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Abstract

Al is changing workplaces: it leads to higher individual productivity and faster
learning. We model the effects of these changes on internal labor markets. We show that
for productivity shocks, firms preserve the span in the long run: a pyramid remains a
pyramid. In the short run, however, firms freeze junior hiring, temporarily transforming
the pyramid toward a diamond. In the transition to the new steady state, firms may
oscillate between pyramids and diamonds before settling. For learning shocks, the
long-run span falls, potentially permanently shifting the firm from a pyramid to a
diamond. These fluctuations create inequality between junior cohorts and affect firm

value when human capital is firm-specific.
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1 Introduction

On-the-job training and learning by doing are among the most important determinants
of human capital accumulation. As Arrow (1962) argued, learning is the product of
experience and can only take place through the attempt to solve problems. While schools
and universities supply conceptual foundations, workers develop expertise by doing. The
internal labor markets of firms (Doeringer and Piore, 1971; Baker, Gibbs and Holmstrom,
1994a) provide the structure in which this progression takes place: junior workers build
human capital through the tasks they perform on the job, and they gradually advance to
more important positions (Gibbons and Waldman, 19994, 2004; Waldman, 2013).

As Al automates many of the tasks that junior workers have traditionally performed,
such as collecting data and drafting routine documents, firms across industries are starting
to hire fewer entry-level workers'. This trend suggests that the traditional pyramid is giving
way to a diamond: fewer juniors at the base, a bulge of experienced workers in the middle.
PwC'’s chief AI officer predicts that “human-Al collaboration could boost productivity
and speed by 50 percent” and that “what emerges will be a shift of the traditional labor
pyramid to a diamond shape” (Priest, 2025).

Yet, if the tasks that once served as the bottom rungs of the career ladder are disappear-
ing, what happens to the pipeline that produces tomorrow’s senior workers? Forward-
looking executives have warned that cutting junior hiring is dangerously short-sighted. As
AWS CEO Matt Garman put it, the idea of firing juniors because Al can do their jobs is
“the dumbest thing I've ever heard...how’s that going to work when ten years in the future
you have no one that has learned anything” (Sharwood, 2025).

At the heart of the matter lies a single tension: junior positions serve a dual purpose.
In the short run, juniors perform tasks and generate output. In the long run, they are the
training ground through which the firm replenishes its senior workforce. A firm that cuts
junior hiring captures immediate efficiency gains but may be undermining its own future.

The reduction in junior hiring thus raises a set of interconnected questions that go
well beyond the immediate cost savings. What happens to the structure of the internal
labor market: does the pyramid permanently become a diamond, or is this a transient

phenomenon? What happens to the accumulation of human capital in the economy when
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2024). Adding nuance to this pattern, Humlum and Vestergaard (2026) observe that while early-career
employment declines in Denmark, actual adopting firms primarily integrate the technology through internal
task reorganization rather than reducing headcounts.



tewer workers pass through the entry-level positions where skills are built? How are
workers’ careers and wages affected? And what happens to the firm’s own profitability
over time, especially when experienced workers carry knowledge that cannot easily be
replaced from outside?

In this paper, we develop a model of internal labor markets to address these questions.
A CEO allocates a fixed set of tasks to senior and junior workers, where seniors are more
productive because they have accumulated human capital. Juniors learn on the job and,
with some probability, acquire the skills needed to become seniors. The firm must therefore
manage the intertemporal tradeoff between current production and the future supply
of experienced workers. The setup is deliberately simple, but it captures the essential
features of pyramidal organizations in which cohorts of entry-level workers sustain a talent
pipeline into senior ranks. A key feature of the model is that the ratio of juniors to seniors
is determined endogenously rather than fixed at one-to-one. This flexibility is what enables
us to study the shape of the internal labor market and how that shape responds to AL

We distinguish three channels through which AI may affect the workplace: it can raise
the productivity of senior workers, raise the productivity of junior workers, or accelerate
the rate at which juniors learn and qualify for senior positions. These are distinct shocks,
and they lead to different answers. The paper has three main contributions.

First, if the main effect of Al is on productivity, whether of senior or junior workers,
firms may change in size, but their internal structure does not change. Perhaps surprisingly,
this holds even though the short-run disruption to junior hiring can be severe. In a nutshell,
pyramids remain pyramids in the long run. The wage ratio between seniors and juniors
does shift, however: when seniors become more productive, the wage gap widens; when
juniors become more productive, it narrows.

Second, if the main effect of Al is on how fast juniors learn and can become seniors, a
permanent structural change occurs. Pyramids become diamonds. This is the only type of
Al shock that permanently reshapes the organizational hierarchy.

Third, we characterize the transition dynamics following both types of shock. When the
shock is large enough, the transition is not smooth. Firms oscillate between pyramid and
diamond shapes before settling into the new steady state: an initial hiring freeze starves the
talent pipeline, triggering a future surge in junior hiring, which in turn produces a larger
supply of seniors, and so on. These oscillations have consequences both for the firm and
for workers. They temporarily erode the stock of firm-specific human capital and reduce
firm value. They also create a "lost cohort” of juniors who enter during a hiring freeze and
face sharply reduced opportunities to work and accumulate skills, while the cohort that
follows benefits from the resulting senior shortage.



We extend the model to allow for firm-specific human capital, where internally pro-
moted seniors are more productive than external hires. In this setting, firms hire exclusively
from within, which makes the talent pipeline even more consequential: when it breaks
down, the firm cannot simply plug the gap from the outside market, and its value falls. An
additional finding emerges for the wage structure. When Al accelerates learning, the wage
ratio between seniors and juniors compresses. Faster learning raises the value of the junior
layer—each junior now generates firm-specific capital more quickly—which narrows the
premium that seniors command.

These results have implications for management and talent management more broadly
(Friebel and Raith, 2026). While the forward-looking managers in our model contract the
junior layer to capture immediate efficiency gains, doing so can disrupt the firm’s internal
supply of talent and reduce the firm’s future value. Therefore, when the stability of future
talent supply is important, a CEO may need to smooth these fluctuations by managing the
talent pipeline.

It is useful to stress the policy implications for inequality between junior cohorts. For
different cohorts of juniors, the employment and learning opportunities can vary signifi-
cantly. Juniors entering during a period of excess seniors face reduced opportunities to be
employed and acquire skills. This “lost cohort,” however, may also create a shortage of se-
niors in the future. This shortage benefits the next cohort by increasing their opportunities
to work and learn.

The ingredients of the model are inspired by a large literature on internal labor markets,
a concept first introduced by Doeringer and Piore (1971). Their seminal work triggered a
thriving theoretical and empirical literature, summarized by Gibbons (1997), Gibbons and
Waldman (1999a), Lazear and Oyer (2013), and Waldman (2013). A number of empirical
papers, most notably Baker, Gibbs and Holmstrom (1994a,b), provide detailed case studies
of a firm indicating that internal labor markets were conducive to human capital acquisition.
These papers and related theoretical contributions? also shed light on incentive issues that
we currently abstract from. Pastorino (2024) investigates the importance of human capital
accumulation and learning about employees’ abilities within one firm. Recent contributions
underline the importance of internal labor markets despite increasing competitive pressure
(Huitfeldt et al., 2023; Osterman, 2024).

What this literature leaves open, however, is how the shape of the hierarchy itself

responds to a technology shock. We take the pyramid structure not as a primitive but as an
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et al. (2023); Friebel and Raith (2026).



equilibrium outcome, and ask how it changes when Al arrives. This allows for identifying
new shapes of hierarchies that practitioners are discussing but economics so far has had
little to say about.

How Al affects the development of human capital has recently been modeled by Gar-
icano and Rayo (2025) and Ide (2026). Both papers adapt the apprenticeship idea first
brought and modeled by Garicano and Rayo (2017) and Fudenberg and Rayo (2019),
focusing on how Al changes the intensity of human capital accumulation at the individual
level.

We share their interest in the interaction between Al and learning, but depart from
them in a crucial respect. By bringing profit-maximizing firms explicitly into the picture,
operating in a labor market, we can speak to questions those models cannot: not only
how much each worker learns, but how many trained workers the economy produces over
time. The firm’s intertemporal hiring problem — hire juniors today who become seniors
tomorrow — is central to our analysis and has no counterpart in those frameworks.

Our work is also related to the literature on vacancy chains and slot constraints in
internal labor markets (Simon, 1951; White, 1970; Beckmann, 1978; Stewman and Konda,
1983; Rosenbaum, 1984; Ke, Li and Powell, 2018). These structural features create career
spillovers, where the progression of junior workers relies on the departure of seniors, a
phenomenon documented empirically by Friebel and Panova (2008) and Bianchi et al.
(2023).

That literature establishes that cohort fates are linked through the pipeline. What it does
not consider is how a technology shock propagates through that pipeline and generates
oscillating cohort inequality of the kind we characterize here.

The production function of the main model is one in which CEOs need to get = tasks done
by delegating to seniors and juniors depending on their productivity, which is enhanced
by AL We show that the main results are robust to richer production technologies. When
seniors and juniors are complements rather than perfect substitutes — as in a Cobb-Douglas
specification — the long-run span remains pinned by human capital flow rates alone, and
the pipeline dynamics persist. The Cobb-Douglas case does, however, enrich the cohort
inequality result: because the wage premium covaries with the span during the transition,
cohorts face a trade-off between ease of entry and future reward, generating alternating
cycles of scarce jobs with high future pay and abundant jobs with low future pay.

It should be noted though that the basic production function is not without charm
because it is grounded in the emerging empirical literature that shows that more tasks
can be done by Al in a given time and leads to faster learning. Generative Al significantly
increases worker productivity, particularly for novice and lower-skilled individuals, allow-



ing less experienced workers to rapidly close performance gaps with top performers (Noy
and Zhang, 2023; Brynjolfsson, Li and Raymond, 2025; Chen et al., 2025; Humlum and
Vestergaard, 2025). This internal augmentation may translate into external displacement; as
Al automates entry-level tasks, firms may be freezing hiring for junior roles. Beyond labor
demand, reliance on Al introduces risks to human capital formation and creative diversity.
While AI tools can help workers move down the experience curve faster in supported
environments (Brynjolfsson, Li and Raymond, 2025), unfettered access in educational set-
tings can act as a “crutch,” improving immediate performance but significantly degrading

unassisted learning and exam scores once the tool is removed (Bastani et al., 2025).

2 Model Setup

In this section, we develop a dynamic general equilibrium model. The economy is
populated by CEOs, junior workers, and senior workers. Time is discrete and indexed by
t=0,1,2,.... All agents are risk-neutral and discount the future at § € (0, 1).

Firms and Production. There is a continuum of CEOs with total mass M. In every period
t, each CEO has z tasks to complete. Each completed task yields a revenue of y. To execute
these tasks, the CEO ¢ organizes a firm by hiring two types of workers: juniors (/) and
seniors (). We henceforth use "CEO " and "firm 7" interchangeably. A junior worker can
complete +' tasks per period, and a senior worker can complete 7" tasks, where 0 < v < .

Let n} , and n}, denote the number of juniors and seniors employed by firm i in period ¢,
and let 2/, > 0 and z}, > 0 denote the tasks allocated to each group. The firm’s production

is constrained by the capacity of its workforce and the total number of tasks:

1,1 !
YNy 2 2y
h, h h
Y Mg > Zit (CC)

l h
Zig+ 2 < 2

Workers and Human Capital Accumulation. There is a sufficiently large supply of
potential junior workers with an outside option v > 0. Once employed, junior workers
accumulate human capital by doing tasks. Specifically, a junior who is allocated tasks learns
the skills and becomes a senior in the subsequent period with an exogenous probability
g€ (0,1]. Let ¢;;, = q% denote the probability that this happens, which depends on the

number of tasks allocated to juniors. At the end of each period, junior and senior workers



exit the market at probabilities d; € (0,1) and d), € (0,1). Exiting workers receive their
outside option v.

Let {w!, w'}22, denote the sequence of market wages. Given these wages, we can write
the present discounted values of being a junior and a senior, v} and v/, at the beginning of

period ¢ as:

v =wy + 0(1 — dy) [Gievpey + (1= Gig)viyy ] + 6dw, (VEY
o = wy + 0(1 — dp)vyq + 6dpv. (VFM)

Timing. Figure 1 shows the timeline of the stage game. At the beginning of period ¢, firms
decide the hiring or firing of workers. Then firms allocate tasks between senior and junior
workers. After that, production happens and the output is realized. During the production
process, junior workers acquire skills stochastically. Finally, some workers leave, and those

remaining juniors who have acquired skills become seniors.

Task allocation Acquiring skills and departure

t . . , t+1
Hiring or firing Production

Figure 1: Stage Game Timeline

The Firm’s Problem. Given wages {w}, w]'}?°,, firm i chooses the workforce size and task

allocations to maximize its present discounted value:

‘] 1,1
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subject to the capacity constraints (CC) for all . We assume the revenue from a task is
high enough (7'y > (1 — §)v) that the firm always finds it optimal to complete all z tasks.

Aggregation The aggregate demand for juniors and seniors is [, n}, di and [, nl, di. Let

N}, denote the aggregate supply of senior workers in period ¢ + 1. The aggregate stock of
seniors comes from two sources. The first is incumbent retention: the number of current
seniors who stay, (1 — d;,)N/". The second is the talent pipeline: the number of current

juniors who are allocated tasks, successfully acquire skills, and stay, (1 — d;) [, gin!, di.



Consequently, the aggregate supply of seniors follows:

N = (1 —dy)N]+ (1 —d) /@,tng,t di. (FC)

)

Equilibrium. A dynamic general equilibrium consists of sequences of wages {w!, w},
firm policies {n!, n!,, 2!, 2!}, worker values {v{,v}'};2,, and aggregate senior labor
supply {N]'}°, such that: given wages, the firm policies solve the firm’s optimization
problem; given wages and firm policies, the worker values satisfy the Bellman equations
and participation conditions; the market for senior workers clears, meaning that aggregate
demand equals aggregate supply; and the aggregate supply of senior workers evolves

according to the flow equation (FC).

2.1 Remarks on the Model

Our model is deliberately simple to allow for a full characterization of the wage and
employment dynamics of junior and senior workers. Below we discuss briefly how our
results change when additional elements are incorporated into the model.

Homogeneous Tasks and the Role of Assignment. In our model, senior and junior
workers perform the same type of task, differing only in their per-worker capacity. An
alternative formulation, in the spirit of (Gibbons and Waldman, 1999b), would introduce
a complex task and a routine task, and the firm assigns workers to tasks based on their
human capital. In that setting, the firm would naturally assign senior workers to the
complex task and junior workers to the routine one, and the task assignment serves as a
form of promotion. Our results carry over to this richer environment, but the single-task
formulation keeps the notation lighter and lets us focus on the forces that shape the internal

labor market without the additional notation required by an assignment model.

Production Technology. The fixed-task production function, where the firm’s output
is limited by the number of available tasks, is a tractable special case. We later embed
our framework in a more general production technology, including, for example, a Cobb-
Douglas specification in which senior and junior labor are combined as inputs. Under
such a specification, output responds smoothly to the workforce mix. Our main results on
the long-run structure of the internal labor market and the transition dynamics following
Al shocks are preserved under these more general technologies. The richer production

function does, however, introduce an additional channel through which Al affects the wage



structure: because senior and junior inputs are no longer perfect substitutes, a change in

senior productivity alters the marginal product of juniors.

Firm-Specific Human Capital. The baseline model assumes that senior workers are
equally productive regardless of whether they were promoted internally or hired from the
external market. We later introduce firm-specific human capital, and we show that the
main results on firm structure and the transition dynamics remain qualitatively unchanged.
The extended model does, however, highlight an additional consequence of the hiring
freeze that Al shocks can trigger: because fewer juniors enter the pipeline, the future supply
of high-productivity internal seniors falls. This erosion of the internal talent stock reduces
the firm’s profitability in the future, a cost that is absent in the baseline specification.

Firing Costs and Incentives. Two additional forces that feature prominently in the in-
ternal labor market literature, firing costs and promotion incentives, are absent in our
model. Adding either or both does not alter the characterization of the steady state for
some parameter ranges, because the long-run structure depends only on flow rates and
productivity parameters. The transition dynamics, however, become considerably harder
to characterize. We view these as important extensions, but our central observation that

today’s junior hire affects future stock of seniors operates independently of them.

3 Preliminary Analysis

To begin the analysis, we first investigate the optimal task allocation and hiring policy
for each firm. Because the firm can adjust the workforce composition costlessly, the firm’s
decisions across periods are de facto independent in the sense that the hiring choice in
period t does not affect the value of the firm in period ¢ + 1. Therefore, given the wages
in each period, the firm’s optimization problem can be reduced to a sequence of static
problem:s:

l h h_h 1
, hax (sz + Zi,t)y T W Ny — Wy 4,

ho Lk
T 1T 19025 1% ¢

subject to the capacity constraints (CC).
This optimization problem results in the following task allocation and hiring policy.

Lemma 1. For each firm i, the following holds in every period t: (i) 2!, + 2]', = z; (ii) 2L, = 4'nl,;
(i) szt = vhn?’t.
Lemma 1 shows that all the capacity constraints (CC) bind in a competitive market.

This follows because there is no gain for the firm in having slack in production (in the
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sense that workers have not worked to their full capacity). Reducing slack saves the wage
costs for the firm.
Next, we describe the wage ratio between senior and junior workers in this economy.

Lemma 2. If firms employ strictly positive quantities of both senior and junior workers (nf', > 0
and n;,, > 0), the ratio of wages must equal the ratio of productivities:

h h
we _ 7
T~
Wy Y

Lemma 2 describes a no-arbitrage condition. The firm’s production technology is linear,
making junior and senior workers perfect substitutes. Because the firm can substitute 7"/~
junior workers for one senior worker, the market wage premium for seniors must exactly
match their productivity premium. Note that given the wage ratio, each firm is indifferent

between hiring a junior and a senior worker.

4 Long-Run Outcome

We now characterize the long-run behavior of the economy. We begin by defining the
steady state, and then establish its existence, uniqueness, and convergence properties. For

our analysis, we assume that the rate of human capital accumulation is not too fast. That

2-d,

T We discuss the case when this

h
is, we assume the learning rate (¢) satisfies g <

condition is not satisfied in Section 6.4.

Definition 1 (Steady State). A steady state of the economy is a configuration (N"*, N** wh* w!)
of aggregate senior employment, aggregate junior employment, and wages such that ag-

gregate employment and wages are constant over time:
h  _ ath _ arhx U _ b b ok h e L L
Ny =Ny =N", Ny =Ny = N wiyy =wy =0 wyyy = wy =w

and the equilibrium conditions are satisfied.

To describe the steady state, it is useful to separate the hierarchy’s long-run shape from
its long-run scale. We use S* := N /N to denote the span. In a representative firm, i.e.,
when all firms are identical, S* determines the shape of the hierarchy. A firm’s shape is
a pyramid if S* > 1 and is a diamond if S* < 1. We use N"* to denote the size of the
senior layer; given S*, the size of the junior layer is V b — §* N This distinction between
the shape and scale is useful because, in our model, shape is pinned down by worker

flows, whereas scale is pinned down by productivity and the total task load. Also, let
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Z = Mz denote the aggregate number of tasks in the economy. The following proposition

characterizes the long-run outcome of the economy.

Proposition 1 (Long-Run Outcome). For any initial stock of seniors, the economy converges to a

unique steady state in the long run. The long-run steady outcome is characterized as follows:

(i) The aggregate junior-to-senior ratio and aggregate employment levels are:

dh l S* h 1
St=— " O Nr=—_— 2 7 gnd N =— 7
q(1 —dp)’ ys s YS* +Ah
(ii) The equilibrium wages are:
1—6(1— 1— h
wl* — Q(]. o 5) 5( dh) + fq( dl) and wh* — llwl*.
1—5(1—dh)+1—l5q(1—d1) Y

Proposition 1 shows that the economy converges to a unique steady state. In the long
run, part (i) of Proposition 1 characterizes the shape and scale of a representative firm.
A technical remark is that because juniors and seniors are perfect substitutes and the
labor market is frictionless, individual firms are indifferent to their specific workforce
composition. At the extreme, the aggregate steady state could theoretically be sustained by
a mix of firms that employ only seniors and firms that employ only juniors. However, if
internal seniors possess firm-specific human capital that external hires lack, this structural
indifference disappears. As we show in Section 6.2, this friction forces the internal structure
of every firm to mirror the economy-wide aggregate. We therefore assume that all firms
are identical and focus on the representative firm.

In the steady state, the span S* of a representative firm is determined by a simple flow-
balance condition: the inflow into the senior layer, ¢(1—d;) N**, must equal the outflow from
the senior layer, d;, N"*. This immediately implies S* = d,/[¢(1 — d;)]. A key implication is
that productivity does not enter this expression. A change in " or 7' changes how many
workers are needed to complete current tasks, but it does not change how many juniors
are needed per senior to keep the top layer constant. In that sense, productivity changes
scale, not shape. This independence of S* from productivity is a general long-run result.
Because it comes from the stock-flow condition for the senior layer, it holds in more general
production environments as well.

The expression for S* shows when the hierarchy is more pyramid-like or more diamond-
like. A higher senior departure rate dj, increases the need to replenish the top layer and

therefore requires more juniors per senior. A higher junior departure rate d; weakens the
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talent pipeline by reducing the fraction of juniors who remain long enough to be promoted.
A lower learning rate ¢ weakens the pipeline for the same reason. All three forces increase
S* and make the hierarchy more pyramidal. Conversely, when seniors stay longer, juniors
stay longer, or juniors learn faster, the pipeline becomes more efficient and the hierarchy
becomes more diamond-like.

We treat d;, and d; as exogenous reduced-form turnover parameters. In a richer model,
Al could affect them by changing outside opportunities and therefore worker exits. If so,
Al would reshape the hierarchy through an additional turnover channel. But if departures
mainly reflect retirement, family or home production, or other outside opportunities that
are not themselves affected by productivity shock, holding d;, and d, fixed is a reasonable
tirst approximation that isolates the inflow-outflow mechanism.

Once the flow rates determine the span, the number of tasks (Z) and workers’ pro-
ductivity (7' and ") determine the size of each layer. The firm adjusts the structure until
the combined output of the two layers meets Z. Because the firm only needs to complete
Z tasks, higher productivity in either the senior or junior worker reduces the number of
workers in both levels.

Part (ii) of Proposition 1 describes the wage of the workers. Note that the wage of a
worker is not equal to his marginal productivity. Instead, the wages are pinned down
by the worker’s outside option and reflect workers’ present value. Juniors accept lower
current wages because a junior job carries a promotion option. The wage profile is therefore
backloaded: part of the compensation for juniors is paid not today, but in the form of a
chance to access the senior wage tomorrow.

The junior wage w' equals the flow outside option, (1 —d)v, multiplied by a factor strictly
less than one. This is because sufficient junior labor supply drives the value of a junior
position to v, and workers accept lower current pay in exchange for the continuation value
of acquiring skills and earning the senior wage w". The senior wage is then determined
by the no-arbitrage condition in Lemma 2 (w"/w' = 4" /4!'). This forward-looking logic is
crucial for understanding the effect of AL

Next, we turn to Al'’s effect on the economy. We distinguish three channels: AI may
raise senior productivity ", raise junior productivity +/, or raise the learning rate g. The
first two are productivity shocks. The third is a learning shock. Proposition 2 shows that

they have sharply different implications for organizational shape, employment, and wages.

Proposition 2 (The Long-Run Effect of Al). In steady state, the economy responds to Al shocks
as follows:

(i) If senior productivity v increases, employment drops for both seniors and juniors (N"* and

11



N'™), but the aggregate junior-to-senior ratio (S*) remains constant. The junior wage (w'™)
decreases, while the senior wage (w*) increases.

(ii) If junior productivity v increases, employment drops for both seniors and juniors (N™* and
N™), but the aggregate junior-to-senior ratio (S*) remains constant. The junior wage (w'™)
increases, while the senior wage (w"*) decreases.

(iii) If the learning probability q increases, senior employment (N"*) increases, junior employment
(N™) decreases, and the aggregate junior-to-senior ratio (S*) decreases. Both the junior wage
(w') and the senior wage (w"*) decrease, but the ratio (”;”U—};) stays constant.

Proposition 2 shows how different Al shocks affect the scale of employment, the shape
of the hierarchy, and the wage ladder. Productivity shocks change scale and the wage
ladder but leave shape unchanged. Learning shocks change all three.

Consider first an increase in senior productivity 7". Both senior and junior employment
fall. The reason is not only that each senior can now perform more tasks. Once the span
S* is fixed by flows, a smaller senior layer mechanically requires a smaller junior layer as
well. Thus a productivity improvement at the top contracts the whole hierarchy while
preserving its shape. On the wage side, higher 7" widens the productivity gap between
seniors and juniors and raises the senior wage. Because the senior position becomes a
more valuable career destination, firms can offer lower junior wages today. In equilibrium,
juniors are paid their reservation lifetime value, not their current contribution alone, so
firms backload compensation more aggressively when the future senior prize improves.

Next, consider an increase in junior productivity 7. Again, both layers shrink, because
the firm needs fewer workers overall and the flow-determined span remains unchanged.
But the wage effects reverse. A more productive junior worker becomes a closer substitute
for a senior worker, so the scarcity value of the senior position falls. Equivalently, promotion
becomes a less valuable prize in lifetime terms. That is why the senior wage falls when
junior productivity rises. At the same time, juniors become more valuable in current
production, and because the promotion prize is now smaller, firms must compensate them
more upfront. As a result, the junior wage rises while the senior wage falls.

Finally, when Al raises the learning rate g, the key effect works through flows rather
than current task capacity. Faster learning increases the expected inflow into the senior
layer, so the firm needs fewer juniors to sustain a given senior workforce. The span therefore
talls, making the hierarchy more diamond-like. This is the only Al shock in the baseline
model that permanently reshapes organizational form in the long run. Wages also fall. A
higher ¢ raises the continuation value of a junior job, which lets firms lower junior wages

12



today. Because the wage ratio is pinned down by the no-arbitrage condition w" /w' = 7" /4,
senior wages fall in proportion.

It is useful to contrast our model with a benchmark in which the two layers operate
independently. In such a benchmark, where two separate spot labor markets, a productivity
shock to one layer would be entirely local: an increase in 7" would reduce senior employ-
ment and raise the senior wage, with no effect whatsoever on juniors, and symmetrically
for 4. Learning shocks cannot be easily analyzed because there is no pipeline connecting
the layers.

Our model departs from this benchmark through two distinct linkages. The first is
an employment linkage that operates through the flow equation. Because juniors today
are the source of seniors tomorrow, the two layers’ sizes are tied: a change in one layer’s
employment propagates to the other through the requirement that inflow match outflow
in steady state. This is why a productivity improvement at the top, which directly reduces
only the number of seniors needed, also reduces junior employment. Specifically, the span
S* is fixed by flows, so the junior layer must shrink in proportion in the long run.

The second is a wage linkage that arises because workers evaluate jobs dynamically.
Because juniors are forward-looking, the junior wage today depends on the senior wage
tomorrow. A change in v" does not affect the junior worker’s productivity. But it changes
the value of the senior position, which changes how much career surplus a junior job offers,
which in turn changes the wage at which juniors are willing to accept.

Together, the two linkages generate a pattern that is common to all three shocks: junior
employment falls. Whether Al makes seniors more productive, juniors more productive,
or learning faster, the bottom of the hierarchy contracts. The mechanisms differ, but the
implication for entry-level hiring is the same. This is consistent with the emerging empirical
evidence that Al adoption reduces demand for junior workers across a range of settings.

Where the shocks differ is in their effect on organizational shape and on the wage ladder.
On shape, the distinction is clean: productivity shocks leave the span unchanged, whereas
the learning shock is the only one that permanently reshapes the hierarchy, shifting it from
a pyramid toward a diamond.

On wages, all three shocks operate through the same channel of the option value of
promotion, but they affect the option value differently. Productivity shocks change the size
of the career prize. When 7" rises, the gap between the senior and junior wage widens,
making the prize larger; firms exploit this by offering lower junior wages today, so wages
move in opposite directions across the two layers. When +' rises, the gap narrows, making
the prize smaller; firms must compensate juniors more upfront, and again wages move in
opposite directions but now favoring juniors.
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The learning shock, by contrast, changes the speed at which the prize is reached rather
than its size. A higher ¢ means juniors access the senior wage sooner, raising the option
value of a junior position even though the prize itself (w"/w! = " /4') is unchanged. Firms
can therefore offer lower junior wages, and the increased flow of newly promoted seniors
simultaneously depresses the senior wage. Both wages fall.

5 Al Shocks and Transition Dynamics

The previous section shows how Al shocks change the firm’s structure and the wages
of the workers in the long run. We now study the transition to the steady state.

Before turning to the formal analysis, we highlight a general feature of the transition
in the baseline model. As established earlier, wages are determined by the no-arbitrage
condition (w" /w! = 4" /4') and the free-entry condition for juniors (v' = v/(1—4)). Neither
condition depends on the current stock of senior or junior workers. Consequently, once the
Al shock hits and the productivity or learning parameters, wages jump immediately to their
new steady-state levels and remain there throughout the transition. All of the transitional
dynamics described below play out in the number of seniors and juniors employed rather
than in wages.

This separation is, admittedly, a special feature of the baseline model: because the
seniors and juniors are perfect substitutes, wages are pinned entirely by parameters and
do not depend on the state of the workforce. An advantage of this structure is that it
yields closed-form wage expressions and makes the source of the transitional dynamics
transparent: they come entirely from the pipeline, not from wage adjustments. In the
extension with more general production technology, both wages and the firm’s structure
change every period.

5.1 Productivity Shock

Suppose the representative firm begins in a steady state with N/* seniors and N}
juniors. At the beginning of period ¢ = 1, Al increases the productivity of seniors from ;!

to 74, and juniors from ~} to 7/, ;. The following proposition characterizes the transition.

Proposition 3. Assume the Al shock is not so extreme that the firm still hires juniors at t = 1
(vh; < Z/Np). Following an increase in productivity from (73, ~7b) to (V2,,~4,) at t = 1:

(i) Att =1, the senior number remains at N[**, the junior number drops to N} < N, and the
span decreases.
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(ii) Fort > 2, the firm structure converges toward the new steady state according to the following

cases:

h
(a) If ::’ﬂ > q(l:lg'l 5 the transition oscillates: the senior number N} alternates above and
Al

below its new steady state, and the junior number N} moves in the opposite direction.
The span fluctuates.

h
(b) If % < q(ll_fgl), the transition is monotonic: the senior number N} decreases and the
Al

junior number N} increases. The span increases steadily.

Proposition 3 shows that although productivity shocks eventually return the firm to its
original span and the firm’s shape remains a pyramid, the span adjusts in every period in
the transition.

Specifically, the junior layer shrinks at ¢ = 1 (part i). When the shock hits, the firm
inherits a fixed stock of senior workers from the previous period. Because all workers
are now more productive, the firm needs fewer workers in total to produce its target of Z
tasks. Because the inherited seniors complete more tasks than before, there is less work for
the junior layer. Furthermore, each junior can now handle more tasks. Facing this excess
capacity, the firm hires fewer junior workers than before and may even fire some of the
existing ones. The span therefore drops.

This shock to junior hiring affects the subsequent transition path. Because the firm relies
on its junior layer to supply future seniors, cutting juniors today reduces the talent pipeline
for tomorrow. How severely this pipeline is affected depends on the new productivity gap
between seniors and juniors (7;/7;)-

If the new productivity gap is large (Case (a) of Part ii), the initial cut to junior hiring
is severe. This is because when the productivity gap is wide, one senior does the work of
many juniors. As the excess seniors complete most of the tasks, the firm massively cuts its
junior workforce, creating oscillations. By period ¢t = 2, the number of seniors falls below
the new steady-state level, creating a temporary shortage. To replace the missing seniors,
the firm must hire a massive cohort of juniors. Because of this massive hiring, the span
overshoots its pre-shock level, making the firm temporarily even more pyramidal than
it was before the Al shock. This large cohort subsequently grows into an oversupply of
seniors, causing another halt in junior hiring. This cycle of shortage and excess goes on and
on, causing the oscillation in the firm’s span. That is, the firm can swing between pyramids
and diamonds before finally converging to the long-run steady state.

Conversely, if the new productivity gap is small (Case (b)), the initial excess of seniors
causes only a mild reduction in junior hiring. Because this cut is small, the retained seniors

and ongoing promotions are sufficient to prevent a severe pipeline break. The senior stock

15



40 1

Number of Workers

=
o
!

w
o
L

N
o
!

—e— Seniors (n") —e— Seniors (n")

N
N
L
-

—=Juniors (n') —=Juniors (n')

N
o

o s e - e~ S~ S

w
©
!

’x__...x___x___x___x__.x__.x

w
[=)]
!

Number of Workers

....... TRINE o
S I
Vi
32 \‘ /
v/
30 1
0 2 4 6 8 0 2 4 6 8
Time (t) Time (t)
(a) Oscillating: 74, = 2.42, 74, = 1.02. (b) Smooth: 7%, = 1.45, 4!, = 1.35.

Figure 2: Simulation of the Transition where Al Increases 7h and yl. Parameters: d; = 0.5, d;, = 0.41,

g =0.

79,90 = 1.4,~4, = 1,and Z = 100.

then declines smoothly toward its new steady state, junior employment rises back from its

initial drop, and the span monotonically returns to its long-run level.

5.2

Learning Shock

We now consider how the firm adjusts to a learning shock. Suppose the firm begins

inas

teady state with N/* seniors and N/* juniors. At the beginning of period ¢t = 1, Al

increases the learning rate of junior workers from ¢y to ¢4;. The following proposition

chara

cterizes the transition dynamics.

Proposition 4. Following an increase in the learning rate from qq to gay at t = 1:

(i) Att =1, the senior and junior numbers remain at N* and N[*.

(ii) Fort > 2, the firm structure converges toward the new steady state according to the following

Pr

cases:

(a) If qar > 11:‘2’; 3—;,,, the transition oscillates. Following an initial increase in seniors and
decrease in juniors (hence a decrease in span) at t = 2, the senior number alternates
above and below the new steady-state level, and the junior number moves in the opposite
direction. The span fluctuates.

—dy AL e . . . L
(b) If gar < L=dn 2 the transition is monotonic. The senior number increases, the junior
1—-d; ~
number decreases, and the span steadily decreases.

oposition 4 shows that the learning shock results in a different transition dynamics

from the productivity shock because it has a delayed impact on employment.
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Att = 1, the firm structure remains entirely unchanged under the learning shock
(parti). This stands in contrast to the productivity shock, which triggers an immediate
contraction of the junior layer. The reason is that the learning shock operates through
the pipeline rather than through current task capacity. Att¢ = 1, juniors are acquiring the
human capital at a faster rate, but the flow of new seniors has not yet materialized.

Wages, however, do change at ¢ = 1. Even though no employment adjustment has
occurred, the junior wage falls immediately because the option value of a junior position
has increased: faster learning means quicker access to the senior wage. The senior wage
falls in proportion, tied by the no-arbitrage condition. This is the wage linkage discussed
earlier: wages respond to the change in career dynamics one period before the employment
linkage begins to operate.

The effect on employment appears at ¢ = 2 (part ii). Because juniors now learn faster, a
larger fraction of them acquires skills and becomes the new seniors at the start of t = 2.

If the new learning rate is large (case a), this wave of new seniors at ¢ = 2 is massive,
pushing the senior number far above its new steady-state level. Facing this excess of seniors,
the firm drastically cuts junior hiring. This massive cut starves the future talent pipeline.
By period ¢ = 3, the lack of juniors from the previous period creates a temporary shortage
of seniors. To replace them, the firm must hire a large cohort of juniors. Because learning
is fast, this large cohort matures into another excess of seniors at ¢t = 4, and the firm cuts
junior hiring again. The firm’s span oscillates above and below the new steady-state level
during transition. Consequently, the firm’s structure can repeatedly oscillate between
pyramids and diamonds before finally settling.

Conversely, if the new learning rate is relatively small (case b), the transition is smooth.
Because the learning rate is modest, the wave of new seniors at t = 2 is smaller. The senior
number grows, but it remains below its new steady-state level. Correspondingly, the firm
reduces junior hiring mildly. Over time, the firm smoothly accumulates seniors and sheds

juniors, monotonically decreasing its span until it reaches the new steady state.

6 Extensions

The baseline model isolates the talent pipeline mechanism in a simple environment:
linear production, a fixed number of firms, and perfectly substitutable seniors. In this
section, we relax these assumptions. First, we introduce general production technologies
that allow seniors and juniors to be complementary. Second, we analyze the case where
internally promoted seniors possess firm-specific human capital that external hires lack.

Third, we allow for free entry of firms and analyze how industry scale adjusts to Al shocks.
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Figure 3: Transition Dynamics with Positive Learning Shock. Parameters: d; = 0.4, d;, = 0.45,
g =0.1,7"=1.8,+ =1,and Z = 100.

Then, we analyze rapid learning where the stability condition does not hold. Lastly, we map
our baseline model to a job assignment framework. Together, these extensions preserve our
primary findings while revealing new long-run and transitional implications for wages,
employment, and firm value.

6.1 General Production Technology

The baseline model uses a linear production technology. This linearity makes senior
and junior workers perfect substitutes. In many settings, however, these workers can be
complements. Seniors might design a system’s architecture, while juniors write the routine
code. To capture this complementarity, we replace the linear production function with a
more general specification, assuming long-term convergence.

Formally, in period ¢, firm ¢ employs n!, seniors and n/ , juniors to maximize zy —wjn!, —
win},, subject to the capacity constraint:

f(th?,ty 71712,9 >z,

where f is increasing, concave, continuously differentiable, and satisfies constant returns
to scale. We omit task allocation here because firms solve static problems in each period
and therefore do not retain idle workers.

Under this general specification, the steady-state span remains s* = d;,/[¢(1—d;)], pinned
down entirely by human capital flow rates. The effect of productivity shocks on wages,

however, depends on the elasticity of substitution between the two inputs: when seniors
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and juniors are gross substitutes, a productivity shock to one layer devalues the other,
as in the baseline; when they are gross complements, a productivity shock to one layer
benefits the other. For clean closed-form expressions, we proceed with the Cobb-Douglas
specification f(y"n", v'n') = (y"n")*(y'n’)1=2, where o € (0, 1) is the output elasticity of
senior labor.

Lemma 3. In period t, the wage ratio is given by:

Lemma 3 reveals two differences from the baseline. First, the wage ratio now depends
on the span s, rather than being fixed. When the span is wide—many juniors per senior—
each senior is relatively scarce, and the wage premium rises. Conversely, a narrow span
compresses the premium. Second, the productivity v and +' do not appear in the wage
ratio. Under Cobb-Douglas, a change in either productivity shifts the marginal products of
both inputs in the same proportion, leaving their ratio unchanged. This contrasts with the
linear case, where the wage ratio moves one-for-one with the productivity ratio.

The following lemma characterizes the steady-state equilibrium.

Lemma 4. Under the Cobb-Douglas production technology, in steady state equilibrium, the span
s*, senior number n*, and junior number n'* are:

dh z
* nh* — nl* — S*’I’Lh*.

Tl —dy)’ (YM)e(yl)1=e(s¥)1=e”

The wages and wage ratio are:

S

w™* = v(1 - 9)

1-— 5(1 — dh) + (5(](1 - dl) B (07 dh 1%
, w = w .
1—5(1—dh)+ﬁ5dh 11—« q<1_dl)

The steady-state span is identical to the baseline: s* = d,/[¢(1 — d;)]. This shows
that the long-run shape of the hierarchy is pinned down by human capital flow rates,
independent of whether the production technology treats seniors and juniors as substitutes
or complements. Production technology affects scale, how many workers of each type are
needed, but not shape.

The following proposition shows how the steady state responds to Al shocks.

Proposition 5. In the steady state equilibrium under Cobb-Douglas technology, the economy
responds to Al shocks as follows:
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(i) If productivity (" or 4') increases, employment drops for both seniors and juniors (n"* and
n'*), but the span (s*) remains constant. The absolute wages (w"* and w'™) and the wage
ratio (w"* Jw!™) remain constant.

(ii) If the learning probability q increases, senior employment (n"*) increases, junior employment
(n'*) decreases, and the span (s*) decreases. The wage ratio (w"* /w™) decreases. The junior
wage (w™) increases, while the senior wage (w"*) decreases.

For a productivity shock, the firm shrinks in size but maintains its shape, just as in
the linear model. But the wage implications can be richer for general production. In the
linear model, raising v" widens the productivity gap and therefore widens the wage gap;
raising 7' narrows it. Under Cobb-Douglas, neither shock moves the wage ratio or the
absolute wage levels at all. The reason is complementarity: when senior productivity rises,
each senior produces more, but this also raises the marginal product of juniors who work
alongside them. The gains are shared proportionally across both layers, leaving relative
and absolute wages unchanged. Symmetrically, an increase in junior productivity raises
the marginal product of seniors by the same proportion.’

For a learning shock, the structural response aligns with the baseline: faster learning
produces more seniors, reduces the span, and shifts the hierarchy toward a diamond. The
wage response, however, introduces a new channel that is absent in the linear model. In the
baseline, the wage ratio w" /w! = 7" /4! is invariant to ¢q. Under Cobb-Douglas, a smaller
span means that seniors are less scarce relative to juniors, which compresses the wage ratio
through Lemma 3. This compression reduces the future value of becoming a senior, so the
firm must pay juniors a higher wage. As a result, the junior wage rises while the senior
wage falls.

We now turn to the transition dynamics following an Al shock. We restrict attention to
the stable case where the economy converges to the new steady state.

Proposition 6. Following an increase in productivity or learning rate at t = 1, the firm’s structure
shows the following:

(i) Att =1, the senior number remains at nl*, and the junior number remains at nl if it is a
purely learning shock, and strictly drops if it is a productivity shock;

3The Cobb-Douglas specification sits at a boundary between two cases. When seniors and juniors are close
substitutes, a productivity shock to one layer devalues the other, generating the opposing wage movements
seen in the baseline. When they are strong complements, a productivity shock to one layer benefits the other
even more than itself, reversing the wage effects. Cobb-Douglas, with its unit elasticity of substitution, is the
boundary case where these forces exactly offset, leaving wages invariant to productivity changes.
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(ii) Att > 2, the firm structure converges toward the new steady state that can be either smooth
or oscillating.

During the transition, the wage ratio w}' /w} comoves with the span s,: it rises when the span widens
and falls when the span narrows. In the long run, the wage ratio converges back to the pre-shock
level following a productivity shock, and to a permanently lower level following a learning shock.

The transition paths for the firm’s structure preserve the baseline’s key features. A
productivity shock creates excess senior capacity, squeezes out juniors, and can trigger the
same oscillating pipeline dynamics described in Propositions 3 and 4. A learning shock
leaves the firm unchanged at ¢t = 1 but generates a wave of newly promoted seniors at ¢t = 2,
which can similarly set off oscillations when the output elasticity of senior labor « is high,
where losing one senior requires hiring many more juniors to maintain production.

The novel feature under Cobb-Douglas is that wages are no longer constant during the
transition. Because the wage ratio is tied to the span through Lemma 3, it moves with the
tirm’s workforce composition in every period. When the firm temporarily carries excess
seniors (a narrow span), the senior premium compresses. When a pipeline breakdown
creates a senior shortage (a wide span), the premium rises.

This introduces a richer form of cohort inequality than in the baseline. In the linear
model, all post-shock junior cohorts earn the same wage; inequality arises only through
different access to jobs. Under Cobb-Douglas, cohorts face a trade-off between access today
and pay tomorrow. A cohort entering during a senior oversupply confronts a hiring freeze.
But the scarcity of juniors starves the pipeline, so the few who are hired will eventually
mature into a period of senior shortage, where the wide span delivers an elevated wage
premium. Conversely, the next cohort enters during that shortage and finds abundant
junior positions, but will mature into a abundant senior layer where the compressed span
reduces the premium they earn. The oscillating pipeline thus generates alternating cycles
of hard entry with high future reward and easy entry with low future reward.

6.2 Firm-Specific Human Capital

Until now, we assumed senior workers are perfect substitutes across firms. In prac-
tice, internal experience generates firm-specific human capital—knowledge of workflows,

protocols, or relationships—that external hires lack. We now extend the framework to

2-dy
I-d; °

We distinguish two types of seniors. Internal seniors (promoted from within) have pro-

incorporate this friction, assuming the stability condition 1—};(1 <

ductivity . External seniors (hired from outside) lack firm-specific capital and produce
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only v — o, where o € (0,7" — +'). Each firm maximizes the discounted profits subject to

the capacity constraint and a new talent constraint:

h,in h,in h,ex ~ 1
Ny < (1— dh)(ni,t + 1y )+ (1= dl)Qtni,t
where n/" is the number of internal seniors, n/"/"* is the number of external seniors, and
n, is the number of juniors. The talent constraint is the difference from the baseline model:

hiring a junior today generates the future value of an internal senior tomorrow.

Lemma 5. With firm-specific human capital, the steady-state equilibrium is unique and symmetric.

In this equilibrium, every firm retains its entire stock of internal seniors and hires no external seniors

h,ex
7

(n;"*" = 0). Furthermore, the firm hires exactly enough juniors to finish the remaining tasks.

This equilibrium structure comes from the productivity advantage of internal seniors.
Because internal seniors possess specific human capital that makes them more productive
than external hires, the firm captures a rent on every internal senior it retains. To maximize
these rents, the firm promotes exclusively from within and lets no internal talent leave. At
the same time, the firm employs just enough to meet the production target, ensuring no

wage costs are wasted on idle capacity.
Lemma 6. In the steady-state equilibrium, the wage ratio is given by:

wh (" —0)+0(1 —dy)o
p— = F.
w! Y4 0q(1 — d))o

Firm-specific human capital introduces future value into the wage ratio. For juniors, the
denominator adds d¢(1 — d;)o, capturing the future value of specific skill acquisition. For
seniors, the numerator adds (1 — dj,)o, capturing the future value of retaining an external
senior who becomes internal tomorrow. Additionally, because the senior wage is tied to
the external market, the numerator uses (y" — o) instead of 7". Under this wage ratio T,
the individual firm’s structure and the market wage levels mirror Proposition 1.

h,inx

Therefore, an Al shock affects the long-run firm structure (n"* n'*, s*) and wage levels
(w™ and w"*) just as before. But the learning shock’s impact on the wage ratio changes.
Without specific human capital, the wage ratio w" /w' is constant. Here, faster learning

increases the value of the junior layer relative to the seniors, compressing the wage ratio.

wh*

Corollary 1. In the steady state, if the learning rate q increases, the wage ratio “7- decreases.

wl*

To understand the transition dynamics after an Al shock, we need to examine the firm’s

dynamic hiring strategy.
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Lemma 7. Ina symmetric equilibrium, each firm retains all internal seniors (nj"™ = (1—dy,) ("7 +

n"") 4+ (1 — dy)gnt_,) and hires no external seniors (n)"** = 0). Moreover, the firm hires just
h, _hyin
enough juniors to finish the remaining tasks (n. = =ty

Y

Along the transition path, firms prefer internal hiring because internal seniors possess
specific capital 0. Noticeably, firms also refrain from hiring excess junior workers just to
build future internal seniors. Although a junior worker fills the talent pipeline, this future
value remains lower than the worker’s current wage. Thus, the firm minimizes costs by
keeping both the capacity and talent constraints binding in every period. Consequently,
the firm’s structural evolution after an Al shock directly mirrors the dynamics established
in Propositions 3 and 4.

Because internal seniors possess specific capital o that external hires lack, the firm cap-
tures a rent on every internal senior it retains. Consequently, the firm’s present discounted
value V (n}') is strictly increasing in its internal senior stock. The following proposition

characterizes how the Al shocks affect this value during the transition.

Proposition 7. Suppose that productivity (v" or 4') or the learning probability (q) permanently
increases at t = 1.

(i) Att =1 the firm’s value strictly increases (V (n""") > V (nir'™)).

(ii) During the transition (t > 1), the firm's value V (nj""") comoves with the senior stock n]"™"
Proposition 7 shows that the Al shock strictly increases the firm’s value immediately.

Because Al permanently reduces the labor required to complete tasks, this efficiency gain

outweighs the short-run cost of a talent pipeline breakdown. However, the subsequent

transition may entail temporary inefficiencies: whenever the senior stock dips below the

steady state during oscillations, the firm captures fewer specific-capital rents.

6.3 Free Entry and Endogenous Industry Scale

In the baseline model, the mass of firms M is fixed, so Al acts purely as a labor-saving
shock. In practice, lower production costs attract new entrants, expand industry output,

and may offset the displacement of workers. To capture this channel, we endogenize the

2—dy,
1-d;°

Let the inverse demand function for tasks be y(Q;), with ' (Q) < 0, where Q; = M,z is

number of firms M;. Throughout, we maintain the stability condition Wl?q <

aggregate output. There is a per-period fixed cost F' > 0 to operate a firm. At the beginning
of each period, potential entrants observe the current state of the economy and decide
whether to enter. Consequently, free entry drives per-period profits to zero.
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In steady state, the span S*, the wages w'* and w"*, and the per-firm employment levels
(in symmetric equilibrium) n'* and n"* are all determined exactly as in the baseline model:
the span is pinned by flow rates, and wages are pinned by the no-arbitrage condition and
the free-entry condition for workers. Therefore, Al shocks affect the wage structure in
the same way as described in Proposition 2. What free entry adds is a new margin of
adjustment: the number of firms, and hence the scale of the industry.

To see how this margin is determined, note that the no-arbitrage condition w"* /w"* =
7" /4" and the binding capacity constraint v'n'* + y"n" = z together imply that the total
wage bill of a firm equals “;—l,z That is, the cost per task is w'* /4!, regardless of the firm’s
workforce mix. The free-entry condition — revenue equals labor costs plus the fixed cost —
then pins down the equilibrium price:

y( @)= =—F+— (1)

Because y(-) is strictly decreasing, this equation uniquely determines aggregate output Q*
and hence the number of firms M* = Q*/=.

Lemma 8 (Long-Run Scale with Free Entry). Any Al shock that increases productivity (y"
or 4') or the learning rate (q) strictly reduces the equilibrium per-task cost c*, thereby strictly
increasing aggregate output ()* and the equilibrium number of firms M*.

Furthermore, the effect on agqregate employment depends on the price elasticity of demand

— _ y(@Q .
= ~yQa

(i) For productivity shock, aggregate employment for both seniors and juniors rises if and only if
demand is sufficiently elastic (n is high).

(it) For learning shock, aggregate senior employment unambiguously rises. Aggregate junior
employment rises if and only if demand is sufficiently elastic.

The intuition is as follows. Al lowers the cost of completing tasks, which reduces
the equilibrium price and draws in new firms until profits return to zero. Each firm
employs fewer workers than before, but there are more firms. The net effect on aggregate
employment therefore depends on the elasticity of demand: if demand is elastic, the
expansion in the number of firms more than offsets the per-firm labor savings, and total
employment rises; if demand is inelastic, the labor-saving effect dominates.

We now turn to the transition following a permanent Al shock at ¢ = 1. Because wages
do not depend on the workforce state, per-task cost drops to the new steady-state level

immediately, and free entry implies that the mass of active firms becomes M}, > M, from
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t = 1 onward. The aggregate supply of senior workers, however, is predetermined by the
past talent pipeline. This tension between immediate firm entry and a sluggish senior
supply shapes the short-run dynamics.

Proposition 8 (Transition Dynamics with Free Entry). Following a permanent Al shock at
t =1, the aggregate transition dynamics are as follows:

(i) Fort > 1, the number of firms is M, = M3, > M.

(ii) Att =1, the aggregate senior stock remains at NJ*. Under a learning shock, aggregate junior
hiring strictly increases. Under a productivity shock, aggregate junior hiring increases if
demand is sufficiently elastic, but decreases if demand is inelastic.

(iii) For t > 2, aggregate employment converges to the new steady state. The transition path

h

oscillates if g4 1% > % and is monotonic otherwise. When demand is elastic (N} < N%%),
Al

the oscillation begins with a junior hiring boom; when demand is inelastic (N > N&), it

begins with a junior hiring freeze.

The key difference from the baseline is in Part (ii). With a fixed number of firms, Al
always generates excess capacity and leads to an immediate contraction of the junior layer.
With free entry, Al is also an expansionary shock: new firms enter, and the economy must
staff them. Because the economy cannot produce experienced workers on the spot, the
new capacity must be met by hiring juniors. If entry is large enough—that is, if demand
is elastic—this expansion effect dominates the labor-saving effect, and aggregate junior
hiring rises at t = 1.

This initial boom, however, creates its own imbalance. The large cohort of juniors
eventually acquires skills and matures into seniors, producing an oversupply of senior
workers in later periods. Firms then cut back on junior hiring, starving the pipeline, which
leads to a future shortage of seniors, and so on. The pipeline still oscillates, but the starting
phase is reversed: elastic demand turns the baseline “freeze-then-boom” cycle into a
“boom-then-freeze” cycle.

6.4 Rapid Learning

2—dy
1—d,

state. We now consider what happens when this condition fails, for example, because Al

. h
In the baseline model, we assume q”v—l <

, which ensures convergence to a steady

raises ¢ past the threshold. To simplify the analysis, we assume that unemployed seniors
lose their skills in the subsequent period, and that there is a minimum wage wy,, > 0 for
employed workers that is not too large.
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When learning is sufficiently rapid, the steady state of Proposition 1 still exists but is
unstable. A small increase in the number of seniors displaces juniors from tasks, which
starves the pipeline and reduces future seniors. But because juniors learn so fast, the
subsequent correction overshoots: the firm hires too many juniors, who quickly mature
into too many seniors, triggering another round of cuts. Unlike the convergent case in
Section 5, these oscillations grow rather than shrink. The economy eventually reaches a
corner in which seniors can complete all tasks on their own, and no juniors are hired. At

that point, the talent pipeline shuts down entirely.

21_‘2” and unem-
—al

Proposition 9 (Long-Run Outcome with Rapid Learning). Suppose qf/—}; >
ployed seniors lose their skills after one period. Then the economy does not converge to a steady state.
Instead, it eventually enters a permanent two-period cycle that alternates between two states:

(i) Owersupply state. The stock of seniors is large enough to complete all tasks. The firm employs
Z |y" seniors at wage wl = wyy;, and hires no juniors.

(ii) Shortage state. The senior stock has been depleted to (1 — dy,) Z/~". The firm hires dy, Z |~
juniors to fill the remaining tasks. The wages are w' and wl = (" /y")w, both of which are
above the baseline steady state level.

The two-period cycle is the extreme case of the oscillations identified earlier. In Section
5, oscillations arise during the transition but eventually dampen. Here, learning is so fast
that each cohort of juniors matures into a mass of seniors, and the pipeline breaks and
rebuilds permanently.

Two implications follow. First, cohort inequality becomes permanent. In the convergent
case, different cohorts face unequal employment prospects during the transition, but the
inequality fades as the economy settles. Under rapid learning, cohorts entering in the
senior shortage state work and accumulate human capital; those entering in the senior
oversupply state find no positions.

Second, the wage structure differs from the baseline. In the oversupply state, the
oversupply of seniors pushes their wage down to wp,. This affects the shortage state as
well, because a junior hired during a shortage who acquires the skill enters an oversupply
state where the senior wage is only wy,,. The future value is therefore much smaller than in
the baseline steady state. With a smaller future value, firms must pay juniors more upfront,
so wh > w™. The no-arbitrage condition then implies w% > w"* as well. Rather than the
constant wages of the baseline transition, workers face a recurring pattern: wages at the

floor during oversupply, and above their steady-state levels during shortage.
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6.5 Job Assignment and Hierarchical Structure

The baseline model treats the productivity difference between seniors and juniors as a
primitive: seniors complete 1" tasks per period, juniors complete ', and both types work
on the same tasks. One might wonder whether this reduced form is consistent with a
richer environment in which the firm assigns workers to distinct jobs based on their human
capital. We now show that it is.

Suppose the firm has a job ladder with two levels, j € {1, 2}. Following Gibbons and
Waldman (1999b), the output of worker i on job j is a linear function of ability:

Yijt = dj + CjNit,

where 7;; € {0, 1} equals zero for a junior and one for a senior. Job 1 is a routine position
with parameters d; = 7' and ¢; = 0: it yields ' regardless of who fills it. Job 2 is an
advanced position with parameters dy = 0 and ¢, = ~": it yields 7" when filled by a senior
but zero when filled by a junior.

Given this structure, the efficient assignment is immediate: juniors should be placed
in job 1 and seniors in job 2. A junior in job 2 produces nothing, while a senior in job 1
wastes her additional ability. Under this assignment, a junior produces 7' and a senior
produces ", which recovers exactly the production structure of our baseline model. The
hierarchical shape of the firm — juniors at the bottom, seniors at the top — therefore
emerges endogenously from optimal job assignment rather than being assumed directly.

7 Empirical Results

We use job postings data to ask whether the margins emphasized by the model are visible
in observed hiring patterns. The data come from Burning Glass Institute U.S. postings and
are restricted to company-source job boards. Junior postings are those requiring 0-2 years
of experience, while senior postings are those requiring 6+ years. The quarterly sample
runs from 2018-Q1 through 2025-Q4. The underlying samples are economically large: the
tech/platform figures use 618,471 postings across 55 firms, the finance figures use 1,162,466
postings across 605 firms, and the sector comparison covers five NAICS-defined sectors
whose average quarterly posting counts range from about 15,500 to 140,600. The purpose
of the exercise below is to ask whether the data move along the quantity and wage margins
highlighted by Propositions 2, 3, 4, and 5, rather than to identify the underlying Al shock.
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7.1 Junior Hiring Freezes and Changes in Hiring Structure

Propositions 3 and 4 imply that Al can disrupt the junior pipeline during the transition.
In the productivity case, junior hiring falls on impact because the inherited stock of seniors
can complete a larger share of the firm’s tasks. In the learning case, junior hiring can fall
with a lag once a wave of promotions enlarges the senior layer. Figure 4 examines whether
such disruptions are visible in the data. For tech/platform and finance, it plots the share of
tirms with no junior postings in a quarter and the share of firms whose junior postings
fall to a small fraction of their own recent baseline. Both series are constructed at the

tirm-quarter level and then aggregated to the sector level.

Tech/platform: Junior Hiring Freeze Incidence Finance: Junior Hiring Freeze Incidence
Dashed lines mark COVID and ChatGPT release. 3-quarter moving average. Dashed lines mark COVID and ChatGPT release. 3-quarter moving average.

Share of firms
Share of firms

== Junior postings collapse == Zero junior postings === Junior postings collapse == Zero junior postings

Figure 4: Incidence of junior-hiring freezes in tech/platform and finance.

Notes: The left panel shows tech/platform and the right panel shows finance. “Zero junior postings”
is the share of classifiable firms with no junior postings in a quarter. “Junior postings collapse” is
the share of firms whose junior postings fall to 20 percent or less of their own prior four-quarter
junior-posting baseline, among firms with sufficient recent activity. Because this is defined relative
to a firm’s own lagged baseline, the collapse series can decline even when the zero-junior margin
remains elevated. Both series are shown as 3-quarter moving averages, are not seasonally adjusted,
and use company-source job-board postings only. The displayed quarterly calendar window runs
from 2018-Q1 through 2025-Q4; no 2026 quarters are plotted.

In both tech/platform and finance, the post-2022 period is associated with a visibly
higher incidence of firms with either no junior postings at all or a sharp collapse in junior
postings relative to their own recent baseline. This is the closest empirical counterpart in
the data to the temporary hiring freezes described by the transition results. The figure does
not by itself distinguish sharply between the productivity and learning channels, since
both can generate a thinner junior intake during adjustment. It does, however, show that
the junior pipeline becomes materially less active in these sectors after late 2022. A decline
in the “collapse” line should therefore not be read as a full normalization of junior hiring,
since firms can move from a sharp-drop state into a persistently low-junior or zero-junior

state.
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If the inflow into the junior layer weakens persistently, the vacancy-side hierarchy
should also flatten. This margin is especially important because Proposition 2 shows that,
in the baseline model, only the learning shock changes the long-run junior-to-senior ratio;
productivity shocks change the scale of employment but leave the span unchanged. Figure 5
therefore turns to the junior/senior postings ratio itself and plots it for tech/platform and
finance using a common 3-quarter moving average.

In both sectors the ratio declines after the Al period begins, with the change especially
pronounced in tech/platform and also visible in finance. This is the clearest descriptive
counterpart to a movement from a pyramid toward a diamond. Viewed through the lens of
Proposition 2, the figure points more naturally toward the learning channel than toward a
pure productivity channel, since a persistent decline in the junior/senior ratio is the margin
that the learning shock changes in the long run. At the same time, the figure remains
descriptive. A sector-level decline in the vacancy-side span could also reflect changes in
tirm composition, differences in the timing of Al adoption, or other forces that are outside
the model.

Tech/platform: Quarterly Structure Change Finance: Quarterly Structure Change

Colored line is the junior / senior ratio; gray bars show total postings on the secondary Colored line is the junior / senior ratio; gray bars show total postings on the secondary
axis; dashed lines mark COVID and ChatGPT release. 3-quarter moving average. axis; dashed lines mark COVID and ChatGPT release. 3-quarter moving average.

80,000 8
60,000

40,000

sbunsod [ejoL

Junior / Senior postings

20,000 2

o« o g o® " o

Figure 5: Junior-to-senior postings ratio in tech/platform and finance.

Notes: The left panel plots the quarterly mean of the firm-level junior/senior postings ratio for
tech/platform and the right panel plots the same object for finance, using all classifiable firms in
each sector. Both the colored line and the light gray bars are shown as 3-quarter trailing moving
averages; the bars represent total postings on the secondary axis. The figures are not seasonally
adjusted. The displayed quarterly calendar window runs from 2018-Q1 through 2025-Q4; no 2026
quarters are plotted.

The two figures above establish the quantity-side evidence in a narrow but transparent
way. The remaining question is whether the sectors that exhibit flatter hiring pyramids
also exhibit changes in relative pay that line up with the theoretical predictions. That
comparison matters because the paper distinguishes learning and productivity channels

most clearly when quantity and wage movements are read together.
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7.2 Sector-Level Changes in Hiring Structure and Wage Premia

Figure 6 brings together the two empirical margins that speak most directly to the
theory: the junior-to-senior hiring ratio and the senior-to-junior salary ratio. For each
sector, we compute the average quarterly junior/senior postings ratio over 2021-2022 and
over 2024-2025, and we do the same for the quarterly senior/junior posted-salary ratio. The
figure then plots the percent change between the later and earlier window. This deliberately
compresses the time series into a single descriptive comparison. The exercise is therefore
not meant to identify a structural shock. Rather, it is meant to show whether the joint
movement in quantities and relative pay looks more consistent with one theoretical channel
than another. For the current run, the average quarterly postings across sectors range from
about 15,500 to 140,600, and the average number of firms per quarter ranges from about
1,700 to 6,100.

The usefulness of the figure is that the model’s comparative statics are inherently two-
dimensional. In Proposition 2, a senior-productivity shock should move sectors mainly
upward with limited horizontal movement: the wage premium rises while the long-run
span remains roughly unchanged. A junior-productivity shock should move sectors mainly
downward, again with limited horizontal movement. A learning shock should move sectors
mainly leftward, because the junior/senior ratio falls while the wage ratio changes little.

The extensions imply some nuances beyond this benchmark. Under Cobb-Douglas
type production and under firm-specific human capital, a flatter hierarchy can coincide
with a compressed wage premium, so a left-and-down pattern can still be consistent with
learning-based mechanisms rather than only with junior-productivity shocks.

Finance is the case that is most in line with the baseline learning-shock prediction: the
junior/senior ratio falls markedly while the senior/junior salary ratio changes relatively
little. Accounting lies closer to a senior-productivity pattern, with limited movement in
the hiring ratio and a higher wage premium. Tech/platform and IT services also move
leftward, indicating flatter hiring pyramids, but they do so alongside a narrowing wage
premium. That pattern is harder to reconcile with the baseline linear model alone, but it is
consistent with the richer versions of the model in which the wage premium compresses
as the pyramid flattens. Strategy lies in between and is best read as mixed.

Taken together, the figure is consistent with the paper’s broader message that Al is
associated with a contraction of the junior layer, while the wage response is heterogeneous
across sectors. In that sense, the quantity side of the evidence is the most uniform, whereas
the wage side helps distinguish which theoretical channel looks more plausible in different
parts of the economy. Much more empirical work remains to be done before treating this as
a test of the model, but as a first descriptive pass the figure is useful for organizing which
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channels appear more or less plausible in the current data.

Prop. 1 Channel Map: Span of Control and Wage-Premium Movement

2024-2025 average relative to 2021-2022 average.
Negative x means a flatter junior/senior hiring pyramid; zero lines mark no change.
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Figure 6: Sector-level changes in hiring structure and wage premia.

Notes: Each point is a NAICS-defined sector built from company-source job-board postings only:
tech/platform (51), finance (52), IT services (5415), accounting (5412), and strategy consulting
(54161). The x-axis is the percent change in the quarterly junior/senior postings ratio between
the 20212022 average and the 2024-2025 average, so points to the left indicate a flatter vacancy-
side pyramid. The y-axis is the percent change in the quarterly senior/junior posted-salary ratio
over the same windows. Posted salaries are constructed from advertised salary ranges using the
midpoint when both endpoints are observed, with one-sided and single-salary fallbacks when
necessary. Each window contains eight quarters. Because the empirical objects are vacancy flows
and advertised salaries rather than internal staffing stocks and realized wages, the figure should be
read as descriptive evidence on which theoretical channel appears more consistent with the data,
not as structural shock identification.

8 Concluding Remarks

There is little doubt that the massive technology shock of Al will transform firms
substantially. Even more so, it will transform the career logic that firms have followed over
many decades: Hire top talent, develop it through the ranks of the hierarchy, and thus
maintain strategic advantages in product markets.

Despite its simplicity, our model captures some typical features of ILM, in particular,
the need of firms to employ juniors to fill the talent pipeline. The model also allows for
thinking about the different ways in which Al affects workplaces, individual productivity
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gains on different layers and the speed of learning (here, modeled through the short cut of
how likely a junior person acquires the skills needed to become senior).

The model offers implications about firm size (generally falling), firm profit and number
of firms under free entry. It also provides an analytical framework to think about worker
welfare. We show that because of oscillations between the steady state, some cohorts of
juniors might be hit by negative, and others by positive employment shocks. The concerns
about future labor markets may be well grounded, but probably more because of oscillations
than new steady states.

We deviate from a typical knowledge hierarchy as in Garicano (2000) and Garicano
and Rossi-Hansberg (2015). Rather we consider a top-down hierarchy in which a CEO
implements strategy by allocating tasks to agents in the different hierarchical layers, or,
equivalently, delegates work packages that seniors can delegate further to the junior workers.
This makes it possible to focus on the effect of juniors” and seniors” productivity effects,
and learning but does not allow for considering how changes in problem solving capacity
may affect the hierarchy. We have also abstracted from incentive issues that are certainly an
important element of talent management* and may need complementary analysis. Lastly,
we assume that all bargaining power is held by the firms. See, for example, Huang, Li and
Luo (2026) for a more balanced treatment of the bargaining power in the labor market
when Al improves learning.

We hope though this model is a good start to think about these important issues and
would see it as an advantage that it is embedded in a labor market and offers reflections on
the future of organizations and junior wages. We are also confident that we can allow for

changes in the business model in the industry and are working on it.
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A Proofs

Proof of Lemma 1. We solve the simplified optimization problem using the Lagrangian
function:

L :(Zzl‘,t + th)y - w?n?,t - winit
+ Al,t(Vlni,t - th)
+ )\Q,t('Yhnzh,t - zi}ft)
+ Az(z — Zzl‘,t - Ziht)7

)

where A4, A2, and A3, are Lagrangian multipliers for the capacity constraints (CC). The

first order conditions on the four control variables are

l

. ! I _ Q.
N, —wp+ Ay = 0;

ho. h h_ Q.
niy o —w+ Aoy = 0;

Zﬁ,t Dy — A — A3y =0
ZZt DY — A — A3y =0.

This shows that A\;; = w;/7' > 0 and A\y; = w}'/7" > 0, meaning that 4'n}, = z!, and
y'nl, = 2I'. Moreover, A\3; = y — Ay = y — wi/~'. From (VF"), we have

wh = vl — 61— dy)lgofy, + (1 — q)vly] — ddw

Free entry condition makes sure that v, = v}, = v. Since v/, > v, we must have w} <

(1 — §)v. Together with assumption of a sufficiently large y, we have \3; > 0, meaning that

! ho_
Zis+ 2 = 2. |

Proof of Lemma 2. From the proof of Lemma 1, we have A\, ; = y — A3; = Ay;. This means
wi/y' = wi/y" u

Proof of Proposition 1. Part (i): In a symmetric equilibrium, the flow condition for a
representative firm is given by

Nth+1 = (1= dp)N/" +¢(1 = dy)Ny.
Together with the steady state definition, we have

Nl* B dh
Nt q(1—dp)

St =
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Lemma 1 shows that all the capacity constraints (CC) bind. This means N} = (Z—~"N}")/~.
Hence, we have
* * q k
N"™ = (1—dy)N™ + 7(1 —d)(Z —~y"N™),

hx _ (1—dy) _ 1 Ix _ haTh*) /ol — d _
or N = w2 = yg 4. Hence, N™ = (Z —v'"N™)/v = sy 2 =

S*
Tl
Part (iz): From Lemma 2, we have w!/+' = w/v". Therefore, in a steady state, we must

have .
hx ,7 1%

w o = —lw
Y
With the steady state and free entry, we have v} = v}, = vand v' = v} ;. Together with
the value functions (V F') and (V F'*), we have

v =w" +0(1 — dp)[quf + (1 — q)v] + ddyv,

h
Wb —%wl* + (1 — dp)ol + ddyo.

Hence, we can get w™ = v(1 — §) 1-0(1—dn)+dq(1-di) | n
1=6(1—dp)+ 2 dq(1=dy)

Proof of Proposition 2. These results are directly from Proposition 1.
Part (7):

ON" ON™ 0S* ow' ow*
0 0 =0 0 d 0.
g <0 <0 FE=0 E <0 and Ho>
Part (i7):
ON ON 0S* ow' owh*
5 <0, B <0, o =0, N >0 and 5 < 0.
Part (7i1):
ONM ON™ 0S5* ow™ ow"*
d .
34 > 0, 34 <0, E)q<0’ 9 <0 an 9 <0

From Lemma 2, w"* /w™ = 4" /4!, meaning that a change in ¢ has no effect on the wage
ratio. L

Proof of Proposition 3. In equilibrium, the flow condition for a representative firm is:
Nlyy = (1= dp) NP +q(1 — dy)N]. (2)
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We analyze the transition dynamics using (2) and the binding capacity constraints from
Lemma 1.

Part (i): Impact at t = 1. At the beginning of ¢ = 1, the number of seniors is inherited
from the pre-shock steady state: NJ' = N/*. With the new productivities (v4;,74;), the
binding capacity constraint requires:

Nl — Z_’%I}HN(?*
1 1 :
Yar

The assumption v, < Z/NJ}* ensures N{ > 0. Since v, > ~ and/or ~4; >+, we have

2Ny 2N
’7541 ’Vo

Nl = = N}

The span att = 1is S; = N!/Ny* < N[* /Ny = S;.

Part (ii): Dynamics for t > 2. Substituting N} = (Z — 7%, N[") /+4, into the flow equation
yields the linear first-order difference equation:

h
Nt+1 -

1 —d)vh 1—d)Z2
(1 - dh) _ q( : l)IYAI Nth + q( l) )
Ar | Tar

=

N

The general solution is N}* — Nt = ()"} (N} — N%4%). Under the stability condition, |¢| < 1.

We verify that N} > 0 for all t. From Proposition 2, N5 < NJ* = NJ'. By assumption,
NP < Z/+%,. Because |¢| < 1, the distance from steady state shrinks: |N]' — N&*| <
I[N — N&%|, s0 N < max(NJ', Ni%) = NI < Z/~4%;, ensuring N} > 0 for all ¢.

The transition path depends on the sign of ¢:

Case (a): If 7“” > q(ll dc’; then ¢ < 0 (with ¢ € (—1,0) under stability). The deviation
NP — Nht alternates in sign, so N} oscillates around the new steady state. Consequently,
N} and the span S, fluctuate.

Case (b): If % < (1 dh , then ¢ € [0,1). Since NJ > N&%, the sequence {N/'} de-
creases monotonically toward N" and N/ increases monotonically. The span S, increases

monotonically toward S*. |

Proof of Proposition 4. The proof follows the same structure as that of Proposition 3.
Part (i): Impact at t = 1. Att = 1, the learning rate changes but productivities are
unchanged. Neither the stock of seniors nor the capacity constraint changes at ¢t = 1:
N = N and N! = (Z — 4" N[*) /4" = N}*. The firm structure is unchanged.
Part (ii): Dynamics for t > 2. Substituting N} = (Z — v"N]') /4! into the flow equation
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with the new learning rate g,; yields:

qar(1 — d)~"

qA](l — dl)Z
7! '

NP +
Let ¢ = (1 — dy) — qar(1 — di)¥"/+". The general solution is N/ — Nt = (¢)!"2(N} — Nh).
Under the stability condition |¢| < 1.

At t = 2, the senior stock is N} = (1 — dp) N* + qar(1 — d;) N}*. Since a5 > qo, we have
NI > (1 —dp) N + qo(1 — di) N = N[, so the senior stock increases at ¢ = 2.

We verify N} > 0 for all ¢. Since neither 7" nor ' changes, and the new steady state
has N%: > Np* (Proposition 2), we need N} < Z/4" for all t. This follows because
Nhe = Z/(+'S%; + ") < Z/~4", and the oscillations are bounded by the stability condition.

The transition path depends on the sign of ¢:

Case (a): If g7 > 11:531 2 then ¢ < 0,and N} oscillates around N%.

Case (b): If g4y < =2

(e
1 . .
—1-n, then ¢ > 0, and N increases monotonically toward N%:. W

Proof of Lemma 3. The capacity constraint binds: (7"n")*(y'n')!=® = 2. The Lagrangian
for the cost-minimization problem is £ = w"n" + w'n’ — A[(7"n")*(y'n!)}=* — z]. The
tirst-order conditions are:

wh — )\Oé(’}/h)a(nh)ailv)/lnl)lia,

w! = A(1 = @)y (5 ),
Dividing yields w" /w' = [a/(1 — a)](n!/n") = [a/(1 — @)]s;. |

Proof of Lemma 4. The span s* = d,/[¢(1 — d;)] follows from the flow condition as in the
baseline. Given s*, the capacity constraint (y"n"*)*(7!s*n"*)!=* = 2 yields:

T G

For wages, the free-entry condition requires v' = v for all ¢. In steady state, the senior
Bellman equation gives v"* = (w™ + §dyv)/[1 — 6(1 — dj)]. Substituting into the junior
Bellman equation yields:

v=uw"+8(1—d)gv"™ + (1 —d))(1 - q)u + ddyw.
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Isolating w'* and substituting w"* = [a/(1 — a)]s*w™ with s* = d,,/[¢(1 — d})):

1—(5(1—dh)+

=0(1=0)[1=6(1 —dn) +dq(1 —di)],

which gives the stated expression. The senior wage follows from w"* = [a/(1—a)]s*w™. B

Proof of Proposition 5. Part (i). The span s* = d;,/[q(1 — d;)] is invariant to 7" and 7'
From n™ = 2/[(v")*(+")}=%(s*)'7%], an increase in either productivity reduces n"* and
hence n'* = s*n*. The wage expressions depend only on §, dy,, dj, ¢, o, and v—not on 7" or
7'—so both wages and the wage ratio are unchanged.

Part (ii). Anincrease in q lowers s*. For n™* = z/[(v")*(y!)1~%(s*)1 7], since s* decreases
and 1 — a > 0, n"* increases. For n'*, write n™* = z(s*)*/[(v")*(+!)*~*]; since a € (0, 1) and
s* decreases in g, n'* decreases. The wage ratio [« /(1 — a)]s* decreases because s* does.

For the junior wage, the numerator of w'* is increasing in ¢ while the denominator is
invariant to ¢, so w'* increases. For the senior wage, w™* = [a/(1 — «)][dy/(q(1 — d;))]w’

Taking the derivative with respect to ¢:

9 [1-5(1—dy) +dq(L —dl)} _—(1-0l=d)

dq q q?
so w"* decreases. [

Proof of Proposition 6. Part (i). Att = 1, seniors are predetermined at n}*. For a produc-

tivity shock, the capacity constraint requires (7 ;n0*)* (7,0} )1~ = 2. Equating with the

a/(1-a)

pre-shock condition (74nh*)*(vink )1~ = z gives n} = <;’Tg> (770 ) nk < nlr. For a
Al Al

learning shock, neither f nor its arguments change at ¢t = 1 (i.e., yar = 7), so n}, = n.

Part (ii). Fort > 2, the binding capacity constraint gives nl = (1/+},,)2/1=9) (44 )—a/0=a) (ph)=a/(0-a),

Substituting into the flow equation yields:
niey = (1= da)ni + Qny) =07,

where Q := (1 — dp)(1/74,) 2"~ (7f4,) /0= > 0.

Define ¢(n") := (1—dj,)n"+Q(n")~*/(1=%), The steady state satisfies d;n"* = Q(n"*)=2/(1-2),
yielding 2 = dj,(n"*)Y/(1=%), The derivative at steady state is:
o Q « dp,

—(1—dy) — dp =1 — .
1 — a (nh*)l/(0-) ( ) l—a " 1—a

¢(n") = (1—dy) -

This determines the local dynamics: smooth monotonic convergence if |¢/(n"*)| < 1 and
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¢ >0 (ie., d, <1 — «); damped oscillation if ¢' € (—1,0) (ie, 1 —a < d, < 2(1 — a));
unstable dynamics if ¢' < —1 (ie., d, > 2(1 — «)).

Wage dynamics. The wage ratio w!'/w! = [a/(1 — «)]s; follows from Lemma 3. Since
s* is invariant to productivity, the wage ratio returns to its pre-shock level following a
productivity shock. Since s* decreases in ¢, the wage ratio is permanently lower after a
learning shock. L

Proof of Lemma 5. Consider a firm maximizes the present discounted value of profits
subject to the capacity constraint and the talent flow constraint. Let \; and ;; denote the
Lagrange multipliers for the capacity and talent constraints, respectively. The Lagrangian
is:
2y — wi (" + 0 — wing,
L= Z5t +Azmhn?t"‘ + (Y = ol + ', — 2]
o pig[ (1= d) (™ 4+ i) + (L= di)ny, = ]

In a stationary equilibrium, the wages and multipliers are constant (w!' = w", wl = w!, \;; =

)\ia,ui,t = ,Uz')-

h,ex h,in

i. We first prove that n;;*" = 0 so that n!, > 0 and n;;"" > 0. Suppose, by contradiction,
that there exists a stationary equilibrium where the aggregate mass of external seniors
hired is strictly positive ( [ n!"*di > 0).

(i) There exists a firm i that hires external seniors (n/"** > 0). For this firm, the talent
constraint must be binding. Otherwise, that means the firm lets some internal seniors go
away while hiring externally. Then firm ¢ can increase the internal hiring and reduces
external hiring in a way to keep the capacity constant. This would strictly lower the wage
bill.

Now we know that, for thls firm i, n h “ > 0andn;

h,in

> (0. Consequently, the first-order

he;t

conditions with respect to n"™ and n*** (which are strictly positive) are:

pi = O[=w" + Xiy" + (1 — dy)]. (3)
w" = X\(7" = ) + p(1 = da), (4)

Substituting (4) into (3) yields p; = d\;0, which captures the present value of the specific
human capital premium o. We substitute p; = d ;0 back into the first-order condition for

he:):

and the condition for n}, (which is nonnegative):

w" = N[y — o + 00(1 — dy)],
w' > N[y 4 doq(1 — dp)].
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Taking the ratio of wages leads to the following upper bound (we show later wages are

strictly positive):
w" < 7" — o[l —0(1 —dy)]

TS T doq(l—d) ()

Since o > 0, the numerator is strictly less than 7", and the denominator is strictly greater
than /. Thus, for any firm i hiring external seniors, % < 2.
w v
(ii) On the other hand, for external seniors to be hired, there must be a firm j releasing
their internal talent. That is, firm j’s talent constraint is slack. This implies that ;1; = 0. First

notice that firm j does not hire externally (n?’ex = 0). If firm j hires externally, then it can
h_o

’Y»yh

constraint is slack. This keeps the capacity constant while strictly decreasing the wage bill.

always reduce the external hiring by € and increase internal hiring by g, as the talent

Second, notice that firm j employs juniors (n} > 0). If n} = 0 and n"** = 0, the
talent constraint implies n;”" <(1- dh)n?’m, which is impossible. Moreover, the capacity
constraint binds. If not, the firm could reduce costs by firing juniors and strictly raising the
profit. This implies that \; > 0.

h,ex

Because for firm 7, né > 0and n;™" = 0, the first-order conditions for firm j with respect

h,ex

to né and n;j“" are

wl - )\jryl?

wh > )\jyh.
Therefore, wages are strictly positive. Taking the ratio yields:

’LUh

| =

SIgt

(6)

. h h h .. . .
Comparing (5) and (6), we have ¥ < & < %, a contradiction. Thus, no firms hire
w 0% w
external seniors in stationary equilibrium. Every firm hires juniors and hires seniors only

from the ILM (n}, > 0 and n/"" > 0).

ii. Next we prove that the capacity and talent constraints are binding. If the capacity
constraint is slack, then each firm can reduce n);"* and n!, in proportion to satisfy the flow
constraint while strictly reduces the wage bill. Second, suppose the talent constraint is
slack for a positive mass of firms (n]""™ < (1 — dj,)n!"" + q(1 — d;)n}). These firms release
talent into the external market, implying the aggregate supply of external seniors is strictly
positive. However, we have shown that the demand for external seniors is zero for all

firms. This violates the market clearing condition. Thus, the talent constraint must bind:

44



dynl"™ = q(1—d;)n. Because both capacity and talent constraints are binding, they uniquely

pin down n,""* and n! in the stationary equilibrium and every firm is symmetric. u
Proof of Lemma 6. From Lemma 5, we know n! > 0, n? "~ 0, and n? ““ = 0. Therefore,

the first-order condition for junior workers n! is:

oL

l l
ol = + Ay + (1 —di) = 0.

For internal seniors n}7}7, it is:

oL

hin = M0 [—w" + Ay + peaa (1= dy)] = 0.
onyy

. h ey .
For external seniors n,”“", it is:

oL

e = W N o) + (1 —dy) = 0.
on,’

The condition holds with equality because of competitive equilibrium.
In the stationary symmetric equilibrium, multipliers are constant (A, = A,y = p).

Rearranging these equations yields:

w" = A" — o) + (6A0)(1 — dp,) = A" — o + 60 (1 — dy)],
w' = M 4 (0Aa)q(1 — dy) = Ay + doq(1 — dy)].

The multiplier ) is positive because the capacity constraint binds. Dividing w" by w!

eliminates A and yields the result I'. u
Proof of the Corollary 1. This follows from Lemma 6. [

Proof of Lemma 7. We first prove that, if there is a symmetric equilibrium involving exter-
nal hiring, we can always construct a symmetric equilibrium that achieves the same profit
for the firm without external hiring but strictly increases the firm’s capacity.

Suppose that firms hire external seniors during the transition (n]"** > 0). In a symmetric
equilibrium, the supply of external seniors corresponds to the seniors that firms fail to
retain. Thus, a firm hiring n/"*" external seniors could explicitly choose to retain these
workers instead.

Consider this alternative strategy: the firm sets 7, = n/"" + n)"* and 7" = 0.

This reallocation maintains the total senior workforce and the wage bill w(n"" + n"").
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Furthermore, because the total number of seniors remains unchanged, the firm carries the
exact same talent pool into the next period, satisfying all dynamic constraints. However,
because internal seniors possess firm-specific capital while external seniors do not, total
capacity increases. Therefore, it is without loss of generality to focus on the symmetric
equilibrium with internal hiring only. We next prove that the slack capacity constraint
implies that the original plan is suboptimal if the firm’s optimal strategy requires the
capacity constraint to bind.

To show that the capacity and talent constraints bind, we analyze the firm’s dynamic
optimization problem. The firm maximizes discounted profits subject to both constraints.
Although firms hire only internal seniors in equilibrium, the availability of external hires
determines the market wage w;'. Let \; be the Lagrange multiplier for the capacity constraint
and ji; be the multiplier for the talent constraint. The Lagrangian is:

o
h hi
L= E 5t{zy — WP — whn — win!
=0
h h, h, B 0
+ A [(7 _U)”tex‘FVntm‘f"Y”t_Z}

(0= ) o1 g =]

The first-order conditions for n,"*", n!, and n};/;’ characterize the firm’s optimal hiring;

—wi +M(Y" =) + (1 = dp) = 0,
—wi + Ay + ug(1—dy) =0,
0 [_w?—&-l + A1+ p (1 — dh)} — e =0.

These three conditions imply p; = d\y10 and

w = M(Y" — o) + 60 (1 — dp) My,
wy = My + 0oq(1 — di) Ay

h

t —

w

That is, in a dynamic symmetric equilibrium, the no-arbitrage condition becomes
Ae(y"—0)+d0(1—dn)Aes1
Ay +ooq(1—di) At
adjust instantly to the new steady-state levels following a permanent shock: \; = A\. Asa
(' —0)+6(1—dp)o
v +dq(1~di)o

Finally, we need to prove A (and hence p) is positive. This is done by solving the wages

I
Wy

. In the linear economy with competitive labor markets, shadow prices

result, w—}[ =
w

out from the no-arbitrage condition, workers’ value equations, and the free-entry condition
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as before. The expressions of the wages can be easily calculated from the no-arbitrage
condition and the value functions. Because the derived market wages are strictly positive,
the shadow price A (and consequently 1) must be strictly positive. By the Kuhn-Tucker
conditions, A > 0 and p > 0 imply that both constraints bind at the optimum. This
concludes the proof. |

We first prove a lemma characterizing the firm’s value function.

Lemma A.1. With firm-specific human capital, the firm’s value function is linear in its internal

2(y — M)
1—6

senior stock:
V(n"") = Ao " 4

where \ = is the shadow price of capacity.

w!
vi4b0q(1—dy)
Proof of Lemma A.1. We conjecture a linear value function V (n™") = A 4+ Bn™™". Substi-
tuting this into the Bellman equation V (n,"™) = zy — w’n,""* — w'nl + 6V (n];") and using
the wage expressions from Lemma 6, we match coefficients.

( h._hjin

First, the binding capacity constraint implies n} = (z — v"n,"™) /4. The transition law

h,in

isng, = = ¢n"™ + C, where ¢ and C are constants defined by the binding flow constraint.
Matching the slope coefficients yields B = Ao. Matching the constant terms yields A =

2(y=A)
15 °
The expression for A follows from the junior wage equation derived in the proof of
Lemma 6, w' = A[y! + doq(1 — d;)]. |

Proof of Proposition 7. For part (7), differentiating A with respect to the parameters shows
that 23 aoh < 0, 2 By 2% < 0,and @ < 0. This implies the shadow cost of capacity falls with Al
1mprovements

Using the value function V (n)"™) = Aon,"" + Z(y ’\ , we differentiate with respect to A:

a_v_ hjin z
ax M Ty

Since the firm’s total capacity is z and internal seniors produce vh > o, the total specific cap-
ital rent cannot exceed the total capacity value, so on,"" < z < %5. Thus, ¥ < 0. Because
Al lowers )\, and lower ) increases V, the firm value increases mstantly. Simultaneously,
the marginal value of an incumbent is Ao, which strictly falls as A falls.

For part (ii), from Lemma A.1, V(n/""") is linear and increasing in n"" (since Ao > 0).
From the transition analysis, we know n;"" can oscillate during the transition. Therefore,

V (n,) can also oscillate. Specifically, if n,""" < n*, then V (n]"™) < V (n»"*). |
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Proof of Lemma 8. We first show that c* strictly decreases following any positive AI shock.
From Equation (1), c* = ”“g—ll +£. Substituting the steady-state junior wage from Proposition
1 and letting A=1—-6(1 —dp,) > 0and B = 6¢q(1 — d;) > 0, we can write:

A+ B F

ol 2 o
= )71A+'yhB+z

The comparative statics follow by inspection. The denominator 7' A + "B is strictly in-

oc*

g

increasing in ¢. Let f(B) = ’Ylﬁ-l-% Differentiating with respect to B gives a numerator of

(YA+~"B) — (A+ B)y" = A(y' —=+") < 0,50 G- < 0.
Because c* falls in all three cases, the zero- proﬁt condition requires the equilibrium

creasing in 7" and in 7/, so < 0 and g—fl < 0. For a learning shock, B is strictly

price y(Q*) to fall. Since demand is downward sloping, Q* strictly increases, and hence

M* = Q)*/z strictly increases.

Next, we analyze the effect on aggregate employment. Letn = ( égQ) 5= > Obe the price
elasticity of demand. Since y(Q*) = ¢*, differentiating yields 4% = —pdnc — n|dccfdx| for

any parameter = € {v",4!, q}.

Aggregate senior employment is N = M*n/* = Taking the natural logarithm

W
gives:

In N =InQ* — ln(”ylS* + 'yh).

Case 1: Productivity Shock (v € {7",7'}).
The span S* = W
aggregate senior employment with respect to ~:

ln('ylS*—i-’yh)

is independent of . Therefore, e

> 0. Differentiating

dIn N™  |dc*/dy| B dIn(y'S* +~")
dy T dry '
c* dln('ylS*—i-'yh)

e -
senior employment rises if and only if demand is sufficiently elastic (n > 7,). Because

This expression is strictly positive if and only if >

Thus, aggregate

N = S*N"™ and S* is constant, aggregate junior employment moves in the exact same
direction, subject to the identical threshold.

Case 2: Learning Shock (q).
Differentiating aggregate senior employment with respect to ¢ gives:

dln N™  |dc*/dg| dIn(y'S* + ")
dq T dq '

Because S* is strictly decreasing in ¢, the term ~'S* + " strictly decreases, meaning
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dIn(ylS* 44 o din(4'S* 44" -
% < 0. Since both n% > 0 and —% > 0, we have % > 0
unconditionally. Therefore, aggregate senior employment unambiguously rises, regardless
of the elasticity of demand.

For aggregate junior employment, N** = S* N"*. Taking the derivative:

dln N*  dln S* +d1nNh* dins* dc* /dg]  dIn(y'S* +~")
= = n " —_

dq dq dq dq c dq
Because % < 0, the net effect depends on 7. Aggregate junior employment rises if and
only if 7 is sufficiently large to offset the drop in the span S*. |

Proof of Proposition 8. Part (i): Att = 1, the permanent Al shock changes the parameters.
As shown in the baseline model, wages depend only on parameters and adjust immediately.
The per-task cost therefore drops to cy; at once, and the free-entry condition y(M;z) = ¢,
implies M, = M}, forallt > 1. By Lemma 8, M}, > M.

Part (ii): Att = 1, the aggregate supply of seniors is fixed by the previous period’s flow:
N = Mynl* = NJ*. With M}, active firms, the binding aggregate capacity constraint gives

* h hx*
o Mz — var Ny

]
Yar

N

For a learning shock, productivities are unchanged (7%, = 7, 74, = 1}), so NI — N}* =
(M4, — My)z/~} > 0: junior hiring strictly increases.

For a productivity shock, M}, is increasing in the elasticity of demand 7. When 7 is large,
My, is large, and the expansion term M3,z dominates, so N > N}*. When 7 is small,
M, is close to My, the higher productivities 74, and +/,; reduce the need for workers, and
Ni < Nk,

Part (iii): For ¢ > 2, the aggregate flow condition is N}, = (1 — dj,) N} + qas(1 — d;)N}.
Substituting N} = (M3;2 — v%,N")/~Y; gives the linear difference equation

h *
qgar(1 —d) M3,z
Nt}zrl = |1— dh — qA[(l — dl>—724[ Nth + AI( 7 l) Al .
AT Yar

-~

=¢

1-d,
1-d -

The starting phase of the transition depends on the initial deviation N* — N*. By

The dynamics oscillate if and only if ¢ < 0, which holds when ¢4 ]zzﬁ >
AT

Lemma 8, under a learning shock, N* < N%* always holds. Under a productivity shock,
Nb* < N holds if and only if demand is sufficiently elastic. Whenever NJ* < N, the

economy enters the transition with a relative shortage of seniors. The initial junior hiring
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boom at ¢t = 1 produces a wave of new seniors at ¢ = 2 that overshoots the steady state
(N > Nk*), meaning the oscillation begins from above. Conversely, when N/* > N*
(which only occurs under a productivity shock with inelastic demand), the economy starts
with an oversupply of seniors, junior hiring contracts at t = 1, and the oscillation begins
from below.

|

Proof of Proposition 9. We first show that the steady state is unstable, then characterize the
two-period cycle and its wages.

Instability. From the task constraint (Lemma 1), N} = (Z — 4"N[") /+'. Substituting into
the flow equation (FC):

h 1—d
Nh, = (1 —dy —q(1 —dﬂ%) Nt’ur%

(& J/
-

¢

Z.

Writing N = N"* +¢, gives ;.1 = ¢ &;. Since ¢ < 1 always holds, stability requires ¢ > —1,

2—d,
14"

magnitude while alternating in sign.

i.e., ql—lz < When this condition fails, ¢ < —1, and perturbations grow weakly in

Reaching the corner. Since |¢| > 1 and ¢ < 0, the sequence {N;'} oscillates with non-
decreasing amplitude around N"*. There exists a period T such that 7" N2 > Z, at which
point N} = 0.

The two-period cycle. Oversupply state. The firm needs only Z/~" seniors to complete
all tasks. However, the total mass of seniors at the beginning of the oversupply state is
NG =(1—dp)*Z +q(1 - dl)dg—lz. Since N} > Z/~", supply exceeds demand. Competition
drives the senior wage to wn,,. No juniors are hired. Employed seniors stay in the firm.

Unemployed seniors lose their skills and receive their outside option. Thus, a senior
Z/’yh
NG
Shortage state. Of the Z/~" employed seniors from the oversupply state, a fraction dj,

entering the oversupply state is employed with probability P = <1

exits, leaving (1 — d,) Z/~" seniors who can complete (1 — dj,)Z tasks. The remaining dj, 2
tasks require d;,Z/+' juniors. Both types are employed, so by Lemma 2, w? /wl = 7" /4.
Persistence of the cycle. From the shortage state, the next-period senior stock is

1 —dy)Z

dy 2
N = (1= dy)! = +q(1 —d)=

A

where the first term counts surviving seniors and the second counts newly promoted juniors.

(No juniors were hired in the preceding oversupply state, so that cohort contributes zero.)

50



The task capacity of these seniors is

h
’thh = (1 — dh)QZ + Q(l — dl)% dh Z.

This exceeds Z if and only if qvl’; > 211‘2’; , which holds by assumption. The economy returns
to the oversupply state, and the cycle repeats. Note that N" matches exactly NJ.

Wages in the shortage state. Let v = v/(1 — §) denote the present value of the outside
option. Let v}, and v’ denote the expected continuation values of a senior entering the
oversupply and shortage states, respectively. Incorporating the employment probability P,

these values satisfy:

vty = P [Wiin + (1 — dp) v& + 5 dy, 0] + (1 — P)v, (7)
vl = w4+ (1 — dp) vl + 5 dy 0. (8)

Solving (7)—(8) for v}:

Pmin + PO(1 — dp) wh + {P8dy [1+6(1 — dp)] +1— P} ©

h _
vo = 1— Po%(1 — dy,)? ®

For a junior in the shortage state, a junior who is not promoted enters the oversupply
state, where no juniors are hired, and returns to the junior pool in the following shortage
state. The continuation value of an unpromoted junior is therefore v+ 4 v%. By the free-entry
condition, v = ¥, so this continuation value equals v + § o = . The junior value function
in the shortage state is

v=wy+06(1—d) [qu}+ (1—q)v] +0dv.

Rearranging:
[l —04+6(1—dp)q] =wk+6(1—d)quph.
Substituting (9) with w? = (v"/4") wk, using v = v/(1 — §), and solving for w yields:

v{l = P&*(1 —dy)*+ Péq(1 — d;)[1 + 6(1 — dp)]} — Pd q(1 — d;) Winin
1= P3(1 — dp)* + Po%q(1 — dy)(1 —dy) &7 '

wly =
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Figure 7: Simulation of the Transition of Discounted Firm Value and Current Profit. Parameters:
y=3,0=0.50=0.99, v =0.25 and the remaining parameters are same as Figure ??.
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Figure 8: Simulation of the Transition of Discounted Firm Value and Current Profit. Parameters:

y=3,0=0.50=0.7,v = 0.25, and the remaining parameters are same as Figure ??.
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