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Abstract

Macroeconomic VARs are often interpreted as models of the entire economy, yet in
practice they are typically small systems with few variables and lags. As a result, esti-
mated impulse responses are often highly sensitive to lag length and variable selection.
We argue that VARs for impulse response analysis should therefore be viewed more
modestly: rather than representing the whole economy, they should only be expected
to approximately capture the transmission of the shock of interest. We propose Con-
ditional Cross-Validation (CCV), a criterion for choosing VARs optimized for impulse
response estimation. Different VARs can be selected based on the outcome variable,

horizon (short- vs. long-run), or the researcher’s loss function.

*Preliminary and Incomplete. The views expressed in this paper are the sole responsibility of the authors
and do not necessarily reflect the views of the Federal Reserve Bank of San Francisco, the Federal Reserve
Bank of New York or the Federal Reserve System.



1 Introduction

A researcher is handed a sequence of macroeconomic shocks, say monetary shocks. How
can they best estimate the transmission of this shock through the economy? A prominent
method in macroeconomics is to use a vector autoregressive (VAR) model.! A VAR, (p)
models the evolution of n variables y; in recursive fashion as being a function of p lags of y;

and n shocks &;:
Vi=Ayi 1+ Ay, u, with u, = Bey | (1)

where Ay,..., A, are the autoregressive matrices that capture the lagged effects and B is
the impact matrix of the standardized shocks ;. Using a VAR,,(p) model to estimate the
transmission of a shock involves modeling 1-step ahead changes in y; and iterating these
forward to predict h-step ahead changes.

Sims (1980) provided a powerful motivation for VARs as a flexible—essentially
atheoretical—representation of the economy, in contrast to more tightly parameterized large-
scale structural macroeconometric models of the 1970s, such as Fair (1974). But while VARs
are often presented as flexible statistical models (Liitkepohl, 2013), the VARs actually em-
ployed by applied researchers often embed assumptions that are quite strong—much stronger,
for example, than the surrogacy assumption recently proposed in the dynamic treatment ef-
fects literature (e.g., Athey et al., 2025).

The reason for this is that VARs used in practice are typically small-order systems,
i.e., systems with a small number of endogenous variables and a small number of lags. A
canonical example is the popular monetary VAR3(4) with n = 3 endogenous variables (e.g.,
output, inflation and the interest rate) and p = 4 quarterly lags. The short sample sizes
typically encountered in macro (50 years of quarterly data, often much less) naturally lead
researchers to limit the number of parameters they need to estimate.

For VARs to be considered atheoretical representations of the economy, they must provide
a complete statistical model of the economy. This is a remarkably ambitious goal: to model
the entire unconditional autocovariance structure of the economy with only p lags of n
variables. It means taking account of all variables and all shocks that affect the economy
at a macro level. Is it plausible that a VAR with four quarterly lags of three variables can
achieve this?

Consider the myriad shocks that have affected the U.S. economy over the past 75 years.
There are the “standard” ones: monetary shocks, fiscal shocks, productivity shocks, oil
shocks, etc. But there are also many other shocks: 9/11, Covid, the Nixon price controls,

the 1980 credit controls, various strikes, the Korean War, the 1975 tax rebate, the savings

1See e.g., Sims (1980); Hamilton (1994); Liitkepohl (2005); Canova (2007); Kilian and Liitkepohl (2017).



and loans crisis, the failure of Lehman Brothers, the rise of female labor supply, and the list
could go on. For a VAR to be a complete statistical model of the economy, it must capture
the effects of all of these shocks.?

When the dynamic evolution of the economy is affected by more variables or more shocks
than one is able to include in a VAR, one can “solve out” for the additional variables and
shocks.®> But this typically transforms one’s original finite order VAR representation of the
economy into a VAR(co) in the variables that one has data on. Since it is not feasible to
estimate a VAR(00), one must truncate the VAR in practice. This means that the VAR is
no longer a complete statistical model of the economy. It becomes misspecified, and more
misspecified the smaller is the chosen VAR.

To illustrate the problem, consider the transmission of monetary policy. A researcher
is interested in estimating the effects of monetary policy on GDP growth, inflation, and
the federal funds rate. They have access to a series of exogenous changes in the policy rate.
With the shock series in hand, they can construct the empirical distribution of forecast errors
following a unit monetary policy shock.

The top row of Figure 1 does this. The data used are quarterly changes in GDP and
the PCE price index, as well as the federal funds rate. The sample period is 1969q1-2007q4.
The monetary shock series is from Romer and Romer (2004). These forecast error distri-
butions can be seen as a method to visualize the “raw data” underlying impulse response
estimates.* By construction, the mean of the forecast error distribution coincides with the
local projection point estimate (Jorda, 2005).

The “raw data” already make out a few stylized facts about the effect of monetary policy
shocks: a persistent rise in the policy rate, an initial drop in GDP growth followed by a
rebound, and a delayed but large and persistent decline in inflation. Note however the large
dispersion in the forecast error distributions.

Consider instead using a standard VAR3(4) to estimate the transmission of monetary
policy. Since a set of policy shocks has already been identified, a simple way to estimate
dynamic causal effects is to add the shock series to the VAR, order it first, and compute
impulse responses to innovations to the shock series (e.g., Plaghborg-Mgller and Wolf, 2021 a).
The bottom row of Figure 1 overlays impulse responses estimated in this manner on the raw
estimated forecast error distributions.

Notice that the 95% bootstrap confidence bands from the VAR are substantially narrower

than the forecast error distributions. By imposing restrictions on impulse responses—across

2Each of these shock types should actually be counted as several different shocks to the extend that
different instances have different expected dynamics. For example, a forward guidance shock is a different
shock from a target rate monetary shock.

3L.e., iteratively substitute for these variables throughout the VAR model (“solve backward”).

4ntuitively, given a forecast based on data observed before a monetary shock, we can compute the
distribution of forecast errors following a unit monetary shock. See the Appendix for details.
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Figure 1: ILLUSTRATION: EFFECT OF MONETARY POLICY

Note: Quantiles (5 percent intervals) of realized outcomes for GDP growth, inflation and the fed funds rate
conditional on a unit monetary shock at h=0. Darker colors indicate quantiles closer to median realization.
Thick black lines are the VAR(4) points estimates along with the 95 percent confidence bands (dashed lines).

horizons, variables, and shocks—the VAR;(4) achieves substantial power gains and enables
informative inference. At the same time, however, the VAR impulse responses are at odds
with the raw data in several important respects. In other words, the VAR3(4) shows signs
of substantial bias: the GDP growth response does not display any sign of rebound after
two years, and the response of inflation is small and less persistent than the forecast error
distribution.® In section 3, we show that these VAR impulse responses are highly sensitive
to the number of variables and number of lags in the VAR.

Small-order VARs are almost certainly misspecified. They can therefore not be thought

5Since an LP is a consistent estimator of the transmission of a shock, the distance between the VAR-based
IR point estimate and the mean of the forecast error distribution provides an indication of the size of the
bias associated with the VAR-based IR estimates.



of as atheoretical representations of the economy’s dynamics and likely yield biased impulse
response estimates. A natural response to this issue is to turn to less parametric methods,
such as local projections, as recommended by Olea et al. (2025). Local projections esti-
mate impulse responses variable by variable and horizon by horizon. This makes them less
vulnerable to dynamic misspecification.

Local projections (LP) are therefore a natural benchmark for dynamic causal inference.
However, given the short samples often encountered in macroeconomics, local projections
sometimes yield estimates that are sufficiently imprecise as to make the analysis uninforma-
tive. This raises the question of whether efficiency gains from making stronger assumptions
may in some cases be worth the risk of introducing some bias.

We propose that, for the purpose of impulse response estimation, VARs should not be
used to construct complete statistical models of the economy. Rather, their use should have a
more humble objective: to improve the power of inference, i.e., as “power tools.” Crucially,
an impulse response is a conditional forecast. Consequently, to improve the precision of
impulse response estimates, a VAR need not capture the full unconditional autocovariance
structure of the economy. It needs only to approximately capture the transmission of the
shock of interest. Since an impulse response is a forecast conditional on a particular shock,
only the VAR’s ability to forecast conditional on the shock of interest is relevant to improving
the impulse response estimator.

This “conditional” insight implies that, for the purpose of impulse response estimation,
VARs should be tailored to the specific impulse response they are being used to estimate. We
propose a method for explicitly confronting the specification question of (i) which variables
to include?, and (ii) how many lags? When used as a power tool (as opposed to as a complete
statistical model of the economy), VARs should be specified with a “conditional objective”:
to select the VAR specification that provides the “best” conditional forecast according to the
researcher’s objective function. This objective function can be to minimize bias—in which
case it will select a high order VAR (or equivalently an LP)—but it could also be to minimize
mean-square-error, confidence band coverage, or some other desirable feature.

We propose a Conditional Cross-Validation (CCV) criterion to select the best model
based on a researcher’s objective. The CCV model selection procedure consists of choosing
the VAR specification that minimizes the out-of-sample difference between the VAR-based
impulse response and the impulse response estimated from a linear projection on the shock
(i.e., an LP). Since VARs parameterize impulse responses as a sum of damped cosine basis
functions, one can think of the CCV methodology as selecting the set of basis functions that
produces the best out-of-sample predictions.

Our CCV procedure bears some resemblance to the Hausman test, but differs in that the

two IR estimates (VAR vs. LP) are estimated over different samples. This is crucial since



otherwise the procedure would increase the size of the VAR to fit the local projection impulse
response exactly (at the cost of overfitting out of sample). Comparing the two estimators
over different samples avoids this pitfall.

We show that CCV can be specified to be consistent for either the population bias or
mean squared error of the impulse response, allowing the researcher to choose her prefer
target criteria. The result holds when the true data generating process is a stationary
process subject to mild regularity conditions. A set of simulations verify the properties of

CCV selection for finite samples.

Literature review

Since the seminal contribution of Sims (1980), VARs have become a central tool for em-
pirical macroeconomic analysis. Early influential contributions include the perspective of
policy analysis of Sims (1986), the structural applications of VAR of Bernanke (1986) and
Blanchard and Quah (1989), as well as the Bayesian literature on VAR of Doan, Litterman
and Sims (1984) and Litterman (1986).° The classical perspective of VAR views the VAR
as a reduced-form approximation to the joint dynamics of the macroeconomy that can be
used for forecasting, policy analysis and impulse response estimation.

Since the VAR inception, two views of VARs have co-existed among the macro and
econometrics literature. On the hand hand, there is the view that the VAR is a reduced-form
model of the economy, that is a model of the underlying Data Generating Process (DGP).
Informally, this idea goes back to the Wold decomposition theorem. As any covariance-
stationary vector time series process can be written as an invertible vector moving-average
(VMA), one can invert the VMA, obtain a VAR(co) representation of the data, which is then
truncated in order to be estimable on finite dataset. In this perspective, the VAR is viewed as
a statistical model of the underlying true DGP. This approach has been extensively used by
the structural VAR literature, where the VAR is used to identify structural economic shocks
using short-run restrictions (e.g., Sims, 1980; Bernanke, 1986; Christiano, Eichenbaum and
Evans, 1999), long-run restrictions (e.g., Blanchard and Quah, 1989), or sign restrictions
(e.g., Uhlig, 2005).

On the other hand however, the macro-econometric literature has long been aware that
VARs are potentially mis-specified models, which can nonetheless be useful for forecasting
or even impulse response estimation by trading some bias for lower variance (e.g., Lewis
and Reinsel, 1985; Liitkepohl and Poskitt, 1991; Poskitt, 1992; Inoue and Kilian, 2002;
Kuersteiner, 2005; Schorfheide, 2005a; Plagborg-Mgller and Wolf, 2021b; Olea et al., 2026;
Gonzalez-Casasis and Schorfheide, 2025a; Olea et al., 2025). The Bayesian VAR exemplifies

6The statistical theory of VAR models was largely developed at that time and expounded in textbooks
like Hannan (1970).



this view, where large VARs are routinely estimated in combination with a prior (e.g.,
Minnesota or other long-run priors), see Baumeister (2025).

In this work, we argue that this latter view —the VAR is a power tool— should be
embraced to its full conclusion: any finite lag VAR is mis-specified and the choice of VAR
specification should be guided not by the desire to capture the true DGP but rather by the
researcher’s objective of best estimating the impulse response of interest.

A large literature studies the conditions under which VARs can recover structural shocks
from observed macroeconomic variables. Building on the non-fundamentalness and invert-
ibility literature (e.g. Lippi and Reichlin, 1993; Ferndndez-Villaverde et al., 2007; Forni and
Gambetti, 2014; Canova and Ferroni, 2022), these works emphasize that finite-dimensional
VARs may fail to recover structural shocks when the observed variables do not span the
relevant information set of economic agents. This concern motivated information-rich spec-
ifications such as factor-augmented VARs (Bernanke, Boivin and Eliasz, 2005), large VARs
(Banbura, Giannone and Reichlin, 2010), and external instrument approaches (e.g. Stock
and Watson, 2008; Mertens and Ravn, 2013; Gertler and Karadi, 2015). Our paper studies
a complementary problem: even when the shock is externally identified or directly observed,
omitted variables may still distort the propagation dynamics of the economy and thereby
bias estimated impulse responses.

Given this concern, it is tempting to move away from recursively propagated VAR impulse
responses toward direct estimation methods (Dufour and Renault, 1998; Dufour, Pelletier
and Renault, 2006; Jorda, 2005). The most prominent example is the local projection (LP)
estimator of Jorda (2005), which estimates impulse responses horizon by horizon and there-
fore imposes fewer restrictions on the dynamics of the economy. Recent work shows that LPs
and VARs with sufficiently many lags share the same population estimand (Plagborg-Mgller
and Wolf, 2021a), while differing in finite samples through the bias—variance trade-off (Kilian
and Kim, 2011; Brugnolini, 2018; Choi and Chudik, 2019; Bruns and Liitkepohl, 2022; Li,
Plagborg-Mgller and Wolf, 2024; Olea et al., 2024, 2025; Ludwig, 2024). Our paper proposes
a method to navigate that trade-off with the conditional cross-validation criterion, which
relates to the literature on lag-length and model selection in dynamic systems. Classical
procedures such as sequential testing and information criteria are primarily designed for
forecasting performance or recovery of the correct dynamic representation, see Liitkepohl
(2005) and Kilian and Liitkepohl (2017) for textbook treatments. Several papers recognize
that these objectives may differ from accurate impulse response estimation. Hsiao (1979)
emphasized variable-specific specification choices, while Schorfheide (2005b6), Lohmeyer et al.
(2019), and Gonzalez-Casasis and Schorfheide (2025b) study lag-selection procedures tar-
geting multistep prediction or impulse response risk. Our paper contributes to this literature

by proposing a conditional cross-validation (CCV) approach for model specification in im-



pulse response analysis. The key idea is to condition the evaluation criterion on the shock
of interest, thereby targeting the ability of a specification to recover the relevant impulse
responses rather than its unconditional forecasting performance. The framework is flexible
and can be applied to lag-length selection, variable selection, surrogate horizon selection,
regularization choices, and combinations of direct and recursive estimators. More broadly,
the paper relates to the out-of-sample forecasting and cross-validation literature in econo-
metrics and statistics (e.g. Elliot and Timmermann, 2016, Part III), while adapting these

ideas to shock-specific impulse response estimation.

2 VARSs and the Omitted Variable Bias: Illustration

Consider a simple macro model with a dynamic Phillips curve, IS curve and policy rule. We

have a Phillips curve with adaptive expectations (E, 1m, = m_1)
Tt = PaT—1 + AT + 1y (2)
where x; is the output gap, v; is an iid cost-push shock. The dynamic IS equation is
Ty =petio1 — o (i —m) + G (3)
with (; a natural interest rate shock, and the interest rate rule is
iy = pili—1+ OrT + &4 (4)

where ¢, is a monetary shock. All coefficients on lagged terms are strictly less than one (the
p’s).

A researcher is interested in estimating the dynamic causal effects of a change in the
central bank policy rate: the impulse responses to a policy shock. A time series of exogenous
changes in the policy rate —a sequence of shocks— has already been identified, so that the
question is strictly about choosing the best estimation method: How to obtain an accurate
and precise estimate of the impulse responses.

One popular approach is to rely on local projections (LP Jorda, 2005), which impose
little restrictions on the underlying data generating process except for linearity. However,
we can immediately see that LP is not the most efficient approach here. In this example,
the data are highly structured, as the structural macro model can be captured by a VAR(1)
with 3 endogenous variables (m, 2y, 4;). Therefore, given a series for monetary shocks &, (or
a proxy), a researcher interested in learning the effects of monetary policy should estimate

a VAR(1) with (e, m, 24, 4;). In short samples, a VAR(1) can deliver large efficiency gains



relative to local projections, because local projections do not exploit the underlying structure
of the data.

The VAR must be correctly specified however; this choosing the correct set of endogenous
variables and the correct number of lags. Unfortunately, the correct specification of the VAR
is very fragile. To illustrate this, we will consider two simple twists to the model: (i) adding
an endogenous variable (leverage), which meditates the effect of monetary policy, and (ii)

adding an exogenous non-iid process (oil price inflation) to the determinants of inflation.

The set of endogenous variables

Consider allowing for a credit channel of monetary policy. Specifically, changes in monetary
policy can affect the quantity of available credit and thus leverage, which affects the output
gap (e.g., Bernanke and Gertler, 1995; Gilchrist and Zakrajsek, 2012). The IS equation

becomes
Tt = PpTt1 — U_l(it — 1) — 0l + ¢ (5)

where ¢, is the leverage-GDP ratio with
by = pely—1 + Biy (6)

with p, < 1. Note how the policy rate affects leverage, such that the effect of monetary
policy on the economy is mediated through the amount of leverage. Collecting all variables
in y; = (m, e, b, it), it is easy to see that y; follows a VAR(1). Thus, estimating a VAR(1)
with with (g4, ¥;) will deliver consistent IR estimates.

Imagine however that the researcher omits leverage from the list of explanatory variables
and considers describing this economy with a VAR for y; = (7, 24, 4;). Simple substitution
of ¢, in the IS curve the immediately delivers that the underlying VAR becomes a VAR(00).
In other words, omitting one variable from the VAR makes the correct lag specification go
from p = 1 to p = 00.” In that case, there simply does not exist a finite order VAR for y,
that will consistently estimates the dynamic effects of monetary policy, even if a series of
monetary shocks has already been identified.

In other words, a researcher using a VAR(p < oo) with (g4, y;) will not get a consistent

estimate for the effect of monetary shocks past horizon p, because she did not control for

"To see that, just combine (5) and (6) and iterate backwards to get

T = ppwy1 — 0 Hig — 1) — 8(peli—2 + Bir—1) + G
puti—1 — 0 iy — me—1) — 6(pe(peli—s + Bir—2) + Bir—1 + r-1) + G
wo = A(L) (7, x4, 1¢) + ¢ with A(L) of infinite order.



l;. Intuitively, this is similar to an omitted variable bias, and this example illustrates how
correct VAR specification can be seen as an identifying assumption; an exclusion restriction.
In our example, a VAR(1) for (e, 7y, x4, ;) will be correctly specified if the underlying model
satisfies the exclusion restriction § = 0: the effect of monetary policy on output and inflation
is not independently mediated by the reaction of leverage. Under that light, the choices of
n and p —the VAR specification question— can be seen as important as the identification
scheme, the “traditional” identifying assumption. If the exclusion restriction fails, no finite-
p VAR for (g, m, 24,4;) can consistently estimate the dynamic causal effects of monetary
shocks. In other words, CLS can be satisfied for a four-variable VAR but it is impossible to
satisfy for the three-variable VAR without leverage.

The number of lags p

As another example, consider the case where oil price inflation enters the Phillips curve with

T = Prfi—1 + Ay + 1 + 1 (7)

where 79 is energy price inflation, which follows an exogenous MA(1) process

nt = €+ ng, (8)

with €2 an iid shock, such that oil price inflation is an exogenous process that follows an
MA(q).®

This time, the true underlying model is a VARMA(1,1), and including oil price inflation
into the VAR will not fix the problem. A VAR with the vector y; = (7, xy, 7%, 4;) will
still suffer an omitted variable bias, as the only VAR representation of a VARMA(1,1) is
a VAR(co). The nature of the OVB is more challenging to address, because the omitted
variable is now a latent-state; the shock £, In additional, unlike with the endogenous
“leverage” variable, the problem is not related to omitting a variable that mediates the effect
of monetary policy. Instead, the problem comes from the fact that there is an exogenous
process —oil price inflation—, which does affect the time series properties of inflation but is
not explicitly modeled in the VAR. As a result, a VAR with a finite number of lags cannot
capture the unconditional autocovariance property of the data: the exogenous process does
affect the time series properties of y; in a non-autorecursive way, and this will bias the IR

estimates of any finite lag length VAR.

8Other examples of processes with an MA-type structure include temporary price controls, one-time events
like COVID, or processes unrelated to cyclical factors, for instance health-care price inflation (Mahedy and
Shapiro, 2017).



Taking stock

These examples illustrate how VARs are highly exposed to mis-specification risk and omitted
variable bias: in order to capture the transmission of shocks, a VAR(p) must include all
relevant endogenous and exogenous variables that affect the outcome variables y,. Thus,
even though identification per se is not an issue when the shock is entered in the VAR, an
omitted variable bias can still affect the IR estimates.

To avoid this issue, one strategy would be to rely on local projections.” However, this
would mean giving up on any underlying structure in the economy that could be exploited for
efficiency gains. In the case of leverage, there does exist a (larger) VAR(1) that can capture
the underlying DGP, and in the case of oil price inflation there does exist a VARMA(1,1)
that can capture the underlying DGP. And while a VARMA(1,1) has only an equivalent
VAR(o0) representation, a VAR(p) with p > 1 may provide a reasonable approximation of
the transmission of monetary policy and yield more efficient estimates than regular LP.

In fact, that latter idea —truncating the VAR(oc0) representation of the DGP— infor-
mally underlies most VAR applications. Unfortunately, lag selection and choice of endoge-
nous variables are rarely justified in practice, with users reverting to “standard” specifica-
tions and typical lag structures of 4 quarters or 12 months. Lag selection methods such
as AIC/BIC are rarely used as they are often not informative, as we will see below. More
importantly, traditional lag length specification criteria do not target IR estimation as their
objectives. Instead, they are based on unconditional one-step ahead forecasting perfor-
mances objectives. Because they do not explicitly take into account the bias inherent to
VAR-based IR estimates, they do not allow to use VARS while “controlling” for bias, as
forcefully emphasized by Olea et al. (2025).

The objective of this paper is to provide a method to exploit the underlying structure
in the data through a VAR, but taking IR-estimation bias into account. Indeed, even if the
VAR is mis-specified, and the VAR-based IR estimates are biased, it may still be possible to

control that bias while obtaining efficiency gains relative to conventional local projections.

3 Understanding the sources of the VAR bias

Although it is well known that finite-order VARs are prone to bias (Olea et al., 2025), it
is useful to examine the sources of this bias more closely. We consider two complementary

perspectives. The first is a VAR-as-DGP perspective, which generalizes the previous ex-

9Relatedly, a Bayesian response to this observation is to simply consider large VAR systems with many
lags and regularize the estimation of the VAR parameters using a (e.g., Minnesota prior). This is a popular
strategy, see comments of Baumeister (2025), that can work well in practice. We will come back to this
approach in Section ?77.

10



amples by formalizing the assumptions under which a VAR consistently estimates impulse
responses. The second is a VAR-as-power-tool perspective, in which the VAR is viewed as a
parametrization of impulse responses: each impulse response is written as a sum of damped
cosine functions at different frequencies. This parametrization can reduce variance, but it

can also generate substantial bias when the number of basis functions is too small.

3.1 The VAR-as-DGP perspective

Consider a general representation of the economy: the Slutzky-Frisch paradigm, which rep-
resents the path of observed macro variables as arising from current and past shocks (e.g.,
Stock and Watson, 2018). Specifically, for the vector d; € R? we have!°

dt = Z @jnt—j 5 mn ~ WN(Oal) ) (9)
j=0

where ©; € R are coefficient matrices and 1, € R% are the shocks which form a white
noise sequence with mean zero and identify variance. We think of d; as the universe of
variables required for describing the economy and the shocks can be structural — i.e. have
clear economic interpretation — but may also capture uninterpretable measurement error.
Without loss of generality we define y; = dy.q, € R% and 7, as the outcome variables
and structural shock of interest, respectively. We aim to recover the causal effect of 1;; on

the outcome variables y;,; at horizon h. That is

0, = Ora, 10 = E(yean|me = 1) — E(yegnlm: =0) , (10)

To estimate the dynamic causal effects 6, we consider a VAR,,(p) —equation (1)— with n
endogenous variables and p lags for the vector y, € R®.*! Whether or not this VAR is able
to recover the impulse responses of interest 8, depends on two conditions: (i) whether the
shock of interest is included in the VAR, i.e. whether ;; = 714, noting that the ordering of
the shocks is arbitrary, and (ii) whether the lag length of the VAR is correct.

Condition (i) combines invertibility — i.e. the shock of interest is included in the linear
span of the VAR variables — and identification — i.e. the first column of B is correctly
identified. There exists a large VAR literature that discusses the various approaches by

which conditions (i) can be ensured to hold (Ramey, 2016). A simple way to ensure that

10We implicitly assume that suitable transformations have been made that ensure that {d;} is a covariance
stationary and purely non-deterministic process.

HUNote that we assume that the vector of outcome variables is the same as the vector of endogenous
variables in the VAR. This could be easily relaxed by separating the vector w; € R™ to be included in the
VAR, and the vector y; of outcome variables that are included in w;. We abstract from this distinction to
ease on notations.

11



this condition holds is by including a measure of the shock in the VAR as we did in the
previous section. We will not discuss Invertibility in any more detail, as this is not the focus
of this paper.

Condition (ii), however, has received much less attention in the literature and takes
center stage in this paper. The condition requires that the lag length of the VAR is correctly

selected, i.e., the errors are not serially correlated:
E(utlut_l, c. ,ut_p) =0. (CLS)

Although this correct lag specification (CLS) requirement is clearly stated in more method-
ological treatments of VARs (e.g., Liitkepohl, 2005), its importance is often neglected in
macroeconomic applications, where lag lengths are frequently chosen in an ad hoc manner—
for example, using four lags with quarterly data or twelve lags with monthly data. Leaving
serial correlation in the VAR innovations biases the resulting impulse responses, because the
VAR fails to account for the additional dynamics contained in u.

In other words, even if the identification problem has been solved by e.g. including an
observed shock, a VAR remains prone to omitted variable bias through the interacted choices
for n and p. Getting these choices wrong leads to biases and thus sensitive impulse response
estimates as documented in the previous section. And importantly, as the previous macro
example showed, there may simply not even exist a finite-order VAR that can capture the
underlying DGP.

In that context, specifying the correct VAR is a difficult problem. Most traditional VAR
specification methods (i.e., lag selection methods, see the appendix for a brief review) start
from the premise that there exists a finite-p VAR that captures the underlying true model,
i.e. a VAR of the form (1) is the true data generation process, and the CLS assumption
holds. For instance, under regularity conditions the BIC then asymptotically selects the
true lag order (e.g., Kilian and Liitkepohl, 2017). Unfortunately, the attractive properties
of traditional lag length selection methods disappear when the true DGP is not a VAR
with finite lag length. More generally, just as in the applied and treatment effect literature
where unobserved characteristics are a common threat to identification (Angrist and Pischke,
2015), it seems hard to justify a priori that no omitted variables exist for a given VAR
representation, and existing methods for detecting such biases are sensitive to the choice for

the true data generating process (e.g., Olea et al., 2025).

3.2 The IR parametrization perspective

Instead of viewing a VAR as a model of the economy, we can equivalently see a VAR as a

parametrization of the impulse responses to shocks, where each impulse response is written

12



as a sum of damped cosines of different frequencies. This perspective makes clear that (i) a
VAR can be seen as an IR estimator, which lies on the bias-variance spectrum depending on
the n and p choices —a VAR is just a power tool rather than a complete statistical model of
the economy—, and (ii) a parsimonious VAR may or may not be an efficient IR estimator
depending on the transmission of the shock. VARs are great at parsimoniously capturing
geometrically decaying (possibly oscillating) transmission channels, but they are less good at
capturing protracted responses, overshooting patterns with increasing magnitude or delayed
reversals.

While a VAR model (1) is a system of linear difference equations —a parametrization
of the laws of motion of the endogenous macro variables—, a VAR,,(p) can also be seen as
imposing restrictions on the shapes of the impulse responses to shocks. To see that, multiply

(1) by the shock &5, and take expectations to get'?

IRs,h _ { E<yt‘€s,t—h) lf h S {07 7p} ’ (12>

AIR 1+ ...+ ARy, if he{p+1,....H}

which states that the IR of y; to the shock e, —IR; ), — satisfies the system of difference
equation (12) with initial conditions given by E(y;e,,—) where the expectation is computed
under (1) assuming that the errors are serially uncorrelated.

Expression (12) highlight two important points: First, the initial conditions imply that
the VAR-based impulse responses do not impose any restrictions on the autocovariances until
horizon p, which explains how the VAR estimates the IR consistently up until horizon p (see
e.g., Plagborg-Mgller and Wolf, 2021a). However, beyond horizon p the VAR propagates the
effect of the shock through the difference equation, and restrictions are imposed. Second,
the same difference equations (11) must hold for any shock. This means that a VAR, (p)
imposes that the impulse responses of y; to any shock follow the same difference equation.
In other words, the VAR imposes restrictions on the impulse responses across variables,
across horizons and across shocks, resulting in a substantial dimensionality reduction. In
particular, by imposing that the same difference equation governs the IRs to all shocks,
it is possible to estimate the VAR on unconditional data —this is the benefit of modeling
the entire system governing y;, in contrast to a local projection which only estimates the

IR of interest (and thus faces a larger unexplained residual).!® Clearly, if the true impulse

128pecifically, we have

Eyie1t—n = A1Eyi_1614—n + ... + A Eyr_pe1t—n + BEeier ¢—p . (11)
———
=0
13Specifically, the reader may wonder how a VAR performs better than a “parametrized-LP”-type esti-

mator where the LP-based IR estimate is constrained as as a sum of damped cosines. The reason lies in
the joint modeling aspect of VARs: a VAR simultaneously models the joint dynamics of multiple variables.
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responses satisfy these restrictions the VAR is attractive over LP.
To better understand how the VAR restrictions affect the shape of VAR-based impulse

responses, we can explicitly solve the difference equations (11).

Lemma 1. The solution to the p-th difference equation (11) is given by

B

Pn = Z cypr cos(2mh /Ty + o) (13)
b=1

where p, < 1 is the geometric decay term, 7, the period of the cosine, ¢, the phase, and ¢,
the n x 1 vector of loadings on the basis function of frequency 27 /7,. The number of basis
functions satisfies B < np/2. O

A proof is provided in the appendix.

In words, the lemma states that positing a VAR consists in parameterizing the impulse
responses with specific basis functions —geometrically decaying cosines—, and a VAR,,(p)
will model the impulse responses with at most np/2 cosines of different frequencies. The
larger p, the larger the number of cosines, and the larger the set of impulse response functions
that the VAR can capture.

The functional form of the basis functions is particularly instructive. Because of the
geometric decay term, a low-dimensional, short-lag VAR provides a parsimonious basis for
short-lived responses that oscillate but decay geometrically (at least approximately). This
makes small VARs well suited for capturing impulse responses that peak in the first horizonss
after a shock and then mean-reverts toward zero. The same parametrization, however, can
be restrictive when the true dynamics are more persistent or more irregular. Protracted
responses require roots close to the unit circle, while multiple rebound effects of increasing
magnitude or delayed reversals require combining multiple damped cosines. Since a VAR,,(p)
has at most np/2 cosines of different frequencies, a VAR with small number of variables and
lags only has limited set of basis functions to parametrize the impulse responses. As a result,
it may approximate long-lived or non-monotonic impulse responses only poorly, either by
forcing the response to decay too rapidly or by generating artificial oscillations. In this sense,
the parsimony of a small VAR comes at the cost of a strong restriction on the admissible
shapes of the impulse responses.

To illustrate this point with a concrete example, we can go back to our monetary example

from the introduction.'* Figure 2 decomposes the IRs estimated from our monetary VAR3(4).

This introduces cross-equation restrictions, which (i) reduce the dimensionality of the estimation problem,
but (ii) most importantly allow to exploit the full unconditional variance of the data to estimate the IR
parameters. See the Appendix for more details.

4The appendix provides another example (from a simulated DGP) to further illustrate this point.
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It shows all the basis functions in gray, and highlights the most important ones in color. Note
that the basis functions are weighted by their appropriate loading (from the vector cy).
Two points are worth noting.!® First, we can see that only two basis functions (with
periods 7 = 22 and 7 = 120 quarters in purplus and green respectively) do most of the work
at parameterizing the impulse responses. This is the reasons for the efficiency gains from
the VAR: the same two damped cosines are used to propagate the effects of the monetary
shocks to GDP growth, inflation and the fed funds rate. In fact, at longer horizons the
impulse responses are entirely driven by only one damped cosine.'® In this application, the
same cosine with period 7 = 120 quarters (green line) drives the rebound of GDP growth,

the mean reversion of inflation, and the mean reversion of the fed funds rate.

Figure 2: VAR IR estimates (p = 4) and Basis Function Decompositions

T=22 m——r=120 - |R

1%
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|
. .
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10 15 20 0 5 10 15 20

ot

Notes: Estimated IRs along with their basis functions decompositions (grey lines), with the two largest basis
functions in thick color (7 denoting their respective periodicity). In each panel, the grey and colored lines
sum to the estimated IR. The dotted vertical line denotes the lag order p of the VAR. Past this horizon p,
the VAR is not guaranteed to consistently estimate the IR.

Second, the VAR uses many of its basis functions to fit the short-run dynamics of the

impulse responses. In the VAR3(4), four of the six damped cosines are devoted to these short-

15 Another lesson is a small-order VAR can capture persistent impulse responses, even slowly building
cycles. Here for instance the estimated IR of inflation peaks much later than A = p = 4: the peak response
of inflation occurs at h = 12 (a full two years after the VAR lag length). However, that persistent effect can
only be of a very specific type: as a combination of damped cosines. This point can already be seen from a
simple AR(2) y; = a1y;—1 + asy;—2. That process can capture an arbitrarily slow build up of a treatment
effect, because it can capture any impulse response of the form rcos(wh + ¢) with r € [0, 1] and w € [0, 27].
For that, just use ¢o = —r? and ¢; = 2rcos(w) (and ¢ given by the initial conditions). Thus, an AR(2) can
capture an IR with arbitrarily slow build up, i.e., an arbitrarily low frequency w. However, the shape of that
slow building effect is severely restricted: it must follow a damped cosine.

16Because of the exponential decay, the number of basis functions determining the IR shrinks as only the
slowest decaying basis functions —the largest pp’s—, survive as we increases the IR horizon. As h — oo, the
IR will be driven by one basis function alone —the only basis function that has not yet decayed to zero—.
And since all variables in the VAR share the same set of basis functions, this means that for i large enough
the VAR(p) imposes that all IRs are given by the same damped cosine.
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run dynamics—the gray lines in Figure 2. This is consistent with the fact that the VAR
impulse-response estimator is consistent for A < 4: many basis functions are used to capture
these first four horizons accurately. Thus, although a VAR,,(p) may appear to provide a rich
set of basis functions, many of them may be “spent” on fitting short-run dynamics. In this
sense, a low-order VAR can be viewed as sacrificing long-run impulse-response dynamics in

order to achieve greater accuracy at short horizons.

Increasing the number of lags

As we increase the number of VAR parameters (n or p), the number of basis functions
increases, and the VAR is able to capture more complex IR structures. To see that, Figure
3 plots the estimated IRs as we increase the VAR lag length from p = 2 to 4, 8, 16 and 24.

Importantly, recall that the shaded areas depict the deciles of the forecast error distri-
bution with the mean corresponding the LP point estimate. Since LP is a consistent IR
estimataor, we can informally use the distance between the VAR point estimate and the
center of the forecast error distribution as a measure of the bias of the VAR,,(p).

Notice how the estimated IR changes dramatically as we increase the VAR lag order with
the bias allegedly becoming smaller. For inflation, the VAR initially features a strong price
puzzle with no inflation decline. As the lag length increases, the price puzzles disappears,
and an inflation decline starts appearing, becoming progressively more pronounced but also
more delayed. Then as we increase the lag length further, the overall shape of the IR appears
to stabilize, though the response starts becoming more jagged and choppy, typically a sign
of overfitting. A similar pattern can be seen in the response of GDP growth. As we initially
increase the lag length, the decline in GDP growth becomes larger and more persistent, and
as we increase p further, a rebound in GDP growth starts appearing, becoming progressively
larger and more persistent. After p & 10, the overall shape of the IR also appears to stabilize,
but the IR starts becoming choppy. Turning to the IR of the fed funds rate, the response is
more stable over the lag length choice, but it also becomes jagged for higher p values.

This example illustrates how for too small p, the VAR does not have the flexibility to
capture the rich dynamics of the IRs to monetary shocks, here the rebound in GDP growth
and the very delayed response of inflation. Then, as we increase p as the number of basis
functions increase, the VAR can capture these IR features. As we increase p further however,
the IRs become jagged, and we obtain IR estimates close to those of LP —with little bias,

but also low efficiency—.'7

7For illustration, Figure 7 in the appendix plots the basis functions from the VAR(16) underlying the IRs
estimated in Figure 2. Note how many basis functions are “spent” on high-frequency features of the impulse
responses.
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Figure 3: LAG LENGTH SENSITIVITY
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Notes: Each IR represents the IR estimated from a VAR(p) of increasing order p = 2,4, 8,16, 24.

Increasing the set of endogenous variables

The set of endogenous variables can also dramatically affect estimated impulse responses.

We repeat the p-sensitivity experiment, but now vary the number of endogenous variables,

increasing n from a baseline VAR with output growth, inflation, and the federal funds rate

(n = 3) to a large VAR with n = 13, while keeping p = 4. The additional variables include

the unemployment rate; consumption and investment growth; commodity price inflation;

durables and non-durables consumption growth; services, durable goods, non-durable goods,

and core inflation; as well as the BAA-AAA spread, total reserves, and the exchange rate.

Figure 4 shows a pattern similar to the p-sensitivity exercise: as n increases, the rebound

in GDP growth becomes more pronounced and the decline in inflation stronger. At the

same time, larger VARs become less smooth, although this effect is more pronounced when

increasing p. Interestingly, increasing n can partly compensate for a short lag length in the
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GDP response, but not for inflation, where increasing p remains more important.'®

Figure 4: VAR SIZE SENSITIVITY
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Notes: Each IR represents the IR estimated from a VAR(4) with an increasing number of endogenous
variables n = 3,4,6,7,13.

BInterestingly, the traditional “extra” variables in monetary VARs — such as commodity prices, spreads,
reserves, or exchange rates — have little effect on the impulse responses. By contrast, disaggregated com-
ponents of GDP and inflation appear much more important. Durable consumption and investment help
generate the medium-run rebound in GDP growth, while service inflation produces a persistent decline in
inflation. This leads to a broader point: shock identification and propagation estimation are fundamentally
different tasks. The literature has mostly discussed the choice of endogenous variables in the context of
identification, where the goal is to span the agents’ information set and recover structural shocks from Wold
innovations. Here, however, identification is handled externally using the Romer and Romer (2004) narrative
shocks, allowing us to focus solely on propagation.



4 VAR selection by Conditional Cross Validation

While in general VARs are highly exposed to mis-specification risk, the previous p- and
n-sensitivity exercises suggest that for some impulse responses it may be possible to select
a smaller n,p pair to reduce the variance without increasing bias, or to reduce the mean
squared error. To select n, p to satisfy a specific objective that the researcher has in mind for
the VAR we introduce Conditional Cross-Validation (CCV) criterion as general methodology
to select the “best” VAR model given a researcher’s objective. The method is inspired by the

literature on out-of-sample model selection, but tailored to our impulse selection objective.

4.1 Recap: pseudo out-of-sample forecasting to select the VAR

To ease into our CCV methodology, it is useful to first recap how one would select n,p
using out-of-sample forecasting which is a popular approach when aiming to select the best
forecasting model (e.g. Elliot and Timmermann, 2016).

Suppose that we have a sample consisting of T" observations and a set of candidate VAR
models M that is defined as

me M with m = Ny, Pm) ,

where n,, indexes the set of included variables in y; and p,, defines the lag length of model
m. In total the researcher considers all combinations collected in the set M. To select the
preferred VAR model for forecasting we initially estimate the models under consideration
on the first S observations of the sample, S < T, and compare the VAR prediction for the
variable of interest y in period S + h with its realized value. We then expand the initial
sample by estimating the models under consideration on the first S + 1 observations and
construct the prediction error for S+ 1+ h. We continue this procedure until the estimation
window extends to T"— h. This procedure results in a sequence of 7" — S — h prediction
errors. We denote this sample of prediction error as the validation sample V, and we denote
the samples used for estimation as the training sample 7.

With the pseudo out-of-sample forecasts in hand the researcher can choose any preferred
metric for selecting the model of interest based on the validation sample V. For example,
suppose a researcher is interested in forecasting the variable w; ., and wants to minimize
the mean-square forecast error (MFSE). She can choose the lag order corresponding to the
model with the lowest recursive MSFE for the variable w, i.e.

1

* % . 2
n*,p*) = argmin — witni(p) — w; ,
( ) By ’V| JEZV ( J+hlj< ) J+h)
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where wjyp;(m) is the h-step ahead VAR forecast for variable w."

In general, out-of-sample forecasting is attractive as it allows the researcher to choose
the variables, horizon and metric of interest. For instance, mean squared error can be
replaced by bias or a desired quantile of the forecast error distribution. However, if impulse
response estimation is the object of interest, it is clear that targeting the forecast error is

inappropriate.

4.2 Conditional cross-validation

To adapt the pseudo out-of-sample forecasting approach for impulse response estimation
we recall that impulse responses are conditional forecasts, where the conditioning is on the
shock that defines the impulse response. We exploit this representation to construct an

out-of-sample criteria that directly targets the impulse response of interest.

Set-up

To set this up, suppose that the true data generating process is given by the vector moving
average model (9). For a variable w; included in d; we define the impulse response of interest

as

0y, = ®h,w1 = E(wt+h | e = 1) - E(th | Tt = 0) .

The method can be easily extended to allow for multiple variables, horizons and even shocks.

We approximate 0, by a VAR impulse response. We assume that the shock of interest is
observed and discuss the case where only a noisy measure is available below. An arbitrary
subset of VAR variables is is denoted by y; = (11, Wi, Y3:nt), where we always include the

variable w,; and the shock 7y, in each subset. We consider the approximating VAR
Vi = A1y7&71 4+ ...+ Apytfp + 21/2ut s Eut =0 s Var(ut) = In s

where p is the lag length. The matrices A, ..., A, are defined as the least squares projection
coefficients. As the iid shock series 7y, is included in the VAR, we have that 37 = Cov(yy, n1¢)
where ¥ is the first column of ¥ = /2512 The approximating VAR model can be defined
for different choices n,p that we collect M.

To define the VAR impulse responses, it is useful to use the companion form representa-

19This procedure may be adapted to allow for forecasts of more than one VAR variable by evaluating e.g.
the trace of the MSPE matrix. Inoue and Kilian (2006) establish that under the assumption that S is a
fixed fraction of T', the predictive least squares method is asymptotically equivalent to the AIC.
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tion. For model m € M we write

N 21/2
Y;(m) - AmY;t—l(m) + Smut ) Y%(m) - ) Sm - 0

Yi—p+1

The VAR, (p) forecast for w;y;, and impulse response of w;, with respect to 7y, given known

approximating coefficients, are given by
Wippp(m) = e/QAZhLY{g(m) and on(m) = eéAZ@Smel 7

where e; is a vector with zeros everywhere except for a vector in position 7. It is useful to
note that post-multiplying the forecast by the shock and taking expectations given exactly
the impulse response of interest: E(wyip:(m)ni:) = @n(m). That is, the impulse response is
equal to the forecast after projecting it on the shock.

When the coefficients are estimated using data up to time T the forecast and impulse

response are denoted by
Wernp(m) = €4Al 7Yi(m)  and  Gpr(m) = e4Al 1S, rer .

We do not take a stand on how the coefficients should be estimated. In fact, we only impose
high level convergence requirements below, thus allowing for popular Bayesian estimators as

well as conventional least squares estimates.

Targets

We want to select the specification m € M that performs best for estimating the impulse
response 6. The notion of “best” depends on the researcher’s objective. Here we consider
two standard criteria: bias and mean squared error.

The population bias criterion is given by

my = argmin |Cp, ,(m)], with Con(m) =E(@rr(m)) — 0y . (14)

meM
The preferred model m; minimizes the bias of the impulse response estimator at horizon h.
More elaborate objectives can be constructed by averaging over horizons or variables. In our
simulations and empirical work, we often target H ! Ztho |Cp 5 (m)| which corresponds to

the average bias across horizons.
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Similarly, we can target the mean squared error:

m; = argnj\l/iln Cen(m), with Cen(m) =E [(Pnr(m) —6,)%] . (15)

me
These objectives differ fundamentally from traditional lag-length selection criteria such
as AIC or BIC, which are typically designed to optimize one-step-ahead predictive accuracy.
Schorfheide (2005b) recognized that this objective may be inappropriate when the researcher
is interested in dynamic responses and proposed criteria targeting h-step-ahead prediction
errors. More recently, Gonzélez-Casasts and Schorfheide (2025b) extend this perspective to

impulse responses by studying criteria related to C. (m).

Conditional cross-validation criteria

To approximate the population criteria (14) and (15), two challenges must be addressed.
First, the expectations E(-) must be approximated. Second, the unknown target parameter
0, must be replaced by an observable proxy.

We address the first challenge through sample splitting, similar as for out-of-sample
forecasting this generates multiple out-of-sample impulse response estimates which can be
combined to compute an estimate for the expected value. To address the second challenge,
we exploit the fact that the structural shock (or a valid proxy for it) is observed. Under
model (9) we have that

E(wirnnu) = On,
so that wype; provides a noisy but unbiased proxy for the impulse response at horizon h.

Let m € (0,1) denote the sample splitting fraction, and define S, = 77T and S;_, =
(1 —m)T. The CCV estimator for the bias criterion is

T—h Sl—7r
1 R 1 R
CCVyp(m) = o E Oh1:s(M) — Wsynths| + 7 E Onstrr(m) — wshy s—n|, (16)
T s=S, 1=m s=h+1

where F. and Fj_, denote the number of evaluation observations in each subsample.

The first term evaluates impulse response estimates using a forward expanding window,
while the second uses a backward expanding window. The motivation is practical: identified
macroeconomic shocks are often unevenly distributed over time. For example, monetary
policy shocks may be concentrated in specific historical episodes. Using both forward and
backward evaluation windows reduces the risk that the criterion ignores important shock

realizations. In practice, we generally set m = 0.5.
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Similarly, for the mean squared error criterion we define

T—h Slfﬂ
1 . 1 R
CCV,p(m) = o Z (@n1.s(m) — wyrnms)® + 7 Z (Phscrr(m) —wem o p)?. (17)
T =S, T s=h+1

In our simulations, these cross-validation schemes perform well in balancing accurate
recovery of the optimal specification with computational feasibility. More elaborate splitting
procedures are also possible; see Racine (2000) for a broader discussion of cross-validation
methods.

4.3 Some theoretical results

We briefly discuss the theoretical properties of the CCV criteria. Broadly speaking, the
analysis requires specifying the underlying data generating process. Throughout, we assume
that the economy is generated by the vector moving average representation in (9).

Our main consistency result is based on the following conditions.
Assumption 1. For the data generating process (9) we assume that

Lome=cn

2. 220165 < o0

3. {m} is an iid sequence with En, = 0, Var(n;) =1, I

and E||n:||* < oo.

n

4. For each (m),

éh,l:t(m) % en(m) as t — 00,

and
E |:<éh71;T(m) — 9h> 2} — (en(m) — 9h)2 as T — oo.

]

Part 1 imposes the identification condition: the observed shock e1; correctly identifies
the structural shock associated with the impulse response of interest. In the appendix we
extend the analysis to the case where only a proxy for the shock is available. Parts 2 and
3 impose standard regularity conditions ensuring that laws of large numbers and central
limit arguments apply to {ws pe1s}. Part 4 requires that the impulse response estimator
converges to some pseudo-true limit ¢;,(m). Importantly, this limit need not coincide with
the true impulse response 65, thereby allowing for misspecification.

Under these conditions we obtain the following consistency result.
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Theorem 1. Under Assumption 1, for each m € M, as T' — oo we have
CCVM(m) a._s>. Cbﬁ(m)

and
CCV&h(m) (E? Ce h(m) s

)

where ¢ does not depend on m. n

The theorem shows that, as the sample size grows and the out-of-sample evaluation
windows become large, the CCV criteria converge to their population counterparts. Hence,
asymptotically, the cross-validation procedure selects the same specifications that would be
preferred if the true population criteria were known.

In the appendix we also study the behavior of the CCV criteria under local misspecifica-
tion, where some coefficients of the VMA representation are small and cannot be statistically
distinguished from zero. This framework is similar to those studied in (e.g. Schorfheide,
2005b; Miiller and Stock, 2011; Lohmeyer et al., 2019; Olea et al., 2024; Gonzalez-Casasts
and Schorfheide, 2025b). In this case, the limits of the CCV criteria become random variables
centered around the population targets, paralleling related results for information criteria in

misspecified environments.

5 Empirical results: revisiting the monetary VAR

We can now revisit our monetary VAR application and use CCV to select the optimal
lag length and set of endogenous variables. To illustrate how a different VAR is optimal
depending on the horizon and variable of interest, we will cater our selection procedure
to different variables and horizons of interest. Specifically, we optimize the VAR to best
estimate (in an MSE sense) the IR of inflation, the IR of gdp growth, the IR of the policy
rate, and then all three impulse responses jointly (with equal weights). In addition, we
consider p selection based on the long run and based on the sum across all horizons, again
imposing equal weighting. For all cases we split the sample halfway between 1960 and 2007
and we do the exercise using quarterly and monthly data setting p™** = 20 or 60.

Table 5 reports the selected lag lengths. The top panel reports the results for the quarterly
frequency. We find that if the objective is to fit the inflation impulse response a large lag
length is preferred, for fitting the average across horizons we select p* = 7 whereas for the
long run p* = 15 is selected. If the interest is in the impulse response of gdp growth we find
p* =1 and p* = 7, implying that for the average impulse response only one lag is sufficient,
only if we care about the long run we select a larger lag length that ensures that the impulse

response oscillates.
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Table 1: CCV LAG LENGTH SELECTION — MONETARY

Quarterly Average Longrun (H =20) AIC BIC

T 7 15 7 1
Yy 1 7 7 1
) 1 11 7 1
T+y+1 7 7 7 1
7 1
Monthly  Average Long run (H = 60)
s 37 31 60 2
y 1 33 60 2
1 25 38 60 2
Tyt 12 28 60 2

Next, we use CCV to determine the set of endogenous variables to add to the baseline
VAR. We have 10 candidate variables: the components of GDP (Durable consumption,
Non-durable consumption, Investment), Components on inflation (Durables PCE Inflation,
Non-durables PCE inflation), as well as popular monetary VAR variables: commodity price
inflation, the BAA-AAA spread, changes in total reserves and the exchange rate. We iterate
CCV over all possible combinations of max five variables. Similar as for lag length selection
we report the model selections for different variables of interest (7, y, i, 7+y+14) and different
target horizons (average, long run). Table 5 displays the findings. First, the baseline VAR
is never selected, and additional variables are always added for reducing the conditional
out-of-sample forecast errors. Second, overall the number of lags that is selected with the
additional variables is more stable around 7-9 lags across criteria. The only exception is
the IR of GDP growth on average over horizons which continues to select p = 1. Third, in
terms of the variables selected we note that durable and non-durable consumption are found

important variables.
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Table 2: CCV VARIABLE AND LAG LENGTH SELECTION — MONETARY

Quarterly, Average
p vars

8 Anon-dur con, log S&P, APCE-non-dur
1 Anon-dur con, Al, 7°°™™ log S&P, APCE-non-dur
1 8 Al APCE-dur, APCE-non-dur
;8 UR, Adur con, Anon-dur con, APCE-dur

Quarterly, Long run (H = 20)

p vars

T 9 Adur con, Al

Y 7 Adur con, Anon-dur con, 7™ A log S&P
i 8 Anon-dur con, Al, APCE-dur

m+y+1i 7 UR, Adur con, Al
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Appendix A: proofs

Conditional distribution of forecast errors

To get a glimpse at the “raw data” underlying an IR estimation, it is helpful to report the
distribution of realized forecast errors following a unit monetary shock.

To construct the forecasts, we first project Y; = (v, 7, 4;) on the time ¢ information set
captured by a set of controls W, (for instance lags of Y;) to obtain

E/tih = Yiin — Proj(Yen|W2).

Y1 can be seen as the forecast error for Y; given the time ¢ information set captured by W;.
The forecast is then the predicted value Y7 ,.
Next, we can project Y+, on &

Y;ih = Bret + Nesn

to obtain the effect of monetary shocks on forecasts errors at horizons h. This regression
(effectively a local projection) allows to re-normalize the forecast errors by the size of the
monetary shock. The “raw IR data” are then the forecast errors at horizon h conditional on
experiencing a unit monetary shock:

eirh = Bn + Nt

The series e;yp, allows to compute the empirical distribution of forecast errors at horizon h
following a unit monetary shock. By construction, the mean of that distribution is the LP
point estimate.

Intuitively, this exercise is similar in spirit to Romer and Romer (1989) but where we
re-scaled the forecast revision by the size of the shock at t. In Romer and Romer (1989), all
the shocks had unit size, so no normalization was necessary.

Frequency representation of VAR-based IRs
The VAR(p) can be re-written in companion form as a VAR(1)

Y =FY; 1+

where
oy G G 0] e ]
\ I, O -0 0 0
Yt: s F = : Im 0 0 0 s Vi =
| Yipt1 | . 0 0 0 --- I, | | 0]

Note that the matrix F is of dimension mp x mp.
The impulse responses of this system are given by the response of Y; to an impulse ¢,.
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To obtain the impulse response (i.e, solve the homogeneous difference equation), we
diagonalize F (for exposition purposes, we posit distinct eigenvalues inside the unit circle,*
so that there are mp distinct eigenvalues) to write F = PDP ™! with P a diagonal matrix of
eigenvalues and P the matrix of corresponding eigenvectors so we can write

Y, =PD"P 'Y, (18)

where we switched to horizon time subscript h to highlight the focus on response functions
to a unit impulse at date ¢t = 0 with Y, = B(e, 0, ...,0)".
From (18), we can see that the impulse response function R;4(-) —the impulse response
_ OYit+n

of y; to a unit shock to the sth element of € : R;s(h) = e Is given by

mp
Ris(h) =Y My
b=1

with A\, the eigenvalues of F and ¢, are constant terms that depend on the initial conditions,
i.e., Y. In fact, we have
cp = vibvb_sl

where vy, are the entries of P and v;bl are the entries of P~! and s is the index of the shock
of interest, so that s € {1,..,m}.

Writing the eigenvalues in polar coordinates \; = Rye'® where R, = |Ap| and Ry, =
arccos (Re(\y)/Ry) with the convention that R; = 0 when ), is a real variable, we get

mp

—1 ph_iRyh

Ris(h) = E ViU, Rye’™".
b=1

Further since complex eigenvalues always come as pairs of complex conjugates, we can com-
bine them to write

mp
Ris(h) =) vavy, B2 (cos(Ryh) — sin(Ryh)) .
b=1
or in more compact form
& 2m
_ h
Ris(h) = bz:; 2R, (cos(Tbh + <pb)) (19)

Im(vibv;sl)
Re(vibvb;l)

Expression (19) makes clear that the impulse responses of a VAR(p) are given by a sum
of B basis functions, which are either decaying exponentials or decaying cosines. A VAR(p)

with m variables has at most B < pm/2 cosine functions. Or stated differently, damped

with 7}, the period of the cosine and ¢, = arctan( ) its phase.?!

20Tt’s easy to generalize to the case with non-distinct roots.

21To obtain (19), use the trigonometric identity cos(a + 3) = cos(a) cos() — sin(a) sin(8) with a = Ryh
and 3 = arccos(Re(vipvy,')) (or equivalently 8 = arcsin(Im(vipv,,')). For real eigenvalues, we use the
convention Ry = 0 and ¢, = 0.
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cosines are the basis functions used by VARs to capture IRFs.

We can thus see a VAR(p) variables as a dimension-reduction technique whereby we
impose that the IRFs (the coefficient of the structural VMA representation) can be written
as a sum of damped cosines or exponentials.

Importantly, a VAR (p) with m variables capture all the impulse responses with * basis
functions given by damped cosines of different frequencies. The parameters p and m are thus
key inputs that control the flexibility of the VAR approximation. As p — oo, the number of
basis functions is infinite and the VAR(0o0) can capture any impulse response function.

Appendix B: traditional lag length selection methods

Sequential testing

To find out whether including less (or more) lags is needed we may conduct hypothesis tests.
Indeed comparing the VAR(p) model against the VAR(p + 1) amounts to testing whether
Hy : A, = 0, if this is the case the VAR(p + 1) becomes equivalent to the VAR(p) and
we may be satisfied with using the VAR(p) model. A commonly used test statistic is the
likelihood ratio test

LR(p) = nllog(det(£,(p))) — log(det(Eu(p +1)))] , (20)

where 2, (p) = L3 0 wa; with 4, the OLS residual from fitting the VAR(p). When the
sample size tends to infinite under Hj this test statistic converges to a random variable
that follows a x?(n?) distribution. We may compare LR(p) to the critical values of this
distribution to determine whether the null should be rejected.

Different sequential procedures can be used to determine the lag length using the LR
test. For instance, top-down sequential testing starts from some large p™** and sequentially
computes LR(p™** —1), LR(p™** —2), and so on. When the test statistic starts exceeding the
critical value at p, the null is rejected and the lag length cannot be further reduced making

p + 1 the chosen lag length.

Testing serial correlation

The most direct way to ensure that the CLS assumption holds is to test whether the reduced
form errors u; have serial correlation. A popular test is the Portmanteau test for Hy :
E(uwu,_;) =0 for j = 1,...,c, where c is chosen by the researcher. The Portmanteau test
statistic is given by

Q.=nY Tr(I/T;'T,TY) (21)

where f‘; = % Yo i1 0,1, ;. Under regularity conditions when n is large the distribution of
Q. under H, can be approximated by a x*(n?(c — p)) random variable.

To find the lag length of the VAR based on ). we start with a VAR with a small number
of lags, say p = 0, test for serial correlation, and if the test is rejected (there is evidence for
serial correlation), we increase the lag length and continue.
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Information criteria

Arguably the most popular lag length selection procedure is to use an information criteria
like AIC or BIC/SIC. In general, an information criteria takes the following form

C(p) = log(det(X,(p))) + caf(p) | (22)

where f]u(p) = % >, w0y captures the outer sum of squared residuals, ¢, is a rate param-
eter that depends on the sample size n and f(p) captures the number of parameters in the
VAR(p) model. In our set-up f(p) = n’p, but when a constant is included we have n + n?p.

As the lag order p increases, the VAR in-sample fit improves, and the first term —the
one-step ahead forecast errors— gets smaller, but the second term —a function of the
number of VAR parameters (f(p))— increases. This creates a trade-off between model fit
(one-step ahead forecasting performances) and model complexity. The idea is to select the
lag length that minimizes C(p) for p = 0,...p™**. Different choices for the rate parameter

are consider:

AIC Cn=2/n
SIC/BIC ¢, =logn/n
HQC ¢, = 2loglogn/n

Under regularity conditions the SIC/BIC selects the true lag order when the sample increases
if the true data generating process admits a VAR representation with finite lag length.
(should the data be described by a VAR(p®), p° < 00), and the AIC chooses the lag order
that minimizes the estimated one-step ahead forecasting error (though not necessarily the
correct lag-order, and p*c > p¥c). A large scale simulation study by Ivanov and Kilian
(2005) find that in finite sample the AIC criteria is often preferable.

aic

Lag length selection and mis-specification

More generally, most available lag selection methods have one common feature: they are
designed for recovering the correct VAR model as opposed to recovering the IR of interest.
Clearly, having the correct VAR implies getting the correct IR, but the reverse may not
be true. As a result, when the VAR(p) is mis-specified, such methods may not select the
“best” lag order to estimate an impulse response of interest; “best” in the sense of generating
the most accurate IR estimate (e.g., lowest mean-squared error) among competing VAR lag
orders.

In fact, even modest deviations from a VAR(p), i.e. deviations that are hard to detect
using a statistical test, can fool traditional lag length selection methods that aim to find the
true VAR. We illustrate this point with a simple example:

Ty = pPTe_1 + &7
Y = Pri_g +¢f

It is clear that the true lag length p* = 8 correctly captures the underlying DGP and the IR
of interest. But what lag length will BIC select? For T' large, we have

2 2
R pe o; oInT R 5 olnT
BIC(1) ~ oo} (1 t1 e _0§> +2°—— and BIC(8) ~ oio; + 2°p -
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thus
BQ 0.2
BIC(1) — BIC(8) ~ —Z - 22(p" — 1)

InT
_1—,0205 )

T

Because the second term is negative, BIC may select a model with only one lag if the first
term is small enough. In particular, if the shock of interest ¢} accounts for a relatively
small share of the variance —2= is of order O(1/y/T) —, we can have BIC(1) — BIC(8) < 0
and BIC will select only one lag. This form of local mis-specification is problematic when
realizing that the macro shocks of interest (like monetary and fiscal shocks) often explain a
small share of the variance in macro variables. Alternatively, if the VAR lag coefficient (8
is small (so that 8 = O(1/v/T)), we can also have that BIC(1) — BIC(8) < 0 and BIC will
again conclude that a model with one lag is optimal.

The key feature of this simple example is that whenever the variance of the shock of in-
terest is small, whenever important lags are small, conventional lag length selection methods
may select the wrong lag length. In the econometrics literature models with these types of
small coefficients are typically referred to as locally mis-specified and there exists a modern
literature that aims to derive alternative information criteria that directly target the im-
pulse response of interest to select the VAR (Lohmeyer et al., 2019; Gonzalez-Casasus and

Schorfheide, 2025b).

Appendix C: VAR vs parametrized LP

A VAR reduce the dimension of the estimation problem by imposing dynamic restrictions
across variables, a VAR(p) with n variables can parametrize the Hn impulse response coeffi-
cients with pn? parameters (pn parameters per equation and there are n equations). Provided
that np << H, the VAR can deliver large efficiency gains. With quarterly data, a 3-variable
VAR(4) only estimates pn® = 36 parameters instead of Hn = 90 parameters to compute the
impulse responses up until horizon H = 30 quarters.??

That said, the best way to understand the VAR~as-PT idea is through the IR parametriza-
tion idea of section ??7. Specifically, recall that a VAR imposes that the IRs to all shocks
follow the same difference equation.

A related useful perspective on the VAR~as-PT vs LP, is to ask the question as of why a
VAR is a more efficiency power tool than a parametrized LP, where each IR is written as a
sum of damped cosines, exactly like in a VAR.

A useful way to understand the dimensionality reduction delivered by a VAR is to com-
pare it with horizon-by-horizon local projections, including smooth or parametrized LPs.
Consider the VAR

Y = Aryp—r + -+ Ay + .

Once the matrices A;,..., A, are estimated, they completely determine the propagation of

22A VAR can provide even larger efficiency gains for shocks that account for a small share of the total
variance, as is often the case in macro —monetary or fiscal shocks typically explain a small share of the total
variance in macro variables. Unlike LP a VAR will estimate the parameters using the full auto-covariance
structure of the data, while LP will only exploit the variation coming from the shock of interest. So if the
shock of interest explains « percent of the variance in the data, the effective parameter/sample-size ratio is
only # for local projection (while that ratio for the VAR remains %) Thus, provided that £ << 1,
the VAR can provide even larger power gains over LP.
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shocks through the system. In particular, if IR, denotes the impulse response to shock s
at horizon h, then the impulse responses satisfy the same difference equation as the data:

IRy j = AIRyp 1+ -+ AR,y

This is a strong restriction. The responses to any shock must be generated by the same
autoregressive dynamics. Hence the VAR restricts impulse responses jointly across horizons,
variables, and shocks.

By contrast, a parametrized LP imposes restrictions more directly on the shape of each
impulse response. For example, one may approximate the response as a sum of damped
cosine terms,

IR = Z cpr cos (2mh /T, + ¢p) -
b
This parametrization imposes smoothness and persistence across horizons, and thereby re-
duces the number of horizon-specific coefficients relative to an unrestricted LP. However,
the restriction is primarily a restriction across horizons for a given response. Unless further
structure is imposed, the coefficients governing the shape of the response may vary freely
across variables and shocks.

The VAR imposes a broader set of restrictions. Since all responses are generated by
the same matrices Ay, ..., A,, the dynamic behavior of one response is informative about
the dynamic behavior of other responses. In the damped-cosine representation, this means
that the frequencies, damping rates, and phases are not chosen independently response by
response. They are tied together by the common roots of the VAR. Thus the VAR disciplines
the full impulse-response system, rather than only smoothing individual responses across
horizons.

The resulting efficiency gains come from two sources. First, restrictions across vari-
ables and horizons reduce the number of free parameters needed to describe the impulse-
response system. In raw parameter-count terms, however, this reduction need not be very
large. A VAR with n variables and p lags contains n?p autoregressive parameters, while a
parametrized LP designed to recover a comparable set of responses may involve on the order
of 2n%p parameters. Thus the pure parameter-count advantage is only moderate.

The more important gain is that the VAR’s restrictions operate across shocks. Because
the same dynamic system governs the responses to all shocks, the VAR can be estimated
from the full unconditional second-moment structure of the data. The researcher does not
need to isolate each shock-specific response using only moments conditional on that shock
or instrument. Instead, the autoregressive coefficients are estimated from the unconditional
dynamics of y;, exploiting all comovements among the variables. Once these coefficients are
known, the impulse responses to all shocks are recovered by iterating the estimated system.

This is the central sense in which the VAR achieves dimensionality reduction. It is not
merely that the VAR has fewer parameters than a smooth or parametrized LP. Rather, the
VAR imposes a common law of motion on the entire impulse-response system. Restrictions
across variables and horizons reduce the number of coefficients, while restrictions across
shocks allow the model to use the full unconditional variation in the data. This second
channel is especially important: it is what gives the VAR an efficiency advantage relative to
smooth LPs or parametrized LPs, which typically estimate shock-specific responses from a
narrower set of conditional moments.
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Equivalently, a parametrized LP regularizes the impulse responses by choosing a low-
dimensional representation of each response curve. A VAR regularizes the whole dynamic
system. The same transition matrices determine every horizon, every variable, and every
shock. The effective dimensionality reduction therefore comes less from a dramatic fall in the
number of estimated coefficients, and more from the fact that those coefficients are estimated
using the full covariance structure of the multivariate process.

Appendix F: VAR mis-specification and IR bias, Exam-
ple #2

Here, we will use a simple simulation to illustrate how VAR under-parametrization —having
too few damped cosine basis functions— can bias the IR estimates, with the VAR “trying”
to fit the IR of interest, but unable to with a single damped cosine —the dynamic effect
being too protracted and building up late.

Specifically, We simulate a simple bivariate DGP for y; = (y;, z;)’ that captures some
stylized features of the monetary impulse responses seen previously:

Ty = Pyli_1 + €F 93
{ Yo = pyYi—1 + Pris + ¢} (23)

with p, <1, p, <1and —1 < 8 < 0. We have 0.« =1 and oy = 1.

The IR of interest is the impulse response of y; to a shock to x;. Figure 5 plots the
corresponding IRs. This DGP is meant to mimic (in a loose way) the delayed response of
inflation to a monetary shock. Importantly, the DGP can be represented as a VAR(p), so a
VAR is well-specified, but it needs to have enough lags p. Here we must have p > p° = 8.

Figure 5: SIMULATED IMPULSE RESPONSES
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X X
0.5 y y
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We will illustrate the effects of VAR wunder-parametrization in population. Similar to
Figure 3, Figure 6 plots the VAR(p)-based IRs as we increase the lag order p.?> We can see
that a mis-specified VAR with p < 8 faces a tension: it is trying to capture the hump-shaped
response of w; but its dynamics are not rich enough to capture the protracted nature of the
IR (no response for 7 periods). Thus for p < 8, the VAR systematically feature a too small

23We use a very large sample size to focus on population estimates.
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and too early decline in w. This is the same pattern that we observed for the IR of inflation
in the monetary VAR (Figure 3, middle row)

Figure 6: VAR-BASED IRS

0.1 -
p=4

_0.9 | | | | | | |
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Notes: Top panel: Each IR represents the IR estimated from a VAR(p) of increasing order p = 1,2, ..., 8.
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Figure 7: VAR-BASED BASIS FUNCTIONS FOR p = 16
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Notes: The red lines are the basis functions underlying the VAR representation of the impulse responses,
organized from high frequency (low periodicity P) in top rows to low frequencies (high P). The blue lines
report the cosines of different frequencies (without damping), and the red lines report the same cosines with
the damping factor. The “jagged” aspect of the high frequency cosines comes from the discrete nature of
the VAR, and the too low sampling rate.
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Abstract

This paper proposes a new approach to impulse response estimation based on the idea
of surrogacy. We introduce an approximate surrogacy assumption under which, condi-
tional on intermediate outcomes observed shortly after a shock, the original shock no
longer contains important additional predictive information for future outcomes. We
show that this condition naturally arises in important classes of time series models.
Building on this insight, we develop two estimators — Surrogate LP and Surrogate
VAR — that combine short-run local projections with long-run predictive propaga-
tion. The proposed estimators preserve the robustness advantages of local projections
while substantially improving long-horizon efficiency. Simulation evidence shows large
variance reductions relative to conventional local projections without inheriting the
misspecification biases of VARs for realistic VARMA-like data generating processes.

*Preliminary and Incomplete. The views expressed in this paper are the sole responsibility of the authors
and do not necessarily reflect the views of the Federal Reserve Bank of San Francisco, the Federal Reserve
Bank of New York or the Federal Reserve System.



1 Introduction

In time series analysis, two broad approaches are available for estimating the dynamic trans-
mission —or impulse response functions— of forecast innovations or structural shocks: (i)
vector autoregressions (VARs), going back to Sims (1980), and (ii) local projections (LPs),
as introduced by Jorda (2005).

Vector autoregressions (VARs) impose a fully specified recursive structure and thus ex-
ploit cross-equation restrictions to improve statistical efficiency. The downside, however, is
that misspecification of the short-run dynamics can propagate throughout the entire impulse
response function, leading to substantial biases. In contrast, LPs estimate impulse responses
directly, horizon by horizon, and therefore impose no dynamic restrictions. This makes im-
pulse response estimates more robust to dynamic misspecification, but also more prone to
large variance (Jorda, 2005; Olea et al., 2026).

With the two methods lying on opposite sides of the bias—variance trade-off, researchers
often face a difficult choice: recursive models are statistically efficient but fragile to misspec-
ification, whereas direct estimators are robust but often imprecise; see Olea et al. (2025) for
a detailed review of the literature.

In this paper, we propose a new class of impulse response estimators that offers a middle
ground between these two extremes. The class exploits the idea of surrogacy, a concept
originating in the medical statistics literature (Prentice, 1989) and also used in the dynamic
treatment effects literature (e.g., Hernan and Robins, 2025, Part I1T).

The central idea underlying a surrogacy assumption is that there exist some short-run
outcomes —the surrogates— that summarize all information relevant for the long-run effect
of a treatment. In other words, once the response of the surrogates is observed, the original
treatment contains no additional predictive information about the long-run outcome.

We argue that a closely related idea applies naturally to impulse response analysis in time
series settings. While the short-run transmission of a shock may depend on complicated la-
tent states, frictions, or omitted propagation channels, these mechanisms gradually become
reflected in observable outcomes over time. Once a sufficiently informative block of inter-
mediate outcomes has been observed, the original structural shock may no longer contain
important additional predictive information for future outcomes. We refer to these interme-
diate outcomes as surrogates, and to the horizon after which this approximate conditional
independence emerges as the surrogacy horizon. Formally, we introduce an approximate sur-
rogacy condition for time series that can be interpreted as a form of approximate Granger
non-causality: conditional on the surrogate variables, the original structural shock no longer
contains substantial predictive information for future outcomes. We show that this condition

naturally arises in many state space models.



The surrogacy condition allows long-horizon impulse responses to be decomposed into
two components: (i) the causal effects of the shock on the surrogates and (ii) the predictive
effects of the surrogates on the long-run outcomes. Thus, rather than estimating each long-
horizon response directly from the shock —which is often only weakly related to distant
outcomes— surrogacy allows the researcher to use short-run outcomes as a predictive bridge
to longer horizons. Since that predictive bridge is estimated from the unconditional variation
in the time series, rather than only from the variation directly induced by the shock (as in
standard LPs), a surrogacy-based estimator can deliver more precise long-run estimates than
LPs while avoiding the stronger recursive restrictions of a VAR and the associated biases.
We show that the surrogacy assumption is weaker than the assumption of a correct VAR
specification.

Concretely, we develop two new estimators for impulse responses. The first, Surrogate
LP, combines the conventional local projection moment condition with a new surrogacy-
based moment condition that combines short-run local projections with long-run direct fore-
casting equations estimated conditional on the surrogate variables. The resulting GMM
estimator relies only on the surrogacy condition itself and does not impose additional re-
cursive restrictions on the post-surrogacy dynamics. The second, Surrogate VAR, combines
the conventional local projection moment condition with an additional VAR based surrogacy
moment conditions. The surrogacy VAR conditions combine short-run local projections with
autoregressive propagation imposed only after the surrogacy horizon. Relative to Surrogate
LP, this estimator requires an additional assumption: after the surrogacy horizon, the rele-
vant propagation dynamics must admit a VAR representation. Importantly, this assumption
is imposed only on the post-surrogacy dynamics rather than globally from impact onward,
and is therefore distinct from the surrogacy condition itself. Both estimators preserve the
robustness advantages of local projections at short horizons where misspecification is most
severe, while still exploiting additional dynamic structure to improve efficiency at longer
horizons.

For the Surrogate LP estimator, we derive the asymptotic distribution and prove that
under the approximate surrogacy condition the estimator asymptotically improves upon con-
ventional local projections in efficiency. For the Surrogate VAR estimator, we derive moment
conditions that identify the recursive propagation parameters using lagged instruments dated
sufficiently far before the surrogacy horizon, allowing the post-surrogacy propagation law to
be estimated by IV or GMM methods even when the short-run dynamics are misspecified.

To select the surrogate variables and the surrogacy horizon, we propose a data-driven
procedure similar in spirit to an information criterion. We stress that a conservative selec-
tion rule is important in this setting because under-selecting the surrogate horizon is often

substantially more costly than over-selecting it. If recursive propagation is imposed too



early, any remaining dynamic misspecification may subsequently propagate throughout the
entire impulse response path. In contrast, selecting a surrogate horizon that is somewhat too
large primarily reduces efficiency because more horizons are estimated directly. Our proce-
dure is based directly on the defining implication of surrogacy: after conditioning on a valid
surrogate state, the original shock should no longer improve forecasts of future outcomes.
We therefore construct a horizon-wise prediction-ratio criterion that measures the remain-
ing predictive content of the shock after conditioning on candidate surrogate variables, and
combine it with an information-type penalty that deliberately favors larger surrogate states
whenever the evidence against surrogacy remains non-negligible.

We study the finite-sample behavior of the proposed methods in simulation environments
designed to capture the types of misspecification encountered in macroeconomic applications.
We consider both stylized VARMA designs and empirically realistic dynamic factor model
environments taken from Li, Plagborg-Mgller and Wolf (2024). We find that the Surrogate
LP and Surrogate VAR estimators achieve bias comparable to that of conventional LP es-
timators, while delivering substantially lower variance at longer horizons. These findings
hold across all data-generating processes considered. Typically, the variance gains of the
Surrogate VAR estimator are somewhat larger relative to those of Surrogate LP.

Our empirical application combines a quarterly dataset of macroeconomic and financial
variables with externally identified structural shocks. We consider four outcome variables —
real output growth, inflation, unemployment, and the short-term interest rate — and study
their responses to monetary policy shocks, government spending shocks, oil-price shocks,
and technology shocks. The candidate surrogate variables include the outcome variables
themselves together with a broader set of indicators capturing financial conditions, infla-
tion expectations, expenditure components, asset prices, and disaggregated inflation mea-
sures. For each shock—outcome pair, the empirical analysis identifies the surrogate state that
summarizes the relevant transmission mechanism of the shock. We then compare impulse
response estimates across the different empirical specifications and study how the selected
surrogate variables vary across shocks and outcomes.

The remainder of this paper is organized as follows. We finish the introduction with a
brief overview of some related literature. Section 2 provides an illustrative example that
highlights how surrogates naturally arise in conventional macro models and how we may
exploit them to obtain reliable and efficient impulse response estimates. Section 3 formalizes
our assumption of approximate surrogacy for time series models and Section 4 discusses
surrogate LP and VAR estimators that can be formulates based on this assumption. Section
5 discusses the selection of the surrogate variables. Section (6) evaluate the performance of
the surrogate LP and VAR estimators. Finally, Section ?? documents surrogate variables

for different macro shocks and outcomes.



Related literature

Our paper contributes to the large literature comparing VAR and local projection estimators
for impulse response analysis. Since the seminal contribution of Sims (1980), VARs have
become a central tool for empirical macroeconomics and structural shock identification. The
classical perspective views the VAR as a reduced-form approximation to the data generating
process obtained by truncating an underlying VAR(c0o) representation implied by the Wold
decomposition. At the same time, the literature has long recognized that finite-order VARs
are generally misspecified approximations that may nevertheless improve estimation accuracy
by trading bias for variance (e.g., Lewis and Reinsel, 1985; Liitkepohl and Poskitt, 1991;
Schortheide, 2005; Plagborg-Mgller and Wolf, 2021; Olea et al., 2024; Gonzalez-Casasus and
Schorfheide, 2025a; Olea et al., 2025). These concerns have motivated direct estimators
such as local projections (Jorda, 2005), which avoid recursively propagating misspecified
dynamics. Recent work studies the resulting robustness—efficiency trade-off between LPs and
VARs (e.g., Kilian and Kim, 2011; Brugnolini, 2018; Li, Plagborg-Mgller and Wolf, 2024;
Olea et al., 2025, 2024). Our paper contributes to this literature by introducing surrogate
LP and surrogate VAR estimators that impose dynamic structure only after the surrogacy
horizon, thereby combining the robustness advantages of LPs with the efficiency gains of
recursive propagation.

Our framework also relates to the surrogacy and dynamic treatment effect literature.
Early work by Prentice (1989) introduced the idea that treatment effects on long-run out-
comes may be summarized through intermediate surrogate variables. Related ideas appear
in the mediation literature (e.g., Pearl, 2001; Imai, Keele and Tingley, 2010); see Hernan and
Robins (2025, Part III) for a textbook treatment. Recent work in econometrics and statis-
tics has formalized surrogacy using conditional independence restrictions in the potential
outcome framework Athey et al. (2025), studied efficiency gains from surrogate information
(Chen and Ritzwoller, 2023; Kallus and Mao, 2025) and conducted sensitivity analysis under
imperfect surrogacy (Fan et al., 2026). Our paper adapts these ideas to macroeconomic im-
pulse response analysis. In our setting, the intermediate outcomes correspond to observable
post-shock states that summarize the relevant propagation channels of the economy after the
initial transmission phase. The surrogate LP and surrogate VAR therefore combine short-run
causal estimation with long-run predictive propagation, linking the treatment-effect litera-
ture on surrogates to the macroeconometric literature on impulse response estimation.

Finally, our paper relates to the literature on Granger causality, invertibility, and state-
space methods. The surrogacy condition can be interpreted as a form of approximate Granger
non-causality (Granger, 1969; Sims, 1972), or even closer subspace granger non-causality (Al-
Sadoon, 2014): conditional on the surrogate variables, the structural shock no longer contains

substantial additional predictive information for future outcomes. Our framework is also



closely connected to state-space smoothing ideas (e.g. Durbin and Koopman, 2012). In many
macroeconomic environments, latent propagation states are only imperfectly observed con-
temporaneously but become increasingly revealed through future observables. The surrogate
variables therefore act as a finite-dimensional representation of the latent state relevant for
long-run propagation. In this sense, our approach is also related to the non-fundamentalness
and invertibility literature (e.g., Lippi and Reichlin, 1993; Fernandez-Villaverde et al., 2007;
Forni and Gambetti, 2014; Canova and Ferroni, 2022).

2 Surrogacy for time series: motivation

Before introducing surrogacy in a time-series setting, it is useful to begin with the cross-
sectional version of the idea, as it appears in the medical literature (Prentice, 1989) and,
more recently, in the treatment-effects literature (e.g. Athey et al., 2025). The basic problem
is the following. A researcher wants to estimate the long-run effect of a treatment (g) on
an outcome (w). In an experimental dataset, treatment is randomly assigned, so the causal
effect of (¢) is identified. However, the long-run outcome (w) may not be observed for the
treatment sample, either because individuals are followed only for a limited time or because
the relevant outcome takes many years to materialize. In those cases, to recover the long-run
effect, one option is to use some observed short-run outcomes as bridge from the treatment
to the long-run outcomes, exploiting the treatment dataset for the effect of the treatment on
the short run outcomes and some other dataset, e.g. an administrative dataset, for the effect
of the short run outcomes on the long run outcomes. The surrogacy assumption ensures the

validity of such bridge construction.

The surrogacy assumption

Surrogacy states that there exists a set of observed variables y, which contain all the infor-
mation that is relevant for predicting the long-run effect of treatment. Once the surrogates
have been observed, treatment ¢ itself should contain no additional information about the

outcome w. Formally, the surrogacy condition can be stated as
Proj(w | y,e) = Proj(w | y) , (1)

where Proj(a | b) denotes the linear projection of a onto b. We note that typically the sur-
rogacy condition is stated in terms of conditional expectations instead of linear projections,
but since we work in a linear time series environment below we keep the projection notation
throughout.

Although any variable could in principle act as a surrogate for an outcome, in the case



Figure 1: Surrogacy as post-treatment sufficiency
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of estimating long-run effects, attractive surrogate candidates are short-term responses that
are in the treatment dataset. To illustrate the idea, denote by wj, the outcome variable h
periods after treatment, and assume that y = (y1, ..., ys) = ¥1.s can act as surrogates for wy,

for h > s where s is the surrogacy horizon. Then the surrogacy condition can be restated as
Proj(wn | y1:5,€) = Proj(wa | y1:s) - (2)

Expression (2) states that after one conditions on the observed short-run response of the
outcome, treatment assignment no longer helps predict the outcome at longer horizons. To
help develop some intuition, Figure 1 summarizes the 1 assumption with a DAG. Under
surrogacy, treatment can only affect the long-run outcome only through the short-run sur-
rogate vector yi.,. Thus, once y;. is observed, treatment assignment contains no additional
information about the long-run outcome wy,.

Intuitively, surrogacy can be viewed as a weaker “post-treatment” version of identification
through controls for long horizons. Rather than requiring the researcher to control for all
factors that jointly affect the outcome variables and the treatment variable —an often elusive
objective in the presence of unobserved heterogeneity— surrogacy requires controlling for a
set of short-run post-treatment outcomes that are sufficient for the long-run response. The
idea is that short-run responses to treatment may contain enough information to absorb the
effects of omitted variables —the omitted states— on the final outcome. In other words, the
hope underlying the surrogacy assumption is that the long-run consequences of treatment
are mediated by a relatively low-dimensional vector of state variables, and that the observed

short-run responses are rich enough to reveal the outcome-relevant component of that state.



In that sense, surrogacy shifts the burden from modeling all causal pathways to validating
an informational condition: once the surrogates are conditioned on, treatment should have

no remaining predictive content for the final outcome.

From causal to predictive for long horizon causal effects

The key implication of the surrogacy condition (2) is that it provides a predictive bridge
from short-run responses to long-run outcomes. Specifically, denoting by 6, a causal effect
of € on wy, 2 allows to decompose the long-run effect of treatment into a product of two
terms: (i) the short run causal effects of treatment on the surrogates —the effect of ¢ on
Vitrs—, and (ii) a prediction of the surrogates on the long-run outcome —the effect of yy.;y

on wp—, which can hopefully be estimated from a different dataset. Specifically,

eh = ﬁhsTO:s s

where 3 is the coefficient vector from the projection Proj(wy, | yo.s) and 7o = Proj(yo.s |
e =1) — Proj(yo.s | € =0).!

In other words, under SUR, a predictive model is sufficient to estimate long-run causal
effects based on propagating short-run causal effects. Importantly, the researcher is not
interpreting the regression of wj, on yg., as a structural causal relationship. Instead, the
regression is used as a predictive bridge from the observed short-run response to the long-
run outcome. Surrogacy is precisely the assumption that this bridge is valid for the causal
effect of treatment: treatment affects the long-run outcome only through information already
summarized by the surrogate vector yg.;. In practice, the treatment dataset can be used to
estimate the short run causal effects whereas a second, e.g. administrative, dataset can be

used to estimate the predictive long run coefficients.

Example: Blood markers and cancer survival

As illustration,? consider a clinical trial evaluating the effect of a cancer treatment on five-
year survival. Since survival takes years to observe, researchers often consider earlier clinical
variables, such as tumor response, progression-free survival, or a blood marker, as surrogate
endpoints.

Surrogacy says that two patients with the same value of the surrogates should have the

same expected five-year survival, regardless of whether one received the treatment and the

YUnder (2), Proj(wn, | yo.s,€) = Proj(wp, | ¥o.s) = Brsyo.s- Using 0, = Proj(wy, | € = 1)—Proj(wy, | e = 0)
and Proj(wy, | €) = Proj(Proj(wn | yo.s,€) | €), we obtain 8, = Bps (Proj(yo.s | € = 1) — Proj(yo.s | € = 0)) =
/Bhse(]:s~

2See the Appendix for additional examples.



other did not. If this condition holds, then treatment affects five-year survival only by
changing the short-run distribution of the marker. In that case, it is possible to estimate
long-run survival from the short-run responses of the marker.

Importantly, the marker-survival relationship need not itself be causal. The marker may
be predictive because it reflects tumor burden, immune response, frailty, genetics, or other
latent biological states. What matters is that, conditional on the marker, treatment carries
no additional information about survival. The prediction model is valid because the marker

summarizes the treatment-relevant information about the long-run outcome.?

Surrogacy in time series: an ARMA(1,1) example

We can now turn to the main topic of our paper: surrogacy in a time series context. Unlike
in experimental settings, there is typically only one dataset and long-run outcomes are
observed directly. However, statistical inference becomes increasingly difficult at longer
horizons because the effective sample size shrinks with the horizon and the explanatory
power of shocks often becomes weak. In the limit, when the horizon approaches the sample
size, essentially no long-run variation remains for inference. A conventional approach to
improving efficiency is to impose parametric restrictions on the shape of the impulse response
function, for instance through a VAR model. Such recursive approaches can substantially
reduce variance, but they also risk introducing misspecification bias and coverage distortions
when the underlying dynamics are not well approximated by a finite-order VAR (Olea et al.,
2024).

To illustrate how surrogacy can address this trade-off, consider an econometrician inter-
ested in estimating the impulse response of a variable w;,;, to an exogenous iid shock &,
namely

eh = Proj(wt+h ‘ Et = ].) - PI‘Oj(U)H_h | gy = 0)

We use a simple ARMA(1,1) model to motivate the main ideas:
iid
wy = pwy_y + & + bgy_q, lp| < 1, er ~ (0,07). (3)
The impulse response function is

bo=1, 0= (p+b)p", h>0.

3Conversely, if the set of surrogates does not contain all short-run responses relevant to predict long-run
effects of treatments, then SUR will fail. For instance, this would be the case if the cancer treatment also
increases toxicity or resistance, which independently affect long-run outcomes.




Exact surrogacy as a benchmark. Before discussing the general ARMA(1,1) case, it is
useful to consider the special case b = 0, which reduces (3) to an AR(1). In that benchmark,
any outcome wy, s for s =0, ..., h is itself a sufficient state variable for the future evolution
of the process. As a result, surrogacy holds exactly for any surrogate horizon s > 0. For

instance, for s = 0 we have
Proj(wiin | w, €r) = Proj(wen | wy).

The impulse response for A > s = 0 can therefore be decomposed exactly as

On = Brobo.  Bro = Proj(wesn | w,) = p".
Thus, once the contemporaneous response w; is observed, the shock itself contains no ad-
ditional predictive information for future outcomes. Long-horizon impulse responses can
therefore be recovered by combining the short-run causal effect 6, with a predictive propa-
gation coefficient estimated from the unconditional dynamics of the time series. This simple
benchmark illustrates the central idea underlying surrogacy: long-run causal effects can
sometimes be recovered from predictive propagation of short-run causal responses.

Interestingly, even in this simple case we can build a surrogacy-based estimator that
is guaranteed to have a lower asymptotic variance than the conventional local projection
estimator. The central idea is to optimally combine the surrogacy-based estimator with the
conventional LP estimator as these estimators are efficient in different parts of the parameter
space and combining them leads leads to a uniform reduction in variance. To show this,
suppose that the researcher considers s = Bhoéo, where Bho is obtained by regressing w;
on w;. This surrogate estimator can outperform the conventional LP estimator ', but
only in certain parts of the parameter space where the direct regression of w;,, on w; is
informative.

To illustrate the variance trade-off, Figure 2 shows the percent asymptotic variance re-
duction from éz relative to conventional LP across AR(1) persistence values and horizons.
Blue regions indicate that the surrogacy estimator is more precise; red regions indicate that
LP is more precise. Surrogacy can lower variance, but only when persistence is high and
the short-run outcomes remain informative about future outcomes. However, as persistence
falls or the horizon grows, the response dies out more quickly, the surrogate w; contains less
information about the long-horizon response, and the SUR variance advantage fades and can

ultimately reverse.*

4The variance reduction from SUR can reverse because the SUR-based estimator is a product estimator,
in that it must estimate both the projection coefficient 8¢9 and the short-run response 6y. When the
impulse response coefficient ), = p” is small, either because persistence is low or because the horizon h
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Figure 2: Variance gains from surrogacy in an AR(1)
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Notes: The figure compares the variance of regular LP estimates with the direct surrogacy estimator in the
AR(1) model w; = pwy—_1 +&;. We report the asymptotic variance reduction from é,i relative to HA}LP. Positive

values indicate lower variance than LP; negative values indicate that LP has lower variance.

To ensure asymptotic variance reduction uniformly over the parameter space we combine

the two estimators; the surrogate LP estimator is defined as
O = 0 + (1 - 2)0y

where @ is an estimate for the weight that is chosen to minimize the asymptotic variance of
ésur
h .

There exist many alternative surrogate estimators. For instance, if the researcher consid-
ers 5 = ﬁhég, where p is obtained by regressing w; on w;_1, the asymptotic variance of this
surrogacy estimator is even lower when compared to the direct regression based estimator,
but an explicit stance on the recursive propagation model is required. Below we refer to this

type of estimator as a surrogate VAR estimator.

is large, the surrogate projection contains little useful information about the long-horizon response. The
potential variance gain from using the surrogate is then small, and the additional sampling uncertainty from
estimating 6y remains. In this region, the extra uncertainty introduced by the surrogate step can dominate
the gain from avoiding a direct long-horizon LP estimate, causing éi‘“ to have higher variance than LP.
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Approximate surrogacy. The more interesting case arises when b # 0. In this case, w;
is no longer a sufficient state variable because the latent innovation ¢; also affects future
outcomes through the moving-average component. Exact surrogacy therefore fails for any
finite surrogate horizon s. Intuitively, in an invertible ARMA(1,1), the innovation ; can
only be recovered from the infinite history of observables, implying that no finite vector
(wy, ..., weys) perfectly spans the latent state.

However, exact recovery of the latent state is not necessary for accurate long-horizon
propagation. What matters instead is whether the economically relevant component of
the latent state becomes increasingly spanned by observable short-run outcomes. In the
ARMA(1,1) model, the omitted moving-average component affects future outcomes only
transiently. As the surrogate horizon s increases, the predictive content of the original shock
conditional on (wy, ..., wyys) becomes increasingly small.

Formally, define the surrogacy deviation term

[LS = PTOj (wt+h | Wt:t+s, 5t) - Proj (wt+h ‘ wt:t—i—s)-

For the ARMA(1,1) model, this deviation is governed by the part of ¢; that remains unre-

covered after observing the surrogate vector. In particular, we have °
€112 S 1ol e (4)

Thus, under invertibility, |b| < 1, the surrogacy deviation shrinks geometrically with both the
surrogate horizon s and the forecasting horizon h. Increasing the surrogate horizon reveals
progressively more information about the latent innovation ¢;, reducing the component of
the original shock that remains unspanned by the observed short-run outcomes. At the
same time, for fixed s, the residual effect of that unrecovered component on future outcomes
decays with the forecasting horizon because the autoregressive propagation term |p|"=~1
becomes smaller as h increases.

Approximate surrogacy can therefore be interpreted as a form of short-lived omitted-

5To see this, set the shock date to zero and write
wy = pwi—1 + ¢ + ber 1.
Then
U; = w; — pwj—1 = €; +bej_q.

Iterating backward gives
€5 = Us — bug_1 + -+ (=b)*"tuy + (—b)*o.

Thus, conditional on wy.s, the remaining dependence of the future state 5 on ¢ is proportional to (—b)*.
Since, for h > s, the effect of £, on wy, is bp"~*~!, the surrogacy deviation is proportional to bp"~*~1(—b)?,
and hence has magnitude |b|**!|p|" =51
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state dependence. The latent moving-average component is not directly observed, but its
influence gradually becomes encoded in the observed short-run dynamics and eventually
dies out. Consequently, once a sufficiently rich block of intermediate outcomes has been
observed, or once sufficiently long horizons are considered, the original shock contains little
additional predictive information for future outcomes beyond what is already summarized
by the surrogate vector.

More generally, approximate surrogacy holds whenever the components of the latent state
not fully captured by the observed short-run outcomes have only transitory effects on future
outcomes. In the ARMA(1,1) example, the omitted state is the innovation &;. Even though
a finite vector of short-run outcomes does not perfectly reveal that innovation, the remaining
approximation error decays geometrically because the omitted moving-average component
becomes progressively less relevant for predicting distant outcomes. Thus, a modest number
of short-run outcomes can be sufficient for accurate long-run propagation when the effect
of the latent state decays sufficiently quickly over time. In our general treatment below we
formalize what is sufficiently quickly decaying by making the approximation depend on the

sample size, allowing for local-to-zero parametrization of the model parameters.

Approximately unbiased propagation. Under approximate surrogacy, the long-horizon

impulse response admits the decomposition
eh = BhsOO:s + As,hu

where 0g.s = (0o, . .., 0s)" collects the short-run impulse responses, B, denotes the predictive
projection coefficient from regressing w;j, onto the surrogates (wy, ..., w;s) and A,y is the

bias term. Hence,
eh = /Bhsg():s

whenever the approximation error Ay, is sufficiently small.

This decomposition implies that long-horizon impulse responses can be estimated by
combining short-run causal effects with predictive propagation estimated from the uncondi-
tional variation in the data. Importantly, the predictive regression is not interpreted causally.
Rather, it acts as a forecasting bridge linking the observed short-run responses to the long-
run outcome.

A key insight is that, even when the unconditional dynamics of the observables do not
admit a simple finite-order recursive representation, the predictive propagation after the
surrogacy horizon may still have a much simpler structure. In the ARMA(1,1) example, the
unconditional dynamics are not governed by a finite-order autoregression because the latent

moving-average component remains part of the state. Nevertheless, once the surrogate vector
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(wy, . .., wyss) has absorbed most of the economically relevant information about the latent
innovation, the remaining predictive propagation coefficients inherit a simple autoregressive

structure. In particular, for A > s,

h—s—
/Bhs =p * lﬁs—l—l,s-

Thus, although the unconditional dynamics are ARMA, the post-surrogacy predictive prop-
agation evolves recursively according to the stable autoregressive component. Intuitively,
once the short-run dynamics have revealed most of the latent state, the remaining long-run
propagation becomes substantially simpler than the original data-generating process.

The resulting estimator need not be exactly unbiased because surrogacy only holds ap-
proximately. However, if the surrogate horizon is chosen sufficiently conservatively, the
approximation error becomes negligible and the resulting estimator remains highly accurate.
In our formal analysis below, we make this idea precise by allowing the approximation error

to vanish asymptotically with the sample size.

Variance reduction and approximation error. Figure 3 illustrates the bias and vari-
ance implied by approximate surrogacy in the ARMA(1,1) environment. The figure shows
the relative asymptotic bias and variance of the conventional LP estimator to that of the
SUR estimator based on é,sl“r = o&éi +(1— c&)ézp, with éi = 6y.53s and By, the regression
coefficients from regressing w;.; on wyrs. We fix the surrogate horizon at s = 4.

For moderate values of the moving-average coefficient b, the figure for bias is predomi-
nantly white, indicating similar bias across the two methods. At the same time the variance
figure is largely blue, showing substantial gains in variance from surrogacy. In this region,
the short-run outcomes capture most of the economically relevant component of the latent
state, so the approximation error remains small while the predictive propagation substan-
tially improves precision relative to conventional LPs.

As the moving-average component becomes larger, the approximation error from finite-
dimensional surrogates becomes more important at intermediate horizons because the surro-
gate vector no longer spans enough of the latent innovation. This generates the red region in
the upper part of the bias figure. Nevertheless, the deterioration is limited and tends to dis-
appear again at longer horizons because the omitted moving-average component is transitory
and its effect gradually dies out through the autoregressive propagation term |p|"=5~1.

The figure therefore illustrates the central motivation for surrogacy-based impulse re-
sponse estimation. Even when the underlying dynamics are not governed by a finite-order
autoregression and exact surrogacy fails, a relatively small number of short-run outcomes

can still capture enough of the latent state to substantially reduce long-horizon variance
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Figure 3: Gains from surrogacy in an ARMA(1,1)
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Notes: The figure compares LP and SUR estimates in the ARMA(1,1) model w; = pwi_1 + &4 + bey_1,
with p = 0.95 and s = 4. The upper panel reports 100(MSEFE — MSEZVE)/MSEEP; the lower-left panel
reports |Biasi”| — [BiasyV%|; and the lower-right panel reports 100(V,2P — V;SUR) /V,EP . Positive values

indicate gains from SUR; red regions indicate cases where LP performs better. Differences are set to zero

for h < s by construction.

while introducing only limited approximation error.
An alternative surrogacy estimator can be based on exploiting the autoregressive struc-
ture in the predictive B, coefficients. Such estimators can further reduce the variance

relative to the LP estimate, but they run more risk of introducing additional bias due to the

additional structure assumed.

Surrogacy in time series: some special cases

The surrogacy-based impulse response decomposition, i.e. 0, ~ 3;,0q.s for h > s, includes
a few special cases that are well known in economics. First, and somewhat obvious, when s
is larger than the largest impulse horizon of interest the impulse response function becomes
equal to that of the conventional local projection for all horizons. This is important, as

for some data generating processes the local projection may simply be the best possible
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estimator and our data driven selection rule rule for s, discussed in Section 5, allows the
surrogate estimator to coincide with the local projection.

Second, any structural VAR impulse response estimate is a special case of a surrogate
estimator with s = 0. Specifically, recall that the impulse response of variable ¢ to shock j

in a structural VAR can be written as
0 = e/ A"Be; |

where e; has zeros everywhere except in position ¢ where there is a one, A is the autoregressive
matrix of the VAR in companion form and B is the impact matrix. The decomposition shows
that the contemporaneous impact of the jth shock on the variables of the SVAR — i.e. Be,
— is propagated to the ith variable h periods ahead using the predictive coefficients ;A"
Our surrogate VAR generalizes this approach by allowing for direct effects of the shock on
multiple horizons s and not just the contemporaneous horizon. This flexibility allows the

surrogate VAR to avoid dynamic mis-specification for the first s periods.

3 Surrogacy in time series

In this section, we formally define our approximate surrogacy assumption and derive the
implications of approximate surrogacy for impulse response estimation. Let &; denote a
structural shock, w,; a vector of outcome variables and x;_; a vector of pre-determined control
variables. We are interested in the effect of ¢, on w;,, for h =0, ..., H after controlling for
X;_1. We assume that all variables are observed for time periods ¢t = 1,...,7T. The case in
which the shock is not observed directly, but an informative proxy is available, is discussed

in the appendix.

Assumption 1. We assume that there exists a vector yii1s = (¥7, ..., ¥i4s) such that, for
allh=s+1,..., H,

Proj (Wt+h ’ Yiitts, Xi—1, Et) = Proj (Wt+h | Yiitts, Xt—l) + 5557

where

1
1€ = O(T™), for some a > 3

In words, after the surrogacy horizon s, and conditional on the surrogates yi..s, the
shock €; has only a very small, asymptotically negligible, effect on the outcomes. The
surrogacy condition is closely related to the notion of Granger non-causality (Granger, 1969;
Sims, 1972): conditional on the surrogate variables, the shock no longer contains substantial

additional predictive information for future outcomes. Allowing for mild deviations from
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exact surrogacy, i.e. the O(T~%) term, is important in time series settings because exact
finite-dimensional surrogacy rarely holds, as illustrated by the ARMA(1,1) example in the
previous section. Modeling the £ term as a vanishing function of the sample size naturally
aligns with the local-to-zero framework commonly used in econometrics to model small
departures from idealized benchmark models (e.g. Newey, 1985; Staiger and Stock, 1997).

The following example illustrates the link.

Example 1. Recall the ARMA(1,1) process discussed in the previous section,

Wy = pwW_1 + €+ —=E4-1 ,

VT

where the moving-average coefficient is now modeled local-to-zero, reflecting that moving-
average components are often small and difficult to detect in finite samples in macro time
series (e.g. Schorfheide, 2005; Miiller and Stock, 2011; Olea et al., 2024; Gonzalez-Casasis
and Schorfheide, 2025b).

As shown in the previous section, exact surrogacy fails because the innovation €, cannot
be perfectly recovered from a finite set of observables. However, under the local-to-zero

parameterization this failure becomes asymptotically negligible. Define ¢ = b/ VT. Then
(1 —pL)wy =&, + crep.
Since the process is invertible,
er=1+4crL) (1 - pL)wy = (1 —crL+ GL* —--+) (1 — pL)wy.

Equivalently,

€t+s = Tt4s — CTTpps—1 + -+ (‘CT)S_1Tt+1 + (—cr)’ey,

where 7, = (1 — pL)w;. Hence, conditional on the surrogate block wy.ys = (wy, ..., Wis),
the only remaining dependence on ¢; enters through the final term (—cr)®s;.
As shown in the illustrative discussion above, future outcomes depend on the omitted

innovation only through the moving-average propagation term. Therefore, for every h > s,

Proj(wisn | Wetts, €0) = Proj(wign | weeys) + fthsa

with ||| 2 = O(T~(+V/2). Therefore Assumption 1 holds with a = (s-+1)/2. In particular,
any s > 1 implies a > 1/2. O

This example extends naturally to VARMA (p, ¢) models, an important class of time series

models arising from dynamic stochastic general equilibrium models. As in the illustrative
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discussion above, the surrogacy horizon is determined by how quickly the omitted moving-
average component becomes negligible. When the moving-average coefficients drift to zero at
rate 1/v/T, the approximation error vanishes sufficiently quickly once the surrogate horizon is
chosen large enough relative to the moving-average order. As we will see below, the benefits
of surrogacy are typically greatest when the surrogate horizon s remains small relative to
the maximum horizon H of interest.

The surrogacy condition implies that the dynamic causal effect of ¢, on wy,, for horizons
h > s can be approximately decomposed into a short-run causal effect and a long-run

prediction. The following lemma formalizes this.

Lemma 1. Define the dynamic causal effect
0, = Proj(wyip | x4—1,60 = 1) — Proj(wyyp | 421,60 =0) .
Suppose Assumption 1 holds. Then, for h=s+1,..., H,
On = BusTo.s + O(T7%) ,

where (3, are coefficients from the projection Proj(wiyp | Yiits: Xi—1) = BrsYetts + YasXi—1,

and 7.5 = (73, ..., 7.), with 7; = Proj(y+; | xt—1,6: = 1) — Proj(ys+; | x¢—1,6: = 0).. O

The lemma decomposes the impulse response of interest into the short-run causal effects
To.s, Which capture the effect of the shock on the surrogates, and the long-run predictive co-
efficients B, which capture the predictive effect of the surrogates on the outcome variables.
The decomposition is not exact as a result of the approximation in the surrogacy condition,

but the distortion vanishes with the sample size.

Surrogacy vs VAR assumptions
It is instructive to compare the surrogacy assumption to the assumptions underlying impulse
response analysis in a VAR model. Consider

Ve=Ayii+ . Ay, Fu, (5)

where the VAR assumes that the errors are serially uncorrelated, i.e. Cov(us, u;—;) =0. To
compare the serially uncorrelated error assumption, we also assume that the errors are mean

zero, which is without loss of generality, and that ¢; is equal to uy, i.e. partial invertibility
holds in the VAR.
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Proposition 1. For the VAR model (5) we have that

COV(ubutfj) =0 = PrOj(Yt+h \ Yt:t+5a5t) = PrOj(Yt+h ’ }’t:t+s) )

but the converse is not true. O

Compared to surrogacy, the no serial correlation assumption is substantially stronger, as
it adds three requirements: (i) Surrogacy holds for all types of treatment/shock that can
affect the variables in the VAR, (ii) all variables in the VAR are surrogates for the other
variables in the VAR, a form of “circular surrogacy”, and (iii) the “effects” of the surrogates
on long-term outcomes can be computed recursively.

To sum up, as discussed in the introduction local projections impose no dynamic re-
strictions on the impulse responses and thus requires no additional assumption, while the
VAR relies on the strong no serial correlation assumption to bring additional efficiency gains.
Surrogacy opens up a middle road between these two extremes: under the weaker surrogacy
assumption we can exploit Lemma 1 and model impulse responses by combining short run
causal effects with long run prediction to improve the efficiency of LP estimates without

paying a large bias cost.

4 Surrogate LPs and VARs

We impose the surrogacy assumption 1 and discuss different estimation methods that can
be adopted for constructing surrogacy based estimators. Specifically, we first discuss the
estimation of the short-run causal effects 7., and the long-run predictive coefficients 3.
For horizons A > s, we then combine these with the conventional local projection moment
conditions for the impulse responses @}, in a joint GMM estimator that imposes the surrogacy
restriction 6, = B,70.s. The surrogacy horizon s and the surrogate variables are treated as

given throughout this section. Their selection is discussed in Section 5.

4.1 Short-run causal effects

For simplicity, assume that w, is a subset of y;, such that for horizons h < s, the impulse
responses 0, are a subset of the short-run causal effects 7, defined in Lemma 1. These
effects can be estimated using standard local projections. Specifically, when the shock ¢, is

observed, we consider

Yith = Ther + Brxi—1 + Cian, h=0,...,s. (6)
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When only a proxy for ¢, is observed, the same regression can be estimated using IV methods
after selecting a suitable normalizing variable for the instrument. We provide the details for
the IV estimator in Appendix B.

Going back to the intuition, after a shock occurs many different variables respond dynam-
ically. Many of these responses cannot be measured by the econometrician and are therefore
omitted from the analysis. As shown by Olea et al. (2024), local projections possess attrac-
tive robustness properties in such dynamically misspecified environments. Alternatively, one
could estimate a VAR for (y,,&;) with lag length at least equal to horizon s, which yields
asymptotically equivalent impulse response estimates over these horizons.

Under standard regularity conditions, the least-squares estimator 7, satisfies
VT (5 — 3) % N(0,Q4),

as T' — oo, where €}, denotes the asymptotic covariance matrix. Inference therefore proceeds
exactly as in conventional local projections using heteroskedasticity and serial-correlation
robust variance estimators. Alternatively, lag-augmentation methods as in Montiel Olea and
Plagborg-Mgller (2021) may be employed, in which case heteroskedasticity-robust covariance
estimators remain valid. Confidence intervals can then be constructed in the standard way.

The regression (6) also defines the moment conditions for the short-run causal effects
To.s- Lhese moment conditions will later be combined with the long-run predictive and local
projection moment conditions in a joint GMM estimator for the long-run impulse responses.
Nevertheless, for horizons h < s, inference remains identical to conventional local projection

inference and does not rely on the surrogacy assumption.

4.2 Long-run predictive and causal effects

For horizons h > s, the impulse response 6, can be estimated using three complementary
sources of information. First, the short-run local projections (6) identify the causal effects
To.s- Second, predictive models identify the long-run predictive coefficients Bj;. Third, the
conventional local projection directly identifies the impulse response 6,,. We consider two
different predictive models: direct forecasts, leading to Surrogate LPs, and recursive VAR
forecasts, leading to Surrogate VARs. In both cases, these moment conditions are combined

in a joint GMM estimator that imposes the surrogacy restriction 6, = B:70.s-
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Surrogate LP

The most straightforward way to implement the surrogacy predictions is by direct forecasting.

That is, we consider the predictive regression

With = ,BhSYt:t+s + YhsXi—1 + Mitn, h=s+1,...,H, (7)

based on which 8, can be estimated using least squares. Alternatively, one may consider a
penalized estimator such as Lasso or Ridge.

For each horizon h > s, we also consider the conventional local projection
Wiin = Oner + 0p X1 + €pn, (8)

which directly estimates the impulse response.

The regressions (6), (7), and (8) define three sets of moment conditions. Let

/

ZtT = (5t7X:f—1>,v Ztﬁ = (Yz/t:t—&-sﬁxif—l) ) Zf = (5taxg—1)/

denote the corresponding vectors of regressors. The associated moment conditions are, for
3=0,...,s,
E[ZZG-H] =0, ]E[Ztﬂ'rlé-rh] =0, E[Zfe;;-yh] =0.

Together these moments identify the unknown parameters 7.5, Brs, and 6,. Rather than
estimating these parameters separately, we estimate them jointly by GMM while imposing
the surrogacy restriction 8, = B,s7o.s. Specifically, let g7(1),;) denote the stacked sample
analogue of the moment conditions above, with .5 = (0, Bhrs, To.s). The Surrogate LP

estimator is defined as
( Azur’ Bhsa +0:s) = arg r{bun gT(¢hs)/WTgT<¢hs)a subject to eh = ﬁhsTO:m (9)
hs

where Wr is a positive semidefinite weighting matrix.

Compared to conventional LP, which estimates 6, solely from the local projection mo-
ment conditions, the surrogate estimator combines two complementary sources of informa-
tion about the long-run impulse response. The conventional LP moments directly identify
6;,, while the predictive moments exploit the surrogacy restriction to link 6, to the short-
run causal effects and the long-run predictive coefficients. The resulting constrained GMM

estimator therefore combines the information contained in both approaches.

Proposition 2. Fix h > s and suppose Assumptions 1 and 3 hold. Let é,i“r denote the
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constrained GMM estimator defined in (9). Then
VT (87— 6,) 5 N(0,0),

where Q5" is the asymptotic covariance matrix of the constrained GMM estimator. More-

over, if Wr converges to the efficient GMM weighting matrix,
03" < Avar (é,fp> )
O

The predictive moments can be substantially more informative than the conventional LP
moments. A key reason is that the unconditional direct projection in (7) can have much
smaller residuals than the local projection, since the right-hand side variables are not just &,
but the entire surrogate state yy.;.s, which includes (i) the contribution of all shocks, and (ii)
future outcomes in addition to the contemporaneous observation. Intuitively, conventional
LP only exploits the variation explained by the shock ¢; to estimate the impulse response.
If the shock explains little of the variation in the outcome variable of interest, as is often the
case for monetary policy shocks, the LP estimator can be imprecise. Surrogacy alleviates
this limitation because, once one conditions on the outcomes over the first s horizons after
treatment, the shock no longer has predictive content for subsequent outcomes. This makes

it possible to estimate forecasting models using the unconditional data.

Surrogate VAR

While combining short-run LPs with long-run direct forecasts can improve efficiency relative
to conventional LP, it still leaves the impulse response unrestricted across horizons. Ad-
ditional efficiency gains may be obtained by imposing parametric restrictions on the post-
surrogacy dynamics. We therefore consider a Surrogate VAR estimator that replaces the
unrestricted post-surrogacy dynamics by a finite-order VAR while combining the resulting
moment conditions with those introduced for the Surrogate LP estimator.

Conditional on the surrogacy horizon s defined by Assumption 1, we impose additional
structure on the post-surrogacy dynamics. Specifically, suppose that, for h > s and some

p > 1, the impulse responses satisfy
0, =A0,_1+ - +A,0,,. (10)

Equivalently, the post-surrogacy response is generated by the companion dynamics associ-

ated with the coefficient matrices Ay,..., A,.
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The motivation for imposing a VAR representation only after the surrogacy horizon is
that, while the short-run dynamics of a treatment effect may be complex, the propagation
of the shock may simplify beyond horizon s, allowing a parsimonious VAR to deliver addi-
tional efficiency gains. Returning to the ARMA(1, 1) example from Section 2, the impulse
responses decay geometrically after the surrogacy horizon. In that case, a simple VAR(1)
fitted only to capture the autocovariance structure beyond horizon s provides a parsimo-
nious approximation to the long-run dynamics that can be estimated more efficiently than
unrestricted local projections.

To characterize the additional moment conditions implied by (10), define the VAR inno-

vations

ul =y — Ay — o — Ay,

We impose the following additional surrogacy condition.

Assumption 2. For all A > s, suppose (10) holds and

Proj (Yt+h | Ytth—pit+h—1,Xt—1, 1124) = Proj <Yt+h | Yi+h—pit+h—1, Xt—l) + £fh7

where [|€7,[]2 = O(T~*) for some a > 1/2.

This assumption strengthens the baseline surrogacy condition in two respects. First, it is
imposed for the full vector y,,, rather than only the outcome variables of interest. Second,
it rules out additional linear predictive content in the VAR innovation uf' after conditioning
on the post-surrogacy state and controls. Nevertheless, it remains substantially weaker than
the conventional VAR assumption, since it only restricts the dynamics after the surrogacy
horizon and therefore permits arbitrary short-run misspecification.

Assumption 2 implies a set of orthogonality conditions for the propagation coefficients.

Lemma 2. Suppose Assumption 2 holds. Then
E [ytfhfp:tfhufl} = O(T_a), h > s.

]

The lemma provides a set of IV moment conditions for the VAR propagation coeffi-
cients. Specifically, the lagged vectors y;_,_p.—, may be used as instruments for estimating
Ay, ..., A, Equivalently, the same coefficients satisfy the higher-order Yule-Walker equa-
tions

Lhpr = AT+ + AT, h > s,

where 'y, = Ely:y,_,].
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To formulate the additional moment conditions, collect the VAR coefficients in
A=(A,...,A),
define

X?—l = (yzlfflv to 7y7/tfp)la
and let Z; = (y;_4,,---,¥;_,) denote a vector of lagged instruments satisfying £; > s + p.
Then Lemma 2 implies the orthogonality conditions
E[Zu'] = O(T™),
where
u' =y, — AX? .

The Surrogate VAR estimator combines these IV moment conditions with the short-run
local projection moments (6) and the long-run local projection moments (8). To describe

the nonlinear restriction, define the recursive mapping g} ("), where
/
PV = (VGC(Al)/ ~ooovec(Ay) T - Té) :

by
g;/(i/)V):SwTj: J=0,...,s,

and recursively, for 7 > s,
9] (V) = Arg] (") + -+ Apg) ,(BY).

Thus, under (10),
0 = gy (Y¥) +O(T™).

Let g¥ denote the stacked sample moment vector obtained by augmenting the moment
conditions of the Surrogate LP estimator with the IV moment conditions above. We define

the Surrogate VAR estimator as the constrained GMM estimator
6;V = argming]'Wrgy,  subject to 6, = gy (v"), (11)

where Wr is a positive semidefinite weighting matrix.
Compared to the Surrogate LP estimator, the Surrogate VAR estimator imposes a finite-
dimensional VAR representation on the post-surrogacy dynamics. This additional structure

can deliver further efficiency gains whenever the propagation of the impulse response is well
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approximated by a low-order VAR. The estimator nests the Surrogate LP estimator when
no post-surrogacy restrictions are imposed and nests the conventional VAR estimator when
the VAR representation is correctly specified from the impact horizon onward.

The following proposition characterizes the limiting distribution of the Surrogate VAR

estimator.

Proposition 3. Fix h > s and suppose Assumptions 1-2 and 4 hold. Let é?l“rv denote the
constrained GMM estimator defined in (11). Then

VT (8~ 04) ~ N0, 5),

where 5"V denotes the asymptotic covariance matrix of the constrained GMM estimator.

Moreover, if W converges to the efficient GMM weighting matrix,
eV < Avar (é;fp) .
O

As in the Surrogate LP case, inference may alternatively be conducted using a block wild
bootstrap that re-estimates all stages of the Surrogate VAR procedure within each bootstrap

replication.

5 Selecting the surrogates

We discuss the selection of the surrogate variables yii1s = (¥5,¥it1s---»Yiss)s Which can
be alternatively restated as selecting (s,n), where selecting n is understood as selecting the
variables included in y. Let S = {(s,n)} denote the set of all candidate surrogate variables
considered by the researcher.

Our objective is to select the smallest set of surrogate variables that removes the pre-
dictive content of the shock e; at post-surrogacy horizons. A natural approach would be
to formulate this as a sequence of hypothesis tests and select the first candidate surrogate
for which the null hypothesis of no remaining predictive content is not rejected. However,
such a procedure is conservative in the wrong direction for our application. Since failure to
reject may simply reflect low power, hypothesis-testing approaches tend to select surrogate
variables that are too small, especially in finite samples. From the perspective of impulse
response estimation, under-selecting s is particularly costly because any remaining misspec-
ification is subsequently propagated recursively through the surrogate forecasting model; see

Section 6.1 for an illustration of this point.
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For this reason we instead adopt an information-criterion-type approach that explicitly
penalizes remaining predictive content of the shock. The resulting procedure is conservative
in the opposite direction: it favors larger surrogate variable sets whenever the evidence
against surrogacy remains non-negligible. This asymmetry is desirable in our setting because
over-selecting s can only increase variance, whereas under-selecting s can propagate dynamic
misspecification throughout the impulse response path.

Our selection approach is based directly on the surrogacy definition. Assumption 1
implies that, once we condition on a valid surrogate state, the shock ¢, should no longer
have additional predictive content for future outcomes beyond horizon s. To formalize this

idea, consider the forecasting regressions
With = Yhet + OnYitts T KpXe—1 + Nitin, h=s+1,...,H,

where wy,;, denotes the response variables of interest. Under the surrogacy condition we
should therefore have 4, =0 for h=s+1,...,S.

For each candidate surrogate (s,n) € S, we compare a restricted forecasting model that
excludes &; to an unrestricted model that includes it. Let RSSg(s,n,h) and RSSy(s,n,h)
denote the residual sum of squares from the restricted and unrestricted forecasting regres-
sions at horizon h, respectively. We define the corresponding likelihood-ratio statistic as
LRy(s,n) = Tylog(RSSg(s,n,h)/RSSy(s,n,h)), where T}, denotes the effective sample size
at horizon h. Intuitively, LR (s, n) measures the additional predictive content of the shock
g after conditioning on the candidate surrogate variables. If the candidate surrogate is too
small, then including e; substantially improves forecast accuracy and the likelihood-ratio
statistic will be large. Conversely, if the surrogacy condition approximately holds, then the
restricted and unrestricted models should have similar fit and the statistic will be small.

Since the surrogacy condition must hold for all horizons beyond s, we aggregate the

horizon-specific likelihood-ratio statistics using the maximum statistic

LRyax(s,n) = max LR(s,n).

h=s+1,....H

The use of the maximum statistic ensures that the candidate surrogate is rejected whenever
the shock retains predictive content at any post-surrogacy horizon.
We then select the smallest surrogate variable for which the remaining predictive content

of &, is sufficiently small relative to a penalty sequence cr(s,n). Specifically, we define

(5,7) = min {LRuyax(s,n) < cr(s,n)},
(s,n)ES

where the minimum is taken with respect to model dimension. Our baseline specification
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uses the BIC penalty c7(s,n) = logT. We also report results for the corresponding AIC-type
rule, cr(s,n) = 2.

The consistency argument follows from a simple separation property. If a candidate
surrogate is invalid, then the shock e; retains predictive content at some horizon beyond
s. In that case, the unrestricted regression improves the population forecast relative to the
restricted regression, and the likelihood-ratio statistic diverges at rate T'. If a candidate sur-
rogate is valid, then Assumption 1 implies that the restricted and unrestricted regressions are
asymptotically equivalent, because the remaining contribution of ¢; is of order O(T~%) with
a > 1/2. Hence the likelihood-ratio statistic remains bounded in probability. A BIC-type
penalty, which diverges but does so more slowly than 7', therefore rejects invalid candidates

while retaining valid candidates asymptotically.

Proposition 4 (Consistency of surrogate selection). Suppose that Assumption 1 and the
regularity conditions in Assumption 5 (Appendix C) hold. If the penalty sequence satisfies
cr(s,n) — oo and cp(s,n) = o(T) then

P((5,n) = (s9,n9)) — 1.

]

The proposition applies to any penalty sequence satisfying cr(s,n) — oo and cp(s,n) =
o(T'). In particular, the BIC penalty cr(s,n) = log T satisfies these conditions and therefore
consistently selects the smallest valid surrogate. In contrast, the AIC-type penalty cr(s,n) =
2 remains bounded and therefore does not generally deliver consistent selection. Nevertheless,
in finite samples the AIC-type rule may be attractive when the researcher prefers a more
conservative choice of s that further guards against dynamic misspecification.

Once the surrogate horizon s has been selected, we separately select the forecasting model
used for post-surrogacy propagation. In our baseline examples this amounts to selecting
either the forecasting variables for the direct forecast or the lag length of the conditional
VAR. For this second step we use conventional information criteria such as AIC. For the
surrogate VAR it is important to keep in mind that the recursive parameters are estimated

using IV.

6 Simulation evidence

This section evaluates the surrogate LP and surrogate VAR estimators in environments
where the true data generating process follows a VARMA process. Our objective is to assess
whether surrogate methods can improve the variance of local projection estimators while not

paying the cost in terms of additional bias that conventional VARs typically incur.
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We consider two complementary classes of simulation designs. The first consists of styl-
ized low-dimensional VARMA models that transparently illustrate the mechanics of surro-
gate estimation and the role of the surrogate horizon s. In these designs the econometrician
observes the full vector of variables, but the dynamics nevertheless fail to admit an exact
finite-order VAR representation because of the moving-average component. The second class
consists of empirically realistic dynamic factor model (DFM) environments similar to those
studied by Li, Plagborg-Mgller and Wolf (2024). In these designs the econometrician ob-
serves only a small subset of the variables governing the true propagation mechanism, so
the observed subsystem behaves approximately like a VAR(co) due to omitted latent state
variables.

In both environments, conventional recursive VAR estimators attempt to summarize the
entire propagation mechanism using a low-dimensional autoregressive representation. Short
recursive specifications may therefore propagate misspecification bias throughout the im-
pulse response path, while richer recursive specifications can become highly variable in finite
samples. Direct estimators such as local projections avoid imposing recursive restrictions on

the propagation mechanism, but may suffer from substantial variance at longer horizons.

6.1 Illustrative VARMASs

We first consider stylized simulation designs based on a five-variable VARMA(3,2) model
for y;. These designs are intended to transparently illustrate the mechanics of surrogate
estimation and the role of the surrogate horizon s. Although the econometrician observes the
full vector of variables, the moving-average component implies that the observed process does
not admit an exact finite-order VAR representation. Conventional recursive VAR estimators
are therefore misspecified even though all relevant variables are observed.

We consider four different parametrizations chosen to generate impulse responses with
distinct shapes and persistence patterns for the effect of the first shock £, on the second
variable w; = yo;. For each parametrization we simulate 5000 datasets of length T" = 200.
To illustrate the workings of the surrogate estimators we report results for several choices
of the surrogate horizon s each selecting y;.;,s as the surrogates. For the surrogate VAR we
use p = 3 lags and six lags of instruments for estimation. In the larger scale study DFM
study below we investigate data-driven selection of s and p, as well as the sensitivity of the
results to the choice of instruments.

Figure 4 summarizes the main findings. We find that the conventional VAR behaves
most erratically across designs. In some cases the AIC criterion selects a lag length capable
of approximating the true impulse response well (e.g. DGP 2), while in others the estimated

VAR responses are substantially distorted. In contrast, the LP and surrogate estimators
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(when s is large enough) behave more systematically. For the first s horizons all surrogate
estimators coincide with the LP because they rely on direct estimation. Beyond horizon s,
the performance depends critically on the choice of the surrogate horizon.

When s = 3 or 6 for some designs, the surrogate LP estimator has average bias equal to
the LP estimator, but its variance is generally lower after horizon s. The gains in variance are
between 20-30% after horizon 10 and across DGPs. We omit the surrogate VAR for clarity
of the figure. The main message is that choosing s correctly is essential for the surrogate
estimators; when we select s = 1 the estimator starts showing substantial bias comparable
to the conventional VAR.

6.2 Dynamic factor model

Next, we consider empirically realistic simulation environments based on the dynamic factor
model framework of Li, Plagborg-Mgller and Wolf (2024). The data generating process
is a large-scale dynamic factor model estimated on U.S. macroeconomic data, generating
persistent common dynamics, strong cross-sectional dependence, and long-run propagation
patterns that are difficult to summarize using small recursive systems.

Following the setup of Li, Plagborg-Mgller and Wolf (2024), the econometrician observes
only a small (randomly selected) subset of the variables of the dynamic factor model which
behave approximately like a VAR(oo). This setting provides a natural laboratory for eval-
uating the surrogate estimators. Conventional recursive VARs attempt to summarize the
entire latent propagation mechanism using a small autoregressive representation, which may
induce substantial bias at medium and long horizons. In contrast, local projections remain
robust to these recursive misspecifications but can become highly variable at long horizons.
The surrogate estimators are designed to combine the strengths of both approaches. Short-
run responses are estimated directly, allowing the estimator to absorb short-run misspec-
ification arising from omitted latent factors. Beyond the surrogate horizon, the responses
are propagated recursively using forecasting relationships estimated on the selected surro-
gate variables. The recursive component therefore exploits the approximate low-dimensional
structure that emerges once the observed variables contain sufficient information about the
relevant latent state dynamics.

We follow the implementation of Li, Plagborg-Mgller and Wolf (2024) and simulate S =
5000 datasets of sample size T = 200 for 100 different model specifications for each shock
type, which can be a monetary or fiscal policy shock, using 30 different random seed. Each
data generating process, 6000 (100 x 2 x 30) has five variables that we denote by y;. We
consider both the case where the shock is observed and the case where an instrument for the

shock is available.
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To implement the surrogate methods we use the likelihood-ratio-based scoring rule with
the AIC penalty as developed in Section 5 to select the surrogacy horizon s based on y;.; .
Alternatively, we could also select y; from the variables of the dynamic factor model, but
the computational costs are prohibitive to do this in such large simulation study. Therefore
we keep the same variables y; and only select s, which also facilitates a more transparent
comparison with the conventional VAR.

For each design we compare the conventional LP estimator and a conventional VAR with
lag length selected by AIC to their surrogate counterparts. For each horizon we compute
the average bias and variance (across the 5000 draws). We report the median of the average
bias and variance across the 6000 different data generating processes after normalizing by
the Lo norm of the true impulse response.

The results are shown in Figure 5. The top panel shows the results for bias and the
bottom the variance results. In terms of bias we find that the surrogate LP is generally
very close to the bias of the conventional LP. Around horizons 4-10 the bias is slightly larger
whereas around horizons 12-17 the bias is somewhat lower. The surrogate VAR shows a bit
more bias relative to the conventional LP, but remains comfortably away from the bias of
the VAR. In terms of variance the both the surrogate LP and VAR dominate the LP from
horizon 8 onward. The persistence in this DGP is one of the main reasons that the variance

gains start later when compared to the VARMA simulation presented above.

7 Conclusion

In this paper we proposed a new approach to impulse response estimation based on the
idea of approximate surrogacy. The key insight is that, although the short-run transmission
of structural shocks may be dynamically complex and difficult to model recursively, future
outcomes may become predictable from intermediate outcomes observed shortly after the
shock. This perspective allows us to decompose impulse response estimation into a short-
run causal problem and a long-run prediction problem. Building on this decomposition, we
introduced Surrogate LP and Surrogate VAR estimators that preserve the robustness advan-
tages of local projections during the initial transmission phase while exploiting additional
predictive structure to improve long-horizon efficiency. We showed that the approximate
surrogacy condition naturally arises in state-space and VARMA environments, developed
data-driven procedures for selecting surrogate variables and horizons, and demonstrated in
simulations and empirical applications that the proposed methods can substantially reduce
long-horizon variance without inheriting the large misspecification biases often associated
with conventional VARs.

Several directions for future research appear promising. First, the present paper focuses
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on two specific surrogate-based estimators built around direct forecasting and autoregressive
propagation. More generally, the surrogacy framework opens the door to a much broader
class of propagation methods. For example, factor models, sparse high-dimensional fore-
casting methods, machine learning approaches, or nonlinear state-space representations may
provide even more effective ways to summarize the post-surrogacy dynamics of the economy.
Second, while our empirical applications focused on macroeconomic impulse responses, the
underlying idea is much more general. Many dynamic systems outside macroeconomics fea-
ture complex short-run transmission mechanisms together with lower-dimensional long-run
propagation. Potential applications therefore include finance, labor economics, epidemiol-
ogy, industrial organization, climate economics, and other settings in which intermediate
outcomes may summarize the relevant state of the system after an initial shock or interven-

tion.
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Appendix A: Other examples of Surrogacy

We briefly discuss a few other example for the surrogacy condition in cross-sectional designs.

Example 2: Education and long-run wages

Consider the effect of education on wages. A central omitted variable in regressions of wages
on education is ability. Ability affects educational attainment and also affects future earnings,
so a regression of wages on education suffers from omitted-variable bias. If years of education
are randomized, then causal effect of education can be identified in an experimental sample.
However, long-run wages, say ten years after schooling, may be unobserved. In that case,
one can use surrogacy to infer the long-run effect from short-run wage outcomes.

For instance, the early income path could act as surrogates for the long-run income path:
if the early wage path is sufficient for predicting long-run income, it means that the early
wage path reveals ability or other persistent determinants of later earnings, and a predictive
regression can be used to estimate the long-run effect of education on wages from short-run
effects.f

Conversely, the assumption would fail if education had a delayed effect on wages that
was not visible in the early wage path. For example, education might generate credentials,
networks, or promotion opportunities that only pay off after several years. If those channels
are not captured by the short-run wage response, then treatment status would still help
predict long-run income after conditioning on early wages, and surrogacy would be invalid.

Example 3: Long-run effects of vaccination

As last example, consider the long-run effect offered by vaccination. Let (T) denote vacci-
nation, let (S) denote short-run antibody levels, and let (Y) denote later protection against
infection. The short-run antibody response may be generated by many biological mecha-
nisms that are difficult to model. However, suppose that once the short-run antibody level is
observed, the future path of protection is governed the level of antibodies, which itself follows
a simple geometric decay process. Then, to estimate the long-run effect of vaccination, it is
enough to (i) observe the short-run antibody response, and (ii)predict how antibody levels
evolve over time, for instance with an AR structure.

Appendix B: proofs
Proof of Lemma 1. Fix a horizon h > s. By Assumption 1,
Proj(Wiin | Yetrs Xe—1,6t) = BhsYetrs + YnsXe1 + f?sa

where ||€h]|, = O(T~%). Now project both sides onto (x;_1,&;). By the tower property of
linear projections,

Proj (Wt+h | Xt—175t) = BnsProj (Yt:t+s | Xt—1, 5t) + YnsX¢—1 + Proj (ffs | Xt—1;€t)-

6 Again, the prediction coefficient need not be causal. A regression of long-run wages on early wages may
reflect ability, family background, occupation, geography, and other omitted variables. That is acceptable
as the regression is used only as a predictive bridge.
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Evaluating at ¢, = 1 and ¢; = 0, and subtracting, gives

0, = Bhs [Proj <Yt:t+s ’ Xi—1,& = 1) - PTOJ(Yt:t+s | Xi—1,& = 0)] + Ag,m

where
A¢; = Proj( fs | x;_1,6¢ = 1) — Proj( fs | x;-1,60 = 0).

The term involving x;_; cancels because x;_; is fixed in both counterfactual comparisons.
By definition,

Proj(yeets | Xe—1,60 = 1) = Proj(yeers | Xe-1,6: = 0) = To.s.
Finally, projections are contractions in L2, so
IProj(&) | xe-1,€0) |2 < 1€l = O(T™),
which implies A¢; = O(T~¢). Therefore, 8), = Bys70.s + O(1T~°) as claimed. O
Proof of Proposition 1. For h > s, repeated substitution of the VAR recursion gives

h
Yith = BhrsYetts + Tiqn Tiip = E Dy
l=s+1

for suitable coefficient matrices By and Dy,. If the VAR innovations are serially uncorre-
lated, then
Cov(ugys, uy) =0, {=s+1,... h

Since €; = uy, is one component of uy, it follows that
Cov(rin, &) = 0.
Therefore ¢; is orthogonal to the residual from projecting y;,, on yy.s1s, which implies
Proj(yirn | Yetts €) = Proj(yesn | Yeers)-
The converse is not true. Consider the scalar process
Yr = Uy, Up = 1 + CNp—1,

where 7 is serially uncorrelated with variance 0,27 and ¢ # 0. Let ¢, = u; and set s = 0. Since
Yy = Uy = €4, the shock is already contained in the surrogate variable, so that

Proj(yisn | i, 1) = Proj(yisn | ve), h > 0.

Thus the surrogacy projection restriction holds exactly. However, Cov(u, u;—1) = caf] # 0,
so the VAR innovation is serially correlated. Hence the converse implication fails. O]
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Proof of Proposition 2. Let

by = (vec(ﬁm)) ’ by, = <VeCA Bhs)) .

To:s T0:s

Under Assumption 3, the least-squares estimators in (7) and (6) satisfy the regularity con-
ditions for the least-squares central limit theorem for mixing observations; see e.g. Exercise
5.21 in White (2000). Applied to the stacked system, this implies

ﬁ('&h —¢h> L N0, ),

where 3;, = A;thAgl, V,, is the long-run covariance matrix of the stacked score qp
defined in Assumption 3 part 3, and

/Myl 0
Ah_( 0 IsH@MQ@Idy)‘ (12)

Define g(9n) = BnsTos. By Lemma 1, 6, = g(+p,) + O(T7?) for some a > 1/2, while
0;" = g(vpy,). Hence,

VT (8" = 6,) = VT (g(4bn) — 9(w)) + (1),

because vVTO(T~*) = o(1). Since g is continuously differentiable, a first-order Taylor ex-
pansion gives

VT (g(lﬁh) - 9(¢h>) = D,VT (% - ¢h) +0p(1),
where Dy, = (74, ® 14, Brs). Therefore,

VT (é,iur - eh) N0, Q), 8 = D,X,D,,

which proves the result. O

Proof of Proposition ??7. By the Frisch-Waugh-Lovell theorem, we may work with variables
residualized with respect to x;_;. To simplify notation, write these residuals as w5, yi.tts,
and ¢; throughout the proof. Then the relevant population projections are

With = BhsYetts + Mith, and Yitts = T0:s€¢ + Critrs -

By Assumption 3 part 2, Ely..sn;,,] = 0 and E[,(;.,, | = 0. Assumption 1 further implies
Elen;,,] = O(T~*), and therefore E[Cr1sm;,,] = O(T7¢). Since a > 1/2, these terms are
negligible at the v/T rate. Substituting the second projection into the first gives

With = BrsTos€t + BrsCritts + Metn -

Since Assumption 1 implies 0, = Bps70.s + O(T~%), the conventional LP estimator has
influence function

Q;lé‘t (BhsCeotts + Mitn)
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up to terms that are o,(1) after summation and multiplication by T-Y2. For the sur-
rogate estimator, the first-stage contribution from estimating 7., has influence function
Q- 'e1BnsCrivs, while the second-stage contribution from estimating 3y, has influence func-
tion M nyiy +51\/1517'0:5. Hence the surrogate influence function is

-1 / -1
Qa Et/ghsctit+3 + 77t+hYt:t+sMS T0:s-

The {;.;+s contribution is therefore the same in the conventional LP and surrogate influence
functions. The only difference is the contribution of 7,,,: the conventional LP weights it
by Q- 'e;, whereas the surrogate estimator weights it by y}., +SM§17'0;5- Therefore the differ-
ence between the asymptotic variance of the conventional LP estimator and the asymptotic
variance of the surrogate estimator is exactly

[e.e]

Z E ["7t+h772—£+h {Q;lgtgthle - yzlt:t—l-sMngO:sT(;;sMglyt7€:t75+s}} )

l=—00

again up to terms that are asymptotically negligible because a > 1/2. By condition (77?),
this matrix is positive semidefinite. Hence Avar(@Lf) — Avar(65*) = 0. O

Proof of Lemma 2. Let

=y, Ay — Ay,

Assumption 2 implies that, for all horizons h > s, the VAR innovation u* has no additional
linear predictive content for y,,, once we condition on the surrogate VAR state. Equivalently,

the linear projection coefficient on uf in the projection of y,;,;, on (yt+h,p:t+h,1,uf) is
O(T—).
Now replace t by ¢t — h. Then the same restriction implies that the linear projection

coefficient on u* in the projection of y; on (yi_ps—1,ui,) is O(T~%). Equivalently, after

partialling out y; .1, the covariance between u! and the lagged variables Yi—h—pi—p is of
order O(T~*). Hence

E [ytfhfp:tfhutA/} =0(T™).
Substituting the definition of u/! gives the desired moment condition. m

Proof of Proposition 3. Let 1&\/ stack the GMM estimator of (Ay,...,A,) and the least-
squares estimators of (7o, ..., 7s). We first establish the joint limiting distribution of 1,@\/.

By Lemma 2, the propagation coefficients satisfy E[Zu’] = O(T~%) with a > 1/2.
Therefore the local violation of the IV moment condition is negligible at the /T rate. To-
gether with the mixing, moment, rank, and weighting conditions in Assumption 4, Theorem
5.23 in White implies the asymptotic normality of the IV/GMM estimator of (Ay,..., A,).
The same assumptions also imply the joint asymptotic normality of the least-squares esti-
mators (7o, ..., 7s). Since the corresponding IV and least-squares scores are stacked in q,
the joint CLT gives

VT (a/EV . zpv) 4 N (0, 2Y),

By construction of the surrogate VAR recursion, 85V = gV (V). Moreover, Assump-
tion 2 implies that the population impulse response satisfies 8, = g (V) + O(T ). Since
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a>1/2, VTO(T~*) = o(1), and therefore
VT (63 = 6,) = VT (9 (") = g (")) + 0,(1).

The map g, is continuously differentiable in a neighborhood of the population parameters
because, for fixed h, it is generated by finitely many matrix additions and multiplications.
Hence a first-order Taylor expansion around 1)V gives

VT (9 (@) — g} (")) = DIVT (4" = ") +0,(0).

where D) = dgY(vV)/0v"" is evaluated at the population parameters. Combining this
expansion with the joint CLT and applying the continuous mapping theorem yields

VT (6~ 0,) 5 N(0,05),

with QY = DYSYDY’. 0

Proof of Proposition 4. Fix a candidate surrogate (s,n) € S and a horizon h = s+1,..., H.
By Assumption 5, the sample restricted and unrestricted least-squares problems converge
uniformly to their population counterparts. Therefore,

T, 'RSSk(s,n, h) = on(s,n, h) + 0,(1), T, 'RSSy(s,n, h) = ai:(s,n, h) + 0,(1),

uniformly over the finite set of candidates and horizons.
First consider an invalid candidate (s,n). By Assumption 5, there exists at least one
horizon h > s such that o%(s,n,h) > o?(s,n,h). Hence

RSSg(s,n,h)\ o%(s,n, h)
oc (Fsseenn) ~1oe (o ot

ot (s,n,h)
where the population log-ratio is strictly positive. It follows that

RSSg(s,n,h)

LRh(S, n) = Th lOg (m

) = ThAn(s, n) + o, (T),

for some Ap(s,n) > 0. Therefore

LRyax(s,n) > LRy(s,n) —, 00
at rate T'. Since cp(s,n) = o(T') uniformly over S,

P (LRyax(s,n) < cr(s,n)) — 0.

Thus every invalid candidate is excluded with probability approaching one.

Now consider a valid candidate (s,n). By Assumption 1, after conditioning on yy.4s
and x;_1, the remaining linear predictive content of &; for w; sy, is of order O(T~) for each
h=s+1,...,H, with a > 1/2. Equivalently, the population reduction in mean squared
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forecast error from adding ¢, is of order O(72*). Hence
on(s,n,h) — ap(s,n, h) = O(T %)
uniformly over post-surrogacy horizons. Since a > 1/2,
Ty, {oh(s,n,h) — o (s,n,h)} = o(1).
Together with the uniform convergence of the sample least-squares criterion, this implies
LRy(s,n) = 0,(1)
for each h = s+ 1,..., H. Since the number of horizons is fixed,

LRmax(s,n) = max LRy(s,n) = O,(1).

h=s+1,...H
Because ¢r(s,n) — oo uniformly over S,
P (LRpax(s,n) < cr(s,n)) — 1.

Thus every valid candidate is retained with probability approaching one.

Since S is finite, the preceding statements hold jointly over all candidate surrogates. With
probability approaching one, all invalid candidates fail the selection inequality and all valid
candidates satisfy it. Therefore the minimization over model dimension selects the smallest
valid candidate. By assumption this candidate is unique and equal to (sg,ng). Hence

P((g,ﬂ) = (Sg,no)) — 1,

as required. O

Appendix C: details surrogate estimators and inference

In this appendix we discuss the regularity conditions for the surrogate estimators, provide
implementation details and present the versions for the case where the shock is not observed
but a proxy is available.

Details surrogate estimation with observed shocks

Surrogate LP  Recall that the regression equations for the short-run causal effect (6) and
(7) and the long-run predictive coefficients are given by

With = ﬁtht:t+s + YnsXe—1 + Nt
Yitj = Ti€e + BiXi 1 + Giaj, 7=0,...,s.

The coefficients from these regressions are compared to give the surrogate LP estimator as
defined in (9). To describe the regularity conditions needed for Proposition 2 we define the
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regression vectors

Yitts €t
ry = , ro; = :
The following regularity conditions are analogous to White (2000, Section 5.4).

Assumption 3. Fix h > s. We assume that:

1. The process {ri;, ros, Mitrn, Gty - - - 5 Covs brez 18 strictly stationary and mixing, with either
¢-mixing coefficients of size —r/2(r — 1) for some r > 2, or a-mixing coefficients of size
—r/(r — 2) for some r > 2.

2. Efrymy,,,] =0 and E[ry ¢, ;] =0 for j =0,...,s.

3. Defining qpne = (vec(riimy, )", vec(ra())'s . . ., vec(raCi,,))’s we have E|gne|” < A < oo
for every element gu: e of qp.

4. V=32 E[qhtqﬁm_ﬁ] exists and is positive definite.
5. M; = E[ry,r!,] and My = E[ryr),| exist and are positive definite.

6. For some § > 0, E|ry;qariip|/?t < A < 0o and E|rg o702 < A < oo for all
elements 7144, 7115 Of T1p and 79 4, 721y Of Tos.

7. There exists V), such that V), — V, = 0,(1).

Assumption 3 collects standard regularity conditions for establishing asymptotic normal-
ity of least squares estimators in dependent time series regressions; see White (2000, Section
5.4). The assumptions require that the regression vectors and disturbances are stationary
and weakly dependent, satisfy the standard orthogonality conditions implied by linear pro-
jections, and possess sufficiently many finite moments. In addition, the long-run covariance
matrix and regressor second-moment matrices are assumed to exist and be positive definite
to ensure identification and nonsingular asymptotic variance matrices. Finally, we assume
the availability of a consistent estimator for the long-run covariance matrix, allowing for
feasible asymptotic inference using standard HAC methods.

Given these conditions and the main surrogacy assumption 1, Proposition 2 presents
the limiting distribution for the surrogate estimates: T(65" — 6),) 4 N (0, 25™) with
o =Dp3E,Dy, X, = A;LthA;l and Ay, is defined (12) and Vj, in Assumption 3 part 4.
This asymptotic variance can be estimated using

O = DA, 'V,A; D, | (13)
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where vh can be any HAC estimator that satisfies Assumption 3 part 7 and

Dy, = (74 ® La, Brs)
~ M, ® Iy, 0
Ah = —
0 Io11 @ My ® I,

T
My = =3
1= = ryrqy,
T
t=1

1
T
t

M, =

[M] =

/
Loy
1

In practice, we recommend for h > s reporting ézur and confidence bands based on {2;"". For

the initial horizons h = 1, ..., s conventional local projection inference can be used, see the
recommendations in Olea et al. (2025).

Surrogate VAR - details Next we provide the details for the surrogate VAR estimator
that is defined in equation (11). Since the propagation coefficients are estimated using
instrumental variables we require a different set of regularity conditions.

Assumption 4 (Regularity conditions for the surrogate VAR CLT). Let X}, =
(Yio1--»¥i,) and let Zy = (y;_,,,---, ¥, ) collect valid instruments with £; > s + p.
We assume that:

1. The process {Z;, XY ,ul, o, ¢, ..., Crvs ez is strictly stationary and mixing, with
either ¢-mixing coefficients of size —r/2(r — 1) for some r > 2, or a-mixing coefficients
of size —r/(r — 2) for some r > 2.

2. Elryu¢i, ;) =0for j=0,...,s.

3. Defining q," = (vec(Zu}"), vec(ry(;)', . .., vec(Ra(y,,)")', we have ElgY,[” < A < o0
for every element ¢, of q’.

4. VV =37 _ Elg)q,”,] exists and is positive definite.

5. Qzx = E[Z,XY ] has full column rank and My = E[ryr),| exists and is positive
definite.

6. For some § > 0, E|Zt7aXf_Lb|’”/2+5 < A < oo and E|ry 47?0 < A < oo for all
relevant elements.

7. There exists VY such that V¥V — VV = o,(1).

8. Wy — W =0,(1), where W is symmetric positive definite.

The assumptions are similar as for the surrogate LP, with the exception that we know
require the lagged observables to be valid instruments. That is the exogeneity condition
already imposed in Assumption 2 together with the relevance conditions impose above in
part 5.
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Given these conditions, Proposition 3 presents the limiting distribution of the surrogate
VAR estimator /T (ézurV - Oh) < N(0,mY) with 3"V = DYSYD}’. The asymptotic

variance can be estimated by replacing the population moments by their sample equivalents.

Details surrogate estimation with instruments

When the shock ¢; is not observed and we only have an instrument available, say &;, the
short run causal effects can be estimated by LP-IV instead of LP. For this we need to define
a normalizing variable on which the structural shock has a unit effect. For example, when
the shock is a monetary policy shock the normalizing variable is often the interest rate. In
general, let this variable be denoted by p, and consider the regression

Yitn = Thpe + Brxi—1 + Cign h=0,...s, (14)

where we slightly abuse notation by using the same as in equation (6). The coefficients
T, can be estimated using LP-IV, say 77V, and conventional inference methods apply. The
computation of the long run surrogacy estimates then only requires changing 7., to 7¢%, in

(9) and (11).

Details surrogate selection

Assumption 5 (Regularity conditions for surrogate selection). Let S be finite and fix a
candidate (s,n) € S and a horizon h =s+1,..., H. Let

Zy(s,n) = (yz/t:t+sa X:f—l)/
denote the restricted forecasting variables and let

ZV(s,n) = (g1, Zy(s,n))
denote the unrestricted forecasting variables. We assume that:

1. The process {w; i+n, €t, Yet+s, Xt—1 ez 18 strictly stationary and mixing, with either ¢-
mixing coefficients of size —r/2(r — 1) for some r > 2, or a-mixing coefficients of size
—r/(r — 2) for some r > 2.

2. For some ¢ > 0,
Elwien* <A <oo,  E|Z{(s,n)|*"" <A < oo,
uniformly over (s,n) € Sand h=s+1,..., H.
3. The population second-moment matrices
Mg(s,n) = E[Z;(s,n)Z(s,n)] and My(s,n) =E[ZY(s,n)ZY (s,n)’]

exist and are positive definite, uniformly over (s,n) € S.
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4. The sample second moments converge uniformly to their population counterparts. In
particular,

T,' Y Zi(s,n)Zi(s,n) = Mg(s,n) + 0,(1),

1,0 2 (s,n)Zf (s,n) = My (s, n) + 0,(1),
t

and the corresponding sample cross moments with w;;, converge uniformly over
(s,n)eSand h=s+1,...,H.

5. For each (s,n) and h, the restricted and unrestricted population linear projections are
well defined. Let
on(s,n,h) = mbinE [(w@Hh — b'Zt(s,n))ﬂ ,

and
ot (s,n, h) = mbin]E [(wi,Hh — b'ZtU(s,n))2] :

Define a candidate surrogate (s,n) to be valid if Assumption 1 holds for all horizons
h=s+1,...,H. Otherwise the candidate surrogate is invalid.

For every invalid candidate (s,n), there exists at least one horizon h > s such that

or(s,n,h) > ot (s,n,h).

For every valid candidate (s,n),
on(s,n,h) — o (s,n, h) = O(T ™), h=s+1,...,H,

with a > 1/2.

Appendix C: tables and figures
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Figure 4:

DGP 1: true IRF
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Notes: The figure reports the true impulse responses together with the estimated responses, bias, variance,

and mean squared error across the different simulation designs. Results are based on 5000 Monte Carlo

replications with sample size T' = 200. The conventional VAR uses lag length selection by AIC.
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Figure 5: SURROGATE LPs AND VARS — DFM SIMULATIONS
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Notes: The figure reports the median of the average bias and variance across data generating processes

derived from the dynamic factor model.
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