system of first-order ordinary differential equations,
n(t) = f[n(r),¢(7)], has a unique solution. But since f is continuously differentiable,
this follows from Propositions 6.3 and 7.6 in Amann (1990). This establishes part (i) in the
statement of the proposition.

By Proposition 1, the equilibrium value function, V', satisfies (10). Notice that (10) implies

(17). Differentiate both sides of (10) with respect to 7, and rearrange terms to obtain

Vi (7)+1V; (1) = 01 (1) +(r + a) vi (1) 45 Z DD (1) (7) Vi(r) + Vi(r) = V() = Vi(r)],
jGK keK sk
which together with the fact that v; (1) = u; — (r + «) v; (7) implies (16). This establishes part
(éit) in the statement of the proposition.
Suppose that at time T' — 7, a bank with balance j extends a loan of size b to a bank with
balance i. Then (5) implies that the present discounted value of the repayment from the latter

to the former is

1 1

5 Wit (7) = Vi (r)] + 5 V3 (7) = Vs ()],
which reduces to the right side of (18) if the loan size is b = j — s = k — i, as specified by part

(iv) in the statement of the proposition. m

Corollary 1 Assume that {Uy}, i satisfies the discrete midpoint concavity property and {ug}cx
satisfies the discrete midpoint strict concavity property. An equilibrium exists, and the equilib-
rium paths for the distribution of reserve balances, n (1), and mazimum attainable payoffs,
V (1), are uniquely determined, and identical to those in Proposition 2. The equilibrium dis-

tribution of trading probabilities is

ey [ B () €050
5o={0 7 e gen (100)

for all i,j,k,s € K and 7 € [0,T], with g;)f]s (r) > 0 and > (;;f]s (1) = 1, and where
(k,5)€9Q5;(7)

* * . * . * * 0
Q; (1) = QF, with QF; given by (15) for all 7 € (0,T], and QF; (0) = Q;; U,

157 157
ut-
2]

where

Q0 = {(k,s) €1L(ij) : Up+Us = Upisa1 + U
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Proof of Corollary 1. The proof proceeds exactly as the proof of Proposition 2 up to (99).
Notice that under Assumption A, (99) holds for all 7 € [0,7]. Instead, under the assumption
that {Uy}, i satisfies discrete midpoint concavity and {uy}, x satisfies discrete midpoint strict
concavity, the inequality in (99) holds as a strict inequality for all 7 € (0,77, but only as a weak
inequality for 7 = 0. As before, the unique fixed point Vj, (1) € B”, but now Vj (1) ¢ B", since
Vi (1) satisfies (SEP) for all (i, j,7) € Kx K x (0, 7], rather than for all (i, j,7) € KxKx [0, T].
However, it is clear from (99) that in this case MV (1) = Vi (1) € By, where By is the subset
of elements of B that satisfy (SEP) for all (i,7,7) € K x K x (O,T]. This anhes that the
set €2;; [V (7)] defined in (13) now reduces to the set Q7; () defined in the statement of the
corollary for all 7 € [0, T, and consequently, that (12) reduces to (100) for all 7 € [0,7]. Notice
that despite the potential multiplicity of optimal post-trade portfolios in bilateral meetings at
7 = 0 (which is the only difference between this case and the one treated in Proposition 2), as
can be seen from (83) and (100), the mapping M is unaffected by this multiplicity, and hence
so is its fixed point. Therefore, (by Lemma 2) the fixed point V (1) € By is unique given any

path for n (7). Finally, if we cast (8) in integral equation form,

i (7) = i —a/ S S i) [mi () 63 () — my ()6 ()] d (101)

T €K jeK seK

for all k € K, then it becomes clear that for all £ € K and all 7 € [0, 7], ng (7) is independent
of gbff (0) (changing the integral at a single point leaves the right side of (101) unaffected).
Therefore, by the same arguments used in the final step of the proof of Proposition 2, there
exists a unique n (7) that solves the system (101), and it is the same solution that obtains

under Assumption A. m

Proof of Proposition 3. The planner’s current-value Hamiltonian can be written as

L= ka uk+aZZZZml Xz]()[ﬂk(t)_ﬂi(t)]a

kekK 1€K jeK keK seK

where p (t) = {pr (t)},ex is the vector of co-states associated with the law of motion for the

distribution of banks across reserve balances. In an optimum, the co-states and the controls
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must satisfy %_L(t) =ru; (t) — fi; (t), and

=1 if 0L >0
Ovks
i (1) R @) =xEs (1)

ks if oL =0
i) ¢ €10,1] if 5
J Xij (t) X;f(t):Xi'cjs(t)

ks
8Xij (t)

X3E () =xE ()
Notice that

oL

o (1) = am; (t) mj (t) [ (8) + ps (£) — pi () — ps ()],

X35 (B)=x55 (1)
and that given X;f (t) = Xff (1),

f—uﬁaZZZmJ )XES () [ (£) + ps (8) = i (£) = g5 (£)].

JjEK keK seK

Thus the necessary conditions for optimality are:

~]€S .

ks Xij () if (k,s) € Qij [p ()]
ks (1) = { X : 102
wo={37 5k Fa o, (102
for all i,7,k,s € K and all ¢ € [0,7], where )Zf“'js (t) > 0and > >, )ijs( ) = 1, the Euler

keK s€K
equations,
i () = i (1) = wi 0>y my (8) x5 () [ (8) + s () = (8) — g (1)) (103)
j€K keK seK

for all 7 € K, with the path for m (¢) given by (19), and
wi (T)=U; foralliekK. (104)

In summary, the necessary conditions are (19), (102), (103), and (104). Next, we use the
fact that 7 = T — t to define my (t) = my (T —7) = ng (1), Xff (t) = ng (T—71) = 11) (1),
and p; (t) = p;i (T — 1) = \i (7). With these new variables, (103) leads to (20), (19) leads to
n(r) = fn(r),y ()], (104) leads to (21), and (102) leads to (22). m
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Proof of Proposition 4. The function A = [A(7)], ¢y 1 satisfies (20) and (21) if and only if

it satisfies

Xi (1) = v (1) + a/T Ai (2) e~ (rta)(r=2) 1.,
" O‘/ SN S (U (@) Pk () + A (2) = Ai (2) = A (2)] e g,
jeK keK seK

The right side of this functional equation defines a mapping P : B — B, that is for any w € B,

(Pw) (i,7) = v; ( )+Oé/7w(i 2) e rHar=2)g,
vo [T @l () (2) +w(s,2) —w2) w2
jEK keK seK

for all (i,7) € K x [0,7]. Hence a function X satisfies (20) and (21) if and only if it satisfies
A = PA. Rewrite the mapping P as

(Pw) (i,7) = vi () + a / w (i, 2) e~ HIE- g, (105
0
+ a/ ]%I;nj " Sné%x o [w(k,2) +w(s,z) —w(i,z) —w(j,2)] e D=2z,

and for any w,w’ € B, define the metric D* : B x B — R by

],

D* (w, w') = sup [e_”” }w (i,7) —w' (i,7)
(1,7) €K x[0,T]

where k € R satisfies

max {0, 5o — 1} < Kk < 00. (106)

The metric space (B, D*) is complete (by the same argument used to argue that (B, D) is
complete, in the proof of Lemma 4). For any w,w’ € B, and any (i,7) € K x [0, 7], the same
steps that led to (87), now lead to

5%e

Dt (P Pul) <

D* (w,w'), forallw,u’ € B.

Notice that (106) implies € (0,1), so P is a contraction mapping on the complete metric
space (B, D*). By the Contractlon Mapping Theorem (Theorem 3.2 in Stokey and Lucas,
1989), for any given path m (7), there exists a unique A € B that satisfies A = PA.

Consider the sets B” and B"’ defined in the proof of Proposition 2. By following the same

steps as in the first part of that proof, it can be shown that B” is closed under D*. Next we
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show that the mapping P defined in (105) preserves property (EP), i.e., that P (B") C B”.
That is, we wish to show that for any w € B”, w' = Pw € B”, or equivalently, that

w U%W ,T> +w ([yJ ,T) > w(k,7) +w(s,7) for all (k,s)eIl(,5),
for any (i,7,7) € K x K x [0, T], implies that
w ([552] 7))+ ([H2] 7)) = o/ (hy7) =/ (s,7) 2 0 for all (k) €TLG),  (107)
for any (i,7,7) € K x K x [0,T]. Since w € B”,

(Pw) (i,7) = v; (1) + « /OT w (i, 2) e =2 g,
+ a/OT an (2) [w (P%ﬂ ,z) +w QHTqJ ,z) —w(i,2) —wl(q, z)} 6_(r+°‘)(T_Z)dz,
g€k

for any (i,7) € Kx[0,T]. For any (¢,j,7) € KxKx[0,T] and (k, s) € I1 (i, ), let G’ (i, 4, k, s, 7)
denote the left side of inequality (107). Then,

G (i,j,k,s,7) =

1— e—('r—l-a)T
T+« ( f

+ et [U[Hq + ULi+j - Uk — Us:|

|z tw | | —=—]|,2 e (rte)(r=2)q,

What needs to be shown is that w € B” implies that for any (i,7,7) € K x K x [0,77,
G (i,j,k,s,7) > 0 for all (k,s) € I1(i,5). By Lemma 5, w € B” implies that the integral
in the last expression is nonnegative. Together with Assumption A, this implies

1 _ef(rJra)‘r
- - o o —(r+a)T L . _
0< T o (u(%w —l—uLzJQr;J UL us) +e |:U|’172Lj"‘ + UVJQFJJ U, —Us
S G,(i’j’k7877)7

SO M (B//) g B/// g B//.
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At this point, we have shown that P is a contraction mapping on the complete metric space
(B, D*), so it has a unique fixed point A € B. We have also established that B” is a closed
subset of B, and that M (B”) C B"” C B”. Therefore, by Corollary 1 in Stokey and Lucas
(1989, p. 52), A = PX € B"”| that is, the unique fixed point X satisfies (SEP). This implies
that the set ;5 [A (7)] in (22) reduces to €2}; (as defined in (15)) for all (¢,7,7) € Kx K x [0, T7,
and consequently, that (22) reduces to (23). This establishes part (i) in the statement of the
proposition.

Given the initial condition {nj (T')},cx, and given that the path ) (7) satisfies (23), the
system of first-order ordinary differential equations, 7 (7) = f [n (1), (7)] is identical to the
one in part (%) of Proposition 2, and therefore also has a unique solution. Given the resulting
path m (1), according to Proposition 3, the path for the vector of co-states must satisfy the
necessary condition A = P, or equivalently, (20) and (21), which establishes part (i) in the

statement of the proposition. m

Proof of Proposition 6. The (i, j) element of the transition matrix II™) (¢(N)) as defined in
(26), denoted TFz-(]]'V)(t(N )), is the probability that a bank with balance i at time to has balance j
at time ¢, conditional on a realization of the number of trading opportunities, N € {0,1,2,...},
and a realization of the corresponding trading times, t) € TV, Let Nz, denote the random
number of trading opportunities that a bank encounters during the time interval [to,¢]. Since
trading opportunities follow a Poisson process with intensity «,

[ (t — t9)] " e~ 1)

N!

Let h(t(N)\n[toyt] = N) denote the probability density of tN) € T(V) conditional on N trading
opportunities in [tg, ], and notice that h(t(N)]n[tOﬂ =N)=HW((T1,...,TN) [0ty = N), where

Pr (ny,n = N) = (108)

W ((T1,...,TN) [y = N) is the conditional probability density for the N interarrival times,
T,=ty, —tn_1,forn=1,..., N. Then, by the definition of conditional density,
N
Pr (n[to,t] =N ’ Tl, e ,TN) H (O[eia(TniTnfl))

W(Ty,...,Tn|ng, g = N) = n=1
o Pr (njyy 4 = N)

Pr(Ty41 >t —ty) aVeotn—to)
Pr (n[to,t] = N)

= m (109)
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Notice that the volume of [to,]" is (t —to)", but the volume of T) is (¢t — ty)™ /N1, since
for all possible draws of N-vectors from [to, t]N, the ascending ordering tV) = (1,5, ..., ty) is
only one of N! possible orderings. Thus by (109), the conditional probability distribution for
the trading times t(N) given Nto,5) = N, is uniform on T®). For a bank holding any balance in
K at time ¢y, we can now use (108) and (109) to write the unconditional transition probabilities
to any balance at time ¢, as

[e.9]

[ (t = t)] ¥ emolt—to) / (V) p(N)y_ V! ()
P (tltg) = E 11 t ~at

=0 (V)

which simplifies to (27). m

Proof of Proposition 7. Given an initial balance a (t9) = k¢ € K, and given the realization of
trading times t(N) [to, t]N, the probability distribution over the post-trade balances at these
trading times, i.e., over vectors (a (t1),...,a(ty)) = k™) € KV, is given by (25). Hence,

N

E [Oj(k:o,k(N)) | ko,t(N)] = > (H Ty 1k (tn)> O (ko, k™M) = 07 (ko, t™))
BN egN \n=1

is the expected cumulative volume of funds purchased (for j = p, or sold, for j = s) during

[to, t] by banks that hold balance ko at ¢y and have N trading opportunities, at times tV) =

(t1,...,tn). By (108) and (109), the expected cumulative volume of funds purchased (for j = p,

or sold, for j = s) during [to, t] by banks that hold balance kg at tg is

. > t _ t —a t t() N[
E [OJ(kO, ) | ko] Z o)l e / O (ko Wdt(N).
N=0 i — to)
Since the density of banks with balance ko at time to is mg, (to),
N > t - to e—a(t=to) N! N
E[E[07 (ko, ™)) | o | = > m, (t0) Z / O (g, t V) ——— ™)
koEK N=0 (t —to)

T(N)

is the expected cumulative volume of funds purchased (for j = p, or sold, for j = s) by all banks
during [to, ], which after simplification reduces to O7 (t|to) in (30). An identical calculation but
replacing 07 (ko, k™)) with X (ko, k™V)) leads to (32). Finally, from (28) and (29) it is easy to
check that I(ko, k™)) = 1 X (ko, k™)) for all (ko, k™)) € KN+1, which implies (31). m
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Proof of Proposition 8. The right side of (49) can be integrated to obtain the closed-form
expression for S (7), where

e{r-l—ﬁa[nz(T)—no(T)]}znO (T)

§(7) = [n2(T) — no (T)] /0 2 (T) eI — galna(D) -0, (T) dz

can be integrated to yield the expression reported in the statement of the proposition. Condi-

tions (45), (46) and (47) imply
Vi(T) = Vo (1) +r[Vi(T) = Vo ()] = uy — ug — Bans (1) S (1),

a differential equation in Vj (1) — V; (1), with boundary condition V; (0) — V4 (0) = Uy — Up.

The solution to this differential equation is
Vi(r) — Vo (r) = e (U1 — Up) + / w1 — g — fams (2) S (=) e T Hdz. (110)
0

With (44) and the closed-form expression for S (7), the integral on the right side of (110) can
be calculated explicitly to yield

ealna(T)=no (DT, (T)

(1—¢e) @ —e T o (1) ¢ [, u, S (0)],
with
T o WL
s o= p mﬂw B G T T C) —
=1

[eae[no(T) —no(T)]r —l]no (T)
6[no(T) —e P02 (DT, (T)]

5(0)

{[mr+1] " - [t |

(e.9]
¢ [Ta u, S (0)] DmO(T Z [omo T) + T:| T k+1 u
k=0
Omo( )+T (O)
if n9g (T) = 1o (T), and
(o9 [nO(T)]kJrl elrtakng(T)—ng(T)]}r_1  _—abno(T)—ng(T)]7T
no(T) rtaklng (T)—ng(T)] ~ ablng(T)—ng(T)]

¢ [7', ﬂ,S(O)] _ kZ:OWJrQ"'k ea(k+1)[ng(T)—ng (DT u
l_efae[nz(T)fno(T)]T]no(T)
+ e[ea[nz(T)—nO(T)]Tng(T)—NO(T)} (O)
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if ng (T) < N9 (T) |

Proof of Proposition 9. From (49), since ¢ > 0 and S (0) > 0, we have S (7) > 0 for all
T €1[0,7).
(i) Differentiate (49) to obtain

05(r) _ _ [(/T (r—2) e_[S(T)_S(z)]dz> i+ re g (0)] :
0

or

which is clearly negative for 7 > 0.

(#i) Differentiate (49) to obtain

B0 ol [ Oz 17505 0} s () o (1),

which has the sign of ng (T') — na (T').

(iii) Differentiate (49) to obtain 85572) = agU(;) = —%65[5:): —% <0.m

Proof of Proposition 10. For a =0, R (7) is given by (50), but with S (7) given by

S (1) = e Jo trralbnz(s)+(1-Ono()}ds g () |

and with V; (1) — V, (1) given by

o _pry UL — UQ e~ T —e— {r+abng(T)—no(T)} 7|y (T)
Vi(r)=Vo(r) =€ (U1 —Uo) + (1 ¢ ) r - n2(T)_e—a[”2(T)—"o(T)]Tno](;) (0)
for the case ng (T') # no (T'), and
—rT —rr) U1 — U Te "
Vi(r) = Vo(r) =" (U1 =Up) + (1= e77) == = — 05 (0)

ang(T)
for the case ny (T') = ng (T'). From (51),

op(r) 1 1 OR(7)
or  T+AR(r) Ov '’

for x =0, r, Up.
(i) Differentiate (50) to obtain

aR(T) r(r4+A) U1 — UQ —rT
5 :R(T)A—€(+)T(1—TT—€ ) >0,

since 1 —r7 — e~ "™ < 0. Thus, 8‘(;(:) > 0.
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(71) For any 7 > 0, differentiate (50) to obtain

OR (1) VN {ealn2(T) =m0 (D7 o (T) 4 (1-0)e"2(T) =70 (DNT 0y (T) } o (T) —no (T)]err

90 caln2 (M) =no(DIT py (T)— o2 (1) =10 (D7 o (T) S(r) <0

for the case na (T') # no (T'), and

OR (T) r(T+A) 1 QaTno (T)

0 1+a(T—7)no(T)

for the case ny (T') = no (T'). Hence ag—g) < 0.
(#ii) Differentiate (50) to obtain

OR () r(rA) (1=0)e2 12 (D) =m0 (DIT g (1) [1-gea (1 =02 (T)—no ()7 | ablna(T) —no (Mg (1) S(7)
= —e

U, alna (M =noUT py (T) —ealma (T =m0 (T g () 5(0)

for the case ng (T') # no (T'), and

O (T) = —eT(T+A) (1-0)[14+aTno(T)] S(T)

ol 1+a(T—71)no(T) S(O)
for the case ny (T') = no (T'). It can be verified that 6(%2) < 0 in both cases, so we conclude

9p(7)
that vy < 0.m

Proof of Proposition 11. The expression for S° (7) is obtained by letting @ — oo in the
analytical expression for S (7) reported in Proposition 8. To obtain p> (1), proceed as follows.

Use (52), together with (44) and the expression for S (7) reported in Proposition 8 to obtain

VO (7_) — (1 o 677‘7’) L efrTUO
r
k—
4T n9 (T) i no (T) 1 0 o e—alng(T) —ng (T)k(T—7) _ g—alng(T)—ng (T)KT _
no (T) = Lno (T) o=y +(k=0) r+afno(T)—n2(T)[k
> k—1
o —rr2 (T)Z ny (T) e—alng(T)—ng (T(KT—07) _o—alng(T)—ng (T)IKT _
) = [no (T) r+afno(T)—na(T)](k—0) v
_ 1—e—alno(T)—no(T)]07
+e "ny (T) nO(T)ea[nO(T)—:;(T)](T—OT)_ na(T) S (0)

ealng(T)—ng(T)]0T
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U
Vo () = (1 _ 671"7') “o e,
T
k
4T n2 (T)i no (T) 1 0 erTe—alna(T)—ng(T)]k(T—7) _g—alng(T)—ng(T)]KT _
no (1) — [na (T) alng () =gy H(O+F) r+ane (1) —no(T)]k
k
L2 (T) o= [10 (T) "1 - alna () —ngMIKT _o—alng (M) —no(M1T+07)
—e E a
no (T) = [no (T) r+afng(T)—no(T)](6+k)
—e—alna(T)—no(T)]6T
+e7 Ty (1) —os——im—5(0)

ea[no(T)—no(T)IT

if ng (T) < N9 (T), and

Vo(r)=(1—e) 2 el

"
00 k k
r[T-r+ 2] 04 (=) 1
an T
e ’ ukzo Kkl | + ang (T)
o) k k+1 k+1
T[T_T—"_;(T)] . (=r)" 1 1 1
an, T _ _ T
e ’ “Z%k%!k+1 T e (T) T ano (T)
_ ang (T)
7‘79—
+e 1T ang (T)TTS (0)

if na (T') = no (T'). Then let o — oo to arrive at (59), for ¢ = 0 (the derivation is similar for
i = 2). Next, recall that e "+ R (1) =V} (1) — Vo (1) — S (1), so

lim [e—T<T+A)R(7)} =(1—e) % +e7TTUL — Tim Vy () — 05 (7).

a—0o0

Substitute (59) and S (7) to arrive at

. (1 — 67”—) 1“;7% —i—_e’” (Ul — U()) if ng (T) < ng (T)
fmaoe AT) — 8 (1 — e777) Wmw0=00 4 o=r7 [y — Uy — 05 (0)] if np (T) = o (T)  (111)
(1 —67TT>1L274;M+67TT (U2 —U1> if ng (T) < N9 (T)
Since p (1) = lifg), we have

5 () = In [hmjj_OZR (7')]7

which given (111), yields the expression in the statement of the proposition. m
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Lemma 6 Let ¥ = e "2F (i% + Pv), I = e "21(iS + P°), I3 = e "2H(i9+ P), I} = e 771}

and IJ? = eirA?i?, and assume I} < IJOc and IJC < I}”. Consider a bank with end-of-day balance
k that has the option to borrow from the Discount Window right after the end of the trading

session, and let kK denote the bank’s balance after having borrowed from the Window.

(i) Ifk<k—ko, then k¥ =k — ko and the bank’s maximum terminal payoff is given by (61)
with Fy, = F° (k).

(i) If0<k—ko <k, then

=k L fIp<If+I;
kY Q€ [k —ko k] if If =15+ 1} (112)
=k —ko if 1§+ 17 < I¥,

and the bank’s maximum terminal payoff is given by (61) with

&_{wﬂgﬁwgq+@

- c : T c w (113)
Fe(k) if I7+ 15 < If.

(i33) Ifk — ko <0, then

I
=

if I < 1§+ 15
0,k| if I =I5 + I

m

kY S =0 ifIG+ 17 <If <I§+19
€ [k —ko,0] if I =1I5+19
=k — ko if 15+ 19 < T¥

and the bank’s mazimum terminal payoff is given by (61) with

(k) f If < 15 + I
Fr =< F (k) fIs+ 1 < Iy < I+ 13

Fe(k) if I+ 13 <I7.

Proof of Lemma 6. A bank that ends the trading session with balance k chooses k% by
solving
F, = max {I%max [0, min (k*, k)] + I max (k* — k,0 114
k kﬁgogku,{ 7 max | (K", k)] + I§ max ( ) (114)
— I max (k—K",0) — Ifmax (—k",0) —IF (k" — (k — ko) } -

(i) Given k < k — ko, (114) reduces to

Fp= max {(I} —I§)k+1§(k—ko)+ (If — I})k"} .
k—ko<kw
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The assumption I]‘% < I}” implies the solution is k¥ = k — ko, and substituting it into the
objective function yields Fj, = F*° (k).
(ii) Given 0 < k — ko < k and part (i), (114) reduces to

F, = max IY(k — ko) — ISk + (I¢ + I — T¥)kEW ),
b=, max {TP(k = ko) = [k o+ (If + If — I )K"}

which implies that the solution is given by (112), and substituting this solution into the objective
function yields (113).
(iii) Given k — ko < 0 and part (i), (114) becomes

F,=I%k—Fko)+ ma I"max (0, k¥) — I$ max (k — k*,0) — I9max (—k%,0) — T¥kY
k=17 ( 0) k,gogk)ig;{f x (0, k) — If max ( ) — I max ( ) — I7k"}

= I¥(k — ko) — Ik + max max (IS + 1% —I'V)KY, max (IS4 17 —IPV)kY 3.
f (k= ko) — If {k,—m<kw<0(f § IR, max (I7+ Iy f)}

To find the maximizer(s) consider the five possible rankings for the values of I}, I + I, and
IJ? + I]?. (The maintained assumptions I]ec < I;, I; < I}”, and I;_< I]?, imply I]ec < I]Cc + I} <
I +1I3.) Suppose that I} < I§+ I}, then the maximizer is ¥ = k, and Fj, = F}” (k). Suppose
that I} = I + I}, then the set of maximizers is [0, k], and Fy = Fy (k) = F¢Y (k). Suppose
that I§ + I} < Iy < I§+ I, then the maximizer is k& = 0, and Fj, = Fy’ (k). Suppose that
Iy = I§ + I3, then the set of maximizers is [k — ko,0], and F}, = FY (k) = F° (k). Finally,
suppose that I + 17 < I}, then the maximizer is k* =k — ko, and Fj, = F° (k). m

Lemma 7 Consider the model of Section 8. Assume that {Uy} is given by (61)-(63) with
ko =0 and k =1, and define i = "B —1, i = el;Af —1, and py (1) = eP(MT+A) _ 1. Then
In[1+4 ps (7)] is as in (65).

Proof of Lemma 7. Combine (49), (53) and (54) to obtain

Va(r) =Vi(r)+(1=0)S(r) =e " {U2 = U1 +[1 - 5(7)] S(0)}
e_TT)UQ—Ul—FC(T)(l—@)ﬁ

1_
+ ( "

9

where 3 (1) and ¢ (7) are given by (66) and (67), respectively. Then (51) implies

ug—up+ce(r)(l1—0)u

p(T)(T+A)=Ar+In|Uy—U; +[1—5(7)]S(0) + ('" = 1)
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From (61)-(63) with ky = 0 and k = 1, we have Uy = 2 "5/ + e*W (i; +i%), Uy = e +
2 rAfzf, and Up = —min(I§,Iy — I}), so Uy —Ur = e iy +e fzf, and S (0) = I} —
If +min(f§, I} — I}). (The maintained assumptions % < 4, e AT (i€ ¢+ P°) = 1§ >0, and
e A1 = 14 < e A (i% + P¥) = I'¥ imply S (0) > 0.) Thus

p(T) (1 +A) = (A~ A})r+1In [i; e T ArmAY)

1= B()] [ — i + ¢ min (15,17 — 1)
ug — uy + ¢ (1) (1—9)@}

r

+ e (e~ 1)

(115)
Rearrange and substitute p (1) = [1/ (7 + A)]In[1 4 p; ()] in (115) to arrive at (65). m

Proof of Proposition 12. Substitute the definition of & (1), (42) and (44) in (66), and

integrate to arrive at the expression for 1 — 3 (7) reported in the statement of the proposition.

Differentiate to obtain

1o (T) = np ()] e2lroT) a0l
no (T) ealno(T)—n2(DT — p, (T)

B () =6(1—6) [no (T) elro@)=na(MUT=7) _ (]

Clearly, 8’ (1) has the same sign as ny (T') — ng (T'). Since 3 (0) = 0, it follows that 5(7) < 6
if ng (T') < no (T'), and that § < B (7) if ng (T') < n2 (T'). To conclude, verify that 0 < g (T) if
ny (T) < no (T), and that 5(T) < 1if ng (T) < na (T),

if ng (T') < ng (T), and that B (7) < 1 if ng (T) < na (T'). Notice that

which respectively imply that 0 < 8 (1)

e—aln2(T)—no(T)]6T {(1 — ) [n2 (T) — no (T)] + no (T) [1 _ e—a[nz(T)—no(T)](1—9)T] }
no (T) — Nyg (T) e—cn2(T)—no(T)|T
[ea[no(T)—m(T)]ﬂT _ 1] no (T) + gelno(T)—n2(T)]0T [no (T) — ng (T)]
no (T) ealno(T)=n2(DNT — ny (T) ’

1 B(T) =

:1—

so it is immediate from the first expression, that 0 < 1— 8 (T) if ng (T') < n2 (T) (with equality
only if § = 1), and from the second expression, that 1 — S(T") < 1 if ns (T) < no (T) (with
equality only if # = 0). m

Lemma 8 Consider the model of Section 8. Assume that {Uy} is given by (61)-(63) with
ko =0 and k = 1, and define z’j} A z? =" Br — 1, z}” =e"Ar — 1, z? = Br — 1,
and p° (1) = eP™(M+A) _ 1. Then py (7) is independent of 7. If in addition, A — A% ~ 0 or
r=~0, and A — Ay =u; =0, then p}° (1) 1s given by (70).
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Proof of Lemma 8. Start with (60) and replace the theoretical rates i", ¢, and p> (1), with
their empirical counterparts, i = e Ay — 1, i = e“Ar — 1, and Py (1) = P~ (DT+A) _ 1

respectively, to obtain

In[1+pF ()] = (A = Af)r +1In |if 4+ €5 (77 — 1) =0 4 e“A?AN]

if no (T) < ng (T),

In [1 + ¥ (7')] = (A - Af)r

+1n [0i% + (1 — 0) i + €™ (e — 1)

up —uy + (1-6)u N er(A;Af)]
"

if Up) (T) =nNno (T), and
In [1+ Py ()] =(Aa- A%)r+1In |5 + "N (e —1) 270 eT(A?_Af)]

r

if ng (T) <no (T). Set A — A" =0orr=0,and A —Ar =wu; =0 to obtain (70). m
f !
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