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Abstract

Within a novel model of correlated private values/costs (CPV) we investigate how well a
particular market mechanism, the buyer’s bid double auction (BBDA), performs in small and
moderate sized markets: do well behaved equilibria exist and is there rapid convergence to ef-
ficient allocations and prices that accurately identify the market’s underlying state. Using a
combination of theorems and numerical experiments we establish that for two plausible stochas-
tic specifications of costs/values simple equilibria do exist even in small markets. As a function
of market size we bound traders’ strategic behavior and prove rates of convergence to zero of (i)
the allocation’s inefficiency and (ii) the error in estimating the market’s underlying state. These
rates imply that even in moderate sized markets strategic behavior has an inconsequential effect
on the estimate of the market state. We also show that the affiliation condition on traders’
values and costs familiar from auction theory does not imply affiliation of bids and offers and
therefore does not play the same pivotal role as it plays in auction theory in proving existence.
Nevertheless, in the cases we consider, a a solution to the first order condition defines an equi-
librium despite the failure of affiliation among bids and offers. We then extend our model to the
case of correlated interdependent values (CIV). While so far we have been unable to obtain the
same sequence of results as we have secured in the CPV case, we do show that the structure of
equilibria in the CIV case is unchanged. As a consequence we can straightforwardly compute a
substantial sample of equilibria for different market sizes and show that the BBDA’s convergence

properties do not change qualitatively with the introduction of interdependence.

1 Introduction

A market may have both allocative and informational purposes. This is particularly true in security

and commodity markets that are the major centralized markets that collectively play an enormous
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role in modern economies. The allocative purpose is to redistribute goods among the traders
so as to produce gains from trade. The informational purpose is to aggregate cost and benefit
information of active traders into a price that other agents may then use to make decisions that
depend on that price. In small markets traders have incentives to influence the market price in their
favor. This behavior can cause misallocated goods and market prices that are biased relative to
the underlying competitive price. In extreme cases the market may completely breakdown with no
trade at all occurring. But in the simple double auction market that we study strategic incentives
attenuate and improved allocational and informational performance result as the number of traders
in the market becomes larger. In fact, as the number of traders becomes large, strategic incentives
vanish, the allocation approaches the efficient allocation, and price reflects fundamentals accurately,
i.e., the equilibrium converges to the fully revealing rational expectations equilibrium.

Our objective in this paper is to investigate the ability of a particular double auction mechanism
to accomplish the allocational and informational purposes of centralized markets. Analysis of such
markets is challenging: they may be small relative to the competitive ideal, buyers and sellers
have private information concerning their values and costs, and traders’ idiosyncratic values/costs
may be correlated and, perhaps, interdependent. Interdependence means that if a trader’s private
value/cost were to become public, then that knowledge would enable every other trader to sharpen
his estimate of his own cost/value. These characteristics lead us to study double auctions instead of
standard auctions for two main reasons. First, double auctions are more faithful to the fundamental
informational feature of centralized markets in the sense that they model private information on
both the buyer and the seller sides. Second, the results from standard, one-sided auctions do not
and can not carry over to markets with two-sided private information and the asymmetric strategies
that buyers and sellers choose. Theorems from auction theory may provide useful analogies, but
different methods are necessary in order to establish a double auction’s properties and performance.

Four questions guide our inquiry. First, do well behaved equilibria exist and, if so, what are
their structure in markets with small numbers of traders? Second, are the asymptotic results that
establish rapid rates at which strategic behavior disappears and efficiency is approached indicative
of the double auction’s performance in small markets? Third, at what rate is informational ac-
curacy achieved in double auctions? Fourth, does the introduction of interdependence change the
performance of double auctions qualitatively, especially in small markets?

The answers we obtain for these questions are positive: in small markets equilibria exist, the
rates in small markets at which their equilibria converge to efficiency and full information revelation
approximate the asymptotic rates, and the presence of interdependence causes no significant change
in performance. The last point is particularly significant because it implies that in equilibrium the
realized market price of a small double auction market approximates the fully revealing rational
expectations price.

In the formal language of auction theory, our initial focus is a correlated private values (CPV)



model in which homogeneous, indivisible items are traded. After we gain a good understanding
of this model we then generalize it to the correlated interdependent values (CIV) model and show
that interdependence has little qualitative effect. Throughout there are m potential buyers, each
of whom wishes to buy at most one item, and n potential sellers, each of whom has a single item to
sell. Each trader’s utility is quasilinear in his value/cost and money. The allocation problem of the
market is to reassign the n items to the n traders who value them most highly. The informational
problem is to estimate the underlying state of the market from the realized market price.

We address these problems with the buyer’s bid double auction or BBDAH After simultaneously
collecting bids from buyers and asks from sellers, the BBDA sorts the bids/asks from lowest to
highest and selects as the realized market price the upper endpoint of the interval of possible
market-clearing prices. Thus, the market price in the BBDA is the (m + 1) order statistic of the
m + n bids/asks. Trade then occurs at this price.

This price setting rule implies that if a seller’s ask is successful and results in him selling
his unit of the good, then his ask is not the bid/ask that actually sets the market price. This
is because a seller who trades must have submitted an ask a; that is among the m smallest of
m 4+ n bids/asks submitted; it cannot be the (m + 1)** smallest. Therefore a seller has no strategic
incentive to misrepresent his cost in order to affect his terms of trade. This simplifies the analysisﬂ
By contrast, if a buyer submits a successful bid b;, then not only will he receive a unit of the good,
but b; may be the (m + 1)* smallest bid/ask and therefore determine price. This possibility gives
buyer ¢ an incentive to set b; less than his value v; in order to increase his expected gains from trade.
The focus of our analysis is therefore the bidding behavior of buyers. Given honest reporting by
each seller we seek for buyers an increasing strategy B : R — R that constitutes a Bayesian Nash
equilibrium.

We introduce a novel process by which the values and costs of the traders are generated that
contrasts with the standard specification in which values/costs are drawn from a compact segment
of the real line. In our model the market’s state p € R is drawn from the diffuse, uniform prior on
the real line. It is an improper probability distribution that may informally be thought of as the
“uniform distribution over the entire real line.” For each trader ¢, an idiosyncratic valuation term ¢;
is independently drawn from a mean zero, symmetric distribution F'. Trader i’s value/cost is then
t~+€;. The underlying, highly uncertain common component p creates correlation among traders’
values/costs. If each trader privately observes his value/cost v; = u + &;, then the environment is

correlated private values (CPV). If instead each trader observes a noisy signal of his value/cost,

!The name originated with the bilateral double auction where “buyer’s bid” refers to the fact that the buyer’s bid
is the price when trade occurs.

2That sellers have the dominant strategy of honestly reporting their costs does not mean, as Jackson and Swinkels
(2005, footnote 6) suggest, that the BBDA can be analyzed “as a one-sided auction with a hidden reserve price
schedule...” It is also the case that honest reporting as a seller’s strategy is asymmetric relative to the equilibrium
strategies of buyers. As discussed below, this asymmetry of behavior particularly complicates the CPV and the CIV
cases and distinguishes the analysis of double auctions from auctions.



o; = v;+9; = u+e; +0;, where 6; is independently drawn from a mean zero, symmetric distribution
G, then the environment is correlated interdependent values(CIV). Interdependence exists in the
sense that trader ¢’s signal carries information concerning the state u and therefore can help every
other trader j refine his estimate of his own value/cost.

Substantively the diffuse prior maximizes the traders’ ex ante ignorance about the expected
location of values/costs on the real line and the likelihood of different market prices. Thus, given any
¢ € R, the buyer ex ante cannot make any statement concerning the probability he will draw v; < ¢
or the probability he will draw v; > (; he is just completely uncertain. This maximally challenges
the market mechanism’s ability to discover the market clearing price, estimate the underlying state
1, and efficiently reallocate the supplied units that sellers bring to market. At the other extreme is
a double auction market in an independent private values (IPV) environment in which each trader
ex ante knows the state of the market p with certainty and therefore knows the expected priceE|
Consequently in IPV markets, except when they are very small, a trader at the interim stage whose
value/cost is not close to the expected price may predict with a high degree of certainty whether
or not he will trade. This contrasts with our specifications of the CPV environment in which each
buyer, no matter what v; he draws, places a 0.5 probability that state p exceeds his realized v; and
a 0.5 probability that y is less than his realized v;.

Methodologically the diffuse prior plays the key role in our analysis. The logic is this. In a
Bayesian equilibrium both the structure of the model and other traders’ equilibrium strategies are
common knowledge among all traders as they receive their private signals of value (either v; or ¢; in
the CPV environment or ¢; in the CIV environment) and decide what bid/ask to submit. The only
information that is unique to each is his signal of value/cost. Each one’s bid/ask is conditioned
only on it. But every draw is the same in the sense that it gives identical information as to where
other traders’ values/costs are likely to be relative to his own draw. Specifically, if buyer ¢ draws
v/ € R instead of v} € R, then his beliefs about another buyer j’s value relative to his own do not

change:

Prlv; € [vj, v; + (]|vi] = Prlv; € [vf, v} + (], (1)

Prlv; € [vj = ¢, vi]|v]]

Prlv; € [v]' = ¢, v]]|v]].

for any ¢ € R*. Similar equations hold for his beliefs concerning any seller’s cost. Thus in this

sense the fundamentals of trader ¢’s decision problem are invariant with respect to his signal.
Consider buyer i’s equilibrium strategy B; : R — R. For any given v; € R, buyer ¢ underbids

in order to influence price in his favor: the offset \; (v;) = v; — B; (v;) is necessarily positive.

Conceivably this offset may vary as v; varies. This, even if such an equilibrium exists, seems

implausible behaviorally because it requires all buyers’ offsets to vary with their value even though

3In a IPV environment each trader’s value/cost is independently drawn from a given distribution.



beliefs about each other’s values/costs remain invariant in the manner equations (Il) describe. It
seems more reasonable that each buyer’s offset remains fixed as his value varies. Further, if all
buyers other than buyer ¢ play strategies with fixed offsets, then buyer ¢’s best response is also to
play a fixed offset. Fixed offsets therefore extend the invariance in values/costs to bids/asks and
reinforce the reasonableness of such strategies.

An offset equilibrium within our model has the analytical virtue that solving for buyer 4’s first
order condition at value v; = 0 for the offset A; at which his marginal utility equals zero gives,
for every other v; € R, the offset at which his marginal utility is zero. Moreover, checking that
this solution to the first order condition is a global maximum and therefore an equilibrium is also
simple: for v; = 0, graph the buyer’s utility and check that it is indeed a global maximum. If this
is so for v; = 0, then ); is also a global maximum for any v; € R.

Exploiting this special but reasonable structure permits us to obtain the following sequence of
results for the BBDA in the CPV environment.

Existence. We prove that for a broad class of distributions F' a symmetric offset strategy B
exists that is a solution to the first order conditions. We are unable to characterize analytically a
condition on F' that guarantees B is an equilibrium and demonstrate the source of the difficulty.
A set of systematic numerical experiments for m,n € {2,3,...,20}, however, shows that if F' is
either the normal or Laplace distribution, then the offset solution is uniquely determined and an
equilibriumﬁ Affiliation of bidders’ values is commonly assumed in the analysis of auctions to
insure the sufficiency of the first order approach. We prove in the case in which F' is the normal
distribution that affiliation does not play the same role in the theory of double auctions: though
the values/costs of traders are affiliated in this case, each trader’s cost/value is not affiliated with
the order statistics of the other traders’ bids/asks because of the asymmetry of behavior across
the two sides of the market. While affiliation is an extremely useful sufficient condition in auction
theory, it is neither useful nor necessary for existence of pure strategy equilibria in double auctions

for small markets.

Non-existence and its resolution. Fully exploring the universe of distributions F' that might
describe the behavior of traders’ idiosyncratic value/cost component ¢; and checking for each one
whether or not equilibrium exists is beyond this paper’s scope. Nevertheless we have determined
what happens if F' is the standard Cauchy. The reason we chose this distribution to check the
robustness of our existence results is the same reason that statisticians commonly use it as a test
case: the Cauchy distribution’s density resembles the standard normal’s density, but also has “fat

tails” that can disrupt asymptotic sampling results. We show two results. First, for the bilateral

“These results complement the existence results of, first, Jackson and Swinkels (2005) showing that a possibly
mixed equilibrium exists for double auctions in the CPV environment and, second, Fudenberg, Mobius, and Szeidl
(2007) showing existence of increasing pure strategy equilibria in large markets.



case, in which the single buyer in effect makes a take-it-or-leave-it ask to the single seller, no
equilibrium exists. The culprit is the non-existence of the Cauchy’s first moment: the fat downward
tail of the distribution implies that the marginal benefit to the buyer of lowering his bid and thereby
driving down the price he pays when he buys always outweighs the marginal cost of decreasing the
probability that he trades. But, second, in the multilateral case — two or more buyers and two or
more sellers — a perfectly well behaved equilibrium exists for the BBDA.

This is a twist on the analysis of bilateral trade of Myerson and Satterthwaite (1983) who
prove in an IPV model with compact support that trade is necessarily ex post inefficient in any
equilibrium. Trade in contrast is indeterminant in our example because there are no equilibria. In
both their model and in our model, however, increasing the number of traders resolves the failings
of bargaining. We show numerically that an offset equilibrium exists in the case of the standard
Cauchy distribution for a number of values of m = n that are strictly greater than one. This se-
quence of equilibria exhibits the convergence rate that is proven for “regular” distributions in this
paper. While the outcome of bilateral trade is indeterminant in this example, the market outcome
in the BBDA appears to be uniquely determined and asserts itself immediately as bargaining tran-
sitions into a market. This example illustrates the robustness of the double auction and its ability
to protect each bidder from a bid that is interim optimal and ex post catastrophic. Underlying
this good behavior is a technical fact: even with fat tails interior order statistics are typically well

behaved despite first and higher moments not existing.

Allocative efficiency. Let m, n > 1 be fixed integers and let 7 € N* index a sequence of markets
with 7m buyers and 7n sellers. The equilibrium underbidding v — B(v) by each buyer is O(1/7)
for all v and 7 and in expectation results in too few units being tradedﬁ As a consequence, the
expected gains from trade that inefficiently fail to be achieved in the state p as a fraction of the
potential gains from trade in that state is O(1/72). This quadratic rate agrees with rates that have
previously been established for sufficiently large markets when values/costs, possibly correlated, are

drawn from a compact supportﬁ

Informational efficiency. Let ¢ =m/(m +n) and let &, denote the ¢'" population quantile of
the distribution FE| Let pBBPA denote the price in the BBDA when buyers bid strategically and let

SFor functions f(t), g(t) : N — Ry, f(t) is O(g(t)) if there exists a constant k € R such that
f@) < kg(t) for all t € N,
and f(t) is ©(g(t)) if there exists constants k', k" such that
Kk g(t) < f(t) <k g(t) for all t € N*.
5See Satterthwaite and Williams (1989), Williams (1991), and Rustichini, Satterthwaite, and Williams (1994) for

the IPV case and Cripps and Swinkels (2006) and Fudenberg, Mobius, and Szeidl (2007) for the CPV case.
"For ¢ € (0, 1) the population quantile &, of F' is the unique solution to the equation F (&) = q.



p denote the price that would be determined in the BBDA if buyers (contrary to their self-interest)
instead submitted their true values as their bids. Recalling that F' is symmetric with zero mean,
if all buyers honestly reported their values, then as the market becomes large p would converge
to p + &;. Given prior knowledge of F' and therefore {;, p can be used to estimate p. The error

|pBBDA —(n+ fq)‘ is bounded above by the sum

p— (n+&)| + |pPBPA —p|.

The first of these terms is the sampling error, which represents the error in the estimation that is
inherent from the finiteness of the market. The second term is the strategic error, which is the
error caused by buyer underbidding. The bound on buyer underbidding implies that the expected
strategic error is O(1/7); results from statistics imply that the expected sampling error is ©(1/4/7).
Thus the strategic error is of strictly higher order than the sampling error and therefore for larger

markets has an insignificant impact upon the estimation of p + &, and ,uﬂ

Asymptotic approximation of equilibrium strategies. As a complement to our analysis of
equilibrium, we analyze a buyer’s decision problem from an asymptotic perspective by determining
the asymptotic limits to the probabilities in his first order condition for the selection of his bid.
For fixed m and n, the solution to this asymptotic first order condition is a uniquely determined
offset strategy. Using the asymptotic approach for the case in which F' is the standard normal
distribution we derive an approximate formula for a buyer’s equilibrium offset as a function of m
and n. This provides an approximation to equilibrium bidding behavior in all sizes of markets. As
expected, it exhibits underbidding that is O(1/7) in magnitude. Numerical investigation suggests
that this approximation is quite good even in small markets. The formula is significant because

there are very few examples of equilibria in the double auction literature’J1Y]

Correlated interdependent values. Ideally we would exactly replicate this sequence of results
for the CPV environment for the CIV environment. This, however, has proved impossible for us,

at least in this paper. But the diffuse prior in the CIV case does give the same invariance to

8We are unaware of other results in the double auction literature showing the rate at which informational efficiency
is achieved. Vives (2011) in his recent study of supply function equilibria among firms that have private information
concerning their marginal costs obtains analogous results.

9Three examples are as follows. The first example is the linear equilibrium to the split-difference bilateral double
auction Chatterjee and Samuelson (1983) derived when the buyer’s value and the seller’s cost are independent and
uniformly distributed on [0, 1]. The second is the linear equilibria for the BBDA that Satterthwaite and Williams
(1989) and Williams (1991) constructed for arbitrary numbers of buyers and sellers in the independent private value
environment. The third is the equilibria Kadan (2007) constructed for the bilateral case in a CPV environment.

OExamples of equilibrium obtained either through numerical calculation or theoretical derivation are important
both for the insight that they give and because they provide a basis for experimentally testing the theory of double
auctions. Experimental tests of the multilateral k-double auction include Kagel and Vogt (1993) and Cason and
Friedman (1997).



each trader’s decision problem that its presence gives to each buyer’s decision problem in the CPV
case. This invariance makes it easy to compute equilibria and do numerical experiments when
F and G — the distributions respectively of each trader’s idiosyncratic value/cost component ¢;
and his noise component §; — are the normal distribution. These experiments confirm that in
the CIV environment offset equilibria exist in small markets and converge towards allocative and
informational efficiency at the same rates as is the case for equilibria in the CPV environment. In
other words, this paper provides new theoretical evidence that fully rational strategic behavior in
a market with two-sided private information and CIV does converge to a fully revealing rational
expectations equilibrium (REE) as the number of traders increases from a small number to a large

number.

Related work. This paper is therefore a step in developing an explicit theory as to how rational,
self-seeking, non-cooperative buyers and sellers trading within a market institution can, as the
number of traders becomes larger, lead to increasingly efficient allocations at a price that increasing
accurately reveals the market’s underlying fundamentals. Game theoretic approaches to this began
with Vickrey (1961), Wilson (1977), Milgrom (1979), and Milgrom (1981) with their initial work
on auctions. The two-sided nature of the problem was first recognized in the papers of Wilson
(1985) and Gresik and Satterthwaite (1989) that began the theoretical study of multilateral double
auctions. Within the IPV environment Satterthwaite and Williams (1989), Williams (1991), and
Rustichini, Satterthwaite, and Williams (1994) established the quadratic rate of convergence to
efficiency of the BBDA and the k-double auction. Relying on Jackson and Swinkels (2005) for
existence, Cripps and Swinkels (2006) in a paper that is notable for allowing buyers multiple units
of demand, sellers multiple units of supply, and a very general definition for the CPV environment
study the efficiency of large double auctions and show that efficiency is approached at the same
quadratic rate as it is in the IPV environment.

Reny and Perry (2006) in an ambitious paper investigate the existence and efficiency of double
auction equilibria when traders’ values/costs may be interdependentﬂ Under some technical con-
ditions they prove that if the number of traders is sufficiently large, then an equilibrium in which
each trader’s strategy is increasing with respect to his private signal exists, the resulting allocation
is efficient, and the realized market price p identifies the state of the market u. A fully revealing
REE exists if the market is large enough. This is a terrific result because, as they observe (p.1233),
interdependence of values/costs “is the hallmark of environments in which rational expectations
are required.”

Reny and Perry’s theorem, as with any theorem, has its limitations: it does not apply to small

markets, it does not establish a rate at which equilibria converge to efficiency, and does not provide

" Their value/signal formulation as well as affiliation/interdependence structure is more general than is the case in
our model.



insight as to what equilibrium strategies look like. Our results for CIV environments speak to these
limitations by showing existence for small markets, demonstrating that convergence to efficiency
is quadratic as is the case in both IPV and CPV environments, and showing that equilibrium
strategies may take the simple form of a constant offset. In addition, if our model is modified
while still maintaining the diffuse prior assumption, our techniques continue to apply and facilitate
computing solutions to the first order conditions, checking that these solutions are equilibria or
(equally interesting) are not equilibria, and determining their properties if it is an equilibriumE
This, not surprisingly, has a cost in terms of generality: our model is quite specific with its additive
structure for values/costs and signals as well as its assumption that agents’ prior on the underlying
market state p is diffuse. We thus see our paper as a complement and not as a substitute to Reny
and Perry (2006), albeit in a less general informational framework.

Finally, it is well-known in the mechanism design literature that statistical dependence among
privately observed types can be used to achieve higher levels of performance than in the case
of independent typesm In Satterthwaite, Williams, and Zachariadis (2011), we generalize the
McAfee and Reny (1992) mechanism for bilateral trade when the type space is compact to the
multilateral, diffuse prior model considered here. Honest reporting is a Bayesian-Nash equilibrium
in the McAfee-Reny mechanism and its equilibrium allocation is efficient. The truthful reporting by
all traders means that strategic behavior does not cause any error in the aggregation of information
by the market. This raises the following question. Because the adverse consequences of strategic
behavior can be completely avoided with this designed mechanism, what is the purpose of studying
an imperfect mechanism such as the BBDA? One reason is that the transfers of the designed
mechanism are defined in terms of the distribution F', which renders it impractical@ The BBDA,
in contrast, is defined without reference to the traders’ probabilistic beliefs. In our paper we
explore another reason: it may impose a sizeable ex post loss on a trader and it may require a

substantial ex post monetary subsidy to operate. Our conclusion is that the designed approach

12There is an additional, technical reason why this paper complements Reny and Perry. One of their contributions
is an example (see p. 1246-1248) illustrating how in CPV and CIV environments a trader’s best response strategy may
not be monotone increasing even if other buyers and sellers are playing increasing strategies. This possibility made
it difficult for them to employ the fixed point theorem of Athey (2001) in proving existence. Their workaround is to
show that if the market is sufficiently large, then every trader becomes almost a price taker and, as a consequence,
has a monotone best response to any set of monotone strategies. But overcoming this difficulty and showing existence
by making the market so large that traders’ become essentially price-takers does not give insight into whether their
example that best replies to monotone strategies are not necessarily monotone in small markets — where buyers’ are
definitely not price-takers —is the exception or the rule. Our results show that for small markets the set of specific
CPV and CIV environments in which best replies to monotone strategies are monotone is not empty and includes
some plausible examples.

13This observation originates in Myerson (1981), who constructed an example in which dependence among the
private values of bidders allow the seller of an item to design an auction that extracts all of the possible revenue.
Myerson (1981)’s example was developed into a general result on auctions by Crémer and McLean (1988). It was
further developed as a general result in Bayesian mechanism design by McAfee and Reny (1992).

14This is the Wilson Critique of mechanism design, namely, that probabilistic beliefs are a way to model decision-
making under uncertainty and are not a datum available for the practical definition of an economic mechanism. See
Wilson (1987).



is a complicated and impractical exercise that achieves modest gains in comparison to a simple
mechanism such as the BBDA.

Outline of the paper. This paper is organized as follows. The model is formally presented
in Section Section |3| presents the first order condition for a strategy B : R — R to define a
Bayesian-Nash equilibrium, assuming that all sellers report honestly and all buyers use B. This
first order condition is the basis for the convergence results and the computation of equilibrium in
this paper. Section [4| derives from this first order condition (i) an invariance property of the first
order condition, which reflects the invariance of a buyer’s decision problem, and (ii) the existence
of an offset strategy that solves the first order condition. Sections [5| presents theoretical results
concerning the sufficiency of this first order condition. Section [6] computes the rates of convergence
of buyer misrepresentation and the inefficiency that it causes to zero. In Section [7] we supplement
the theoretical results on sufficiency with numerical results, and also illustrate numerically several
properties of offset equilibria that were proven in previous sections. Section [8] contains our analysis
of the “fat-tailed” case of the standard Cauchy distribution. Section [9]applies our bound on buyer
misrepresentation to characterize the magnitude of strategic error in estimating a market parameter
in comparison to sampling error that is inherent in the finiteness of a market. Section [L0|analyzes
the buyers’ first order condition from an asymptotic perspective and produces a formula for buyer
underbidding in arbitrary sizes of markets in the case of the standard normal distribution. Section
applies our analysis of the CPV case to the CIV case. Section [12| concludes. Many proofs are in
the Appendices.

2 Model

The market consists of m potential buyers who seek to buy one unit of the good and n potential
sellers each of whom is endowed with one unit of the good. The process that generates each buyer’s
and seller’s valuation for the good is this. First, 4 € R a common component to every buyer’s
value and each seller’s cost is drawn from a diffuse, improper prior distribution that is uniform
over the entire real line. Second, for each buyer i € {1,2,...,m} and for each seller j € {1,2,...,n}
idiosyncratic terms ¢; and €; are drawn ii.d. from distribution /' on R. These idiosyncratic
components perturb the common component p and create values v; = p + €; for buyers and costs
¢; = p+ ¢ for sellers. Buyers and sellers are risk neutral. If a buyer ¢ trades at price p then his
utility is v; — p, and if seller j trades at price p his utility is p — ¢;. Buyers and sellers who do not
trade receive zero utility.

Each trader privately learns his value v; or cost ¢; through a noiseless signal and computes
from his signal his posterior distribution of u: for buyers F, (u|v;) = F (1 — v;) and analogously

for sellers. His posterior on p then enables him to compute his joint posterior of the other traders’

10



values and costs. The purpose of this structure using a diffuse prior is to create maximal uncertainty
about the market price and to reflect gains from trade that exist in markets due to idiosyncratic
preferences as a result of, for example, differing portfolio positions of individual buyers and sellers.

The mechanism we use to realize these gains from trade is the buyer’s bid double auction. In it
buyers and sellers simultaneously announce their bids and asks that are then sorted in increasing
order: s1) < s@) < < Stm) < Sima1) < S S(mn)- The traders who submit the highest n
bids/asks are assigned the n objects available in the market while the buyers/sellers who submit
the lowest m bids and asks are not assigned an object. Those buyers who are assigned an object
pay the market clearing price p = s(,,11) and those sellers who are not assigned an object receive
that market clearing priceE

We restrict attention to symmetric strategies amongst all buyers and all sellers. Furthermore,
we note that because the market price is set at s(,,41) a seller never affects the price at which he
sells. Therefore, a dominant strategy for him is to report his cost truthfully; let S be this truthful
strategy for sellers. Buyers can affect the market price when they buy and therefore may have an
incentive to underbid. Let B be the buyers’ symmetric strategy that maps values into bids. A pair
of strategies <S, B> is an equilibrium if, for each buyer i € {1,...,m} and every v; € R, B(v;)
maximizes his expected utility given that all sellers play S and all other buyers play B.

We make the following assumptions on the strategy B and the distribution F of the idiosyncratic

terms €; and ¢;.

A1l: B is strictly increasing.

A2: liminf,,_ B'(v) < .

A3: F is absolutely continuous on R with density f, which is positive and continuous on R.
Ad4: The density f is symmetric about zero, i.e., f(x) = f(—=x) for all x € R.

A5: F satisfies

< 0. (2)

We call an equilibrium < S , B > that complies with A1 and A2 on B as regular.

Given A3 and our exclusive focus on increasing strategies, ties between two or more traders’
bids/asks are measure zero events and may be ignored. A4 implies that the mean and the median
of F are both equal to zero and F(z) = F(—xz) for all x € R, where F = 1 — F. Notice that A5
is weaker than the assumption that the hazard rate f(z)/F(x) is strictly decreasing, which is a

common assumption in mechanism design.

15Tf there are ties at S(m+1) then available supply is first assigned to buyers and then to sellers. If supply is
insufficient to supply those buyers at s(,11) then the available supply is distributed amongst them using a fair
lottery. Finally, if any further supply remains unassigned, then it is distributed back to the sellers at s(,,41) with a
fair lottery. For more details see Satterthwaite and Williams (1989, pages 480-1).
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Remark 1 The normal distribution with mean 0 satisfies the assumptions on F' (A3-A5) with A5
holding by virtue of the fact that the normal satisfies the monotone hazard rate condition. The
Laplace distribution with mean 0 also satisfies the assumptions on F, while the Cauchy distribution
does not satisfy Ad.

3 The focal buyer’s expected utility and first order condition

Pick a buyer, whom we refer to as the focal buyer, and fix the n sellers’ strategy at S and the m —1
remaining buyers’ strategy at B. Excluding the focal buyer’s bid b, order the bids and asks of the
remaining buyers and sellers into a vector: s(1) < s2) < - < Sy < S(mg1) < 0 < Simgn—1)-
This is the random vector against which the focal buyer, as a function of his v, chooses his b so
as to maximize his expected utility. To streamline the notation, let = denote s(,,), the m™ order
statistic of the bid/ask vector, and let y denote s(;,4.1), the (m + 1)* order statistic of the bid/ask

vector. Then we have the following cases:

1. If b < z < y, then the price is p = x, the buyer fails to trade, and his utility is 0.
2. If x < y < b, then the price is p = y, the buyer trades, and his utility is v — y,

3. If £ < b <y, then the price is p = b, the buyer trades, and his utility is v — b.

Given the value v, the focal buyer chooses his bid b to maximize his expected utility. Observe that
bidding " = v dominates bidding ¥ > v. Conditional on the focal buyer’s value v and the other m
buyers’ bidding strategy B, let f;(x|v), fy(y|v), and fyy(z,y|v) be the marginal density of z, the
marginal density of y, and the joint density of x and y, respectively. These densities depend on v
since the buyer uses his value to form his posterior beliefs over the other traders’ valuations. The

focal buyer’s expected utility is

7(v,b|B) = v Prly < blv] = E[(v — y)xy<s|v] + (v — b) Prlz < b < y[v]
= v Prly <blv] — E [yxy<s|v] + (v — b) Prlz < b < ylv],

where y is the indicator function and
tly < bl / fy o)y,
Elnpeabl = [ usilul)in

Priz < b < y|v] / / fay(z, ylv)dydz.
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Taking derivatives with respect to b and setting the result equal to zero yields the first order

condition for b given v:

ﬂuwMB):@—m[h@v%+Amﬁw®wWMy—[;fw@ﬁvM4

— Priz < b < ylv]
=(v = 0) fa(blv) — Prlz < b < y|v] 3)
=0.

where 7, = 97 /0b. In the first line [, fo, (b, y|v)dy = fa (blv) because foy(x,y|v) = 0 for all y < z.
For the same reason, fix; fay(x,blv)dz = f, (blv). The third line is the focal buyer’s marginal
utility. Its first term is the focal buyer’s expected gain from increasing his bid by Ab: he jumps
over x with probability f,(b|v)Ab, goes from non-trading to trading, and earns v — b, which gives
an expected gain of (v —b) f,(blv)Ab. The second term is the expected cost of increasing his bid by
Ab: with probability Pr[z < b < y|v] his bid b sets the price; increasing b by Ab forces the market
clearing price he pays up by Ab, which gives an expected loss of Prix < b < y|v]Ab.

Observe that the conditional independence of values and costs with respect to the common

component p implies that

h@@z/ththww,

Prle <b <yl = [ Prle <0< ylud (bl
where f,(p|v) is the conditional on the buyer’s signal v density of u, f.(b|u) is the conditional
on u density of the other traders’ m'™ order statistic computed at the focal buyer’s bid b, and
Pr[z < b < y|u] is the conditional on p probability that the focal buyer sets the price with his bid.
Consequently the formulas for f;(blu) and Pr[z < b < y|u] are the same as in Satterthwaite and
Williams (1989a) with its analysis of the independent private values case.

To spell out the formulas for f;(b|u) and Prjz < b < y|u] three probabilities, My, m, Ky m, and
L, 1, must be defined. These three probabilities are conditional on 1 and assume that in the sample
of interest buyers each play the strategy B (with inverse B~!), and sellers each truthfully ask their
costs. In particular M, ,, (b| B, u) is the probability that the focal buyer’s bid b lies between s,

13



and $(;,41) in a sample of m — 1 buyers’ bids and n sellers’ asksm

Mym(b|B, ) = ( med ) ( " )F(B%b) — ) F(b—p)

i+j=m L J
0<i<m—1
0<j<n
— _ m—1—1— n—j
F (B - )" T F (b — ) (1)

where i indexes buyers and j indexes sellers. Also note that, conditional on pu, the probability that

a non-focal buyer with value B~!(b) bids at least b is F' (B~!(b) — p1) because the focal buyer sets

his bid b freely and not in accordance with strategy B that the m — 1 other buyers employ.
Similarly, Ky, (b]B, ) is the probability that the focal buyer’s bid b lies between s,y and

S(m) in a sample of m — 1 buyers’ bids and n — 1 sellers’ asks:

KB = Y (mf1>(”‘.1>F(B—1<b>u)iF<bu>j

it j=m—1 v J
0<i<m—1
0<j<n—1

FBO) - T F ot (5)

Finally, L (b| B, i1) is the probability that the focal buyer’s bid b lies between s(,,,_1) and s, in

a sample of m — 2 buyers’ bids and n sellers’ asks:

Lym(blB, )= > (m.‘Q)<7>F(B—1<b>—u)iF<b—u>f

itj=m—1 v J
0<i<m—2
0<j<n
= _ m—2—i— n—q
F(B®) )" (- ) (6)

Given these formulas, the focal buyer’s marginal utility when his value is v, his bid is b, each

other buyer is playing strategy B, and each seller is truthfully asking his cost is
7 (0,5 B) =(v — b) £o(blv) — Prw < b < ylo]

(- | 0 — 1)Ko (0B, )] £ (1 — ) dp

—0o0

+(v—b) / " m =07 (BT 0) 1) L 01B.p) (B )] £ (1~ v)

—00

- /OO My (b B, 1) f (1 — v) dp. (7)

16SOa M”ym (b|Ba /‘l’) = PI‘[QZ’ S b S y|l’L]
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The function (B~!)(b) is the derivative at b of the non-focal buyers’ inverse bidding function B~
It’s value is the rate at which a non-focal buyer’s value v increases as his bid increases. Also, in
the formula, we use the equalities f,(u|v) = f(1—v) and f,(v|p) = f (v — p) that follow from the
diffuse prior assumption.

To understand this formula, suppose the focal buyer with value v increases his bid from B (v) = b
to b+ Ab. Conditional on u, consider in order the three terms on the right hand side of .

1. Pick a seller j and his ask ¢;. The term nf(b — pu) Ky m (b|B, 1) x Ab, is the probability that
the buyer’s Ab increase in his bid causes him to jump over seller j’s ask c¢; and go from not
trading at b to trading at b+ AB. This switch to trading requires that ¢; = s(,,,) in the sample
of m 4+ n — 1 bids/asks the focal buyer faces. Because the focal buyer jumps over seller j,
f(b—p) x Ab is the probability ¢; € (b,b+ Ab) and K, (b|B, 1) is the probability that,
excluding seller j and the focal buyer, the bids/asks of the other m — 1 buyers and n — 1
sellers bracket c¢; making it is the marginal ask s(,,) that the focal buyer must jump in order
to trade. Finally, the probability f(b — p)Ky m (b|B, ) x Ab that j is both marginal and

jumped over is multiplied by n because there are n sellers who could be the marginal seller j.

2. Pick a seller k. The term (m —1)f(B~* (b) — pt) Lym (b| B, i) Ab/ (B_l)/ (b) is the probability
that the focal buyer by increasing his bid b by Ab jumps over buyer k’s bid by = B (vx) and,
moreover, by = 5(,,) in the vector of bids/asks the focal buyer faces. As a result the focal
buyer goes from not trading to trading. Derivation of this event’s probability exactly parallels
the derivation of the first term in with one important difference: the probability buyer
k’s bid by, is in the interval (b, b+ Ab) is Abf (B~ (b) — p) (Bfl)/ (b), not f(b— p)Ab. The
reason is that, B(vg) € [b,b+ Ab) if and only if vy, € [B~1(b), B—1(b+ Ab)]. The probability
of this event is F[B~!(b+ Ab)] — F[B~1(b)], which can be approximated with the first degree

Taylor series:

80D (B E) — ) = Bbf (B () ) B 0)

= Abf (B7H(b) — ) (B™Y)' ().

S

3. As explained above, the term M, ,, (b|B, ) is the probability that the focal buyer’s bid lies
between s(,,) and s, 41) in a sample of m — 1 buyers each playing strategy B (with inverse
B~1) and n sellers each asking their costs. Thus, for the full sample of m bids (including the
focal buyer’s bid of b) and the n asks, M, ,, (b|x) is the probability that the focal buyer’s bid
b equals s(,,11) and therefore sets the price. Consequently increasing b by Ab increases his

expected cost of successfully trading by M, ,,, (b|B, ) Ab,

Finally, the unobservable common component p must be integrated out of each of the three terms

using the conditional density f, (u|v) = f(p —v).
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4 Properties of regular, symmetric solutions to the first order

condition

In this section we investigate the properties of regular, symmetric solutions to the focal buyer’s

first order condition (FOC). Specifically, we focus on solutions B such that, for all v € R,

7"-b(va b|B)|b:B(v) =0, (8)

where equation (7)) defines m,(v, b|B) and <S, B> satisfies A1 and A2, so that if <S5, B> turns out
to be an equilibrium, then it is a regular equilibrium. We consider the case of n > 1 sellers and
m > 2 buyers. The assumption that there are at least two buyers permits the analysis of a buyer’s
first order condition as a differential equation in his strategy B. The section’s main result is that
an offset solution to the first order condition always exists. In order to prove this we first establish
that the vector field that the first order condition implies is invariant with respect to translation
along the 45° diagonal of the (v, b) plane. This intermediate result follows from the fact — stated in
the introduction — that each buyer’s decision problem in choosing his bid b is identical irrespective

of where on R his value falls.

4.1 Invariance of the vector field that the FOC defines

Fix the distribution F that satisfies A3—A5. Let B satisfy A1l and A2 and be a fixed point to the
first order condition in the following sense: the focal buyer’s optimal strategy is B conditional
on the other m—1 buyers playing strategy B and the n sellers truthfully asking their costs. The pair
<S, B> is then a symmetric solution to the first order condition and, if an appropriate sufficiency
condition is satisfied, it is a symmetric equilibrium. Deriving B is facilitated by working with the
vector field V that the first order condition (8) defines on the space W = {(v,b) [v > b} C R
That we are seeking a fixed point in B enables us to make an important simplification in
the formulas for K, ., Ly m, and M, . If the focal buyer has value v, then in equilibrium he bids
B (v) = b and, consequently, B~ (b) = v. Therefore within formula (@) for M,, ,,(b|B, u1) the factors

being summed become a function of v, b, and p instead of a function of b, B, and u:

F(BYb) —p) F(b—pu)F (B7H) — )" " Fb— )"
—Fw—p)'Fb—p/ Flo—p)"  "Fb—p".
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Thus the dependence on B drops out. Define

M0 bp) = (m.”)(Z)F(vu)iF(bu)fF(vu)m”mbm"ﬂ',

i+j=mn t
0<i<m—1
0<j<n

(9)
and in parallel fashion define K7, ,, (v,b|p) and Ly, ,,, (v, b|u) . Similarly on the second line of (7)) the
density f (B~ (b) — p) becomes f (v —p).

Consequently <S, B> is a symmetric solution to the first order condition if, for all pairs
(v,b) € W such that b= B (v),

(e 9]

M 0By =0 1) [ (6= W) (0. b0] £ = o) d

H =0 (B 0) [ [n=10F 0= ) L 00)] £ (0 0) s
/ (0,b11) £ (12— v) dp.

Solve this equation for (B_l)/ (b) to obtain

Jooe My o f (v = p)dp — (v = b) [Zo nf (b — p) Ky f (1 —v) dp
(v="b) [T (m =1)f(v— p) L}, f (1 — v)dp

V/(0,b) = (10)

where V'(v,b) = (B _1)/ (b) and we have omitted the arguments of My .., K}, and Ly, for
notational brevity. We define 7 to be the vector field that, for (v,b) € W, has value 7 (v, b
(L, V' (v,b)).

Observe that the value of 7 depends only on the point (v,b). The interpretation of its value
at a given point (v”,b") € W is that if <S, B> is a symmetric solution to the first order condition
in which (i) all m buyers follow the identical strategy B and (ii) b” = B (v"), then the derivative of
B evaluated at v” has value 1/B’ (v") = V' (v",b") . Thus solutions to the first order condition
can be traced out by following the vector field 7 using any point (v,b) € W as a starting point

The following lemma establishes the invariance property of

Lemma 1 For any (v,b) € R? and any p € R, the vector field 7 satisfies
7(1}, b) = 7(1} +p,b+ p).

Proof. Let b* = b+ p, v* = v+ p and u* = p — p. The first step is to notice from formulas

1A standard result in differential equations is that a solution v = B™! (b) to exists that goes through any
given point (v,b) € W. See, for example, Arnold (1973, Theorem 7.1).
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—@ and @[) that the values of My, . (v, bu), K, ,,(v,b|p) and Ly, ., (v, b|p) are determined by the
differences b — p and v — pu. The following formulas thus hold:

M (V5,07 ) = My, (v, b]1%),
K:,,m(v*a b*|M) = Krt,m(”» b|:UJ*),
Ly (V5,07 p) = Ly, (0, b)),

Now consider formula . We have

V' (v*,b")

S M0 ) — 8 — )0 = DK (0,8 )] £~
S0 (m = 1) f(v* — p)(v* — b*) L5, (0%, b ) f(v* — p)dp

ST IM (0, Bl) — nf (6 — ) (0 — ) K (0, b)) f (0" — p)dps
I (m = 1) f (0 — @) (0" = b*) Ly o (0, bl f (v — p)dp

S5 (M (0, Blp) = mf (b — ) (0 = D), (0 ba*)] (0 = ) dp

N TZ (m = 1) f (v — i) (0 = b) Ly (0, blp™) f (v — ) dps

L (M (0, bl) = nf (b — ) (0 = B)EG (0, b)) (v — 1)y

- Jom = 1) f(v = @) (v = b) L}, (0, blpa) f (v — ) ps

=V'(v,b)

where the fourth line follows from a change of variable in the integrals in which g+ p replaces y. =

4.2 Existence of an offset solution to the first order condition

An offset strategy B for a buyer is a function of the form
Bv)=v—\

for some constant A € R. Notice that an offset strategy satisfies A1 and A2. We consider in this
section the existence of offset equilibria of the form <S, B> in which each seller j uses his dominant
strategy of asking his cost ¢; and each buyer ¢ uses the same offset strategy B (v;) = v; — A. The
first order condition holding almost everywhere is a necessary condition for a strictly increasing
function B to define an equilibrium of the form <3, B> We prove in this section that there
exists an offset strategy B in the market with n > 1 sellers and m > 2 buyers that satisfies the
first order condition . The proof relies on the Intermediate Value Theorem and the following

lemma.

!8The reason is that every strictly increasing function is differentiable almost everywhere, see, for instance, Royden
(1988, p. 96).
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Lemma 2 Consider any 6 > 0. There exists a constant L*(F,§) > 0 such that

v—b>L*"(F,§) = V'(v,b) <. (11)
The lemma’s proof is in Appendix [A] It implies that

biiinoo inf V/(v,b) <0
for all v.
Theorem 1 Forn >1 and m > 2, a constant A = X (F,n,m) € R exists such that the strategy
Bv)=v—\ (12)

satisfies the first order condition (@) at all v € R.

Proof. Fix the value of v*. Lemma [2| implies that V' (v*,b) < 1 for b sufficiently small. It is shown
below that V'(v,v) = co at any v € R. Applying the continuity of the distribution F and its density
f, the Intermediate Value Theorem implies the existence of a value of b* at which V’/(v*,b*) = 1.

Define A = v* — b*. The invariance property established in Lemma [1| implies that
V(0" + p,v* = X+ p) =V (050" =N =1

for all p € R. The line
(V" + P 0" = A+ p)per

is therefore a solution curve of the vector field 7 This is depicted in Figure [1} which illustrates
the normalized vector field at the points of interest.

It remains to be shown that V'(v,v) = co at any v € R. Returning to @, notice that

Mn*,m(U’ULu) = Z ( mn _ 1 ) ( TL ) F (v _ /l)iJer(U _ Iul)m+n717i7j

i+j=m v J
0<i<m—1

0<j<n
is nonzero for all v, u € R. The numerator of V'(v, b) in thus approaches a nonzero real number
as b converges upward to v while its denominator converges to zero. m

Figures [2| (a)-(d) depict the normalized vector field in the case of F' being the standard normal

distribution in the case of 7m buyers and 7n sellers (for 7 = 2,4,8,16 and m = n = 1). Notice
the invariance of the vector field as it is translated on the 45° diagonal. Inspection of the figures

suggests that the computed offset is unique.
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b=v

b=B(v)

Figure 1: This solution curve is the graph of the strategy B(v) = v — A.

5 Sufficiency of the first order approach

Existence of an offset solution to a buyer’s first order condition leaves open the question as to
whether or not such a solution (or any other solution to the first order condition) defines an
equilibrium. This section addresses the sufficiency of the first order approach, an issue that is
complicated in our model by the statistical dependence of values and costs and the asymmetry of
buyers underbidding and sellers reporting truthfully. The most straightforward approach, which is
both necessary and sufficient, is to graph expected utility and check that it is maximized at the
FOC’s solution. Assuming an offset solution, the invariance of a buyer’s decisions problem implies
that optimality of the offset solution for all v can be checked at a single, specific value of v. This
makes this approach feasible and we use it in all our numerical experiments.

A second approach is to derive a condition on the fundamentals of the model that ensures
sufficiency of the first order approach. We now derive a condition of this type that parallels the
derivation in Milgrom and Weber (1982) of a similar condition for the sufficiency of the first order
approach in auctions. We then discuss the limitation of this condition and, in particular, the reasons
why statistical affiliation of traders’ costs and values cannot play the same useful role in double
auctions as it does in auctions.

Recall that x = s(,,,) and y = s(p,1.1) are the m'™ and the (m + 1)St order statistics in the sample

of m +n — 1 bids and asks of the m — 1 buyers (excluding the focal buyer) playing the strategy B
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Figure 2: Solving the differential equation for different values of 7 (m =n = 1).

and the n sellers playing the truthful strategy S.

Theorem 2 Suppose for all v € R the function B solves the buyer’s first order condition (@ and
satisfies assumptions Al and A2. A sufficient condition for <S, B> to be an equilibrium for the
BBDA with m > 2 buyers and n > 1 sellers is that, for every b € R, the ratio

Pr(z <b<ylv)
Jfz (b]v)

R(v,b, B,m,n) = (13)

s decreasing in v > b.

Proof. Function B satisfies at all (v,b) € W the first order condition such that for b = B (v)
we have

(v, b|B) = (v — b) fz(blv) — Prjz < b < ylv] =0 (14)
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where W = {(v,b) |[v > b} C R2. A sufficient condition for B to be a symmetric equilibrium is for
(v,b) €W,

mp(v,b|B) > 0if b < B (v) (v, b|B) > 0 if B~ (b) < v,
mp(v,b|B) =0 if b = B (v) & (v, b|B) = 0 if B~ (b) = v,
m(v,0|B) <0if B(v) <b<w m(v,b|B) < 0if v < B71(b) < B71 (v).

The left-hand column of conditions is the first derivative test on the variable b for a fixed value of v.
The equivalent conditions in the right-hand column are obtained by applying the inverse mapping
B! to the variables. They are useful below when we fix the bid b and interpret v as the variable.

Observe that the right column is satisfied if, for any b € R, 7(v, b|B) is increasing in v > b and
equals zero at v = B~! (b). Rewrite the focal buyer’s marginal utility as

(v, b|B) = (v =) fx(b]v) — Pr[z < b < y|v]
= [(w=B71(®) + (B7 (b) = 0)] fa(blv) = Prlz < b < ylo]

= f.(blv) {(v B+ (B (b)) —b) — Pr[a:ff(;; y!v]] }

for any (v,b) € W. We focus on the term in the curly brackets in , which determines the sign

of my(v,b|B). The first term is increasing in v and equals zero at v = B! (b). That the second

(15)

term equals zero at v = B! (b) is confirmed by substituting B~! (b) for v into it and noting that
the result equals zero because B solves the first order condition :

r|x -1
s~ o) {57 0 - - PSR

= (B7H(b) = b)fo(b|B~" (b)) = Pr[z < b < y[B (b)]
=0.

Finally, the second term is increasing in v if the fraction in this expression (which is R(v, b, B, m,n))
is decreasing in v. m
The requirement that R(v,b, B,m,n) is decreasing in v > b serves the same purpose for the

BBDA as the requirement that the inverse hazard rate, for any b,

Pr (S(m—l) < b|v)

B 1) =
S(U;b7 , TN, ) fS(m,l) (b|U)

(16)

is decreasing in v serves within the theory of first price auctions with correlated values[l’] In each

19See Milgrom and Weber (1982, p. 1106-08). In the auction setting v denotes the value of the focal buyer and
S(m—1) denotes the largest value among the values of the other m — 1 buyers who are competing to buy the single
item being auctioned.
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case the numerator is the marginal expected cost to a buyer from increasing his bid and thereby
driving up the price that he pays and the denominator is the marginal probability of acquiring an
item by increasing his bid. Milgrom and Weber (1982, p. 1107-08) show that in such auctions &
decreasing in v is sufficient for a solution B to the buyer’s first order condition to be an equilibrium
to the auction. They also show that expression is necessarily decreasing if the m buyers’ values
are statistically affiliated. That affiliation of buyers’ values implies satisfaction of the sufficient
condition is useful because a substantial body of research exists establishing conditions under
which common multivariate distributions generate affiliated random vectors. As a consequence
affilation is a crucial part of auction theory’s foundation.

Affiliation, however, cannot serve the same role in establishing sufficiency of the first order
approach in double auctions. While it is straightforward in our model to impose conditions on
F (such as the monotone hazard rate property) that insure that the values/costs of traders are
affiliated, we next show below that it is not in general true that the ordered bids/asks of traders
are affiliated.

Specifically, assume that (for a fixed value of the state p) the components of the random
vector of buyers’ values and sellers’ costs (v1,...,Vm,c1,...,c,) are affiliated. This is true when-
ever F' has a monotone hazard rate, as in the normal distribution. Following Milgrom and We-
ber (1982, pp.1118-1189) and Tong (1990, pp. 130-132), we know that: (i) the components of
the vector of ordered values and costs (t(1),t(2), - - - t(ntm)) are affiliated; (ii) assuming the use of
the offset strategy B(v) = v — A by buyers, the components of the random vector of bids/asks
(v — A, ..., um — Ayc1, ..., ¢) are affiliated; and (iii) the components of the random vector of or-
dered bids/asks (s(1),5(2); - - - S(n+m)) are associated, which is a strictly weaker relationship among

random variables than affiliation 20

Theorem 3 Ifm > 2 and n > 1, F is the standard normal distribution, and buyers use any offset

strategy, then a buyer’s value is not affiliated with the ordered bids/asks of others.

See Appendix [C] for the proof.

This theorem should be contrasted with our numerical results that follow in Sections [7] and [8]
wherein offset equilibria that appear to satisfy Al and A2 are computed in small markets. The
failure of affiliation to hold — even in equilibrium — among ordered bids and asks impedes a proof
of sufficiency of equilibrium; it does not appear, however, to impede the existence and computation

of well-behaved equilibria for common F P

20Tn the BBDA with one seller (n = 1) and multiple buyers the seller’s ask is his cost. On the surface this appears
to be a standard auction, albeit with the twist of a hidden reservation value, to which the analysis of Milgrom
and Weber (1982) may be applied. This approach, however, fails because for that analysis a buyer’s value must be
affiliated with the ordered statistics of that hidden reservation value and other buyers’ bids. Theorem |3| establishes
that this needed affiliation does not hold in general.

2'Reny and Perry (2006) foresaw the problems that are caused for proving existence of equilibrium in double
auctions by the failure of affiliation. This is an obstacle in small markets that is avoided in Reny and Perry (2006)
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A weakness of condition is that it is not reduced to an interpretable condition directly in
terms of F'. The expanded formula for R in the case of an offset strategy suggests the difficulty of
this task:

JZo Mo (0 B, ) f (v — p) dps
S oo K (DB, ) f (b — ) 4 (m — 1) Ly (0| B, ) f (b 4+ X — )] f (v — ) dps”

or

7% (v, blp) f (v = ) dps
J25 [nEGs (v, ) f (b= 1) + ( =D)L}, (v, blp) f(b+ X = p)] f (v —p)dp
The integration, which arises from existence of the common component, together with the formu-
las for M} _, K*  and L}

n,m? n,m n,m

with their complex summations across event probabilities stymies
reduction to a condition directly in terms of F.

As a substitute in the case of offset solutions, for any given choice of F), it is simple numerically
to check our condition for a solution to be an equilibrium. Specifically, numerically check
that R(v,0, B, m,n) is decreasing for all v € R* where the functions M., K}, and Lj, ,, are
evaluated at (v,0|p). The invariance property that Lemma establishes allows us to fix b = 0
and only check that R is decreasing on v € R™. It is not necessary to check that, for every b € R,

R is decreasing for all v > b. This establishes the following corollary:

Corollary 1 Suppose for all v € R the offset strategy B (v) = v — X solves the buyer’s first order
condition (@ and that, for b =0,

Pr(z < 0 < ylv)
fz (0v)

R(v,0,B,m,n) = (17)

is decreasing in v for allv € RY. Then B is an offset equilibrium.

Note that the offset \ satisfies the equation R(\, 0, B,m,n) = A.
The exception to being unable to reduce the requirement that R is decreasing in v to a simple
condition on F' is the bilateral case, m = n = 1. There the (sole) buyer’s utility as a function of

his bid b and his value v is
W(Ua b) = (U - b)FC\U(b‘U)a

where F, is the distribution function of the seller’s cost ¢ given the buyer’s value v. Hence the

first order condition is
Fc|v(b’v)

wb(v,b):Oiv—b:m.

(18)

Strengthen A5 to:

through their focus upon the case of a large number of traders. Our paper complements Reny and Perry (2006) by
showing that for the cases we investigate the failure of affiliation is not a problem even in small markets.
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A5': F has a monotone hazard rate, i.e., f(x)/F(x) is decreasing for all z € R.
This allows us to prove the following result.

Theorem 4 Under assumptions A3-Aj € A5 the first order condition (@ has a unique, increas-
ing, continuous solution that globally maximizes the buyer’s utility, and is the unique equilibrium

strategy B of the bilateral BBDA. Furthermore, B takes the simple form of an offset strategy,
B(v) =v — A,
where \ is a positive constant.

The proof, which is in Appendix [B] consists of showing how our assumptions map into the assump-
tions in Kadan (2007, Theorem 1). The proof’s key is the affiliation of the random vector (u, v, c)
that follows from Assumption A5'.

In summary, Theorem [I] shows the existence of an offset solution to the first order condition.
Corollary [1| provides a numerically tractable means to check if such a solution in fact defines an
equilibrium. In Section |[7] we report that R is decreasing in v for F' normal or Laplacian when B is
an offset solution. Together these three pieces establish a main contribution of the paper: for small

markets well behaved pure strategy equilibria exist for at least some common distributions F'.

6 Convergence to truthful revelation and efficiency

Given a constant ¢ > 1 and assumptions A3-A5 on F', the offset solution converges to the buyers’

truthful strategy B (v) = v for all sequences of markets such that

<

SE

3=

<¢ (19)

)

€l

as m,n — oo. More specifically, we prove that the misrepresentation, v — B (v), in any regular
equilibrium strategy B is O(1/m) and, second, we prove that convergence to ex post efficiency is
0 (1 / m2). Observe that the bound 1' parameterized by ¢ > 1, on the admissible ratio of buyers
and sellers implies O(1/n) = O(1/m) = O(1/(n Am)).

Theorem 5 Consider any ¢ > 1 and values of m > 2 and n > 1 that satisfy (@ There exists a
constant K (F, ) such that any regular equilibrium strategy B in the market with n sellers and m

buyers satisfies the inequality
K(F,¢)
m

v—B(v) < (20)

for allv € R.
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The theorem extends the following lemma, which implies that buyer misrepresentation is O(1/m)
at values of v for which B'(v) exists and satisfies B'(v) < 1/4.

Lemma 3 Consider any ¢ > 1 and values of m > 2 and n > 1 that satisfy (@) For any § > 0,
there exists a constant K(F,p,d) such that V'(v,b) > 0 only if
K(F,p,0
v—b< M (21)
m
The proof of Lemma [3]is in Appendix [A] We now apply it to prove Theorem [5|
Proof. Since B is a regular equilibrium strategy assumption A2 implies that we can choose a value

of § € (0,1) such that
1
lim inf B'(v) < =. (22)

v——00 )
Let K(F, ) equal the constant K (F,p,d) whose existence Lemma [3| guarantees. Lemma 3| states
that the bound v — B(v) < %
for values of v at which B’ (v) exists and satisfies B'(v) < 3.

We now extend this bound to all values of v at which B is differentiable. Pick a v* at which B
is differentiable and let A (v*) denote the set of values of v < v* at which B’(v) exists and is less
than 1/6. This set is nonempty by virtue of (22). Let ¥ = sup A (v*) and notice that B'(v) > 1/§
for v € (v,v*) at which B’ exists. The bound holds at ¥ because it holds at each v € A(v*)
and sup,ea p+) B(v) < B () since, by assumption Al, B is strictly increasing. Then

holds at values of v for which V'(v, B(v)) > § or, equivalently,

where the integral on the third line exists because a strictly increasing function is differentiable

almost everywhere. Rearranging implies v* — B(v*) <7 — B(v) and, since bound holds at o,

K(F.p)

*— B <
vt = B(r) < =

The final step extends bound to values of v* at which B’(v*) does not exist. There exists

an increasing sequence (v')en+ such that B’(v?) exists for each t € N* and

lim o' = v*. (23)

t—o00
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The bound holds at each v! in the sequence, i.e.,

Ut —B(Ut> < K(F,QD).
We have
lim B(v') < B(v*) (24)

t—o0
because B is increasing. The bound therefore holds at v* because of and . ]
For a symmetric equilibrium <S5, B> in the market with m buyers and n sellers, relative inef-

ficiency is defined as B
exp. gains from trade in < S,B >

(25)

 the expected potential gains from trade

or equivalently,

exp. potential gains from trade that are not achieved in < 5’, B>

26
exp. potential gains from trade (26)

Theorem 6 Consider any ¢ > 1 and values of m > 2 and n > 1 that satisfy @ There exists a
constant k(F, p) such that the relative inefficiency of any regular equilibrium <S, B> in the market

with m > 2 buyers and n > 1 sellers is no more than k(F,p)/m?.

The proof of Theorem [6]is in Appendix [A] The theorem establishes the same bound on relative
inefficiency in each state ;o € R. It is thus reasonable to state that ex ante relative inefficiency is

O (m_Q) despite the fact that p ex ante does not have a proper probability distribution.

Remark 2 Note that if we start from a fixed number m of buyers and n of sellers, and then

consider a sequence of markets with Tm buyers and mn sellers for = € N* then the rates reported in

Theorems and 8] and [ become O(1/7) and O(1/72).

7 A Computational Analysis for the Case of the Standard Normal

Distribution

This section presents the results of a computational analysis of our model in the case of F' = ®, the
cumulative for the standard normal distribution N (0,1). Our calculations suggest that the offset
solution to the buyer’s first order condition in this case is unique in each size of market, determines
an equilibrium of the BBDA, and defines the only symmetric smooth, regular equilibrium of the
BBDA.

Table [I] presents several equilibrium quantities. We consider 7m buyers and 7n sellers and

m = n = 1 so that the first column gives the number of traders on each side of the market. Column
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2 computes the solution to the equation V'(v,v — A) = 1. GFT in column 3 is the expected
potential gains from trade, and GFTsgp4 in column 4 is the expected gains from trade achieved

when buyers use the offset equilibrium A shown in column 2|

| 7| X | GFT | GFTgppa | (GFT — GFTpppa)/GFT |

2 10.6896 | 1.3265 1.2221 0.0795
4 10.3374 | 2.9008 2.8535 0.0163
8 | 0.1556 | 6.0812 6.0653 0.0026
16 | 0.0762 | 12.4604 12.4516 0.0007

Table 1: Column 2 is the equilibrium offset solution, column 3 is the expected gains from trade, and
column 4 is the expected gains from trade achieved in the BBDA, all for different sizes of market
7 reported in column 1 (m =n = 1).

The offset as expected from Theorem [5| vanishes at a rate of O(1/7) | The difference (GFT —
GFTpppa)/GFT in column 5 is the ex ante relative expected loss to the traders from using the
inefficient BBDA. The values in column 5 decrease by a factor of roughly four each time that 7
doubles as expected from Theorem @ which shows that relative inefficiency is O(1/72).

Figures[3| (a)-(d) depict the calculations of the optimal offset of column 1 in Table[1]} by graphing
the difference V'(v,b) — 1 in the case of v =0, b € (0,1] and 7 = 2,4, 8,16. The invariance of the
vector field implies that the calculations in the case of v = 0 are representative of this difference
at other values of v (i.e., V'(0,b) — 1 = V'(v,v 4+ b) — 1 for all v € R). The right side of the
graphs corresponds to the point (v,b) = (0,0) in Figure |1, and moving leftward by decreasing b
corresponds to moving vertically down the b-axis in Figure At (v,b) = (0,0), the normalized
vector field is horizontal because V’(0, 0) is infinite; one can see V'(0,b) — 1 growing large in Figures
(a) - (d) as b decreases to 0. The scale used on the top graph in each figure to show the rapid
increase in V'(0,b) as b nears 0 makes it difficult to see that V/(0,b) — 1 declines steadily across
the interval (0, 1]. This is shown over a restricted interval near the offset solution A\ from Table
in the bottom graphs of the four figures. All four graphs show that V/(0,A) — 1 = 0 has a unique
solution, i.e., there is a unique offset solution to the buyer’s first order condition.

We next demonstrate that the offset solution to the first order condition defines an equilibrium
in the BBDA. Figures 4] (a)-(d) depict the maximization of the selected buyer’s utility at the offset
value from Table [T] together with the strict monotone decline of his marginal utility, which changes
from positive to negative at this offset value, for 7 = 2,4,8,16. It is assumed in these figures that
the selected buyer has value v = 0 and that all other buyers use the offset strategy that is presented
in Table [Il The graphs numerically demonstrate in each size of market that the selected buyer’s

unique best response to the offset solution to the first order condition is this offset solution itself.

22QFT & GFTgppa are calculated in a fixed state p using a Monte Carlo method. GFT has the same value for
all u, while GFTeppa has the same value for all g when all buyers use the same offset strategy.
%1n the bilateral case for F' = ® we have that clv ~ A(v,2) and the unique offset solution is 1.0620.
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Figure 3: Focal buyer’s vector field minus one vs his bid b, for v = 0, F' the standard normal
distribution, and different size of market 7 (m =n =1).

The graphs therefore suggest that the offset solution to the buyer’s first order condition defines an
equilibrium of the BBDA.

We conclude this example by arguing that the offset equilibrium is in fact the unique symmetric,
smooth and regular equilibrium strategy for buyers in the BBDA in the case of the standard normal
distribution. While the formal results in this paper do not require uniqueness, it is interesting
that calculations suggest that it holds in this benchmark example. The bottom graphs in Figures
(a) - (d) suggest that V'(0,d) is strictly decreasing in —b. Applying the invariance of the vector
field, this is also true for V'(v,b). The following argument shows that this fact implies that the
offset solution is the only solution to the first order conditions that defines a smooth and regular

equilibrium strategy for buyers. Consider starting at a point in Figure [1| between the line v = b
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Figure 4: Focal buyer’s utility and marginal utility vs his bid b, for v = 0, F' the standard normal
distribution, and different market size 7 (m = n = 1). Other sellers report honestly, and other
buyers use the offset reported in Table

and the line determined by the offset solution V’/(v,v — A) = 1 and then solving the buyer’s first
order condition by tracing out a solution curve to the normalized vector field. Because V'(v,b) is
decreasing in —b, the vector field flattens as b nears v; a solution traced in the direction of decreasing
b therefore runs into the line v = b and fails to define a strategy for all values v. Starting at a
point on the axis v = 0 below the offset solution and moving in the direction of decreasing b, a
solution curve either (i) decreases off to b = —oo if V’(v, b) remains positive along the curve or (ii)
reverses direction at a point at which V’/(v, b) changes from positive to negative. A solution in case
(i) violates the bound that is established in the proof of Theorem 5| for all regular solutions
to the first order condition. It must therefore fail to be regular. In case (ii), the solution fails to

define a strategy for the entire real line.
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Figures [2| (a)-(d) depict this uniqueness of equilibrium in the case of the standard normal
distribution and for different size of market 7 = 2,4,8,16 (m = n = 1). Each graph is centered
on the point v = b = 0. The line v = b corresponds to honest revelation. The line parallel and
below this line corresponds to the offset solution to the buyer’s first order condition for the value
of the offset given in Table As in the argument above, a solution curve to the vector field that
lies above the offset solution converges into the line v = b and thus fails to define a strategy for
all values of v. A solution curve below the offset solution turns back on itself as b decreases at a
point where V' (v,b) changes from positive to negative and thus also fails to define a strategy for
all values of v. The offset solution is thus the only solution to the buyer’s first order condition

that defines a strategy across the entire range of buyer values.
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Figure 5: Focal buyer’s sufficiency condition vs his value v, for v — b = X\, F' the standard normal
distribution, and different size of market 7 (m =n = 1).

Finally, Figures [5| (a) - (d) depict the ratio R, as given by equation , for different values of
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v and b = 0. The figures suggest that the sufficient condition that R is decreasing in v as derived

in Corrolary [1] is satisfied in the case of the normal distribution.

8 Robustness Check: The Case of the Cauchy Distribution

Assumption A5 bounds the effect of the downward tail of the distribution £ upon a focal buyer’s
marginal analysis. The Cauchy distribution does not satisfy A5 and hence our convergence proofs
do not apply in this case. We investigate the BBDA in this section in the case of the standard
Cauchy distribution as way to test the dependence of our results upon A5. The Cauchy distribution
is commonly used in statistics to test the robustness of results because (i) the graph of its density
is bell-shaped and similar in appearance to the density of a normal distribution, but (ii) moments
of all orders (including expected value and variance) are not defined for the Cauchy distribution.
Point (ii) is due to the the “fat tails” of the Cauchy distribution, which is the reason that it does
not satisfy A5. The importance of fat tails in the field of finance also supports the testing of a
model of a market mechanism by using the Cauchy distribution.

We find that while the Cauchy distribution is indeed pathological in the bilateral case, the
BBDA resolves this pathology in the multilateral case with as few as two traders on each side
of the market. A buyer in the BBDA equates the marginal benefit from lowering his bid and
thereby decreasing his expected price when he trades to the marginal cost of losing a profitable
trade with the lower bid. We first show in the bilateral case that the marginal benefit from
lowering his bid always exceeds the marginal cost. This reflects the fat downward tail of the
Cauchy distribution, i.e., there always remains a substantial probability of trading for a buyer no
matter how much he lowers his bid. As a consequence, a buyer always has the incentive to lower
his bid further and further, and so an optimal bid does not exist for him. For 7 =2, 4, 8, and 16
(m =n = 1), however, the computation of a buyer’s equilibrium offset is straightforward, a buyer’s
marginal expected utility changes sign from positive to negative at this computed solution, and the
computed equilibrium offsets exhibit the O(1/7) rate of convergence. This numerical evidence is
discussed after Theorem [7] which concerns the bilateral case.

These results are significant for two reasons. First, they suggest that our convergence results
hold more generally than we are able to prove in our theorems. Assumption A5 is thus effective but
coarse as a sufficient condition for our convergence results. Second, the literature on multilateral
double auctions is motivated by the inefficiency of bilateral trade due to strategic behavior as proven
by Myerson and Satterthwaite (1983). This inefficiency has been shown to diminish rapidly as a
market increases in size. This example points to a different sort of failure in trading in the bilateral
case — nonexistence of equilibrium — that is quickly resolved as the number of traders increases.
While the outcome of trading may be indeterminant in the case of bilateral bargaining, we can
compute a well-defined and well-behaved outcome in the multilateral case. The ability of a market

to resolve the indeterminacy of bargaining is particularly striking in this example because of the
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Cauchy distribution’s pathological properties.

Theorem 7 Consider the BBDA in the case in which m = n =1 and F is the standard Cauchy
distribution (i.e., location parameter O and scale parameter 1). Given honest reporting by the seller,

a buyer’s marginal expected utility is negative for all bids b below the buyer’s value.

The proof is by direct calculation using the formula for the Cauchy cumulative distribution and
density. It is in Appendix

Tablepresents the calculated values of the equilibrium offset Acqycny in the case of the standard
Cauchy distribution for markets with 7 traders on each side. Its value roughly falls by half as 7
doubles, reflecting its O(1/7) rate of convergence. Column 3 displays the ratio between Acquchy
and Aqgussian, the equilibrium offset in the case of the standard normal distribution from Table
In the bilateral case of m = 1, the value Acqycny = 0o reflects Theorem |Z|, while Aqaussian = 1.0632
reflects T heorem (see Footnote. While the ratio is infinite in the bilateral case, the equilibrium
offsets become comparable in size across the two distributions as soon as the number of traders
increases to 2 on a side. Equilibrium bidding in the multilateral case is thus comparable for the two
distributions. The fat tails of the Cauchy distribution distinguish it from the normal distribution;
while the fat downward tail is crucial in the bilateral case, its impact is bounded and diminishing
in significance as the number of traders increases. The tail of the distribution matters less and
less in a buyer’s decision problem as the number of traders increases as it becomes more likely
that the market price will be near the median value/cost. Figure [6] (a)-(d) depict the graph of
the focal buyer’s marginal utility in the Cauchy case, which changes from positive to negative at
the computed offset. Furthermore, Figure [7| (a)-(d) asks further support of the uniqueness of the
computed offset by plotting the vector field of the focal buyer V'(0,b) minus 1, and showing how
it is uniquely zero at the computed offset. Sufficiency of the first order approach thus appears to
hold in the case of the Cauchy distribution even though calculations suggest that this distribution
does not satisfy condition for sufficiency of Theorem [2| see Figure |8 (a)-(d).

As a final point, the equilibrium offset does not uniquely maximize a focal buyer’s expected
utility in the case of the Cauchy distribution. Because of the fat downward tail, the expected price
faced by a focal buyer conditional upon his value in this case is negatively infinite when sellers
report honestly and the other buyers bid less than their values@ As a consequence, all bids b < v
provide the focal buyer with an infinite expected utility. In what sense does the computed offset

represent utility maximization and equilibrium? The answer lies in the use of a distribution with

24The argument for large m is as follows. The distribution of the state u conditional upon the focal buyer’s value
v is Cauchy with location parameter v and scale parameter 1. The symmetry of the Cauchy distribution implies
that state p is less than v with probability 1/2. Because of the fat downward tail of the Cauchy distribution, the
expected value of ;1 conditional on being below v is —oco. Regardless of how the focal buyer bids, the price in the
BBDA is bounded above by the (m + 1)** smallest value/cost among the 2m — 1 values/costs of the other traders.
This is true because the other buyers bid less than their values. This order statistic converges in distribution to u
as m increases, see Rothenberg, Franklin, and Tilanus (1964)).
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an infinite support as an approximation of a finite world. Truncating the Cauchy distribution to
the support [—c, ¢| for ¢ > 0 and scaling its density so that its integral over this interval equals one
produces a distribution for which a buyer’s equilibrium offset and corresponding expected utility
are well-defined. This equilibrium offset converges to the value presented in Table [2| as ¢ increases
to infinity. Though the limit of expected utility is infinite, the marginal analysis in the Cauchy

case derives a meaningful limit of the solution to a buyer’s decision problem in the finite case.

’ T ‘ )‘Cauchy ‘ ACauchy/)\Gaussian ‘

2 | 1.1656 1.6903
4 1 0.4936 1.4630
8 | 0.2235 1.4364
16 | 0.1053 1.3819

Table 2: Comparison of the equilibrium offsets when traders’ idiosyncratic noise is Cauchy and
Gaussian distributed. Column 1 is the market size 7 (m = n = 1), Column 2 is the equilibrium
offset in the Cauchy case, and Column 3 is the ratio of the equilibrium offsets of the Cauchy and
the Gaussian cases.

9 Strategic Error versus Sampling Error

Markets serve both allocative and informative purposes, and strategic behavior by traders can
disrupt a market’s effectiveness in both respects. =~ We have explored in previous sections the
diminishing effect of strategic behavior upon allocative efficiency as the market increases in size.
In this section, we demonstrate that strategic behavior is similarly limited in its effect upon a
market’s ability to aggregate information that is dispersed among its traders.

The informational objective here is to estimate the underlying state u from the market price,
for once it is determined, the distribution of values and costs is properly specified. Some notation
is needed for this section. For a fixed number m of buyers and n of sellers, we consider markets

with 7m buyers and 7n sellers for 7 € N*. Let

m

qzm—i—n

and let ¢, denote the ¢*® population quantile of F, i.e.,
F(gq) =q.

Let t(rpm41) denote the (Tm + 1)5t order statistic among 7 (n + m) values/costs and S(rm+1) the
(Tm~+1)3 order statistic among 7m bids and 7n asks, assuming that buyers use a regular equilibrium

strategy and sellers report honestly. The value s(;,,41) is the market price in the BBDA. We are
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Figure 6: Focal buyer’s marginal utility vs his bid b, for v = 0, F' the standard Cauchy distribution,
and different size of market 7 (m =n =1).

interested in $(;,,41) as an estimate of u + &;, which is the population quantile given the state p.
It is assumed in our Bayesian game analysis that a trader knows 7m, 7n and F'; he therefore can
compute §;, which means that the market price $(;,,41) enables a trader to estimate the underlying
state p as S(rpmy1) — - This is consistent with Manski (2006), who showed that a competitive
market price estimates a quantile of the underlying distribution of private signals that depends
upon the relative sizes of supply and demand. Our contribution here is to incorporate strategic
behavior into the analysis and then to assess the magnitude of its impact upon the estimation of

the population quantile of interestﬁ

25This is a weak notion of identifying p from the market price S(rm+1)- A common objective in a prediction
market, for instance, is to produce a price that itself estimates an unknown parameter, such as the probability that a
particular event will occur in the future. The success of a prediction market depends upon the design of the contract
that is traded, which is beyond the scope of this paper. The price s(,m41) does approximate p in the special case of
m = n, which we explore numerically below.
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Figure 7: Focal buyer’s vector field minus one vs his bid b, for v = 0, F' the standard Cauchy
distribution, and different size of market 7 (m =n =1).

The absolute error in the estimation of p + §; using s(ry41) is

|Srmt1) — & — 1 -
We bound this above as
‘S(Terl) - t(7m+1) + t(‘rm+1) - gq - ,U/‘ (27)
< ‘S(Terl) - t(7m+1)‘ + ‘t(rerl) - gq - M‘ :

The term ‘S(Tmﬂ) — t(7m+1)‘ is the strategic error, which captures the effect of strategic underbid-
ding of buyers upon the estimation of u + &;,. The term ’t(Tm—i-l) — &g — u‘ is the sampling error,

which reflects the fact that a sample of 7 (m + n) values costs does not perfectly reflect the popu-
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Figure 8: Focal buyer’s sufficiency condition vs his value v, for v — b = Acquchy, F' the standard
Cauchy distribution, and different size of market 7 (m =n = 1).

lation. Assuming that buyers use a regular equilibrium strategy in each size of market, Theorem

implies that K(F. o)
) P

[8(m+1) = trmn)| € ——==
i.e., strategic error is a random variable that is O(1/7) given the fixed values of m and n. The
sampling error in contrast is a random variable distributed on the half line [0, c0); it can be arbi-
trarily small or large. The goal in the remainder of this section is to demonstrate that the sampling
error on average, however, is of strictly larger order than the strategic error. Asymptotically, the
effect of strategic error upon the estimation of p + &, will be shown to vanish completely because

of the dominating effect of the sampling error, despite the variability of the sampling error.
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Theorem 8 Suppose that the distribution F' satisfies the regulatity condition on its tail given by

lim inf — log(1 — F(z))
T—00 log

> 0. (28)

For fired m and n and for 7 € N*, we consider sequences of equilibria <S, B> in markets with Tm
buyers and n sellers in which S denotes honest revelation and B is reqular. For each value of the

state u, the sampling error satisfies

1
E Ht(fm+1) - éq - :u'| |M] €0 <\/;> ’
i.e., there exist constants o (m,n, F), @ (m,n,F) > 0 such that

< E[t(rmyn) — & —pllu] < (29)

5l
S

for all T € N*.

The result is proven for a fixed value of p, which we set equal to zero in the proof below
with no loss in generality. As in Theorem |§|, it is reasonable to claim that E Ht(rm+1) — & — ,uH
is © (1/4/7) despite the improper distribution of u because the same terms o/\/7, @/1/7 bound
E Ht(Terl) —& — ,u| |u} for each value of . We first note that t(,,,,1) — & is asymptotically

normal after a suitable rescaling, i.e.,

TIEEO Pr ((t(ferl) B &J) f (gq) q (71- (—an;_ n) < t) = (t) ’

where ® denotes the standard normal with mean 0 (see, for example, Arnold, Balakrishnan, and
Nagaraja (1992, Thm. 8.5.1)). The random variable

)f(fq) 7(m+n)

trm -
(e =& ¢(1—q)

thus converges in distribution to the standard normal. The theorem rests upon the convergence of
the first absolute moment of this statistic to the corresponding first absolute moment of the limiting
standard normal distribution. Condition is sufficient for this convergence. It is satisfied by the
normal distribution with mean 0 and variance o2, the Laplace distribution with location parameter
0 and scale parameter b > 0, and the Cauchy distribution with location parameter 0 and scale
parameter v > 0@

26We verify condition (28) for these distributions using an alternative sufficient condition that is derived as follows.
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Proof. Condition msures tha@

tim £ [ty = ol = 0] - LE2N : (_mqj ") _ B [Ja]]. (30)

From (30)) it is clear that for sufficiently large 7,
1 K-FE E |t =0 2 K-FE
2\7' Eg [|z]] < H (7m+1)—§qHN— ] < \7 - Eg [|2]],
where K denotes the constant
q(1—gq)

(&) V/(m+n)

The existence of the constants o (m,n, F'), @ (m,n, F') follows immediately. m

Sampling error is a random variable whose magnitude can be arbitrarily large or small. This
contrasts with strategic error, which is O(1/7) in every sample of 7m values and 7n costs. The
expected value of sampling error is © (1/4/7), however; it is of strictly larger order than sampling
error. The significance of this point is captured by the following theorem, which states that the
asymptotic distribution of s(;,,41) is the same as the asymptotic distribution of ¢(;y,;1). The
impact of strategic behavior upon the market price as an estimate of the population quantile ;1 +§,
thus vanishes completely in an asymptotic analysis because it is dominated by the randomness of
sampling. A sufficiently large market thus aggregates information as if buyers were telling the

truth instead of acting strategically.

Theorem 9 For fited m and n and for 7 € N*, we consider sequences of equilibria <S,B> in
markets with m buyers and T sellers in which S denotes honest revelation and B is reqular. For

each value of u,

mn
Hom1), S(rmen) ~ AN <M o 7(m + n)gfz(fq)> ’
Applying L’Hoépital’s rule twice,
f(z) ’ ’
L o—log(1—F(x) . TR@ _ o af(e) L af (@) +fe) . af (z)
Ll R T S e w7 R S T = Y

The second application of L’Hopital’s rule is appropriate only if limg—,eo zf(xz) = 0. If it is instead the case that
limy oo zf(z) > 0, then we can stop at that point and conclude that

i —loB(1 = F(@))

> 0.
z—00 log

It is therefore clear that ,
lim & @)

A i) 7

is a sufficient condition for F' to satisfy .

2"This result originates in Anderson (1982). We apply here Shorack and Wellner (1986, Theorem 4, p. 475) in
the case of g(z) = |z|. Condition above is assumption (12) of this theorem and its assumption (14) holds for
g(z) = |z| with M =1 and 2" = 3.
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i.e., both t(rpmq1) and s(pq1) are asymptotically normal with the same mean and variance.

The proof is in the Appendix E The theorem implies that f(;p,11) and $(;y,41) are each
asymptotically unbiased, consistent, and asymptotically normal estimators of p 4 &;. The result
concerning t(,,,41) is well-known and was mentioned above. The contributions of the theorem are
(i) the asymptotic normality of s(;p, 1) and (ii) the fact that t(,, 1) and s(rp,41) have exactly the
same asymptotic distribution. This is true even though F [t(ﬂ'm—l-l) = S(rm+1) | ,u] is strictly positive

for all p.

9.1 Numerical Example

A numerical example suggests that the adverse effect of strategic behavior upon information aggre-
gation can be insignificant, even in markets with small numbers of traders. We compute the market
clearing price t(;,11) in the BBDA with no strategic misrepresentation by buyers and the price
S(rm+1) in the BBDA given the use of an equilibrium offset strategy by buyers (for m =n = 1)@
These calculations are carried out for four values of 7, m =n =1, u =0 and F' = ®, the standard
normal distribution. The assumption of m = n = 1 implies that the population quantile of interest
18 & /(min) = 172 = 0, the median of . The market price $(;y,11) thus directly estimates the
underlying state p = 0 in this example.

Table |3 compares the variances of ¢(;,41) and $(;y,,41) with the asymptotic variance that these

random variables share, namely

mn 1

T(m+n)3f2(E,)  8r¢?(0)

It is notable how close the values of the three variances are to each other even for these small values
of 7. This suggests that the asymptotic limit can be meaningful for approximations involving
t(rm+1) OF S(rm+1) €ven in relatively small markets.

Because p = &/ = 0, the absolute error in this example is }S(Tmﬂ)‘ and the sampling error

is ‘t(TmH) , while the strategic error remains equal to ‘S(Terl) — t(7m+1)" Table 4| presents the
expected values of absolute error, sampling error and strategic error for different values of 7. The
absolute error differs from the sum of the sampling and strategic errors because of the use of the
absolute value in . As 7 doubles, the absolute and sampling errors decrease by a factor of
approximately v/2 while the strategic error decreases by a factor of approximately 2, which reflects

the respective rates of convergence (1/4/7 and 1/7) of these errors. Finally, the table suggests

%The calculations are made using a Monte Carlo method: (i) a 27-vector of i.i.d. random variables is drawn from
N(0,1); (ii) the first 7 are identified as buyers’ values and the last 7 as sellers’ costs so that the vector has the
form (vi,...,vr,¢1,...,¢7); (iii) t(zm+1) is computed by ordering the components of this vector; (iv) the equilibrium
offset A\(7) that is calculated in Table |1 is subtracted from each value v; to produce the vector of bids and asks
(b1,...,br,c1,...,¢r), whose components are then ordered to determine $(-m41). These steps are repeated, which
allows the computation of the sample variances and absolute first moments of interest.
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that strategic error can be insignificant relative to sampling error in estimating the state p even in

small markets.

’ T H var (t(Tm—i-l)) ‘ var (S(Tm—i-l)) ‘ ng(o) ‘

0.3646 0.3834 0.3927
4 0.1887 0.1901 0.1963
8 0.0954 0.0958 0.0981
16 0.0482 0.0483 0.0491

Table 3: The variances of t(;,11), S(rm+1) and their common asymptotic limit for various sizes 7
of markets.

Exp. Abs. Error Exp. Sampling Error Exp. Strategic Error
.
E [|srmn] E [[temin]] E [|temt1) = Serme]
2 0.4926 0.5329 0.3198
4 0.3457 0.3644 0.1679
8 0.2474 0.2549 0.0819
16 0.1756 0.1782 0.0381

Table 4: Absolute, sampling and strategic errors for various sizes 7 of markets.

10 An Asymptotic Analysis of a Buyer’s Decision Problem

The first order condition ([7]) is complicated and provides little insight directly into a buyer’s decision
problem. We now analyze this equation by identifying the asymptotic values of its probabilities.
The goal of an asymptotic analysis is to replace a complicated calculation with a simpler formula,
thereby identifying what is most fundamental in the problem and facilitating an approximate
solution. This goal is accomplished here; this asymptotic analysis in fact models how a sophisticated
buyer might approach his decision problem in the BBDA, as opposed to using .

Identifying the asymptotic probabilities in the first order condition produces the asymptotic
first order condition; we call its solution the asymptotic offset, which approximates the equilibrium
offset that solves . Numerical calculations presented below suggest that the asymptotic offset
approximates the equilibrium offset quite well even in small markets for the case of the standard
normal distribution. More importantly, the asymptotic offset is an explicit formula in the market
size that exhibits the rate of convergence of the equilibrium offset to zero. The formula for the
asymptotic offset is noteable because there are few closed-form examples of equilibria in the k-

double auction literature, which has impeded experimental testing of the theoryF_g] Finally, the

2In particular, as mentioned in the Introduction, we are aware of no closed-form examples of equilibria in the
multilateral case of correlated private values considered in this paper.
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fact that this approximation improves in large markets is significant because it is exactly these
markets in which is most difficult to compute the equilibrium offset.

The formal asymptotic analysis appears in the proof of the theorem below, which is deferred
to Appendix We summarize the argument here. For fixed m, n and for 7 € N*, let w, denote
the difference s(;p,41) — S(7m) in a sample of 7n sellers’ asks and 7m — 1 buyers’ bids. Rewrite the

focal buyer’s first order condition as

0 = m (’U, b) = (v - b)fs(fm)(bw) - Pr[s(rm) <b< S(Tm—i-l)’U]
= (V=0)fs(1y (0lV) = Pr[b—s(rpn) > 0 & b — Sy < wr|v]

- w-n/ " s Ol Fuulo)dp

o0
[P sy > 0 & b= sy < il ulo)dn

—00
The asymptotic distributions of s(;,,) and w; are now substituted into this formula: a suitable
rescaling of w; is asymptotically exponential (see Siddiqui (1960)) while Theorem (presented
in Appendix states that s(;,,) conditional on p is asymptotically normal with mean £, + ,um

The asymptotic first order condition for general distributions F' is then

0 - ('U B b)f;(fm) (b|U)
2A [ 1
T _oo@fs(fm)(x+gq+ﬂ|ﬂ)f(v—b+£q+aj)dm (31)

1 ~
-0 (7_2> : fS(Tm)(b‘v)a

where fs(Tm) denotes the asymptotic density of s(-,,,) and A, A are constants that depend on m, n, 7
and &,;. Formulas for these constants are given by and in Appendix @

At this point, we restrict attention to the standard normal distribution (f = ¢) in order to
reduce the integral in and thereby solve the problem in closed form. A Taylor’s approximation
is applied using the fact that the focal buyer realizes that his strategy is O(1/7). These steps

produce the asymptotic first order condition for the standard normal case

0= (0= D) 010) (32
(e remmm 0 (7)) fem o
=0 (o 0 (7)) .

30 As before ¢ = m/(m +n) and & = {y : F(y) = ¢}.
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where

mn — (m +n)2¢2(&,)
(m+n)3¢*(&)
The unique solution of is the asymptotic offset

C(m,n) =

- 1 1 1
MO = ey T+ Oty T (> ‘ (34

While (31), (33), are are derived under the assumption that v — B(v) is O(1/7), these
equations do not otherwise depend upon the strategy B. This is true because the magnitude of
underbidding by the other buyers vanishes sufficiently fast that it is inconsequential in the focal
buyer’s decision problem for large 7: the asymptotic distributions of the 7m!" and (rm + 1)St order
statistics are the same regardless of whether the sample is bids/asks or true values/costs. In effect,
the asymptotic analysis justifies the focal buyer choosing his bid under the hypothesis that the
other buyers bid honestly. This substantially simplifies his decision problem. Notice also that the
asymptotic offset A (1) is a constant that is independent of v. An offset strategy thus uniquely
solves the buyer’s asymptotic first order condition, which motivates our focus upon this form of

strategy in all sizes of markets.

Theorem 10 Consider a sequence of markets with 7m buyers and tn sellers for T € N* and the
special case in which F = ® (f = ¢). If the other buyers employ a regular strateqy B.(-) such
that v — By (v) is of order O(1/7) for all v € R, then \(7) as given in is the unique solution
to the focal buyer’s asymptotic first order condition . The asymptotic offset A (1) is further

approzimated by the simpler formula

1 1
Aapprox (T) = (m+n)d&)r (35)
in the sense that _
lim A() =1.
700 Aapprox (T)

Numerical Example. In the case of m =n = 1, we have that ¢ = 1/2, {1/, = 0, f(0) = ¢(0) =
1/(27), and C(1,1) = w/4 — 1/2, so that

71
Aapprox () = \/;T-

Fig. |§| depicts this approximate solution Aapprox as compared to the corresponding numerical
calculation A (7) obtained from the first order condition .Table reports the error and the

relative error in this approximation. We see that the (relative) error in the approximation diminishes
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fast so that the approximate solution performs well even for modest market sizes.

0.7

T T
—— Numerical Calculation
—©— Approximate Formula

Figure 9: Approximate Solution.

’ T ‘ A ‘ Aapprox ‘ [Aapprox — Al ‘ Mwi;x—M
2 1 0.6896 | 0.6267 0.0629 0.0913
4 1 0.3374 | 0.3133 0.0241 0.0713
8 | 0.1640 | 0.1567 0.0073 0.0447
16 | 0.0805 | 0.0783 0.0022 0.0269

Table 5: Approximate Solution.

11 Correlated Interdependent Values

We extend our model in this section to the case in which traders have interdependent values/costs
and correlated private signals (CIV). As before there are m buyers and n sellers whose values/costs
are generated as follows: buyer i’s value is v; = pu + ; and seller j’s cost is ¢; = p + €; where the
state p is drawn from the uniform improper prior on R and the terms ¢;, ¢; are i.i.d. according
to the distribution F' on R. In this section, however, a trader does not know his value/cost at the
time that he chooses his bid/ask. Instead each trader privately observes a noisy signal concerning

his value/cost prior to his participation in the BBDA. The signals are generated as follows: buyer
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i’s signal o; equals

0; =V +0; = p+¢e; + 0,

and seller j’s signal o; equals
0j =¢j+ 0 =p+e;+0;

where the noise components d;, ¢; are i.i.d. according to the distribution G on R. We assume
that G is absolutely continuous with density g > 0 on R and mean zero. The signals are therefore
unbiased estimators of a trader’s value/cost: E [v;|0;] = 0; and E [¢;|o;] = 0. The presence of the
noise components make traders’ values/costs interdependent: if buyer i could somehow learn seller
Jj’s signal o, then his expected value E [v;|0;, 0] # 0; varies with ;. The reason is that o; allows
1 to update his estimate of u, the result of which causes him to revise his estimate of his own value
vj.

The BBDA, however, requires traders to submit simultaneously and privately their asks/bids,
which prevents each from securing direct information about others’ signals. But immediately after
the simultaneous submission of asks/bids, each trader does observe the realized market price p and
resulting alllocation of the n objects available in the market. This p provides new information about
the magnitude of his own signal relative to the signals of the other traders because the realized
price is either the m'™ or the (m + 1)™ order statistic of the asks/bids the other traders submit.

A rational trader anticipates the revelation of this information at the interim stage, i.e., after he
knows his signal but before the market price and allocation are realized. His choice of ask/bid, at
the interim stage, essentially matters only in the unlikely event that his planned ask/bid happens
to be very close to the realized price. This is because small adjustments in his ask/bid in that case
determine whether he trades or not. However, although this effect were true for buyers also in the
CPV case, an additional effect is present for both sellers and buyers in the CIV case. Essentially
adding the noise components § enriches each trader’s decision problem with the issue of inferring
from the event of trading. To see this recall that since the market price is the (m+1)* order statistic
of the submitted asks/bids it asks a lot of information about the common value p; better knowledge
of u allows traders to better estimate their own value/cost. These anticipatory adjustments allow
them to (partially) protect against ex post regret, i.e., the well known winner’s or loser’s curse.

Hence, while the BBDA continues to give a seller the incentive to set his ask a; equal to his
expectation of his cost ¢;, in general this expectation no longer equals o; as a result of what he
anticipates learning from the realized price. Similarly, while the BBDA continues to give a buyer
the incentive to set his bid b; below his expectation of v; in general this expectation no longer equals
his signal ;.

Our goal in this section is not to provide a full treatment of the CIV case. We feel this is
redundant given the richness of the results provided in the CPV case thus far and the natural

connection between the CIV and CPV cases. To this effect we wish to highlight the main points of
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departure from the CPV case. Basically the lack of traders’ knowledge of their value/cost and the
requirement for anticipatory inferences leads us to the introduction of the price taking bid/ask in
the next subsection. There we intuitively — and without resorting to strict arguments — describe
how a trader’s decision problem can be decomposed into two stages, and how his price taking
bid/ask plays the same role in the CIV case that a trader’s value/cost played in the CPV case. We
also exhibit that the price taking bid/ask is not, in general, equal to a trader’s signal for reasons
that have to do with the relative sizes of supply and demand. Then in subsection [11.2] we present
the first order approach not only for buyers (as in the CPV case) but also for sellers. The first
order approach allows us to formalize some of the intuition we built in subsection and also
provides the necessary machinery for the numerical results of subsection[I1.3] The numerical results
show how simple offset equilibria exist in this case as well, further validating their importance and

prevalence in this environment.

11.1 Some Intuition

Let us begin with the sellers’ problem, which is simpler. The first step for a focal seller — given m
and n, the strategies of the other traders, and the underlying joint distribution of their signals and
values/costs — is to construct the function E[c|o, x] where  is the m'™ order statistic of the asks
of the n — 1 remaining sellers, and the bids of all m buyers. To trade a seller’s ask has to be less
than x. We call the focal seller’s ask, a, pivotal when a happens to equal z, i.e., when the focal
seller’s ask is equal to the market price. For signal o € R, define the seller’s price-taking ask to be

the ask apr that solves the fixed point equation:
aprT = E[C|O’,l’ = apT], (36)

i.e., given o, he asks exactly his expected value for the good in the event that his ask happens to
be pivotal.

The second step for the focal seller, given his expected cost apr, is to decide on the ask he will
actually report. This is easy for him because the trading institution is the BBDA and as a seller he
cannot affect the price at which he trades. His optimal strategy is therefore to ask apr, his value
conditional on ¢ and being pivotal. Doing so is the essence of price taking. Given a market price p,
then the seller wants to sell his unit of supply if and only if his expected cost is less than or equal
to the realized price. In the BBDA if apt < x, then x becomes the realized price p, the focal seller
trades, and earns positive utility. If apt = x, then x becomes the price p, whether the focal seller
trades depends on the realization of a random draw, but in any case he is indifferent whether or
not he trades. If app > z, then the focal seller does not trade, which is fine since the return from
trading would be negative. By reporting apt he obtains exactly the outcome he seeks even though

he must report his ask prior to the price being realized. Notice that asking apr is not a dominant
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strategy since its computation relies on the m'™" order statistic of other traders’ ask/bids, which in
turn depends on their equilibrium strategies.

Now focus on buyers. Paralleling the focal seller’s computation of apr, a focal buyer computes
bpt as a function of his signal ¢ € R. This gives him his price-taking bid which solves the fixed
point equation

bpr = Elv|o, x = bp], (37)

i.e., the right hand side is the updated expectation over his value, given his signal and being pivotal.
Note that here, however, x is the m™ order statistic of a different population than for a seller: the
population for the focal buyer are the asks of all n sellers, and the bids of the m — 1 remaining
buyers. For a buyer the second step is more complicated because, as in the CPV case, he can affect
the price and so acts strategically to choose his bid b that is less than his price-taking bid bpt and
that maximizes his expected utility@ Observe that if — counterfactually — buyers and sellers
both reported their price-taking asks and bids, then there would be no asymmetry between a focal
buyer and a focal seller. Specifically if a buyer and a seller each received the identical signal o, then
the seller’s price-taking ask apt would equal the buyer’s price-taking bid bp.

The implications of interdependence on the traders’ price-taking asks and bids are most easily
seen in the limiting case where we have 7m buyers and 7n sellers and 7 — oo while the ratio of
m/(m +n) = ¢ is held fixed. If all traders report their price-taking asks/bids, which is optimal in
the limit, then the price as well as the relevant order statistics converge to u + £, where H (&) =q¢
and H is the mixture distribution (normalized around the common component ) of traders’ price-
taking asks and bids. Now ¢, is a function of the relative size of the market. Given that both F
and G are zero mean, if ¢ > 0.5 (more buyers than sellers), then ¢, > 0. If ¢ = 0.5, then &, = 0
and if ¢ < 0.5 then §, < 0.

Thus, for instance, if ¢ > 0.5, then in the limit the market clearing price would converge to
&g > pif all traders reported their signals honestly. But each trader with o ~ u+¢, understands
that in expectation he received a positive noise term 0 and therefore his signal overestimates his
value/cost. Hence for such traders app < o for sellers and bpy < o for buyers, i.e., all traders
correct their signals downward before reporting their bids/asks. Similarly if ¢ < 0.5, then all
traders correct their signals upward. Only when ¢ = 0.5 would traders not correct their signals in
the limit; p + §; = p, their signals equal their price taking asks and bids, and realized price is p,
the median of the reported bids/asks.

31The artificiality of describing the decision as a two step process occurs here. For the buyer choosing the bid b
less than bpr changes his calculation of his price-taking bid. Consequently choosing the bid b and computing the
function bpt must be done simultaneously. This becomes explicit when we present the solution to the buyer’s first
order condition in the next subsection.

47



11.2 First Order Approach

We formally derive the first order conditions for the strategies S and B to define an equilibrium in
the CIV case in Appendix [F] Our objective below is to present these first order conditions as they

compare to the conditions derived in the CPV case in Section

11.2.1 Buyer’s Expected Utility and First Order Condition

Given signal o, the focal buyer chooses his bid b to maximize his expected utility. Let x denote the
m™ and y the (m + 1)™ order statistics in a sample of m — 1 buyers using strategy B and all n
sellers using strategy S. Conditional on the focal buyer’s signal o, let f,,(u|o) denote the density of
the state u conditional on the signal o, and let fZ(z|), ff(y]-), and ffy(x, y|-) be the conditional
densities of x, y, and the joint of z and y respectively. We index the densities and the utility in
the CIV case with a superscript B to distinguish them from the densities in a focal seller’s problem
as discussed below. This distinction was not needed in the CPV case because the strategy of each

seller was straightforward to characterize. The focal buyer’s interim expected utility is

0o b
wonns) = [ {[.ﬁ@mﬂmwmﬂ—w@ (38)
b [e%)
+ [ /b fﬁ,(m,ylu)(E[v\u,U]—b)dydw}fu(ﬂla)dﬂ-

To gain insight into this equation, we contrast it with the corresponding equation from the CPV

m(v,b|B) = /O; {/boo fy(yl) (v —y)dy (39)
i /; /boo foy(@:yli) (v =) dydw} Fululo)d.

We first note that the buyer’s expected utility in (38) now depends upon his signal and both
strategies B and S, whereas in it depends upon his private value v and the strategy B (with
the dependence upon honest revelation by each seller suppressed in the notation). The first term
in each of these two integrals represents the expected utility to the buyer when he trades at a price
below his bid b and the second line represents the expected utility when his bid b sets the price. The
integral in the CIV case is computed with respect to the conditional density f,(u|o) as opposed
to fu(u|v), which reflects the difference in his private information between the two cases. Finally,
the focal buyer’s private value v in is replaced by E [v|u, o] in , reflecting his uncertainty
about his value at the time he bids in the CIV case.

Formula implies the following first order condition for the focal buyer’s optimal choice of
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a bid:

wf(a,b\B,S):/oo {(E[vm, o] — b) fB(blu) — / / B (2, ylu) dydx}f#(ub)du—o (40)

— 00

We compare this to the first order condition in the CPV case:

00 b )
wwils) = [~ oo - [ [ sk} peoa -0 @y
—00 —oco Jb

The first term in each integral is the marginal gain from acquiring an item at price b while the
second term is the marginal cost from raising the price at which he trades. The marginal gain is
now E [v|u, o] —b.

Finally, we note that the densities are expanded in Appendix [F] in terms of the probabilities
Mfm, K 5 n LEL,“. These have the same meaning as presented in the CPV case with two important
differences in the formulas: (i) they now depend not only on B” and B~! but also on (the unknown)
S" and S1; (ii) instead of F, they are now defined in terms of the convolution H = F % G of the
distributions F' and G, which is the distribution of € + 4.

Notice that implies that

ISOOOE[UWaU] ff(bm)fu(MU)dﬂ f f fb (x, y|p)dydx f,,(plo)dp
J2o FE(blp) fulplo)dps f—oo fx b|,tt)fu(,u]a)du

Priz < b < y|o]
fP@lo)

b = Elv|o,x=0b]—

(42)

As mentioned in Section the event {x = b} is when the focal buyer is pivotal, i.e., when he sets
the price (and bidding infinitesimally less would lead to no trade). Hence, the first part of the left
hand side of is the updated expectation of his value given his signal and being pivotal; this is
exactly the pricing-taking bid bpt as defined before in . The second term reflects the buyer’s
price impact in the BBDA. Of course the focal buyer’s bid is not going to be equal to bpt since
that satisfies , while the optimal bid satisfies . It is also clear then that the buyer in the
CIV will underreport his “best estimate” of his value by a positive term similar to the one in the
CPV case where his optimal bid was given by the fixed point equation:
Pr[z < b < y|v]

D

the main difference being the buyer’s knowledge of his value v.
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11.2.2 Seller’s Expected Utility and First Order Condition

Reflecting the pricing rule of the BBDA, a seller’s expected utility and marginal expected utility
differ from a buyer’s in that it does not have a term that corresponds to trade in which his ask sets
the price. In the CIV case, however, a seller must account for the fact that the event of trading
affects his estimate of his own cost.

Consider a focal seller with signal ¢ and ask a. Let 2 now denote the m'™ order statistic and
f5(x|) its conditional density for a sample of all m buyers using strategy B and n — 1 sellers using

strategy S. The seller’s ex post utility is determined by the relative sizes of a and x:

e if a < x, then the seller trades at the price of z and receives x — c;

e if a > z, then the seller may or may not trade (based on a random draw) but irrespectively

receives 0.

The ex ante utility of the seller is (x — ¢)xa<z, and so his interim expected utility is,

o0

FS(U,a;B,S):/

—00

{/aoo (z —E[c|p, o) ff(qu)dw} Fu(plo)dp. (43)

Taking the derivative with respect to a one gets the first order condition
S > S
w0 B.8) = [ {(a=Eldno)) )} fululo)dn =0, (44)
—o

The term E [c|u, o] reflects the seller’s uncertainty about his cost ¢. In the private values case, it
reduces to ¢, which produces the optimal ask of a = ¢. While the term E [¢|u, o] does not depend
upon the strategies B and S, they are implicit in the density f2(a|u). Because x is the price at
which the focal seller sells when he trades, this density captures the effect of the event of trading

upon his calculation of his marginal expected cost. Similarly as for a buyer from

S Eleln, o] 2 (alp) fu(plo)dp
[ 12 (@lp) fu(plo)du

a = Elclo,z=a]. (45)

As mentioned in Sectionthe event {x = a} is when the focal seller is pivotal, i.e., when she sets
the price (and asking infinitesimally less would lead to trade). Hence, this is exactly the pricing-
taking ask apt as defined in . Non-surprisingly this is the seller’s optimal ask given the rules
of the BBDA. As noted before, in (42)) and x refers to the m™ order statistic of (in general)

different populations.

50



Invariance Property. Setting b = B(o) and a = S(0) in and produces a pair of
differential equations in the equilibrium strategies B, S that are presented in Appendix [F] Our
goal in this section is to explore the robustness of the conclusions we reached in the private values
case to the introduction of interdepence among values/costs. We therefore conjecture a similar

form of offset equilibrium for the CIV model in which B and S have the form

B(op) = op—Ap, (46)
S(Us) = 05+ Ag,

where Ag, Ag are constants that are not restricted to be positive.

Assuming that traders use offset strategies of the form , the following lemma states that
the buyer’s marginal utility 77 (o5, b; B, S) and the seller’s marginal utility 75 (0s,a; B, S) do not
depend upon the values of the signals op and og. As a consequence, by solving numerically for
offsets A\p and Ag that equate both marginal utilities to zero for particular values of the signals op
and og, we obtain offsets that solve the first order conditions at all g and og. The strategies
defined by these offsets therefore satisfy the first order conditions for equilibrium at all g and og,
with only the sufficiency of the first order approach remaining to be verified in order to demonstrate

equilibrium. The lemma therefore substantially simplifies the calculation of an equilibrium.

Lemma 4 Assume that buyers and sellers use the offset strategies in @.The marginal utilities

of a focal buyer and focal seller in this case satisfy

75 (05,05 + As; B,S) = 75(0s+ ps,0s+ ps+ As; B, S),
P(op,08 —Ag;B,S) = wP(op+pp,op+pp —Ap: B, S)

for all (pg, ps) € R2.

The lemma is proven in Appendix [F]

11.3 Numerical Results

For our numerical results, we take ¢;,e; ~ N(0,€), 0;,0; ~ N(0,d) for all ¢ and j. Then,

fulplo) = — <z><““’>,

Ve+d Ve+d
ec+dp
Efvlp,0] = Elcp,o] = Texd

For d — 0 we get the CPV model studied in the previous sections.
We produce values of the buyers’ and sellers’ offset for different values of m and n in Tables [g]

and[7l To verify that these are equilibrium strategies we plot the utility and marginal utility of the
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focal buyer as a function of his bid (for ¢ = 0), conditional on other traders following the offset
strategy (Ap, Ag), see for example Fig. [10] (a) for m =n =8, e =1 and d = 0.25. The vertical line
signifies Ap. We observe that the focal buyer’s utility is (uniquely) maximized at b = o — Ap and
hence his best response is to imitate the other buyers’ strategy. Now, in Fig. (b) we depict the
counterpart for the focal seller. Again, the seller uniquely chooses to ask a = o + Ag. Therefore,

the computed (Ap, Ag) constitute an offset equilibrium.

[ m\n | 2 4 8 16

2 || 1.3404,0.4124  0.8372,0.4912  0.3642,0.6508 —0.0361,0.8546
4 || 1.2189,0.1332  0.7036,0.2172  0.2657,0.3948  —0.1128,0.6192
8 || 1.2084,-0.1712 0.7431,-0.0787  0.3417,0.1091  —0.0212,0.3494
16 | 1.3011,—0.4677 0.8853,—0.3756 0.5175,—0.1886  0.1754,0.0614

Table 6: Results for buyers’ and sellers’ offset A\p, Ag, for different values of m and n (e = 1, and
d=1).

Observing the values in Tables [6] and [7] recall that a buyer weighs two effects in choosing his
offset: (i) the possibility of affecting price (price impact); (ii) the estimation of his value given his
signal and the event that he trades (price taking). Holding n constant and increasing the number
m of buyers, effect (i) diminishes as the likelihood that a buyer influences price goes to zero, while
effect (ii) increases as a buyer who trades knows that more and more signals (m — 1) are below
his when he trades. As we go down a column in either of these two tables we therefore observe a
buyer’s offset first decreases due to effect (i) and then increase as effect (ii) dominates. Interestingly,
a seller’s offset monotonically increases for fixed m, as n increases. As n increases, a seller who
trades knows that there are an increasing number of signals above his. The effect of increasing n
is therefore to provide increasing evidence to the seller who trades that his signal is relatively low,
causing him to increase his offset. A seller never affects the price at which he trades and so there

is no effect similar to (i) in his selection of his offset.

L AsAs |
1.7416,0.4076
1.7164,0.1532
1.7372, —0.1367
1.8075, —0.4257
1.9118, —0.6945
64 || 2.0336,—0.9383
128 | 2.1629, —1.1595

R

Table 7: Results for buyers’ and sellers’ offset Ap, Ag, for n = 1 and different values of m (e = 1,
and d = 1).
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Moreover, Table [7] reflects exactly why a double auction with one seller and m buyers is not a
standard one-sided auction. The “reservation price” of the seller, given by his offset in this case,
is neither a given nor an unknown constant, but rather an equilibrium quantity, i.e., it depends
on the buyers’ optimal strategy. From a methodological perspective, as we mentioned, this implies
that a buyer’s signal in this case is not affiliated with the maximum, i.e., the m order statistic,
of other buyers’ optimal bids and the seller’s “reservation price”, as it is the case for example, in
a standard first price auction. Nonetheless, offset equilibria exist and so our methodology can be

used to compute equilibria of one-sided auctions with an endogenous reservation price.
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Figure 10: Focal trader’s utility and marginal utility. Other sellers use the offset Ag = 0.0220, and
other buyers use the offset strategy A\g = 0.2053, for m=n =8, e=1and d = .25 (¢ =0).

We now turn our attention to the symmetric case of equal numbers of buyers and sellers m = n.
We fix m = n = 1 and consider different market sizes scaled by 7 € N* as before. So for different
7 in Table [8| we report the terms corresponding to effects (i) and (ii) for buyers (Columns 2 & 3)
and effect (i) for sellers (Column 4), which is the only effect for them. These of course correspond
to the terms we identified in equations and . In particular for buyers it is the sum of the
price taking and the price impact terms that produces their equilibrium bid, while for sellers the

price taking term is exactly their equilibrium ask, i.e.,

Pr[z < —Ap < y|0]

_AB - E[U‘Ow%. - _)\B] - fB(_AB|O) )

+As = Elc|0,z = +)Ag],

The equilibrium (Ap, Ag) can be also read from the diagonal terms in Table@ Now the buyer’s price
impact term does not depend on o, this follows from similar arguments that led to the invariance

result, see Lemma On the other hand, as one would suspect, both the buyer’s and the seller’s
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r [ Bllow = sl P | B0 e = +As)
2 —0.4125 0.9279 0.4125
4 —0.2172 0.4864 0.2172
8 —0.1091 0.2326 0.1091
16 —0.0615 0.1139 0.0615

Table 8: Results for buyers’ price taking term (Column 2), price impact term (Column 3), and
seller’s price taking term (Column 4) vs the market scale factor 7 (Column 1) for m = n = 1,
e=1,and d = 1.

price taking terms do depend on the signal (recall that Ap and Ag are constants that do not depend

on o). However, for these offset equilibria the dependence is pretty trivial in the sense tha@

Ev|lo,z =0 —Ag] = o+ Ew|0,z=—-Ag],
Elclo,x =0+ As] = o+ E[0,z =+\g].

Also from the table it is pretty clear thaﬁ
E[v|0,z = =Ag] = —E[c|0,z = +)\g].

So in Table [§] we isolate the effect in the price taking term that comes from pure hedging rather
than from the different value of a trader’s signal. It is now notable that all terms decrease as we go
down the rows of Table 8| at what appears to be a O(1/7) rate. The price impact term of Column
3 captures the rate at which the strategic effect of buyers goes away, and hence the O(1/7) rate is
the same as in the CPV case. The fact that the price taking terms for both buyers and sellers also
go away at a rate of O(1/7) reflects the increasing meaningfulness of the price (the sample median
in this symmetric case) as an estimate of the state u as the sample size increasesﬂ This may see
to contradict our finding in Section [9] that the estimation error (of u) goes away at a rate ©(1/y/7)
so a slower rate than O(1/7). However, note that the price taking asks/bids are a hedge to others’
estimate of u and so they are essentially the best estimate of the market’s estimate, and not of p
directly. Hence, intuitively we can see why the rate is the square of the estimation rate of p (this
is similar to our arguments in proving allocation efficiency, see Theorem .

Finally, in Figures [11| (a) and (b) we depict the evolution of buyers’ and sellers’, respectively,
offset strategy for size of the market 7 for different values of variance of §, d. For d = 0 a trader’s

signal is equal to her value and hence this is the CPV case. As was proved, and depicted in Fig.

32This is straightforward by observing the expressions for these terms provided in Appendix

33In these equations the x are different random variables.

31 As T increases, a seller who sells knows that an increasing number of signals are above his (rm) but this is
counterweighted by the increasing number of signals that are lower (7m — 1). Similarly for a buyer.
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(b), in that case sellers report their true values/signals and so the offset is zero for all values
of 7, and buyers underbid strategically. For a specific value of 7 we see that both buyers’ and
sellers’ offset increase as the value of d increases. This follows from the fact that the more unsure
traders are of their valuation over the asset the more they want to hedge against this uncertainty.
Moreover, for a given value of d and 7, the buyers’ offset is higher than the sellers’ offset since for
buyers the offsets has also the strategic component (price impact) besides the hedging component
(price taking). As 7 grows for all values of d both Ap and A\g converge to zero (since m = n we
have £, = 0 and for o = 0, lim;_, apr = lim,_,+ bpT = 0) and according to the graphs this is at
a rate of 1/7 (benchmark line), that is Ap and Ag are O(1/7) as was mentioned before.
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Figure 11: Rate of Convergence to Truth Telling in the CPV & CIV case for different size markets
(m=n=1and e=1).

12 Conclusion

The double auction with its two sided incomplete information, correlated and, perhaps, interde-
pendent values models important aspects of the centralized security and commodity markets that
play a critical role in determining prices in market economies. In this paper we have analyzed small
double auctions for both the CPV and CIV environments using a novel information structure. The
bulk of our analysis is for the CPV environment using the BBDA. For it we prove, given that sellers
follow their dominant strategies of reporting their costs honestly, that symmetric strategies exist
that solve buyers’ first order conditions. We then show that for both the normal and the Laplace
distributions these solutions are in fact equilibria. We also prove that the rates of convergence to

price-taking behavior and to ex post efficiency that are now well-established in the double auction
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literature hold in this model. We add to these convergence results a proof that the effect of strategic
behavior upon the aggregation of information by the market is small relative to the error that is
inherent in the market’s finiteness. Finally, our asymptotic analysis of a buyer’s decision problem
produces a simple formula in the numbers of buyers and sellers that converges to a buyer’s optimal
bidding strategy as the market becomes larger.

Our model’s information structure specifies that traders’ ex ante beliefs concerning the market’s
underlying state p is a diffuse, uniform prior on the real line. This, together with an additive,
idiosyncratic value/cost term, implies that each trader’s decision problem is invariant with respect
to his own value/cost. Consequently an offset strategy is the plausible and focal equilibrium strategy
for buyers. Computation of this offset strategy is easy for both small and large markets because it
is a one dimensional problem, not a two dimensional problem as is usual in a game of incomplete
information with a continuum of types. Checking that the computed offset strategy is an equilibrium
strategy is also easy because it too is a one dimensional computation. This approach gives us results
for small markets, e.g., it demonstrates that the rates of convergence hold even in such cases. It
also distinguishes our work from much of the double auction literature, which typically addresses
the outcome of a “sufficiently large” market. Together with the formula for approximate equilibria
obtained through the asymptotic analysis, the computed equilibria provide insight into bidding
behavior for a literature in which few equilibria had previously been derived.

After analyzing the BBDA’s performance in the CPV environment we apply the same techniques
to determine its performance in the CIV environment. The further complexity that follows from
adding an additive noise term to each trader’s private, value/cost signal prevents us from proving
either existence of a solution to the buyer’s first order condition or the rates at which equilibria
approach allocational efficiency and informational accuracy. But the invariance of each trader’s
decision problem with respect to his own signal continues to hold. This, just as in the CPV case,
makes both computation of an offset solution to the buyer’s first order condition and checking that
the solution is an equilibrium easy. The one complication is that, with interdependence, each buyer
and each seller is subject to the winner’s/loser’s curse. Systematic numeric experiments where both
the idiosyncratic value/cost term and the noise term are normally distributed establishes that for
this case: (i) equilibria do exist for small markets as well as asymptotically for large markets, (ii) the
rates of convergence for both allocational efficiency and informational efficiency remain unchanged
from the CPV environment, and (iii) the realized market price converges to the REE price as the
market size goes from small to large. The latter result provides new theoretical evidence that REE
prices can be reasonably approximated by a Bayesian Nash equilibrium even in small markets for
the CIV environment, which is exactly the environment for which REE prices are necessary for

allocational efficiency.
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A Some Proofs of Sections 4 and 5

Proof of Lemma The invariance of V'(v,b) allows us to set v = 0 with no loss of generality.
We also restrict attention to b < v = 0. The functions K7, ,,(0,b|u), L, ,,,(0,b|p) and My, (0,b|u)
that appear in formula satisfy the bounds

Ky n(0,8p) = F (=)™ F (b—p)" ™",

L (0,5]12) = nF (—p)" > F (b= ) F (b— )",

and
M} (0,b]0) < EpnF (=)™ " F(b— ) F (b—p)" ",

where ky, n, in the last formula denotes

s 5 (70)(5),

0<i<m—1
1<j<n

The bound on K, ,,(0,b|u) is obtained by focusing on its i =m — 1, j = 0 term and the bound on
L}, ,,(0,b]) is obtained from its i = m — 2, j = 1 term. The bound on M . (0,b|u) is obtained by

applying b < v = 0, which implies that the monomial in its i*® term satisfies

F(=p)'F(b—pf F (=) "F(b—p)"™’
F(=p) P F(b—p) F(b—p)m 7
= Fw R (- W) F (b )

IN

Substitution into (10)) and factoring the integrand in the numerator implies that V'(0,b) is bounded

above by
JZo ke F (b — 1) +nbf(b— )] F (=)™ F (b— p)" " f(—p)dpe
—(m—=1nb [* F (=) 2 F(b—p) F(b—p)" " f(—p)2dp

The integral in the numerator of is now bounded separately over the intervals (-0o, b] and [b, c0).

(47)

The proof is completed by showing that: (i) the integral over (-0o, b] divided by the denominator of
converges to zero as b — —oo; (ii) the integral over [b, 00) is negative for b sufficiently negative.

These two steps are considered separately below.
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Integral over (—oo,b]. This integral is bounded above by

b
/_ knanF (0= ) F (=)™ ' F (b= p)" ! f(—p)dp
b
o [ S
= kpmF(—D)

= knmF(b).

< kn

The first line follows from b < 0, the second from
Fo—p)F(—p)" "Fb—p)" " <1,

and the last equality follows from the symmetry of F. The integral in the denominator of

satisfies

[ FCwm - F - 0 S

v

0
F(=p)" 2F(b—p)F(b—p)"" f(—p)du
0

v

FO) [ Fn™ 2 F b= n)™ f-p)Pda,
where the last inequality reflects F' (b — u) > F'(b) for 4 < 0. Combining these two bounds implies

J? o onanF (b= 1) + nbf (b — )] F (=)™ F (b — )" f(—p)dp
—(m —1)nb [Co F (=) 2 F (b= p) F (b= p)" " f(—p)2dp
EnmE(b)
—(m = 1)nbF (b) [° F (=)™ > F (b— p)" " f(—p)2dp
kn,m

~(m—=1)nb [ F(~p)" *F (b— p)" " f(—p)2dp

IN

The integrand in the denominator increases as b decreases and the ratio therefore goes to 0 as
b — —o0.

Integral over [b,00). This integral equals

> f(b — M) m—1 73 n—
7 o+ 00 LG F 0= 0 F " F 0= 0 (s (48)
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We have b — p < 0 because p > b. Our assumptions on F' implies the existence of a constant K > 0

such that
f(z)

The integral is therefore bounded above by

> K for x <0.

[ nbKIP (b= ) P (0™ F b= )" (=g

The integrand and hence the integral itself are negative for

kn,m

knm K <0&b< ———.
mAnbK <0 b< -5

Proof of Lemma The assumption that V'(v,b) > § means that attention can be restricted
to v, b such that
v—>b< L*(F,9) (49)

where L*(F, ) is the constant whose value is provided by Lemma [2| Select L > L* such that

F(-L) F(L) 1
(F(—2L)F(2L7) (F(—2L")F(2L))° 2 (50)

The denominator of each ratio on the left side of is constant and so a sufficiently large L will
satisfy the inequalities. The number L is selected with foresight for its use later in the proof.
Formula (10 implies that V'(v,b) > ¢ > 0 only if

0< [ (ML nf 0= n)(w - ;] S0 = md (51)

This integral is now computed over three intervals:

b—L
0 < My f(v — p)dp
_OOU+L
T / M2, — nf(b— (o — DKL Flo— wydp
b—L

+/ My f (v = p)dp.
v+L

The nf(b—u)(v—>b)K}, ,, term has been dropped from the integrands of the first and third integrals,
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which can only increase their values. This implies that v — b is at most

M f (0 = p)dp
S nf(b WK f (v — p)dp
be - du+ﬁiﬂﬁmﬂv—m¢t
f“lnfb PG o f (v — p)dp '

(52)

(53)

The proof is completed below by showing that that is O(1/(n Am)) and is O(27"N™m).
The bound we seek is thus determined over the states pu near v and b in [b — L,v + L], with states

w in the tails [—oo,b — L] and [v + L, co] shown to be relatively inconsequential.

Expression (52 is O (1/(n Am)). For u € [b— L,v+ L], the bounds
p>b—Leb—p<L (54)

and
p<v+L&S-L<v—pu

hold. The bound then implies
v—p=v—b+b—pu<L*+1L,

and
b—pu=b—v+v—pu>-L"—1L,

and so
v—p,b—pe|-L*—L, L+ L"]. (55)

Turning to the numerator of , we have

v+L  pf*
— = 2 nK —p)d
[ s wan= [ TR (0 = ) (56)

v+L M*
< — K — p)d
< [ Grame K =
PR - FOb—p) .
_ H) nKn,mf(v - M)d:u

< —
nAm b—L F(’U

The step from the first to the second line follows from the fact M ,,,/nK;, , is non-increasing in n
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and in m when m > 2 (see Williams (1991, Lemma 4.2)). The inequality

M < 2F(U:N)F(b_ 1)
Koynm F(v—p)

follows from substitution into formulas (5.3) and (5.4) for z(v2,b) of Satterthwaite and Williams
(1989) with v — p replacing ve, b — p replacing b, and F' replacing F} and Fs.
The fact that v — u and b — p lie in the compact interval implies that

Fv—p)F (b—p)

Fv—p)

is bounded above and f(b— ) is bounded below for pu € [b — L,v + L]. Applying these bounds and
, there exists a constant F* such that is at most

e K L fo—pdp F

nAm bv_JrLL nK;;,mf(U - M)d:u nA m’

which completes the proof that is O (1/ (n Am)).
Expression (53)) is O(27""™). Consider first the denominator of . Reduce the support of
this integral from [b— L,v + L] to [b— L*,v + L*]. Replacing L with L* in the analysis (54)-(55)

implies
v—p,b—p € [—2L",2L%]

for p € [b— L*,v+ L*]. The fact that v > b together with formula (5)) for K7, imply

G, 1 (0, b 1)

itj=m—1 L J
0<i<m—1
0<j<n—1
-1 _
> N n < e ) ( " ) P (=20 F (207"
= i j
i+j=m—1
0<i<m—1
0<j<n-1
Letting
= inf z),
f x€[—2L*,2L*] f( )
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the remaining term in the denominator satisfies

v+L*
| se=mfe—wde > (1) @=bs2r)
(7 L),

Y

The denominator of is thus at least

t J

itj=m—1
0<i,j<m—1
0<j<n—1

Turning to the numerator of , notice that
u<b-—L&sL<b—p
and
p>v+LsSv—pu< —L.
Applying b < v, Formula implies

M, < Y (m.‘l ) (’?)F@—u)mF(b—w—l.

i+j=m
0<i<m—1
1<j<n

The change of index j + 1 — j implies

= (0) - 2 )0

0<i<m—1 0<i<m—1
1<j<n 0<j<n—1

IN
N
"
™
L
~/
s
~. |
L
SN—
VS
N
SO
L
S—
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Therefore, for u € [—oo,b— L],

M < Y n<m.‘1><"‘.1)F<L>"—H (58)

i+j=m—1
0<i<m—1
0<j<n—1

and for p € [v+ L, 00,

M, < > n(mi1><nj1>F(—L)m. (59)

i+j=m—1
0<i<m—1
0<j<n—1

We now combine the bounds , and . Notice that
( m—1 ) ( n—1 )
> |, .
i+j=m—1 ¢ J
0<i<m—1

0<j<n—1

appears in each of the bounds , and and therefore cancels. The ratio is therefore

bounded above with:

s p)dp + F (=L)™ [7%) flv = p)du
F(- QL*)m 1F(2L*)" L) (L)
oo F(L)" 4 F(L)"
T (f)?(2L*) F(=2L")"F (2L*)"
< 1 [ F(l L F(=L)" ]
T ()% (2L7) LF(2L*)*"F (2L*)"  F(2L*)*™ F (2L*)*™

<z @) * ()]
1 """
<Gra )

where the bound is applied in the fourth line of this calculation. m

Proof of Theorem 6} This proof adapts the argument in Rustichini, Satterthwaite, and Williams
(1994, Thm. 3.2) to the model of this paper. The state p is fixed. The denominator of relative
inefficiency is the potential gains from trade. In each state u, the gains from trade are at least
n A'm times the expected gains from trade A (F') between a single buyer and a sngle seller. Notice

that the number A (F) is the same in each state u. The expected gains from trade in state u are
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therefore at least (n A m) A (F).

The numerator of relative inefficiency in is the expected value of the efficient trades given
o that fail to be made because of buyer misrepresentation. Given the lower bound (n A m) A (F)
on the denominator, it remains to be shown that the numerator is O (1/(n Am)). We first show
that the value of a trade that inefficiently fails to occur is O(1/ (n A m)). The second step is then
to show that the expected number of trades that inefficiently fail to occur is bounded above by a
constant that does not depend on n or m.

Given a sample of m values and n costs, we first consider the value of a trade between a buyer
with value v and a seller with cost ¢ that occurs in the efficient allocation but does not occur in
the equilibrium < S , B >. Let p denote the market price in the BBDA determined by the sample
and by < S , B >. This buyer and this seller each fail to trade in the BBDA only if

Bv)<p<ec. (60)

Efficiency requires that both should trade only if v is among the largest n costs/values and c is
among the m smallest costs/values. Consequently, trade between this buyer and this seller occurs
in the efficient allocation only if

c <w. (61)

Combining and implies

B(v) <c¢<w.
Theorem [5| then implies that the value v — ¢ of a trade that inefficiently fails to occur satisfies

K

nAm’

v—c<v—DB(v) <

We suppress the dependence of K upon the distribution F' and the bound ¢ on the relative size of
n and m for notational simplicity in this proof.

The proof is completed by bounding above the expected number of trades that inefficiently
fail to occur in the state pu by a constant determined by F' that is independent of n, m and pu.
The following notation is used: #(,, 1) denotes the (m + 1)%* smallest cost/value in a sample of m
buyers’ values and m sellers’ costs, Fiipin (t(m+1) |u) denotes the distribution of ¢(,, 1) conditional
on u, and L(t(m 1) w) is the expected number of trades that inefficiently fail to occur given the
realization of ¢(,,,1) in the state p. The proof is completed by bounding the expected number of

missed trades in the state p,

oo

/ L(t(m+1)7ﬂ)dFt(m+1) (t(m+1) |/,L) 3 (62)

—00
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by a constant that does not depend on n, m or u. The integral is represented as the sum

pty

/ Lty [1)dFs ) (e 10) (63)
+ / L(t i) [1)dFs ) (o 10) (64)
nty

where v is a constant chosen with foresight to its use later in the proof so that

F(y) < (65)

The two integrals (63|) and are bounded above in separate arguments.

Bounding ((63]). Because buyers underbid by at most K/(n A m), the equilibrium market price
(i.e., the (m + 1)st bid/ask) necessarily lies in the interval

K

nAm’ t(m—i—l)

timt1) —
The value of a buyer who inefficiently fails to trade must lie (i) at or below ¢(,,,4.1)+ K (F, )/ (n Am)
so that his bid can fall below the market price, and (ii) at or above ¢(,,, ;1) so that he should in fact
trade. Given p and ¢(,,,1), the expected number of trades that inefficiently fail to occur is therefore

at most equal to the expected number of buyers’ values in the interval

K(F,p)

nAm (66)

tmt1)s tma1) T

This expected value will be bounded using an upper bound on the density of trader’s cost/value in
this interval given pu.

We now compute the bound on this density. Let = denote a trader’s cost/value above t(,,41).

Conditional on p and ¢(,, 1), there are n — 1 traders’ values above ¢(,,,1) that are independently

distributed with density
flx—p)

This satisfies the bound
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because x > t(,,,41). In particular, for

T € |timt1)s Limt1) + . (67)

with
t(m+1) € (—00, u+11, (68)
it is true that x
TS by F s m S Y <7+ K
Define
(F) = sp W
y<r+K(Fe) F(Y)

so that

_fla—n
F(t(m-l—l) - M)

for z and £(,, 1) satisfying and .
The expected number of buyers’ values in the interval is therefore at most

< ((F)

L+ ((n=1)Am)¢(F)- <1+¢(F)- K,

nAm

where the “1” counts the trader’s cost/value equal to t(,, 1) and ¢ (F) - K/ (n A m) bounds above
the probability that the cost/value of any of the other n—1 traders above t(m+1) lies in the interval
(66)). Because there are m buyers, the term (n — 1) Am bounds above the number of buyers’ values
that are above ¢(;;,y1). The desired bound on is now computed as follows:

pty oty
[ Lltmrs i0F oy Cni 1) < [ (0 ) K) By (tminy )

< 1+4((F)-K.

Bounding (64). We focus on the low probability that ¢, 1) > p + 7. Specifically,

[ Dty By iy 1) < [ oAm) By (nin 0) (69)
Kty Bty

=nAm: (1_Ft(m+1) (M""}"N))'

The event “t(,,, 1) > p+" requires that n costs/values be above p+y. The term 1—® (u + v |p)

is therefore the probability given p that at least n in a sample of n + m costs/values are greater
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than or equal to u + 7. This is calculated by summing over the number i of costs/values below

1+ v and then reducing as follows:

m
n+m —i
1= Fpy (Bt yle) = Z< . )F )
=0
m .
- Fory (] ) P o)
=0
n-rm
< P32 () s
=0 d
< L.(l_%l)”'*‘m
—  923¢n
B 1
T 92pn—m
1
< —.
S oom

The first inequality drops F(7)'F (7)™ " < 1 from the " term, the second inequality increases the
sum by adding terms from ¢ = m 4 1 to ¢ = n 4+ m, and the final inequality applies the binomial
formula and the bound .

Substitution into implies

o
nAm

/ L(t(m—i-l)aﬂ)dFt(mH) (t(m+1) "U’) < 2¢n <1,
pty

which completes the proof. m

B Bilateral Results

Proof of Theorem Assumptions A1-A5 and A5, as well as the structure of our model, have

the following implications:

I1: As mentioned, the diffuse prior on p implies that f,(u|v) = fu(v|p) (similar for costs) for all
(v, ) € R?.

I2: As also mentioned, the additive structure of values implies than f,(v|u) = f(v — u) (similar
for costs) for all (v, 1) € R2.

I3: A3 and A4 imply that f(x)/F(z) is increasing for all z € R.

I4: 12, 13 & A5 imply that f,(v|u) is MLRP for all (v, u) € R2,
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I5: 14 implies that the elements of the random vector

(1y V1,024« ooy Uy Cly e vy Cn),s

are affiliated for any m,n > 1, i.e., the density of the vector satisfies the MTPy property, see
Tong (1990, Page 75).

I6: I5 implies that

9 Feu(blv)

9 full) = "

for all (v,c) € R?, see Milgrom and Weber (1982, Lemma 1), where Fyj, (fe,) is the distri-
bution (density) of the seller’s cost ¢ given the buyer’s value v.
17: The diffuse prior of p and A4 imply that

Fc|v(b’1)) _ Fc\v(v - 6’0)
fc\v(b|v) fc|v(v - C|O) ’

for all (v,c) € R2P

¥ Proof that f.,(c[v) = fou(v — c[0):

few(clv) / fle—p)f(v—p)dp (from the diffuse prior)
/ fle—v—@FO—p)di (i=pn—wv)
[ fo—c+ IR (f@) = f(~=)

/_OO fo—c—p)f(=pdu (n=—p)
= fc\v(v - C‘O)
Proof that Fe.j,(c[v) = Fepo (v — ¢|0):

Faolelo) = [ fastalo)ds

/ fep(v —z|0)dz  (from above)

[ ralods =02

= fdv(v —¢|0).
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18: 16 and I7 imply that

0 Fc\v(bh})

—am >,
acfc|v(b|v) N

for all (v,c) € R?, so notice that in our case the part of assumption (A2) in Kadan (2007)

that we need follows from affiliation and need not be assumed separately.

I9: A3, A5, 16, I7, and I8, see Kadan (2007, Theorem 1), imply that has a unique offset

solution that is the unique equilibrium strategy of this bilateral game
B(v) =v — A,

where X is a positive constant Y

Proof of Theorem [7] The example concerns the standard Cauchy distribution, i.e., the Cauchy

distribution with location parameter 0 and scale parameter 1. The buyer’s beliefs conditional on

his value v is therefore that ¢ is Cauchy distributed with location parameter v and scale parameter

2. Using the formula for the cumulative of the Cauchy distribution, we have

7(0,b) = (v —b) (i arctan (b - “) + ;) ,

and his marginal expected utility is

(0, b) = — <71r arctan <b_2”> + ;) . b)% <4+(;_v)2) .

It is sufficient to consider the case of v = 0 and b < 0, which simplifies the notation to

1 b 1 b 2
m(0,0) = — <7r arctan <2> + 2) - <4—|—bQ>
1 b T 2b
e —; arctan 5 + 5 + m .

1
m(0,0) = —3 <0,

36The fact that the solution is an offset follows directly from the form of the first order condition

At b = 0 we have

Fgy(v —0]0)
fC\v(U - b|0) '

The positiveness of the offset just follows from rationality of the buyer.

v—b =
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and

lim 7,(0,b) = 0.
b——o0
The remainder of the argument shows that
T bb(07 b) <0

for b < 0, where 7y, = 927 /0b?, which implies that (0, b) decreases from its limiting value of 0 at
b = —oo to its value of —1/2 at b= 0. This implies

7Tb(0, b) <0

for all b < 0. The buyer’s expected utility thus strictly increases as b becomes more and more

negative.

Working from , the second derivative is

1 2 8 — 2b2
Wbb(opb) = —; <4+b2 + (4+b2)2)
—
T (4 + b2)?
16

- <o,
7 (4 + b?)

8+ 2b° + 8 — 2b%)

which completes the proof. m

C An Example of Failure of Affiliation

The point of this section is to inquire on whether order statistics of bids/asks are affiliated with
the value (signal) of a focal buyer. Consider m > 2 buyers and n > 1 sellers, where buyer one is
the focal buyer. Conditional on p their values/costs (vi,...,vm,c1,...,¢,) are independent and

identically distributed. Hence the density of (i, v1,...,vm,C1,...,¢p) is,

fu,vl,...,vm,cl,...,cn (.Z'(), ey xm-‘,—n) = g(ZO)H;’:’l—nf(wz - x()),

where let g the prior density of u and f is, as before, the density of the idiosyncratic component &.

Affiliation requires that

82 In fu,vl,...7vm,cl,...,cn (330, s )xm+n)/8xia$j > 0,

for all i # j and 4,5 € {0,...,m + n}. For f satisfying assumptions A1-A5 & A5 (so that the
marginals of values/costs given p satisfy the MLRP) this is true.
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Now, let 5(;) be the ith order statistic of (va, ..., Um,c1,. .., cn), then the density of (1, vy, S(1)s -+ S(mn—1))

is

Ty ny (@05 Ten) = glwo)(m+n = DL f (@i — o)

= g(xo)f(z1 — zo)(m +n — UL f (25 — x0),

is affiliated.

Similarly conditional on u the elements of the vector (vi,be,...,bm,c1,...,¢n), Where b; =

for zo < ... < Zyyen. Again the assumptions on f guarantee that fu,v1,§(1),~-,§(m+n71)

v — A, 1 =42,...,m}, A € R, are independent but not identically distributed, in particular,
Fuionba,eeobmscrrsen (T05 -+ s Tmin) = (o) f (w1 — wo) g f s + A — o)L f(x; — o),

this is not an issue however, since the assumptions on f still guarantee affiliation.
Now, let 5(;) be the it order statistic of (ba, ..., bm, 1, .. ., cn), then the density of (1, vy, S(1)s -+ s S(m+n—1))
David and Nagaraja (2003, Page 98) is

fiv1,50) 08 (mam1y (05 - s Tman) = g(@0) f(z1 — o) Permanent(A),

for xo < ... < xpin, and

flag+A—wz0) ... fl@w2+A—a0) fleg —x0) ... flz2—0)
4 fles+A—x0) ... flzs+X—x0) flzs—x0) ...  f(zs—x0)
f@man +A—20) o f(@min+A—20) [(@men —20) .. f(@Tman — 20)
where in each row i € {1,...,m+n—1} there are m—1, f(z;41+A—x) terms, and n, f(z;11—x0)

terms. The permanent of a matrix is like the determinant but where all the signs are positive. We

can write this particular permanent as

m+n—1
m—1
Permanent(A) = (m —1)n! Z {H;”:_ll (zr,; + X — 20) 7, f (x”r]- - xoﬂ ,
i=1

where 7; is the i selection (without loss of generality, arbitrarily ordered) of m — 1 elements out

of the m +n —1in {2,...,m + n}, and 7;; is the 5 element (without loss of generality, also

-1
m4+n )}7andje{1,...,m—1}.

arbitrarily ordered) of the ith selection. So i € {1, ce ( .
m p—
Furthermore, 7, is every element not picked in the i*" selection and mi—; is the 4§ element (out
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of n) of m;- {3_7]

Now even though f satisfies A1-A5 and A5 we need to inquire more about the terms in the

square brackets. Consider the partial 6% In fur,
n>1>k>1. We have

5(1)r+S(m4n—1) (

82
m ln f“”uhs(l)7"'75(7n+n71) (‘T()? e 7xm+n)
m+n—1
9 m—1
0 -1
0xL0x; In ; [HTzl f (xﬂij + A - .’L'o) H?:lf (wﬂrj — 230)}

3

X0y - -« y Tmn)/OxpO0xy, for any m +

(71)

Proof of Theorem We will provide an example of failure of affiliation in the case of the the

standard normal, i.e., for f = ¢. In this case the term in the square brackets of becomes

7 f (0, + A — o) T, f (z,,i_j _ 330)

1 1| ) ) m-l
a1 €XP 5 ($j — o)+ (m—1)A° + 2\ Z (xmj — xo)
V2T = = |
1 1 [t m—1
y————— exXp _5 (DC] — xO)Q + (m - 1))\(}\ — 2.%'0) + 2\ Z xﬂ'ij
Vor Jj=2 j=1 ]
1 1 m+n m—1
e A Z (2 — x0)* + (m — DA\ — 220) | pexp |-\ Z T,
ous = o

: m+n—1 : . . .
for each i € {1, ceey ( ) }, and so after summing over ¢ and taking the logarithm the

relevant term is

m+n—1
m—1 me1
In Z exp | —A Z Tr,;
j=1

=1

\ 7/

3TFor example if m—1 = n = 3, a particular selection, let 71, of 3 out of 6 elements is {1,2, 3}, and so m; = {1, 2,3},

w1 =1, and ;- = {4,5,6}, m—o = 5.
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Let

( m+n-—1 )
m—1
m—1
H(xkvzl;Xkl_) = Z exXp _)‘mej ’
j=1

i=1

where Xp,- ={x;:i#k, 1 #1,i€{2,...,m+n}}. Then the partial derivative of interest is

0? 0?
m ln fﬂ7v1,5(1)7---75<m+n71) (ZUQ, o ,.’Em+n) = aﬂfkaﬂfl hl {H (.’Ek,ﬂ?l;Xklf)}
°H _ OH 9H
Ox,0x; Oxy, Ox;

R2
So we look into the sign of the numerator

O’H OH OH

0z 0x; B Oz, 0x;

m—1 m—1
A2 Z exp | —A Z Ty Z exp | —A Z Ty
. m+n—1 =t . m+n—1 =t
i€q 1,..., (k)em; €4 1,...,
m—1 m—1

m—1 m—1
—\2 Z exp [—A Z Ty, Z exp |—A Z Ty
j=1 j=1

m+n—1 = m+n-—1
ieq 1,..., kem; ieq 1,..., dlem;
m—1 m—1

After some (tedious) algebra we get that

O*H OH OH
8$k8$l 8xk (%cl

— )2 exp[—A(xy + :Ul)]f{ (Xki—),

where H (X;_) (available upon request) is a sum of exponentials involving sums of elements of

Xki—. So we just showed that the partial of interest is negative for any A # 0, and so we have a
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violation of aﬂiliation@ [ ]

D Approximate Formula

Proof of Theorem For a fixed number m of buyers and n of sellers, we consider a sequence
of markets with 7m buyers and 7n sellers for 7 € N*. For every 7 we pick a focal buyer, buyer 7m
(without loss of generality), with value vy, = U@

For notational brevity let =, y be the (7m)™, (rm + 1), respectively, order statistic of the
population of 7(m + n) — 1 traders, i.e., the whole population excluding the focal buyer. Denote
the length w = y — = with density and distribution f,,(:|z,7) and F,(-|x, ), respectively, indexed
by the order statistic  and by the size of the market T@ Also let Fy(-|z,7) =1 — F, (-|z,7) be

the right-hand distribution of F,; therefore, conditional on v and 7,

Prix <b<ylv,7] = Pri0<b—z<y—z|v,T7]
= Prl0<b—z < wl,T]

= Pro<b—z &b—z<wlv,7]

b
/ fow (x,w|v, 7, 1) dwdz

=—o00

b
/ fxw,u ($,w,u — ’U,T) dwdmdu (72)
=—00 Jr= =b—x

N /_OO
B ) / b_oo /w Frw (@0l 0,7) £ (1 — ) duwdady
A

=b—x

. fow (2, w|p, 7) dwdz f (p — v) du

/ Fuo (W], 1, 7) o (2l 7) oz fy (11 — ) s
Yy

—00

H

30

b
[e's) /b
=

[e's) b
/_ Fy (b= |z, p,7) fo (xlp, 7) dz f (1 = v) dp.

Il
>

I
8

—0o0

|
:\:\ﬁ\:\:\\
8

38Example for m =n =3, k = 4, | = 5. Using the formula above we get that in this particular case,

8°H OH 0H

8m48x5 83:4 8a75 -

2~ (@ates)A (6*2(12+13)>\ 4 e 2@2tEe)A | ~2@ztEe)d | o~ (eatastes)d | —(wat2egtoe)d | 6*(®2+13+216)/\)
< 0.

39Recall that the conditional density of u given a buyer’s value v is f (u — v) with distribution F(u — v), for all
(n,v) € R
40Observe that w is independent of y and, therefore, of v.
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We are interested in the ¢ quantile where
g=m/(m+n).
Hence, as before, F'(&;) = g so that F'({, + p — p) = q. We write

Fy(®—zlz,u,7) = Pri2[r(m+n)—1f(&)w>2T1(m+n)—1]f(&) (b—2)|z,p7]
= Pr[@>2[T(m+n)—1}f(§q)(b—$)|$>/%7]>

where W = 2|7 (m +n) — 1] f (§,) w. We have proven that conditional on p, z is asymptotically
normal, see Theorem [13| (presented in Appendix . We also have that @ is x? with two degrees of
freedom and independent of x, see Siddiqui (1960)@ Therefore, letting asymptotic distributions
be denoted by tildes,

> t
F5 (t|I,IU,,’T) = €xp <_2) 7t€R+7

. 1 t—& —p)?
fx (t|/.L,7') = \/ﬁexp <_(§;}2M)> at € Ra

o _ mn/(m+n)* 1 A o
where X = Tmrn) —172() , for,
_ mn/(m+n)? 1
SR CE e I 7

Then the inner integral on the last line of can be asymptotically written as

b =
[ Falrtntn) =15 (6) 0 )l fo ) do

=—00

1 o = ~ t
= mtn) - A f &) | Bt <b‘ 2[(m ) — 17 (&)

1, 7'> dt

= K| Fy(rtle,u,7) fo(b— Ktlp,7)dt
t—=

0
B T [ t (b— Kt —¢& — )\
= 8w [ oo () e (5T )

where we change the variable of integration to ¢t = (b — z) /K, and

. 1
K= ) A7) ™)

41 This result applies even in the presence of two populations because our result on the asymptotic normality of
with two populations can be applied within the proof in Siddiqui (1960).
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The integral above is equal to

mp(_;ﬂﬂb—%gyw—A>®<%f2K®—j%;uy—A>’

where ® is the distribution function of the standard normal. To get a simpler expression, though,

we approximate the integral by, see (Fibich and Gavious 2010, Lemma 2)@

I e e I

(b_fq_N)Q
_ kT 5em{_ > ] P+o<ﬁ}
2nA T —%(b—gq—u) T
2K 1

o)

- [M1 m s rr A (72)| &
Plugging this back into gives,
Prle <b<ylo, 7] = / C T o (bl_ e (O 7) S
+O<;>ﬁ@mﬂ
= 2 12K ! exp (_ai) fA+ &+ a)da
T Ja=—0o 1 = F 2%% 27

+0(;>ﬂ@mﬂ.

where we change the variable of integration to a =b—§ —p=b—(n+¢;) and A =v —b.
Up to here we have not specified the distribution of . However, to be able to compute the
above integral in closed form and get a simple approximate formula for the offset we are going to

restrict attention to the case of the standard normal distribution.

“2This lemma (with trivial modifications) states that for real function R € C?, with » = R’ > 0, and R(c0) = 0

then /Ooo R"(t)dt = —%RT;;)(O) [1 +O (%)} '
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Standard normal distribution case. Let the idiosyncratic component € be standard normal,
ie., F=® (f = ¢), so that

flu=v) = f(v—p) = ¢v — ) = exp(—(v — n)*/2)/V2m.

To calculate the integral above explicitly we will take a series expansion of [ — %a] ! around
zero, i.e., write
IS S [“afw ({MQD
— 2K, A A A '

Substituting and computing the integrals bearing in mind that for any symmetric regular equilib-

rium strategy A is O (1/7) yields:

2K 1 1 1 2
Prlz <b<ylv, 7] = — —x +0 <> —————=¢€Xp _)\71\
TA\l+7 T 2 (1+ 4) 2(1+2)

+0 (;) fo(0v,7)

2K 1 1 ~
?1 _’_% +0 <7_2>] fm(b‘vﬂ—)?

where the second line follows from observing that the term in the square brackets in the first line
is exactly equal to f(b|v,7), i.e., the asymptotic distribution of the (7m)™ order statistic given v.

Given this the asymptotic first order condition of the focal buyer is:

0= 0E00n) - (255 +0(5) ) F6len) = o

which yields a unique solution for the offset v — b,

S 2K (1Yo 1 ! 5
¥ = 5ro5) - e ree 0 5):

where

mn — (m +n)*¢*(&)
(m +n)3¢?(&y)

C(m,n)

9

Using the fact that 1/¢ < m/n < ¢ we get the following approximate formula for the buyers
optimal offset strategyﬂ

A -t 1
T (mAn)g(&) T

43What we mean is that Aapprox = A™ in the sense that lim, oo A*/Aapprox = 1.

77



for arbitrary values of m, n and 7. m

E Asymptotic Distributions of Order Statistics

E.1 Asymptotic normality of the ¢** quantile of the whole sample excluding an
focal buyer

For a fixed number m of buyers and n of sellers, we consider a sequence of markets with ™m
buyers and 7n sellers for 7 € N*. For every 7 we pick an focal buyer, whose value (without loss of
generality) is v, and look at the vector of bids of the 7m — 1 remaining buyers {b1,...,brm—1}
and the vector of asks (or costs since sellers bid truthfully) {ci,..., ¢/} of the 7n sellers. Buyers
play a symmetric regular equilibrium strategy b; = B, (v;) for all i (where we are explicitly on the
dependence on 7) and from Theorem [5{ and Remark 12,

lim sup {ﬁ‘BT_l(x) - az‘} = 0,

T—00 zER

which also implies that

lim Sup‘B;l(SU)—I’ = 0.

T—00 z€R

For notational brevity let

MNz;7) = BYz) - =,
of course A(z;7) > 0, for all x € R and 7 € N;. However, since we are not constraining attention
to an offset strategy A(x;7) need not be a constant for all x given a 7.
Also, define the empirical distribution of the sample of bids and asks of the 7(m+n)—1 traders

remaining after we exclude the focal buyer,

Tm—1 ™
- 1 1
F _ = — o < — e <
r(mtm)=1(2) T(m+mn)—1 ; { x}—l—T(m—Fn)—l; {ei <=}
1 Tm—1 1 ™
- - v; < x4+ Az NN <),
) =1 ZZ; {vi <z + ANz T)}+T(m+n)—1; {ci <z}

which allows us to define the ¢ quantile from this population

Eafrmenmy—1) = f{y 1 Frinpny1(y) < g},

where I{-} is the indicator function.
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Slightly abusing the notation in the main text for purposes of this section we will denote the
distribution and density of values and consts conditional on y as F), and f,,, respectively. Of course
conditional on x values and costs are i.i.d. with Fj,(z) = F(x — ) and fu(z) = f(x — p), for all
(z,p) € R2%. As before ), =1 — F,. Also by definition

1 Tm
Fu(z) = TILHQO%ZH{Ui < x}.
i=1

The ¢ quantile of the idiosyncratic component’s distribution is
& = inf{y: F(y) <q} = F(q),
so that
&+un = F ')

The following result establishes the asymptotic relationship between EQ[T(m+n)_1] and &, conditional

on .
Theorem 11 Forallt e R, and 0 < g < 1,

T(m—l_n)_l ng nfl_é‘ -
lim Pr (e~ ><t — B(),

oo Val—q)/f (&) B

where ®(+) is the standard normal distribution function. So

~ 1 —
olr(many—1) ~ AN <£q s (t(m —fsl) —ql))f2(fq)> '

Proof. This proof is based on the proof of Serfling (1980, Theorem 2.3.3 A).

Let A > 0 be a normalizing constant to be specified later, and put

GT(’H’L‘I"R)*].(t) = Pr

T(m+n) — (fq [r(man)—1] — &g —
A
)

- Pr(ngJrn) J <&t puttAST(m+n) —1
- Pr( mm)— (§q+u+tA\/W*1>z )
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where the last line follows from Serfling (1980, Lemma 1.1.4 (iii)). Let

A = {+p+tAy/T(m+n) - 1

then FT(m +n)—1(A) is a random variable, with mean, and Varianc

™m — 1 ™

E[F(nim-1(A)] = W‘FM(A + AA; 7)) + mFM(A),
VarlFyen 1 ()] = L B+ AAT)Fu(A + AAT))

(r(m+n) —1)

+(T(m +n)— 1)2Fu(A)FH(A),

So

Grmin)-1(t) = Pr (FT(m-i-n)—l (fq +p+ tA\/mil) > Q>
Frtmin)-1(8) = B[, (mymy—1(A)] _ p

VVar(Frnin-1(8)] VVar(Fr -1 (B)]
— Pr (F:(m+n)_1(A) > C(A)) ,

= Pr

with straightforward definitions for F:(m Jrn)il(A) and ¢(A). By invoking the Lindeberg-Feller

Central Limit Theorem (see Serfling (1980, Theorem 1.9.2 A)) for ¢ = 0 we can get that,

tim Pr{y/7m 4 1)~ gy~ &) 2 0] = @(0) = .

T—00 2

Using the Berry-Esseen Theorem (see Serfling (1980, Theorem 1.9.5) for i.i.d. random variables
and Batirov, Mavenich, and Nagaev (1977)) for i.ni.d. random variables as it is the case here, we

have

B(A)
[(T(m +n)—1)2Var|

sup |Pr (F:(ern)_l(A) < ;1:) — @(x)) < K

z€R

3
T(m+n)71(A)]}

where K is a universal constant, and

Tm—1 ™
Ba) = Y E[Mu <o+ Awn) - Fula+ Mar)P| + Yo B[l < 2} - Ful)P].

44The dependence of A on p, 7, and ¢ will be suppressed for notational brevity.
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It can be shown that

E [[]I{vi <z 4+ Na;7m)}— F (v + )\(3:;7'))\3] = R(z;7) R(x;7) [R2(x; ) + R?(x; T)] ,

E e <o} - Fu@)l] = Fu(@) Fu(@) [F2() + Fi()]
where
R(z;1) = Fu(x+ Xa;7))
R(z;7) = F,(z+MNa;7))=1—F, (z + XNA;7))
So,
Pr (Bl a(8) 2 () —0(1)] < K pa) 5
[(r(m 4 1) = 12 Var(Fr g1 ()]
+[®(t) — @ (=c(A))]- (75)
We need to show that
lim pAa) =0, (76)
T rm ) = 12 Var(Fr g 1 ()]
We have
p(A)

[ 1) = 12 Var(By 1 ()]
(tm — 1) R(A;7) R(A;7) [RQ(A;T) + R%(x; 7')] +1mn F,(A) L (A) [ 2(A) + FZ(A)]

(A
7
[(Tm — 1) R(A;T)R(A;7) + ™ F, u(A) M(A)}

(m —1/7) R(A;7) R(A;7) [RQ(A; T)+ R2(£L';7')] +nF,(A) M(A) [Fz(A) + FQ(A)]
[(72/3 m — 7=1/3) R(A; 7)R(A; 7) + 723 0 Fy (A) FL(A)] '

Taking the limit of 7 — 0o, bearing in mind that

lim A\(A;7) = 0,
T—00
lim A = &+ p,
T—00
Tlggo F.(A) = Tlg{)lo R(A;7) =g,
Tli}n;o F.(A) = Tlglgo R(A;7)=1—¢q,
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yields 0, which proves . To complete the proof we have to find appropriate constant A such
that

lim c(A) = —t. (77)

T—00

We have
q— E[FT(m+n)—1(A)]
\/VCLT[FT(m+n)—1(A)]
_E[FT(ern)_l(A)] — Ful& + 1)
\/Var[FT(ern)A(A)]
o1 (A +AA ) + i Fu(A) — Fulé + 1)
T Fa B + MAT)FL A+ M) + i Fu(A)Fu(B)
A—i—)\(A;T)_éq_:u
oo B A+ MO+ MA) + ity Fu (D) Fu(A)

c(A) =

T (A MAT) B Fald) — Bl + )

A+XNA;T) =& —p

L (A4 A(AT) — & — )

VL (A + MAT 7)) Fu(D + MA 7)) + 1 Fy(A)Fy(A)

ottt Fu A+ MAT) + i Fu(A) = Fula + 1)

X
A+ MNAT) =& —p

TR A MAT) — - )

VL (A + MA 7)) Fu(A + MA 7)) + 1 Fy(A)Fy (A)

X{ m—1 F(A+MAT) =& —p+&+p) - Ful&+n)
T(m+mn) -1 A+NAT) =& —n

+ ™ FM(A_fq_M+§q+N)_Fu(§q+N)X A—&—p }
)~ 1 Aot —n AN —&—p)
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Now, note that

lim A+ XA;7) =& —p = lim tA\/7(m+n) +>\AT =0,

T—00 T—00
rlggoA g — 1 Th_}nolotA T(m+n)
so that,
. Tm—1 F(A+XNAT) =& —pn+&+u)— Fu(&+p) m m
1 Iz q q 1\Sq _ F _
TLIEIOT(m—i—n)—l A+)\<A;T)—§q—ﬂ m4n (gq) m+nf(£q)a
. ™ Fu(A =& —p+ & +p) — Fu&+p) n n
1 H q q 1\Sq _ Yo _ .
Tlﬁr{olor(m—}n)—l A_gq_ﬂ m4+n (&I) m+nf(§q)
Also,
. Tm—1 _ _
lim Fu(A+MA ) Fu(A + AA57) + n Fu(A)Fu(A) = V/(m+n)q(l —q).

Furthermore recall that A(A;7) is O(1/7) to get

limM(A+)\(A;7)—§q—u) = lim(mL(tA\/ m+n) '+0 1/7')

7500 NG 7500 NG
_ T(m+mn)—1 1
= 1 — - tA —
7520( o +O<ﬁ>>
= vVm+ntA,
and
—1
A—&—p t A\/T(m+n)
lim = lim
THOOA"‘/\(AT) §g— 1 TRt Ay/T(m +n) +)\AT
. tA
= lim ——M——
T%ootA_i_O(\%)
= 1.

Putting all these together we get,

tA
lim ¢(A) = ———=/(&),
oo g(l—q)" "
so to get we have to pick,
q(1—q)
A =
f(&q)



Putting and we get from that,

T—00

lim ‘Pr (F:(mm),l(m > c(A)) _ @(t)’ —0,

which establishes the desired result. m

E.2 Asymptotic normality of the ¢*" quantile of the whole sample

Now if we have the vector of all buyers’ bids and seller’s asks/costs we can similarly define the

empirical distribution of the whole sample of 7(m + n) bids and asks,

T™m ™

~ 1 1
F = S Ih<at+—— ST <
T(m-‘rn)(w) T(m + n) ; {bz > .%'} + T(m n n) ; {C’L < .’IJ}
_ D S uze @S e <o)
 1(m+n) pry ‘o ’ T(m+n) P L=
and its ¢'" quantile
Ertmen), = Y Frinim () < g}

We present the following Theorem that establishes the asymptotic relationship between éq[f(m +n)]
and &, conditional on p. The proof is identical with that of Theorem with the terms 7m — 1,

and 7(m + n) — 1 replaced by 7m and 7(m + n), respectively.

Theorem 12 For allt e R, and 0 < g < 1,

T(m+n) ngn _5 —H
lim Pr (Gt~ ><t — B(),

700 Vall—q)/f (&) -

where O(-) is the standard normal distribution function. So

~ 1 —
gq[T(er”)} ~ AN <§q T T(qu(r n) chg (flJ)) ‘

E.3 Relating quantiles to order statistics

We are interested in the

_m+n
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quantile. Let S m.r(mn)—15 Srm-t1:r(mtn)—1 be the (taum)™, (rm+1)* order statistic of the sample
of 7(m + n) — 1 traders which excludes the focal buyer; this is of particular importance because
these are the order statistics the focal buyer uses to make his decision of how much to bid. Similarly

s order statistic of the sample of all 7(m + n) traders; this is of

let Srpy1:r(m+n) D€ the (Tm + 1)
particular importance because it is the market price in the BBDA.

Notice that,

™ m n m m . 1 o
—_— = = 0 T — 00
T(m+n)—1 m+n  (m+n)(r(m+n)—1) m+n Tl=e )’ ’

™m+1 m n 2m+n m n 1 o
—_— = = 0 , T — 00,
T(m+n)—1 m+n  (m+n)(tr(m+n)—1) m+n Tl=e

™n + 1 m 1 m 1

—_— = + = — ), T 00,

T(m+n) m+n  T(m+n) m+n Tl—e

for any small € > 0. Then we can invoke Serfling (1980, Theorem and Corollary 2.5.2) to get the
asymptotic relationships between s;.,.r(m4n)—1s Srmt1r(min)—1s Srmtlr(min) a0d §g conditional

on fi.

Theorem 13 We have

mn/(m+ n)? )

m+n)— 1]f2(§q) 7
mmn/{m n 2

(i) Semitirimen)—1 ~ AN <5q T o m +Zz() —+1] f)2(§q)) ’

m n/(m + n)z >

T(m+n) f2(&) /)

j . ~ AN
(Z) Srm:r(m4n)—1 <§q + M, [T(

(“7/) Srm+1:7(m4n) ™ AN (éq + 1,

F Correlated Interdependent Values: First Order Approach

F.1 Buyer

Pick a focal buyer with signal op and unknown value v. Let x, y be the m'" and (m + 1)%* order

statistic of the other traders’ bids/asks. The selected buyer’s expected utility when he bids b is

WB(UB,b;B,S) = ///Uxx<y<bf£y(v,:c,y\UB)dvdxdy—///yxm<y<bf£y(v,x,y]JB)dvdmdy
+ ///UXbeSnyB;y(Ua$7y|o-B)dvdxdy_///beﬁbSyfrfzy(val'ay|o-B)dvdxdya
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where,

UB;y(Uaxay|0-B) = /_OO fﬁyu(vax7ynu|0-3)d,u:/_oo fgu(l',y,/d’l),O'B)fv(’U|O'B)d/,L
- / F2 (@, 91110, 05) fulpalv, o) fulvlos)dp = / £2 (0 yl11) Fulpalo) £ (vl ) g
- / £2 (2, ylw) fw — pm)g(op — v)dp.

Notice that from the diffuse prior on u, we have

Julplos) = fo(oBlu) = /_oo flv—p)g(op — v)dv.

Let
h(op — / flo—p)glop —v)dv,

B(s) = (f * )(s / £(t) g(s — 1)d

where « is the standard convolution operation, and of course H(s) = [*__ h(t)dt. Also let,
o0
Viwos) = [ of(o-ngton - v
so that

V(H’UB)

Fuilop) — Eles)
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Rewriting the expected utility for the exceptional buyer we have,

wnlonbiBS) = | N { / ; / " 1B (o, ylu) (Vs 08) =yl ) dyda

—00

b oo
+/_Oo/b Fh (@, ylu) (V(u,oB)bfu(MgB))dydx} dy

[ f e ()

/ / fhy (@, ylu) (fu(&"gi; - b) dwdy} fululog)dp

= [ [ i) @l o) - ) doa

b S
" /oo/b fay(@ ylw) (Elolu, o8] = b) dyd”“’} Fululos)dp

:/ {/ FE (yl) (Blolps, o8] — ) dy

" /_oo/b Fry (@, yli) (Elolps, o] = ) dydx} fu(plos)dp

Taking the derivative with respect to b produces the first order condition for the buyers in the CIV

case,
oo B b oo B
/ {(E[vm, oul -0 20k - [ fxy<w7ym>dydw} fulilow)di =0,
which b = (O'B) satisﬁes in equilibrium. Following similar notation with that of the previous
sections let f 15 18 (w, ylp)dyde = T]z,n(b; 0B, it, B,S), and we will express fZ(blu) in terms

of the probabilities m’n(b, oB, i, B,S) and L5  (b;op, p, B, S).

Deriving fZ2(b|lp) and MJ, (b;p,0p,B,5). Given p all other traders’ signals are h(o — ,u)ﬁ

Therefore
1. P[B(0) < B(os)|u] = Blo < oslu] = H (o5 — p).
2. P[S(0) < B(og)|p] =Plo < St o B(og)|ul = H (St o B(opg) — 1) .

3. P[B(op) < B(0) < B(og) + Abju] = Plog < 0 < B~Y(B(op) + Ab)|u]. We look for Ax such

45For other traders’ signals we use a generic o since subscripting is superfluous.
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that,

op+Ax = Bil(B(O'B)—i-Ab)i
B(O’B—f—AQU) = B(UB)+Ab.

Now for smooth functions B(-) and small Az we have B(ocp + Azx) ~ B(op) + Az B'(op)

and so,

B(og) + Az B'(cg) = B(op)+ Ab=
Az = Ab/B'(op).

So,

P[B(op) < B(o) < B(og) + Ab|u]/Ab = Plop <o <op+ Azx|u]/B'(op)
= h(op—p)/B(op).

4. P[B(og) < S(0) < B(og) + Ablu] =P[S™' o B(og) < o < S7Y(B(op) + Ab)|u]. We look for
Ax such that,

S~loB(op)+ Az = S YB(og)+ Ab) =
S(S7to B(op) + Ax) B(op) + Ab.

Now for smooth functions S(-) and small Az we have S(S~'oB(op)+Az) ~ B(op)+Az S o
S~!o B(op) and so,

B(op)+ Az S80S o Blop) = Blop) +Ab=
Az = Ab/S'oS o Blog),

and

P[S~'o B(op) < o < op+ Az|y]
S0 S~1o B(op)

P[B(op) < S(0) < B(op) + Ab|u]/Ab

h (S_l o B(O’B) - ,u)
S"oS=1oB(og)

Then let L%n (B(oB);oB, i, B, S) be the probability that from the population of the m +n —1

remaining traders, another buyer’s ask is the m'" order statistic, conditional on o, p and strategies
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B, S. Then

m — 2 n i _ j
ostenronnns) = X (") (7)o a (s onlon -
0Si<m 2
0<j<n

H(op—p)™ 2 H(S " oBlop) —p)" . (78)

Similarly for a seller making the m*™ order ask,

Kp o (B(o")ion,B,S) = Y ( met ) ( not )H(UB — p) H (S7 o Blog) — p)’

itj=m—1 v J

0<i<m—1

0<j<n—1

H(op— )" " H (S o Blop) —p)" . (79)
Hence,

h _
By = m-)MEB L8 (Boy)on B, 5)
B'(og) ™
h’(S 1OB(UB)_,U) B
+n S'oS-1o B(O'B) Km,n(B(UB)a OB, M, B, S)

Also,

M2 (B(og)iop, . B,S) = Y ( "o ! ) ( ZL > H(op—p) H (S oBlog) — )’

H(op—p)™ " H (S o Blop) —p)" . (80)

F.2 Seller

Pick now a focal seller with signal og, and cost ¢; let x, y be the m't, (m + 1) statistic of the
other traders’ bids/asks (different from the ones for the focal buyer). The ex-post utility of the

seller when he asks a is (z — ¢)Xa<z, and so his interim expected utility is,

m(0g,a; B, S) = ///(:B - c)xaqfciy(c,:E,y|ag)dcdacdy.

Following similar derivations as before and using symmetry one can arrive at the following,

o0

w(os.0:8.5) = [ { | @~ Bilnos) f5<xru>dx} fululos)d.

—0o0
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Taking the derivative with respect to a one gets the first order condition for the sellers in the CIV

case,

/ " (0~ Elelus o)) £5(al) fulplos)du = 0,

—00

and a = S(og) in equilibrium. We will express £ (a|u) in terms of the probabilities Kﬁ;m(a; os, i, B, S)
and L,Smn(a; os, p, B, S).

Deriving f2(alu). Similarly with before,

P[S(0) < S(os)] = H(os—p),
P[B(o) < S(os)lu] = H (B 'oS(os)—p),

B[S(0s) < S(0) < S(os) + Abll/Ab = MISH)
S'(os)

1o S(og) —
P[S(0s) < B(o) < S(0s) + Ab|u]/Ab = h}fo Bf(o ;iasﬁ‘)-

Let L;S;l’n(S(as);ag,u,B,S) be the probability that from the population of the m +n — 1
remaining traders, a buyer’s ask is the m'™ order statistic, conditional on og, & and strategies
B, S. Then

Lrsn,n(S(US);USaMaBas) = Z ( ; ) < ; ) H (B_1 oS(os) — M) H(os —p)’
iz
0<j<n—1

H(B™'0S(0g) — ,u)milii H(og—p)" 1.

Similarly for another seller making the m™ order ask,

Kpu(S(os)ios, 1, B,S) = Y ( " ) ( ";2 ) H (B o 5(0s) — ) H(os — p)’

itj=m—1 \
0<i<m
0<j<n—2

H (B 0 S(0s) —p)" " H(og—p)" >
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Hence,

s = "S5 i (S(os)0s.8.5)
+(n—1)MKS (S(os);08, 1, B, S).

F.3 Invariance Property

Proof of Lemma We demonstrate this fact for the buyer’s marginal utility. A similar
argument applies for the seller. The buyer’s marginal utility reduces in the case of the offset

strategies B(op) = op — Ap and S (0g) = 05 + Ag to

/ (}E[U|M7O—B] —op+ >\B) (m - ]-)h’ (UB - H) Lﬁm,(o-B - )‘Ba B, W, B7 S)fH(M|O-B)d:u

—00

+/ (E[v|p, o8] — o + A)nh (o — Ap — As — p) K (08 — Ap;op, pt, B, S) fu(plop)dp

_/ MJ (08 = A;oB, 1, B, S) fu(plos)dp.

Inspection of formulas — for Lﬁ’n, Kﬁm and Mrg’n show that in this case they depend only
on the quantities (6p — pu,0 — Ap — Ag — ). We express this by slightly abusing notation and

writing

| Blelnson] = o+ e (m = D (o — ) LE (08 — n.0w — A = As — wh (o — 1) dy

—00

—l—/ (E[v|p, o8] —op + A)nh(cp — Ap — Ag — 1) Kﬁvn(ag — 05— Ag—As — p)h(op —p)du
—/ MP (05— p,08 — A — Asg — p)h (o — ) dp. (81)

where we have also substituted
fulplop) =h(op —p).

Furthermore note that

ffooovf(v—ﬂ—pB)g(UBerB—v)dv

E - A — A
wlp+pp,oB+pel — 0B+ pE+ AB ™ Fw—n—pp)glontps—0)do o+ pB+AB
I w=pB) f(v—p)g(op —v)dv
s — A
T —mgos—va  CETrETAR
= E[U‘,UJ,UB]—O'B—F)\B. (82)
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We are now ready to replace op with o 4+ pp in and show that the value of this integral
does not change:

/Z{(E[v[,u,ag +ppl—op+pp+Ag)(m—1)h(ocp+pp—p)
xLp (o8 +pB — 1,08+ p —Ap — As — p)}h (0B + p — 1) dp

+ /Z{(E[v!u,as +pB]l — 0B+ pp+ Ag)nh (0B + pp — A — As — )
XKD (054 pp— 105+ ps—As—As — p)}th(op + pp — ) dp

= /ZMg,n(UB+PB—M7UB+/)B—AB—)\S—M)h(UBJrPB—/J)dM

Applying the linear change of variable u — u + pp produces

/Z {(Elv|p+ pp,os+ pBl — o5+ pp + Ap) (m — 1)h (o5 — p)
x LY (o —p,08 —Ap —Ag — p)} h (o — ) dp

+ /Z{(E[v\u+p3,03 +pBl —oB+ pe+A)nh(op — Ap — Ag — 1)
x K5 (o —p,08—Xp—As—p)} h(op — p)du

- / MR (o =m0 — g — As — wh (o — p) dp.
—o0

This reduces to by substituting (82)). m
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