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Abstract

Ridesharing platforms match riders and drivers, using dynamic pricing to balance supply and demand.
The origin-based “surge pricing”, however, does not take into consideration market conditions at the desti-
nations of the trips, leading to inefficient driver flows in space and incentivizes drivers to strategize. In this
work, we introduce the Iterative Network Pricing mechanism, addressing a main challenge in the practical
implementation of optimal origin-destination (OD) based prices, that the model for rider demand is hard
to estimate. Assuming that the platform’s surge algorithm clears the market for each origin in real-time,
our mechanism updates the OD-based price adjustments week-over-week, using only information imme-
diately observable during the same time window in the prior weeks. For stationary market conditions,
we prove that our mechanism converges to an outcome that is approximately welfare-optimal. Using
data made public by the City of Chicago, we illustrate (via simulation) the iterative updates under our
mechanism for morning rush hours, demonstrating not only substantial welfare improvements but also
remarkable robustness amid the significant fluctuations of market conditions from early 2019 through the
end of 2020.

1 Introduction

Ridesharing platforms have revolutionized the way people commute and travel in recent years. Central to
their success is the emphasis placed on providing reliable transportation services to riders." When rider
demand surpasses available driver supply in an area, the dynamic “surge pricing” adopted by these platforms
increases the prices for trips originating from the area [Castillo et al., 2017]. This maintains sufficient density
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ILyft, for example, advertises itself as “a ride whenever you need one” (https://www.lyft.com/, accessed May 16, 2023),
and Uber aims to provide “transportation that is as reliable as running water” (https://www.uber.com/en-au/blog/melbourne/
transportation-that-is-as-reliable-as-running-water/, accessed May 16, 2023).
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(a) Average flow imbalance of different neighborhoods. (b) Flow imbalance over time, 2019-2020.

Figure 1: The trip flow imbalance during weekday morning rush hours in Chicago: average of first 9 weeks of
2020 (left) and temporal trends for two neighborhoods (right). Week 60 corresponds to the COVID shutdown
in March 2020, which substantially changed the market dynamics and reduces the imbalance of residential
areas due to work-from-home arrangements. See Section 5 for more details.

of driver supply in space, and guarantees that rider wait times would not exceed a few minutes [Rayle et al.,
2014, Castillo et al., 2017, Yan et al., 2020].

When a platform’s origin-based pricing algorithm does not appropriately factor market conditions at the
destination of the trips, however, the resulting spatial distribution of driver supply can be highly inefficient.
This issue becomes especially pronounced when demand patterns are driven more by trip destinations than
origins. For instance, during morning rush hours in major cities, a substantial number of riders seek trips
that end downtown, irrespective of whether they start in the city center or in a residential area. However,
relatively few riders request trips that end in the residential neighborhoods.

Figure 1a illustrates the (relative) flow imbalance of different neighborhoods in Chicago during morning
rush hours. The flow imbalance of a location is defined as (outflow — inflow)/(outflow + inflow), where
the outflow and inflow refer respectively to the number of trips that originate from and end at the location
per hour. Downtown Chicago (usually referred to as “The Loop”) is a highly popular destination. Prior to
the COVID shut-down, an average of over 4000 trips ending in this area per hour while just slightly more
than 1000 trips originate here. In contrast, the North Side’s Lake View neighborhood sees over 1000 trips
originating per hour, while only approximately 300 trips end there in the same amount of time.

Under origin-based pricing, the two trips depicted in Figure 1a will have identical prices since they start
from the same location and cover the same distance. This incentivizes drivers to cherrypick, since a driver
arriving in the residential area is likely to be dispatched a high surge trip immediately, while a driver who
arrive in the downtown area may need to deadhead (i.e. relocate without a rider) for a substantial period of
time before receiving any dispatch. This disparity in drivers’ continuation earnings also suggests that origin-
based pricing is inefficient in its use of drivers’ time, and fails to properly distribute drivers towards areas
where supply is more valuable.



In the rapidly growing literature on ridesharing platforms, some existing work already studies origin-
destination (OD) based pricing to provide efficient and reliable transportation. In particular, Ma et al. [2022]
show that it is not only welfare-optimal but also incentive-aligned (i.e. it is to the drivers’ best interest to
accept all trip dispatches) to set OD-based prices of the following form:

(trip price) = (trip cost) + (marginal value of a driver at trip origin)

— (marginal value of a driver at trip destination).

We refer to the difference between the marginal value of a driver at a trip’s origin versus its destination
as the OD-based adjustment. This is the network externality of completing the trip, and also the value of
teleporting a driver from the destination back to the origin. Since a driver in the residential area is intuitively
more “valuable” than one in downtown, the trip to downtown would command a higher price under optimal
OD pricing. This not only reduces driver supply in the already saturated downtown area (by reducing rider
demand for trips heading downtown), but also compensates the driver for the lower continuation earnings
from downtown onward with a higher earning from the current trip.

Despite these theoretical advancements, the practical implementation of optimal OD-based pricing presents
significant challenges. In theory, the marginal values of drivers at different locations are derived from the
dual variables of the welfare-optimization problem. Formulating the primal and dual programs, however,
necessitates a rider demand model (i.e. the expected number of riders requesting a ride at any given price for
each OD pair), which proves very difficult to estimate in practice for a number of reasons:

+ Endogeneity. Consider a trip typically priced at $20. The platform is likely to have a solid understanding of
rider demand at this price, as well as the local price sensitivity (due to natural price fluctuations resulting
from fluctuating supply levels, or through local price exploration). However, estimating rider demand at
$10 or $30 presents considerable challenges. First, the trip may never have been priced as low as $10.
Furthermore, although prices might have surged to $30 during inclement weather or special events, such
observations are not as useful when pricing trips under normal market conditions.

« Slow market equilibration. An abrupt drop in the price of a trip from $20 to $10 may induce a modest demand
increase in the short run, but one could plausibly anticipate that the demand will continue to increase for
many weeks, as riders react by, for instance, deciding against renewing their monthly work parking passes.
Long-term price exploration is, however, not only costly but also inequitable (subjecting rider groups to
different prices for extended periods of time).

« Heterogeneity in space and time. The shape of the demand function may vary substantially across trip origin,
destination, and time of the week. These variations could be attributed to neighborhood-specific charac-
teristics, public transit availability, fluctuating traffic conditions, etc. Consequently, assuming a universal
functional form for all trips (whether in terms of prices or surge multipliers) is unlikely to yield accurate
estimations of rider demand.

1.1 Ouwur Results

In this work, we propose the iterative network pricing (INP) mechanism, which enables a ridesharing platform
to implement optimal OD-based pricing without the need to estimate a rider demand model. Assuming that
the platform’s dynamic pricing algorithm finds the origin-based market-clearing multipliers in real-time, our
mechanism iteratively updates the OD-based additive price adjustments week-over-week, relying only on



information immediately observable by the platform during the preceding weeks.

Take the Chicago morning rush hour as an example. Since a driver heading to the residential area has
higher continuation earnings than one taking a rider downtown, it is intuitive that driver supply is less
valuable in downtown, and a trip to downtown should be priced higher. thus a trip to downtown should be
priced higher. Without a demand model, the platform cannot compute the optimal price difference between
the two trips. The platform can, however, set the downtown trip’s price to be $1 higher than the trip to the
residential area for the following week. With this additive, relative adjustment, the platform’s surge algorithm
finds the market-clearing origin-based multipliers which determine the new absolute levels of the trip prices.
The difference in drivers’ continuation earnings from trips to these two locations is likely to be reduced, but
a significant disparity may still exist. At this point, the platform could increase the price difference to $2,
then review the market-clearing outcomes after another week, and so forth.

In practice, iteratively updating the OD-based adjustments can be effective, as Figure 1b suggests that
the spatial imbalances of trip flows remain relatively stationary week-over-week (in the absence of turmoils
such as the COVID shutdown, which took place around week 60). Moreover, it is relatively easy to adapt
the platform’s online-control style origin-based pricing algorithm to accommodate additive adjustments. To
operationalize this idea, we address address in this work the following questions:

« Given a current origin-based market-clearing outcome, what would constitute a good “direction” for up-
dating the OD-based adjustments for a metropolitan area with more than two neighborhoods?

« What should be an appropriate stepsize that the platform takes each week in this desired direction?

« Will this iterative process converge? If so, will it converge to the optimal OD-based prices?

Model. We study a continuous time, non-atomic setting, modeling the operation of a ridesharing platform
during a particular time window of the week, e.g. morning rush hours on Wednesdays.” There is a fixed
amount of driver supply and a set of discrete locations. Each origin-destination (OD) pair, representing a
potential trip, is characterized by the duration of the trip, the cost incurred by a driver for fulfilling the trip,
and a rider demand function which specifies the amount of riders requesting this trip (per unit of time) at
different price levels. The platform does not know the entire rider demand functions, but can observe the
demand levels and the (local) price sensitivities at the realized trip prices each week.

We assume that supply and demand are stationary during the focal time window in any given week,
and that the market condition does not change week-over-week.” We also assume that during each week,
the platforms’ dynamic pricing algorithm determines origin-based multipliers that clear the market, meaning
that (i) riders are picked up if and only if they are willing to pay the prices of their trips, (ii) all drivers are
dispatched to pick up a rider or relocate to some location, and (iii) the inflow and outflow of drivers are
balanced for every location. Finally, we assume that drivers always follow the platform’s dispatches.

Main Results. We first establish a welfare theorem (Lemma 1), that an outcome is welfare-optimal if and
only if it can be supported by OD-based trip prices in a competitive equilibrium (CE). We show that optimal CE
prices consist of three parts: (i) the cost incurred by drivers to complete the trip; (ii) a multiplicative part (i.e.

2We focus on a particular time of the week because the demand pattern during the morning rush hours on a Wednesday is
typically similar to that of the previous Wednesday (see Figure 1b), but can be very different from earlier or later times on the same
day (see Figure 16 in Appendix C). A platform may adopt multiple INP mechanisms in parallel for other time windows with their
own distinct demand patterns, e.g. weekday mid-day, evening rush hours, or weekend bar hours.

3Appendix C.1 discusses the stationarity assumption for the market conditions within our focal time window. Briefly, the
duration of most trips is significantly shorter than the period over which market conditions remain relatively unchanged.



a multiplier that is uniform across all locations, times the duration of the trip) reflecting the opportunity cost
of drivers’ time for fulfilling the trip; and (iii) an additive adjustment dependent on the origin and destination
of the trip, representing the externality imposed on the entire system by moving a driver from the trip origin
to the trip destination.

A platform is not able to directly compute the optimal OD-based adjustments without the rider demand
model. When the OD-based adjustments are absent or suboptimal, the platform’s dynamic pricing algorithm
will need different origin-based multipliers to clear the market for all locations. We show that for any given
set of OD-based adjustments, there exists a unique origin-based market-clearing outcome, provided that the
platform coordinates the relocation of drivers who are not assigned rider trips (Lemma 2). Furthermore, the
welfare loss of such outcomes (relative to the welfare-optimal outcome) can be bounded by the differences in
the multipliers across different locations (Theorem 1), despite the fact that quantifying the achieved welfare
or the optimal social welfare is not possible without a demand model.

An iterative network pricing (INP) mechanism starts with an initial origin-based market-clearing outcome
with no OD-based adjustments. At each subsequent timestep (e.g. the following week), the mechanism up-
dates the OD-based adjustments and observes the new outcome resulting from the market-clearing process.
By establishing a correspondence to Newton’s method for solving systems of equations, we prove that our
mechanism converges to an outcome that is approximately welfare-optimal when the market condition is
stationary (Theorem 2). Using data from Chicago’s morning rush hours, we illustrate (via simulation) the
iterative updates under our mechanism, showcasing not only substantial welfare improvements but also re-
markable robustness amid the significant fluctuations of market conditions from early 2019 through the end
of 2020.

From a technical perspective, our problem is similar to various iterative mechanism design scenarios,
where neither primal nor dual objective can be evaluated but a direction for improving the dual objective
may be identified. Our setting, however, introduces unique challenges. In contrast to settings such as iter-
ative combinatorial auctions [Parkes and Ungar, 2000], where the market designer can “query” the demand
model at any hypothetical set of prices (by soliciting agents’ preferred bundles), we are only able to observe
rider demand at actual origin-based, market-clearing outcomes. This necessitates a characterization of such
outcomes, which we provide in Section 3.

Furthermore, the natural idea of gradient descent specifies a direction to update not only the OD-based
adjustments but also the origin-based multiplier, but this cannot be implemented since the origin-based mul-
tipliers are determined by the market-clearing process and are not directly controlled by the platform. To
guarantee progress, a platform needs to anticipate how the market-clearing multipliers will change as the
platform makes (small) updates to the OD-based adjustments. We show that this is possible using information
immediately available from the past market-clearing outcomes, including trip throughput, driver earnings,
and (local) price sensitivity (Lemma 3). The INP mechanism we propose updates OD-based adjustments to-
wards the direction to equalize (the linear approximations of) the origin-based multipliers at all locations, and
takes an appropriately sized step to ensure the multipliers don’t change too drastically at any given location.

1.2 Related Work

The rapidly growing literature on ridesharing platforms covers both empirical studies of current platforms
and theoretical analysis of market designs. Empirical studies have demonstrated the effectiveness of origin-
based surge pricing in improving reliability and efficiency [Hall et al., 2015], increasing driver supply during



high-demand times [Chen and Sheldon, 2015], and creating incentives for drivers to relocate to high-demand
areas [Lu et al., 2018]. Additional topics include consumer surplus [Cohen et al., 2016, Castillo, 2020], the
labor market of Uber drivers [Hall et al., 2017], the longer-term labor market equilibration [Hall and Krueger,
2016], the value of flexible work arrangements [Chen et al., 2019, 2020, Xu et al., 2020] and the gender earnings
gap associated to “learning-by-doing” [Cook et al., 2018]. To the best of our knowledge, no empirical study
addresses the challenge of demand model estimation for ridesharing platforms in the presence of endogeneity,
heterogeneity, and different short term and long term demand elasticity.

A variety of policy and regulation related topics have also received attention from the theoretical mod-
eling community, including the growth of two-sided platforms [Lian and Van Ryzin, 2021, Fang et al., 2019],
competition between platforms [Lian et al., 2021, Ahmadinejad et al., 2019, Fang et al., 2020], operations in the
presence of autonomous vehicles [Ostrovsky and Schwarz, 2019, Lian and van Ryzin, 2020], and utilization-
based minimum wage regulations [Asadpour et al., 2023].

For dynamic matching in ridesharing platforms, Ashlagi et al. [2018], Dickerson et al. [2018] and Aouad
and Saritag [2020] focus on matching between riders and drivers and the pooling of shared rides, considering
the online arrival of supply and demand in space. Further, Kanoria and Qian [2020], Qin et al. [2020] and
Ozkan and Ward [2020] design policies that dispatch drivers from areas with relatively abundant supply,
while Cai et al. [2019] and Pang et al. [2017] look at the role of information availability and transparency in
platform design. Castro et al. [2022] demonstrate how to use drivers’ waiting times (in airport driver queues)
to align incentives and reduce inequity in earnings when some trips are more lucrative than the others. State-
dependent dispatching [Banerjee et al., 2018, Castro et al., 2020], driver admission control [Aféche et al., 2023]
and capacity planning [Besbes et al., 2022] are also studied using queueing-theoretical models.

On the pricing side, Castillo et al. [2017] and Yan et al. [2020] demonstrate the importance of origin-based
dynamic pricing in maintaining supply density in space and reducing waiting times for riders; [Banerjee et al.,
2015] demonstrate the robustness of dynamic pricing in comparison to static pricing when the platform may
have imprecise information on the arrival rate of rider demand; Bimpikis et al. [2019] and Besbes et al. [2020]
study revenue-optimal pricing when supply and demand are imbalanced in space; Garg and Nazerzadeh
[2020] show that additive instead of multiplicative pricing is more incentive aligned for drivers when prices
need to be origin-based only; Rheingans-Yoo et al. [2019] study pricing in the presence of driver location
preferences; Freund and van Ryzin [2021] discuss the cycles of volatile driver supply when the platform adopts
two prices when pricing trips, and Yu et al. [2023] analyzes the price cycles arising from divers collectively
turning offline to drive up prices.

The closest works to ours are Ma et al. [2019] and Cashore et al. [2022], which we briefly discussed
earlier in the introduction. Ma et al. [2019] study a deterministic, complete information setting to model
spatial imbalance and temporal variation of supply and demand. They demonstrate that various existing
market failure in today’s ridesharing platforms are symptoms of inefficient pricing, and prove that optimal
OD-based pricing with the structure discussed earlier is both welfare-optimal and incentive-compatible (i.e.
it forms a subgame-perfect equilibrium for all drivers to accept all dispatches from the platform). Cashore
et al. [2022] generalize the model to a stochastic setting, and prove that the same pricing structure is still
optimal and incentive aligned in large markets. Both works, however, assume that the platform has access
to the correct demand model, which has proven to be very difficult to estimate in practice. In this work, we
propose mechanisms that optimizes origin-destination based pricing via iterative updates without using any
model for rider demand.



2 Preliminaries

In this section, we introduce a continuous time, non-atomic model for the operation of a ridesharing platform
for a particular time period of the week, e.g. morning rush hour on Wednesdays. During this period of time,
we assume that driver supply and rider demand are stationary. We characterize welfare-optimal, competitive
equilibrium (CE) outcomes for the time-window of interest, which serve as the target of the week-over-week
iterative pricing process discussed in Sections 3 and 4.

Let m > 0 be the total units of driver supply, and n > 1 be the number of discrete locations, which form
aset L = {1,2,...,n}. Each pair of locations (i, j)) € L? represents a trip from i to j. Let d;; > 0 be the
duration of the trip, i.e. it takes a driver d; ; units of time to drive from i to j. Let ¢;; > 0 be the cost of the
trip, including the cost of time, driving, fuel, wear-and-tear, etc., for a driver who completes a trip from i to j
(with or without a rider). Trip durations and trip costs do not have to be symmetric, i.e. for i # j, it is possible
that d;; # dj; and ¢;; # cj;. Let ¢;j : Ryg — Ry be the demand function for the trip, where g; ;(r) is the
amount of riders (per unit of time) traveling from i to j and willing to pay at least r. Assume that (i) g; ;(-)
is continuously differentiable and strictly decreasing (i.e. g; j(r) < 0 for all » > 0), and (ii) /OOO qi,j(r)dr < oo,
i.e. the total rider value is finite.*

Assume that the platform can observe the total driver supply m, trip duration d = (d;;)(; j)er2, and trip
costs ¢ = (cij)(ijjer?- The rider demand model q = (g;;)(; j)er? is not known to the platform, though the
platform is able to observe the demand and local price sensitivity at the current trip prices. Formally, if a trip
(i, j) € L£?is priced at r, the platform observes g; ;(r) and q; ;(r). The tuple (m,d, ¢, q) specifies an economy,
i.e. the market conditions during this focal time window (e.g. morning rush hour on Wednesdays).

Outcomes. An outcome describes the flow of drivers and riders in space, as well as payments for drivers
and riders associated to each trip. Formally, an outcome is a triple (x,y, p), where for all (i, j) € L2, x; j=0is
the rider flow rate from location i to location j, y; ; > 0 is the rate of driver flow from i to j (either completing
a rider trip, or relocating without a rider), and p;; > 0 is the price of the (i, j) trip that is collected from
all (i, j) riders who are picked up, and paid to all drivers traveling from i to j with a rider.” An outcome is
feasible and stationary if the followings hold:
(F1) Trip prices are non-negative, ie. Vi, j € L, p;; > 0.
(F2) The rider flow does not exceed the driver flow for any trip,ie. Vi, j € L, x;; < y;;.
(F3) The outcome does not require more drivers than the available supply, i.e. 2; jc r di jyij < m.
(F4) The driver flow into and out of every location is balanced, i.e. Vi € L, > jcr yij = 2jer Yji-

Unless stated otherwise, when we mention an outcome in the rest of the paper, it is assumed to be feasible
and stationary. We also assume throughout the paper that riders requesting the same trip are picked up in
decreasing order of their values.” For each (i, j) € L2, let v; ;(-) be the inverse function of ¢;;(-), i.e. v;;(s)

4We work with demand functions in this paper, which determine riders’ value distributions, and vice versa. Let Q; ; > 0 be
the number of riders (per unit of time) who would request a trip (i, j) € L? at zero price, and F; ; be the cumulative distribution
function (CDF) of their value. Then g; () = Q; ;- (1—F; j(r)) for all¥ > 0. The assumption that g; ;(-) is continuously differentiable
and strictly decreasing means that the probability density function of rider values dF; ;(r)/dr is continuous and strictly positive
for all > 0. The second assumption fom qi,j(r) dr < co implies lim, 4o q; j(r) = 0.

By construction, the outcomes are strictly budget-balanced. All results presented in this paper still hold if the platform takes
a fixed percentage of drivers’ surplus from every trip as commission.

®This is without loss for welfare-optimization, and always holds when rider best-response is satisfied, i.e. riders are picked up
if and only if they are willing to pay the trip price (see condition (R1)). The mechanisms we propose in this paper satisfy rider
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Figure 2: A stylized economy illustrating the demand pattern during morning rush hours.

the value of the s™ rider traveling from i to j. In this way, when x; ; € [0, q; ;(0)] riders are picked up for the
(i, j) trip, their total value can be written as foxi’j v; j(s) ds. Since g; j(r) is continuous and strictly decreasing
for each (i, j) € L2 its inverse v;;(s) is well defined and is strictly decreasing for all s € (0, q;;(0)). For
convenience, we define v; j(s) = oo for s < 0 and v; j(s) = —oo for s > g;;(0).

Cycles and Driver Surplus. Under an outcome (x,y, p), y specifies the overall flow of drivers in space.
To describe the movements of individual drivers, as well as their payoffs, it is convenient to use the cycle
representation of driver flows. A directed cycle is a sequence of trips ( (i, iz), (ip, i3), ..., (iz, i1)) visiting £
distinct locations before returning to the origin of the first trip. Let C be the set of all directed cycles. We
say a cycle x € C covers a trip (i, j) € L? if the cycle includes the trip from location i to location j, and we
denote this as (i, j) € k.

By flow decomposition theorem (see Theorem 3.5 of Ahuja et al. [1988]), every balanced flow can be

n?

decomposed into a weighted sum of cycles, and vice versa. Formally, given driver flow y € RZ ,

. C .. ..
Vie L, Z yij = Zyj,,- — weRl vijeL Z wel{(i, j) € k} =y . (1)
jeL jeL keC

Here 1{-} is the indicator function, and we refer to w as a (cycle) decomposition of y. Intuitively, in any
balanced driver flow, every driver’s movement in space forms a directed cycle, and w, is the amount of
drivers traveling along cycle k. Given an outcome (x,y, p), for each directed cycle k¥ € C, denote
e 2ijex(Pij —cij)
K — .
Z(i,j)e;c di,j

Consider a driver traveling along the cycle k. If for every trip on the cycle, either (i) the driver picks up a

)

rider, or (ii) the trip price is zero when the driver relocates without a rider, then y, represents the surplus rate
of the driver, i.e. the total payments minus costs from all trips divided by the total trip duration.

Example 1 (The Morning Rush). Consider the economy illustrated in Figure 2 with two locations: the resi-
dential neighborhood (location 1) and the downtown area (location 2). Every minute during the morning rush
hours, 10 riders travel from the residential neighborhood to downtown, 20 riders travel within downtown,
but no rider demands a trip ending in the residential neighborhood.

The demand functions are given by gq12(r) = 10exp(—r/40), g22(r) = 20exp(—r/10), and gq11(-) =
q21(-) = 0. This effectively assumes that riders’ values are exponentially distributed with mean 40 and
10 for trips (1, 2) and (2, 2). Trips within each location takes 10 minutes (d;; = dz2 = 10) and trips between
locations take 20 minutes (d; 2 = d2; = 20). Finally, there are m = 240 available drivers, and we assume for
simplicity that all trip costs are zero, i.e. ¢;; = 0 for all i, j € {1, 2}.

best-response at all times.



A Feasible Outcome. We can verify that the outcome (x,y, p) specified as follows satisfies conditions (F1)-
(F4), and therefore is feasible and stationary:

« the the rider flow is given by x;2 = 1, x22 = 20, and x1; = x27 = 0,

« the driver flow is given by y12 = y21 = 1, y22 = 20, and y;; = 0, and

« the trip prices are p;; = 46.05, p12 = 92.10 and p,y; = p22 = 0.

Intuitively, this outcome results from the platform’s naively “clearing the market” by origin, i.e. setting a
price rate for each location such that supply meets demand — location 2 has excess supply thus is priced at
zero; location 1 trips are priced at $4.605 per minute (i.e. p1; = d,1 X 4.605 = 46.05 and similarly p; ; = 92.10);
riders are picked up if and only if their value is (weakly) above the price. The social welfare (total rider
value minus driver cost) achieved is foxl’z v12(s)ds + /Oxz’z Ug2(s) ds — 0 = 332.10 dollars/min. This outcome is
inefficient, since all riders for the (2, 2) trip are picked up, even those with values very close to zero, whereas
many high-value (1, 2) riders did not get a ride.

Cycles and Driver Surplus. There are three directed cycles in this economy: C = {ki, k2, k3}, where x; =
((1,1)) k2 = ((2,2)) are “self loops” and x3 = ((1,2),(2,1)) is the cycle between the two locations (note
that cycles ((1,2),(2,1)) and ((2,1), (1,2)) are the same). Driver flow y can be decomposed into cycles with
weights w,, = 0, w,, = 20, and w,, = 1. We can see that this outcome is inequitable: those drivers on k;
(fulfilling the (2, 2) trip) gets zero surplus, whereas drivers on k3 (looping around the two locations) gets a
surplus of (p12 +0)/(d12 + da1) = 2.30 per minute.

2.1 Optimal Outcome and CE Prices

We now formalize the optimization problem, characterize the structure of competitive equilibrium (CE)
prices, and prove a welfare theorem, that an outcome is welfare-optimal if and only it is a CE.

Definition 1 (Competitive Equilibrium (CE)). A CE is an outcome (x, y, p) such that:
(R1) Riders are picked up if and only if their value is higher than the price: V(i, j) € L2 x;; = qi j(pi)-
(D1) Trips with relocating driver flow are priced at zero: Y(i, j) € L% (yi; > x;j = pij =0).

(D2) All drivers are used up, if there exist a cycle with a strictly positive surplus rate:

max f >0 = Z dijyij = m. (3)
keC “

i,jel
(D3) No driver is dispatched, if the surplus rate is strictly negative for all cycles:

mag(,u,C <0 = V(i,j) € L? y;j = 0. (4)
K€E

IC]
>0

(D4) The driver flow y can be decomposed into cycles with weights w € R such that every cycle with

positive driver flow has the highest surplus rate:

dw, Vk e C, we>0 = y,czmaé(y,c/. (5)
K'€e

Intuitively, under a CE, all riders and drivers get their highest possible utility given the trip prices. (R1)
can be interpreted as rider best-response, i.e. every rider decides whether they would like to be picked up given



their trip price. (D1)-(D4) together represent driver best-response, i.e. every driver is no worse off than in the
scenario where they have the freedom to (i) choose any cycle and get paid for all trips on the cycle, and (ii)
choose to not drive for the platform at all.’”

When the rider demand model ¢ = (g;;(+))(; j)e £2 (and thus the inverse functions (v; ;(-))(; j)er2) is known,
the following convex program maximizes social welfare over rider and driver flows:

Xi,j
maximize Z (/ v;j(s)ds — Cl"jyj,j) (6a)
0

nZ
x,y€eR ijeL

subject to Xij < Yijs Vi,j e L, (6b)
Z dijyij < m, (6¢)
ijeL
D ovii= )y Vie L (6d)
jeL jeL

The objective (6a) represents the total value of riders who are picked up minus the total cost incurred
by the drivers, per unit of time. Given that v;;(-) is strictly decreasing for all (i, j) € L?, its integral is
strictly concave, and thus the objective function (6a) is strictly concave. Constraints (6b)—(6d) correspond to
conditions (F2)-(F4) under which the outcome is feasible and stationary.”

Let p; j, w, and ¢; be the dual variables corresponding to constraints (6b), (6¢), and (6d), respectively. The
dual problem of the welfare-optimization problem (6) is given as follows:

qi,j (pij)
minimize mo + Z / (v;j(s) — pij)ds (7a)
peR” weR ¢ R ijeL 0
subject to pij=¢ij+ di,ja) + ¢i - ¢j, Vi,j e L, (7b)
pi,j >0, Vl,_] c .£, (7C)
® > 0. (7d)

Lemma 1 (Welfare Theorem). A feasible rider and driver flow (x,y) is welfare-optimal if and only if there exist
trip prices p such that the outcome (x,y, p) is a competitive equilibrium (CE). Moreover, for any CE outcome
(x,y, p), there exist > 0 and ¢ € R" such that

pij=cij+dijo+¢i—¢;, VijeL. (8)

This structure of CE prices are aligned with the structure of optimal and incentive compatible prices in
existing literature [Ma et al., 2022, Cashore et al., 2022] (discussed in Section 1). We provide the proof of this
Lemma in Appendix A.2. Briefly, we use standard observations about the connection between duality and

"For competitive equilibrium in two-sided markets, it is typically not necessary to require that the price be zero when supply
exceeds demand, since a negative price implies a violation of the best-response on the supply side. This is the case for our setting
as well, but we keep condition (D1) for simplicity of notation and presentation.

®Note that we did not impose non-negativity constraints on x or y, or the constraint that x; ; < g; ;(0) for all (i, j) € £L. This
is because by construction, v; ;(s) = oo for s < 0 and v; ;(s) = —oo for s > ¢;;(0), and thus these conditions are satisfied by any
solution where the objective is not negative infinity.
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market equilibrium [Shapley and Shubik, 1971, Bertsekas, 1990, Parkes and Ungar, 2000, Ma et al., 2022]. The
dual variables p and w can be interpreted as trip prices and drivers’ surplus rate, and the difference between
the dual and the primal objectives corresponds to the total violation of the driver and rider best-response
conditions (R1)-(D4). An outcome is therefore welfare-optimal if and only if it is a competitive equilibrium.

Note that we work with alternative primal and dual formulations (see Appendix A.1) that provide suffi-
cient flexibility to map any set of prices p to the dual variables. Driver best-response, however, requires that
drivers be indifferent towards all feasible paths between each pair of locations. This allows us to prove that
CE prices must have the structure in (8), consisting of three parts:

- ¢;;: the cost incurred by the driver for completing each trip (i, j) € L2,

+ d; jo: the opportunity cost of the trip, which is multiplicative and scales with trip duration.  represents
the marginal value of driver supply, and is referred to as the multiplier,

+ ¢; — ¢;: the additive, origin-destination (OD) based adjustment, corresponding to the marginal value of a
driver at the trip origin i minus that of a driver at the trip destination j. Intuitively, this can be interpreted
as the value of “teleporting” a driver from j back to i.

There are n — 1 instead of n degrees of freedom in the OD-based adjustments, since shifting all ¢;’s by
the same constant has no impact on the dual problem (7). Technically, this is because one of the flow-balance
constraints (6d) is redundant (the flow-balance of any n — 1 locations imply that the remaining location is
also balanced). We prove in Proposition 1 in Appendix A.3 that the optimal dual solution is unique up to a
constant shift in ¢, and in the rest of this paper, we use w* and ¢* to denote the optimal multiplier and the
optimal OD-based adjustments with ¢, = 0.

Example 1 (Continued). Under the optimal outcome, the platform picks up (per minute) x;, = 4 units of
riders going from the residential area to downtown, and x; 2 = 8 units of riders traveling within downtown.
The optimal welfare is approximately 459.91 dollars per minute, and the corresponding driver flow is y; ; = 0,
Y12 = Y21 = 4, and y,» = 8. Despite the fact that there is no demand from downtown to the residential area
(x2,1 = 0), some drivers relocate without a rider (y2; = 4) in order to satisfy the high-value demand on the
opposite direction.

CE Prices. The CE prices are p;1 = p22 = 9.16, p12 = 36.65 and p,; = 0, corresponding to the optimal dual
solution w* = 0.916 (dollars per minute) and ¢; — ¢; = 18.33 (dollars). It is intuitive that ¢; > ¢, i.e. the
marginal value of a driver in the residential area is higher than that in downtown. Adjusting trip prices using
¢*, the platform charges p,» = ¢y + do 20" + ¢; — 5 = 100" > 0 (so that the low-value downtown riders are
not picked up), while setting p,1 = cz1 + do10™ + ¢, — ¢ = 0 and relocate drivers from downtown back to
the residential area.

Equitable Driver Earnings. For drivers cycling between locations 1 and 2, each cycle takes dy, + dy; = 40
minutes, from which the drivers get a surplus of (p;2+0)/40 = 0.916 = " per minute. The drivers who loop
around location 2 get the same surplus rate: each (2, 2) trip takes d,, = 10 minutes, and the surplus rate is
also p22/10 = 0.916 = ©*.

In practice, without access to the rider demand model, a platform is not able to directly compute ¢*,
the marginal value of drivers by location. Instead, under the outcome (discussed in Example 1 earlier in
this section) that results from the platforms’ naively clearing the market by origin without any OD-based
adjustments, the platform achieves only 332.1/459.81 = 72% of the optimal social welfare. Moreover, drivers
earn substantially more from trips originating from the residential area than from downtown. The large gap
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of earnings suggests that drivers in the residential area are more valuable than those in downtown (which is
indeed the case, as ¢ > ¢). It is therefore natural to consider making some small adjustment, for example
¢1 — ¢ = 1, and then see what happens the next week. In the next section, we characterize the outcome
of such “surge pricing” algorithms that clear the market using origin-based multipliers in the presence of
additive OD-based adjustments.

3 Origin-Based Market Clearing

In this section, we characterize the outcome of origin-based market-clearing with OD-based adjustments,
i.e. when the platform determines origin-based “surge” multipliers to balance supply and demand for each
location. We prove that the market-clearing outcome is unique when driver relocation is coordinated by the
platform, and that the welfare-loss (in comparison to the optimal outcome discussed in Section 2) is bounded
by the difference in the multipliers at different locations. This characterization allows us to discuss in Section 4
how a platform updates the OD-based adjustments week-over-week, based on the observed market-clearing
outcomes in prior weeks.

As we have shown in Lemma 1, given the optimal OD-based adjustments ¢*, a platform can clear the
market and optimize welfare using a uniform multiplier »* for all locations. In the absence of OD-based
adjustment or when the adjustments are suboptimal, it is impossible to satisfy the best-response conditions
for both drivers and riders. Instead, as in practice, the platforms adopt origin-based multipliers & = (7;)icr
to balance supply and demand for each location, using prices of the form:

pij=cij+dijmi+¢i—¢;, Vi jeL. (9)

For instance, Example 1 illustrates such an outcome for the morning rush hours with ¢ = 0. With origin-
based multipliers 7; = 4.605 and 7, = 0, (i) riders are picked up if and only if their values are above the price,
and (ii) prices are non-negative but trips with excess supply are priced at zero. When a platform’s dynamic
pricing algorithm sets 7 to achieve the desired properties (i) and (ii), however, the resulting outcome may not
be unique and will depend the actions of drivers who are relocating without a rider.” This lack of uniqueness
in the potential market-clearing outcome imposes a challenge on the week-over-week update of the OD-based
adjustments.

Coordinated Driver Relocation. In this work, we assume that the platform coordinates the relocation
of drivers who are not dispatched rider trips. This can be modeled using phantom demand functions q =
(Gi,j(*))(i,j)er?- Specifically, if the price of a trip (i, j) € L is p;; > 0, the platform dispatches g; ; (p; ;) units
of drivers to relocate from i to j (per unit of time) without a rider, in addition to dispatching g; ;(p; ;) drivers
to rider trips. The platform has flexibility in choosing any phantom demand function g such that:

(I) Foralli, j € L, g;;(-) is non-negative, continuously differentiable, and decreasing.
(I) Foralli, j € £, d;;q;;(0) > m.
Condition (II) guarantees that the relocation flow at zero price is sufficiently high for each trip, so that
the platform will provide a relocation recommendation for every driver who is not dispatched to pick up a

For instance, when a half of the drivers who are undispatched at location 2 drives to location 1 while the other half stay
in location 2, the market-clearing multipliers are given by 7; = 5.99 and 7, = 0, and corresponding rider and driver flows are
x11 = x21 =0, x12 = 0.5, x22 = 20, and y11 = 0, Y12 = Y21 = 0.5, yo2 = 22.
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rider. When prices are strictly positive, however, it is inefficient to have drivers relocate without a rider (and
as a result not getting paid for the trip). Define this “slackness” of q as

eij =supr-q;;(r), Vije.L. (10)
r=0
Then }; jc r €;j is an upper bound for the welfare loss due to driver relocation at positive prices under g.
Unless stated otherwise, we assume (I) and (II) in the rest of the paper.

Definition 2 (Origin-based market clearing). For any economy (m, d, ¢, q), any phantom demand g, and any

OD-based additive adjustment ¢ € R", a set of origin-based multipliers & € R" is market clearing if there

exists a feasible outcome (x,y, p) with prices given by (9) such that:

(MC1) Riders best-respond to the trip prices (i.e. x;; = ¢ j(p; ;) for all (i, j) € £?), and the driver relocation
is coordinated by the phantom demand (i.e. y; ; — x;; = G; ;(pi;) for all (i, j) € L?).

(MC2) All drivers are dispatched, i.e. }; jc r d; jyij = m.

By defining the origin-based market-clearing outcome, we effectively postulate capabilities and behav-
iors of the platform’s origin-based dynamic pricing algorithm. Condition (MC2), for instance, implies that
the platform dispatches all drivers who are on the road to either a rider or a relocation trip, and does not
recommend any driver to stop driving and go offline. Among the conditions for competitive equilibria, rider
best-response (R1) is still satisfied since it is imperative for the ridesharing platforms to guarantee reliable
service for riders (see Footnote 1). In contrast, the driver best-response conditions are relaxed, mirroring the
current state of platforms, as without optimal OD-based adjustments a platform cannot ensure best-response
for both sides of the market.

Lemma 2 (Existence and Uniqueness). For any economy (m,d,c,q), any phantom demand function q, and
any OD-based price adjustment ¢ € R", there exists a unique vector of origin-based multipliers m € R" that
clears the market.

We prove this lemma in Appendix A.4. Briefly, fixing the economy and the OD-based adjustments, the
flow balance constraints (only n — 1 of them are “independent”, as discussed in Section 2) together with the
condition on total supply (MC2) impose n non-linear constraints on the origin-based multipliers & € R".
Exploiting the structure of the flow-balance constraints, we show that the set of multipliers that induce
balanced driver flows form a one-dimensional manifold, within which exactly one set of multipliers lead to
an outcome that dispatch exactly m units of drivers.

By Definition 2 and Lemma 2, we know that the origin-based multipliers s and the corresponding market-
clearing outcome (x, y, p) are fully determined by the OD-based adjustments ¢. We refer to (x,y, p, ¢, 7r) as
the origin-based market-clearing outcome associated with OD-based adjustment ¢ € R".

One challenge for analyzing the social welfare achieved by an orogin-based market-clearing outcome
using primal and dual formulations (6)—(7) is that the dual variables satisfying constraint (7b) does not provide
sufficient flexibility to represent the trip prices (9) (which now have more than n degrees of freedom). As a
result, we use the following equivalent primal formulation with additional constraints.

xi,j
maxilzfnize Z (/ v;j(s)ds — ¢ jyi; (11a)
xyeR", zeR" ijeL'\Vo
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subject to xij < Yij Vi,je L, (11b)

Z di,jyi,j =z, Vie L, (110)
jeL
Das<m, (11d)
iel
Z Yk,j = Z Yiks Vk e L. (11e)
jeL i€l

Intuitively, replacing the supply constraint (6c) with a local supply constraint (11c) in addition to the global
supply constraint (11d), the resulting dual problem below now includes additional variables 7; (corresponding
to (11c)) that can represent origin-based price multipliers:

i minimize mo + Z /ql,](pl!])(vi,j(s) - pij)ds (12a)
peERY, weR, weR", ¢ €R" ijel 0

subject to pij=cij+dijmi+¢i—¢;, Vi jeL (12b)

pij =0, Vi,je L, (12¢)

w > Vie L, (12d)

w >0, (12€)

For each location i € £, 7; can be interpreted as the marginal value of a unit of drivers’ time for drivers
who are on trip originating from location i. Intuitively, when the origin-based multipliers are higher for
some locations than the others, or when some of the multipliers are negative, we are making inefficient use
of drivers’ time. In the following result, we establish an upper bound on the welfare suboptimality of any
origin-based market-clearing outcome (i.e. the difference between the achieved and the highest possible social
welfare), which consists of this inefficiency as well as the slack introduced by driver relocation.

Theorem 1. Given any origin-based market-clearing outcome (x,y, p, ¢, i), the welfare suboptimality is upper

bounded by

Z di,jyi,j(max{max T, 0} - 7[1') + Z pi,j(yi,j - xi,j), (13)
< keL £
i,jeL i,jeL
which is further upper bounded by
m|max{ma , O} — min ) + ei. 14
( X{ kej)ji Tk iel & i]ze; b (14)

Importantly, the bounds (13) and (14) are computable using only information immediately available from
a current market-clearing outcome: origin-based multipliers, trip prices, and driver and rider flows. This is
of practical relevance as it allows a platform to assess the welfare suboptimality even when the overall social
welfare cannot be determined due to the absence of a demand model.

Proof. Given any origin-based market-clearing outcome (x,y, p, 7, §), let z; = 2 jc  d; jy; j foralli € £, and
denote w = max{max;e {7}, 0}. Intuitively, z; is the amount of drivers (at any moment of time) who are on
trip from each location i € £, and w represents the “best-response” driver surplus rate (i.e. when the driver
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has the freedom to choose any route or to not drive for the platform). It is straightforward to verify that
(x,y,2) and (p, w, 7, ¢) form feasible solutions of the primal (11) and the dual (12), respectively.

The primal objective (11a) represents welfare, which is equal to the total driver and rider surplus under
the market-clearing outcome. The dual objective (12a), on the other hand, can be interpreted as the total
“best response” surplus of drives and riders, i.e. every driver gets a surplus rate of @ per unit of time, and all
riders who are willing to pay the price of their trips are picked up. The difference

i,j( i,j)
Z /q P (vij(s) — pij) ds + Z pij(yij — xij) + Zzi(w —m) + w(m - Zzi), (15)

i,jeL ¥ *ij i,jeL iel iel
and can is therefore the total violation of driver and rider best-response conditions:

o The first term 3, jc /x 9 (pis) (v;,j(s) = pi,j) ds represents the violation of rider best-response: g; j(p; ;) riders
Lj

who like to be picked up for trip (i, j) € £? when the price is given by p; ;, but only x; ; of them are picked
up and the rest each looses v; j(s) — p; j in comparison to their “best-response” outcome. Given (MC1), we
know that this term is zero under any market-clearing outcome.

« The second term }’; jc  pi,j(yi,j—xi ;) is the violation of driver best-response due to drivers being dispatched
to relocate without getting paid when prices are positive. This can be rewritten as }; ;c r pi jqi j(pi ), which
is bounded by };; jc r €;j by definition of the slack (10).

+ The third term };c , z;(w — ;) is the violation of driver best-response due to the fact that at any moment
in time z; drivers are on-trip originating from location i € £ but the the surplus rate ; these drivers get
may be lower than the highest possible surplus rate .

+ The last term w(m — Dies z,-) represents the violation of driver best-response due to the fact that some

drivers may not be dispatched even when some other drivers are getting a positive surplus of w per unit of
time. This terms is always zero under market-clearing outcomes due to (MC2).

The welfare-suboptimality of the current market-clearing outcome (i.e. the current primal objective) is
bounded by the difference between the primal and dual objectives (15), since the dual objective is always
weakly above the optimal primal objective. Combining the non-zero (i.e. the 2nd and 3rd) terms of (15) gives
us (13), which we can see is upper bounded by (14). O

We now revisit the morning rush-hour example discussed in Section 2, and illustrate the origin-based
market-clearing outcomes at different OD-based adjustments.

Example 1 (Continued). Recall that in the morning rush hour example, all riders request trips ending in the
downtown area (location 2). To coordinate driver relocation, the platform adopts phantom demand function
Gij(r) = 24(max{0,1 — r/5})* for all i, j € {1,2}, i.e. relocation occurs only when the trip price falls below
$5. Fixing ¢ = 0, Figure 3 illustrates the market-clearing outcomes as ¢; varies. When ¢; = 0, which is
the case of the naive origin-based pricing, m; > m,, meaning that the origin-based multiplier for location 1
has to be substantially higher than that at location 2. The resulting outcome is very inefficient, since drivers
spend time serving many (2, 2) riders with very low values, while many very high value (1, 2) riders were
not picked up.

As ¢; increases, p2; decreases relative to p,,. This leads to higher x; ; and lower x; 2, since more drivers
at location 2 relocate to location 1 to pick up the (1, 2) riders instead of picking up the lower value riders at
location 2. This reduces the gap in the multipliers and improves welfare. Starting from the market-clearing
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Figure 3: The origin-based market clearing outcome for different ¢; in Example 1 (fixing ¢, = 0).

outcome with ¢; = 0, 7y > =, indicates that the marginal value of drivers is higher at location 1 than that at
location 2. It is intuitive that the platform should increase ¢; until the 7y — 7 is sufficiently small, in which
case welfare is approximately optimal (Theorem 1).

With more than two locations, however, it is unclear what would be a good direction for updating the OD-
based adjustment ¢, how big the stepsizes should be, and whether the process will converge to the optimal
outcome (or at all). We answer these questions in the next section.

4 Iterative Network Pricing

In this section, we introduce the Iterative Network Pricing (INP) mechanism, which observes the market-
clearing outcomes during a specific time window (e.g. Wed. morning rush hour) in preceding timesteps,
and updates the OD-based additive price adjustments to be adopted in this time window for the upcoming
timestep.'” We prove the main result of this paper, that when the market condition is stationary over time,
the INP mechanism converges to an outcome that is approximately welfare-optimal.

We first define a general iterative pricing mechanism. Let t = 0,1,... be the index of timesteps. Time
t = 0 represents the status quo with ¢ = 0, i.e. the platform clears the market by origin without any OD-based
adjustments. Time ¢ = 1 and ¢ = 2 represent the first and second timesteps (e.g. weeks), respectively, for the
mechanism to start updating the OD-based adjustments, and so forth. We make the following assumptions:

(A1) The economy is stationary over time, i.e. (m,d,c, q) remains the same for all ¢ > 0. The phantom

demand q used to coordiante relocation also stays the same for all t > 0.}

(A2) During each timestep t > 0, the platform is able to observe the origin-based market-clearing outcome
(x®,y® p®) $® 7)) corresponding to OD-based adjustments ¢*), as well as the (local) price sensi-
tivity (q; j (pl.(j.) ))(i,j)e£2 at the current prices.

hy 2 (), 4y, p) ) 7)) (q;; (pl.(j.’)))(i,j)eiz))t/g_l denotes the history up to time t, and we denote
the set of all possible histories under an iterative mechanism up to time ¢ as H;.

19The timesteps represent the frequency at which the platform updates the OD-based adjustments. When a timestep corresponds
to a week, for example, the platform determines the OD-based adjustments for Wednesday morning rush hour each week using
market-clearing outcomes from the prior weeks during the same time window.

1 Assumption (A1) is used to establish the optimality of the INP mechanism in theory. The mechanism is well defined when the
market condition is not stationary (see Section 5.2 for simulation results for Chicago morning rush hours, 2019-2020).
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Definition 3 (Iterative Pricing Mechanisms). An iterative pricing mechanism starts with no OD-based ad-
justment ¢'© = 0 at time t = 0. At each t > 1, the mechanism determines ¢*) based on the observable

market-condition (m, d, ¢) and the history of past market-clearing outcomes h;.

Given history h;, a seemingly straightforward method for updating the OD-based adjustment ¢*) is to
use the gradient of the dual objective. Recall from Section 3 that given any ¢ and the corresponding market-
clearing s, we can construct a feasible solution to the dual problem (12): p is determined by constraint (12b),
and w = max{max;e s 7;, 0} achieves the smallest dual objective once (p, 7, ¢) is fixed. In this way, we can
rewrite the dual objective (12a) as

(o)

Dual(¢, ) = mmax{r}éalx T, 0} + Z / qi,j(r)dr. (16)

i,j€£ Ci,j+di,j”i+¢i_¢j

It is straightforward to verify that the gradient (or a subgradient, at non-differentiable points) of Dual with

respect to 7 and ¢ can be computed using the trip prices, distances, and rider flow at current prices, quantities

that are immediately observable by the platform at the current market-clearing outcome.'” However, this

natural idea of gradient descent with respect to (¢, r) does not solve our problem for two reasons:

» First, VgDual(¢, ) = 0 at any outcome where the rider flow is balanced, in which case the gradient does
not provide a direction for updating ¢, even when the outcome is far from optimal.

+ Moreover, while the gradient with respect to the origin-based multipliers s is non-zero, 7 is the result of
the market-clearing process, and is not determined by the platform ahead of time.

Since the OD-based adjustments ¢ are the only dual variable directly controlled by the platform, a first
challenge a mechanism needs to address is to “anticipate” how the market-clearing s will change as the
platform updates ¢. The following result shows that this is possible using only information immediately
available to the platform at any market-clearing outcome. Recall Lemma 2, that there exists a unique market-
clearing m € R" given any ¢ € R". Since shifting all ¢;’s by the same constant has no impact (see Section 2),
we fix ¢, = 0 for the rest of the paper, and treat ¢ € R""! as a vector of n — 1 dimensions. In this way, we
denote IT : R"™! — R" as the mapping from the OD-based adjustments to the corresponding market-clearing
multipliers.

Lemma 3. The mapping IT : R""! — R" is continuously differentiable. The Jacobian matrix at the time t — 1
market-clearing outcome DII(¢=1) € R™("=1 can be computed using history h;.

The proof of this lemma is provided in Appendix A.5. Briefly, the market-clearing conditions (Definition 2)
provide n equality constraints on the OD based adjustments ¢ and the corresponding market-clearing 7
(which implicitly define the mapping IT from ¢ to m). We show that the violation of these n constraints
(which is a n-dimensional function) is continuously differentiable, and that its Jacobian matrix with respect
to s is invertable. The implicit function theorem then implies that IT is continuously differentiable. It is
straightforward to verify that its Jacobian matrix depends only on the trip durations (d;;)(; jjer2 and the
local slope of the demand function (gq; ;(pij)) (i jje 2, both of which can be observed by the platform.

With Lemma 3, we can consider the dual objective (16) as a function of only the OD-based adjustments
Dual(¢,II(¢)). The function is, however, not convex in ¢. Figure 3d illustrates this for an economy with

2This is similar in spirit to many other settings such as that of iterative combinatorial auctions [Parkes and Ungar, 2000], where
the market designer can is able to identity a direction to update the dual variables that is guaranteed to improve the dual objective,
even though neither the primal nor the dual objective can be evaluated.
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two locations. Moreover, Example 2 in Appendix B shows that quasi-convexity does not hold either. Conse-
quently, we need to address the challenge of finding the global optimum using only local information, and in
the absence of convexity.

4.1 The Iterative Network Pricing Mechanism

We define the INP mechanism by providing the direction towards which it updates the OD-based adjustments,
the stepsize it takes along that direction, as well as a policy for “backtracking”.

The Direction. Recall from Theorem 1 that the inefficiency of a market-clearing outcome is bounded by
the differences in the origin-based multipliers at different locations. We prove that at any market-clearing
outcome, there exists a unique direction for equalizing the (linear approximations of the) origin-based mul-
tipliers {II;(@) }icr, and we choose this direction for updating the OD-based adjustments ¢ under the INP
mechanism. Formally, let 1, be the all-one vector of dimension n, and denote y;.,_; € R""! as the first n — 1
entries of any vector y € R". Given any OD-based adjustments ¢ € R""!, the direction for updating ¢ is
given by

8= ([-PI@ 1] 7)., (17)
where 7 = II(¢) is the corresponding market-clearing multipliers, DIT(¢) € R™ ("1 is the Jacobian matrix
of IT evaluated at the market-clearing outcome, and the matrix [—DH((/)) 1,,] is guaranteed to be full-rank
(see Lemma 4 in Appendix A.6). In this way, there exists £ € R s.t. w + DII(¢)6 = £1,. ° Note that &
corresponds to the update direction under Newton’s method for solving the following system of n — 1 non-
linear equations:

Ii(¢) = z(9) = - - = n(9). (18)

The Stepsize. It is desirable in practice to avoid volatile changes in trip prices and driver earning rates,
since as discussed in Section 1, both drivers and riders learn and adapt slowly to changes in the marketplace.
Given any ¢ € R"™! and the corresponding update direction §, we choose stepsize

a = min{1, 7/|[DIL(¢) ||}, (19)

where 7 > 0 is a constant and || - ||e is the £ norm of vectors. In this way, based on the current linear
approximation of I1, the origin-based multiplier r; for each location i € £ will change by at most 7 under
the new market-clearing outcome at ¢ + ad.

Moreover, define the following auxiliary function (also known as a Lyapunov function) representing the
sum of the squared differences between the origin-based multipliers and their mean:

F#) 2 3 (M) -~ > 4) (20)
ieL jeL

To guarantee convergence, our mechanism uses f for backtracking line search, i.e. repeatedly shrinks the step
size by a constant factor until a sufficient decrease of f is observed, relative to the expected decrease based on

B3To see this, observe that —DIT(¢)& + £1,, can be written as [—DH((/)) ln] [?}
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the step size and the local gradient of f. The gradient of f at any market-clearing outcome can be evaluated
using the origin-based multipliers and the Jacobian of IT.

We now define the INP mechanism, which updates the OD-based adjustments in the direction for equal-
izing the origin-based multipliers, chooses the stepsize to target a maximum change of the multipliers, and
reduces the stepsize if necessary via backtracking line search using the Lyapunov function f.

Definition 4 (Iterative Network Pricing). An iterative network pricing (INP) mechanism is an iterative mech-
anism parameterized by 7 > 0, f € (0,1), o € (0,1). At each time ¢ > 0, given history h;:
« The mechanism determines ¢ = ¢(*=) + ¢V §) according to

80 = ([-DI(gtY) 1,] "), @
a® = min{1, 7/|DI(¢*) 8D}, (22)

if t = 1 or sufficient progress in f was made (i.e. f(¢""D) < f(¢)) + oV (")) Ta=D 8~V where t/ is
the timestep prior to the most-recent update of direction according to (21)).

« Ift > 1 and not enough progress was made (i.e. f(¢*V) > f(¢®)) + oV (¢*)) =V §D), the mech-
anism backtracks, setting ¢ = ¢(") + ¢ 1) with §®) = §¢-V and a® = fa*-V.

We now state the main result of the present paper, that the INP mechanism converges to an outcome that
is approximately welfare-optimal.

Theorem 2. Assuming (A1) and (A2), given any economy, the iterative network pricing mechanism converges
(1)

to an origin-based market-clearing outcome where all multipliers are equal, i.e. 30* € R s.t. limy_e0 ;" = 0™
foralli € L. The welfare suboptimality of the limit outcome is upper bounded by
mmax{0, —w*} + Z ei;. (23)

i,jel

Intuitively, we prove that under assumptions (A1) and (A2), the INP mechanism can be interpreted as an
iterative algorithm that is guaranteed to converge to the unique ¢* € R""! for which (18) holds. When the
platform does not have an over-supply of drivers, we have ©* > 0. In this case, the only inefficiency in the
limit outcome arises from drivers relocating when prices are strictly positive (see (10)). Conversely, when
the platform is over-supplied, w* can be strictly negative if all m units of drivers continue to show up, even
when facing a negative surplus. If we introduce the assumption that drivers will gradually exit the platform
when faced with a consistently negative surplus, the suboptimality will converge to »; jc €

Proof. First, observe that fixing any economy (m, d, c, q), the phantom demand function q satisfying condi-
tions (I) and (II), and assuming (A1) and (A2), the INP mechanism can be interpreted as an iterative algorithm
for solving (18), which we formally describe in Algorithm 1.

Lines 2 and 13 in Algorithm 1 correspond to the platform observing the market-clearing outcome given
the OD-based adjustments for each timestep. The observed information is then used to evaluate V f and DII.
Line 7 marks the timesteps at which a sufficiently small stepsize for the current update direction is found,
and the market-clearing outcomes at these timesteps are used to compute the new direction in the following
timestep.
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Algorithm 1 Iterative Network Pricing
Input: 7> 0,5 € (0,1),0 € (0,1).
1: ¢(0) — 0
22 10 — TI(¢p)
3: fort=1,2,... do
if t = 1or (f(¢" V) < f(¢)) + oV (")) o=V §1~D) then
8 ([_DH(¢(t_1)) 1]_1”(t_1))1:n—1
a — min{1, 7/||DI(¢")8D|c0}
Ve—t-1
else
S — §t-1)
10: a® — palt=1
11: end if
12: ¢V — ¢ 4 450
E 10 § (¢710))
14: end for

R A A S

By constructing another auxiliary optimization problem and its dual problem, we prove in Lemma 5
in Appendix A.7 that there exists a unique set of OD-based adjustments ¢* € R""! solving (18), at which
I1;(¢*) = w* for all i € L. Once we establish that the algorithm converges to ¢*, the welfare suboptimality
is a straightforward application of Theorem 1. What is left to prove is that ¢*) converges to ¢* as t — co.

First, observe that ¢* € R"! is also the unique minimizer of the Lyapunov function f, because f is
non-negative and achieves the global minimum of 0 only when (18) is satisfied. f is not necessary convex
(or quasi-convex; see Figure 14b), but we prove in Appendix A.7 that f does not have any saddle points or
spurious local minima (Proposition 2), and that f is coercive, meaning that every sublevel set of f is bounded
(Proposition 3).

Let ty, t1, 12, ... be the sequence of values that ' in Line 7 of Algorithm 1 ever takes, i.e. the timesteps
at which a new update direction is determined using the current market-clearing outcome. We prove that
the sequence of update directions is gradient related (see Proposition 1.2.1 of Bertsekas [2016]), which, in
conjunction with Propositions 2 and 3, implies that ¢ converges to ¢* as k — oo (Proposition 5). Finally,
we show in Proposition 6 that (") converges to 0 as t — co, which implies that 8§ also converges to 0. For
any integers k > 0and t € (tg, tg1], we know ||¢®) —¢*|| = ||¢\) +a 8D —g*|| < || —p*||+]aP D || <
It — ¢*|| +116||. Therefore, limsup, _,, [|$'” — ¢*|| < limsup;_, l$\*) - ¢*|| +limsup,__, [|6]| = 0.
This completes the proof of this theorem. ]

Note that the convergence rate is superlinear if ¢ < 1/2, according to Proposition 1.3.2 of Bertsekas
[2016]. To verify the assumption in that proposition, we show that a%*) = 1 for large enough k, i.e. the
first stepsize for any new direction is eventually always 1. By the definition of a(®, it suffices to show that
IDIT(p )8+ ||, — 0 as k — oo. Since we have proven that §) — 0 as t — oo, it suffices to show that
IDIT(¢))||o is bounded uniformly for all k > 0. This follows from Proposition 5, continuity of DII, and
the fact that continuous functions on a compact set are bounded.

We now revisit our running example and illustrate the iterative updates under the INP mechanism.
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Figure 4: Outcomes under the INP mechanism over iterations, for the economy in Example 1.

Example 1 (Continued). Recall from Section 2.1 that ixing ¢, = 0, the optimal OD-based adjustment for
the morning rush hour example has ¢; = 18.33 (i.e. driver supply at location 1 (the residential area) is more
valuable than that at location 2 (downtown). Starting from from ¢10) = 0 with 77:1(0) > 71';0), Figure 4 illustrates
the iterative updates under the INP mechanism, when the maximum change of each 7; between timesteps is
limited to 7 = 1.

We can see that the difference between the origin-based multipliers reduces over time (Figure 4b), and
that both the primal and the dual objectives converge to the optimal welfare (Figure 4c). Moreover, the prices
of the (1,1) and (2, 2) trips converge to the same level since the two trips take the same amount of time

(Figure 4e). We also observe superlinear convergence of f when ¢; is sufficiently close to the optimum.

4.2 Discussions

Alternative Update Directions. Under the INP mechanism, the OD-based adjustments ¢ are iteratively
updated towards the direction (17) for equalizing the origin-based multipliers, which corresponds to the up-
date direction under Newton’s method for solving the system of equations (18). Note that this is different from
Newton’s method for optimization, which will determine a different update direction and requires additional
higher-order information (e.g. the second order derivatives of the demand functions).

Since the Lyapunov function f is coercive (Proposition 3) and has a single stationary point corresponding
to the unique global optimum (Proposition 2), gradient descent with respect to f (i.e. taking —V f as the update
direction) in conjunction with backtracking line search has the same convergence guarantees. This method,
however, converges slowly (see simulation results in Appendix C.4) and does not require less information in
comparison to the INP mechanism since the Jacobian DII is needed for evaluating Vf.

A simple mechanism that requires very little information is to directly take last iteration’s market-clearing
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multipliers 77~V as the update direction. In Appendix C.5, we show that simply setting ¢*) = ¢(=D 4@z (t=1)
(where « is some small constant) performs very well in simulation. Intuitively, moving ¢ in the direction of 7
may reduce f because increasing ¢; for some location i € £ with a high multiplier 7; will likely lead to lower
prices for trips ending at location i for the next iteration, thereby increasing driver supply for this location
and decreasing ;. However, s is not necessarily a descent direction of f, and we are not yet able to prove
or disprove the convergence of this simple mechanism.

Non-Stationary Market Conditions. Backtracking line search with respect to f is integrated in the de-
sign of the INP mechanism in order to guarantee convergence in theory. In simulations, for appropriately
chosen 7 and o, our mechanism converges without ever backtracking for a stationary setting (see Section 5.1).
The practical implementation of INP should not include the backtracking mechanism since the market con-
ditions fluctuate week-over-week (see Section 5.2 for simulation results under a non-stationary setting).

By design, the INP mechanism does not include a termination criteria. In theory, with stationary market
conditions, we may terminate the algorithm once the origin-based multipliers are sufficiently close. In prac-
tice, however, the INP mechanism should be “always on” even after substantially improving the outcomes in
order to track potential shifts in the overall market conditions. We illustrate this in simulations in the next
section.

5 Simulation Results

In this section, we illustrate the iterative updates under the INP mechanism for scenarios representing the
morning rush hours in Chicago. We fit the market conditions using trip-level data made public by the City of
Chicago,'* and take the 77 community areas in Chicago as the set of locations (i.e. n = | £] = 77)."> Detailed
descriptions of the simulation setup and the overall market dynamics in Chicago are provided in Appendix C,
together with additional simulation results.

5.1 Stationary Market Condition

We first illustrate the iterative updates under the INP mechanism when the market condition is stationary
and corresponds to 7-8 a.m. on Wednesdays during the first 9 weeks of 2020. For each OD pair (i, j) € L2, we
set the distance d; j to be the average duration of all recorded trips from i to j in terms of hours, and assume
that the trip cost is $20/hour, i.e. ¢; ; = 20d; ;.'° For rider demand, we assume riders’ values are exponentially
distributed with mean $60/hour for all OD pairs, and we determine the total demand for each OD to match

“https://data.cityofchicago.org/Transportation/Transportation-Network-Providers-Trips-2018-2022-/m6dm-c72p,
accessed May 16, 2023. The dataset contains trips from transportation network companies including both Uber and Lyft, and
provides for each trip the starting and ending timestamps (rounded to the nearest 15 minutes), price (rounded to the nearest $2.5),
duration (seconds), distance (miles), and the pickup and dropoff locations.

BShttps://en.wikipedia.org/wiki/Community_areas_in_Chicago (accessed May 16, 2023) provides a map of the community
areas broken down by region. The pick-up (or drop-off) location of a trip is not provided for trips starting (or ending) outside the
city boundary. The locations may also be omitted due to privacy considerations. Our simulations use only trips with both the
pick-up and drop-off community areas, which consist of 86% of all trips provided in the dataset. We do not expect any qualitative
change in the simulation results if all trips in the greater Chicago area are taken into consideration.

18This is roughly aligned with a proposal from Uber in 2019 (see https://p2a.co/H9gttWA, accessed September 14, 2020) for
ensuring drivers are paid an average of $21 per hour while on trip. The earnings per hour online could be slightly lower, depending
on the average utilization level.
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(a) Optimal OD-based additive adjustments ¢*. (b) Origin-based multipliers 7 corresponding to ¢ = 0.

Figure 5: Optimal OD-based adjustments and naive origin-based multipliers, Chicago morning rush hours.

the observed average trip volume given the observed average prices. For total driver supply m, we compute
the minimum amount of drivers that can fulfill all observed trips (xl‘.’}’s)( i,j)e? and maintain flow balance. See

Appendix C.2.1 for a more detailed description of this simulation setup.

Naive Surge and Optimal OD-Based Adjustments. In Figure 5, we illustrate (a) the optimal OD-based
adjustments and (b) the origin-based multipliers when the platform naively clears the market without any
OD-based adjustments. The naive origin-based multipliers vary substantially in space: drivers can earn more
than $120/hour from trips originating from the North Side residential neighborhoods, but as low as nega-
tive $15/hour in Downtown (meaning that drivers are paid only $5/hour since the trip cost is $20/hour). In
contrast, the optimal OD-based adjustments ¢* as shown in Figure 5a has a substantially smaller spread, and
is also appropriately smooth in space, reflecting the fact that the marginal values for divers in neighboring
locations do not differ substantially.

Iterative Updates Under INP. In Figure 6, we present the OD-based additive adjustments ¢*) and the
corresponding market-clearing multipliers () over time under the INP mechanism. Each curve in the figures
represents a location (i.e. a community area), and we highlight the residential area (Lake View) and the
downtown area (the Loop), the destinations of the two trips that we discussed in Figure 1 in Section 1. The
shade of the remaining curves correspond to the volume of trips originating from each location.

We can see that the OD-based adjustments start from ¢®©) = 0 and smoothly “spread out” over time. On
the other hand, the origin-based multipliers start from 7(®) as shown in Figure 5b, and each converges to
$19.65/hour after 13 iterations. With 7 = 10, the mechanism aims to limit the week-over-week change of 7;
for each location i € £ within $10/hour. This is based on the linear approximation of the mapping from ¢ to
7, and we do observe in Figure 6b larger changes for some locations at certain times.

Figure 7 plots the trip prices and rider flow rates for the two trips discussed in Figure 1 in Section 1. We
can see that the prices for both trips decrease over time, and as a result, more riders are picked up for both
trips. Initially, both prices are very high because the origin of the two trips is very under-supplied during
morning rush hours, and therefore has a very high multiplier when market is naively cleared by origin.
Proper OD-based price adjustments increase the supply to the location, thereby reducing the multiplier and
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Figure 7: Trip prices and rider flow rates for the two trips as shown in Figure 1, ending in the residential area
and in downtown, respectively.

the prices of the two trips. Moreover, the price for the trip ending in the residential area drops faster than
that to downtown. This is because the OD-based adjustment is higher for the residential area in comparison,
and this difference increases over time (see Figure 6a).

In Figure 8, we plot the social welfare (i.e. the primal objective (11a)), the dual objective (12a), and the
Lyapunov function f (defined in (20)) corresponding to the market-clearing outcome at each time ¢. In this
setting, the optimal social welfare is $313 102 per hour. The initial market clearing outcome without OD-based
adjustments achieves a welfare of $256 846 per hour, which is 82.0% of optimum. Within 13 iterations, the
welfare increases to $312 422 per hour (99.8% of optimum), and the gap of 0.2% is a result of drivers relocating
without a rider when the trip prices are positive.

The Lyapunov function f defined in (20) achieves a value of 1 X 107® at time ¢t = 14, and we observe
superlinear local convergence in Figure 8c. With 7 = 10, # = 1/2 and ¢ = 1073, sufficient progress in f
was made at every timestep and the mechanism never has to backtrack. In Appendix C.3, we illustrate
the iterative updates when the mechanism does not limit week-over-week changes in multipliers (i.e. when
T = +00). We can see that in addition to limiting the volatility of prices for riders and earnings rates for
drivers (which are desirable in practice), limiting the stepsize also leads to faster convergence, even though
in theory this is not necessary for convergence due to backtracking using f.
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Figure 9: Trip volume and overall flow imbalance during 7-8 a.m. on Wednesdays, 2019-2020.

5.2 Non-Stationary Market Condition

We now demonstrate the robustness of the INP mechanism under non-stationary market conditions focusing
on the Chicago morning rush hours from the beginning of 2019 to the end of 2020. Figure 9 presents the
total trip volume and the overall flow imbalance for 7-8 a.m. on Wednesdays over the two years.!” We can
observe seasonality (lower trip volume during the summer, weeks 20-40), week-over-week fluctuations, and
the substantial shift in market dynamics due to the COVID-19 pandemic. The shutdown starts at week ¢t = 60,
after which the trip volume drops from over 12k to 2k per hour. The overall imbalance decreases from 0.3 to
0.2, since the demand from residential areas drops substantially as people start to work from home.
Appendix C.2.2 describes in detail the construction of the economies for each week. Briefly, the main
differences (compared to Section 5.1) are (i) using the observed trip duration and prices from each week
(instead of the average over all weeks) to fit the rider demand model, and (ii) taking the minimum number of
drivers needed to fulfill the realized trip flow of each week as the driver supply for that week.'® Moreover,

"The overall imbalance is defined as the average of the absolute value of the flow imbalance (defined in Section 1) of all locations,
ie 1 ZiEAZjeL xg?s —2jer x;?}l?s‘/ (Xjer x;’j?s +Xjer x;.”ll?s), where xl‘.ﬁ?s is the observed trip volume from i to j.

13With (i), we attribute all week-over-week variability in the data to the changes in underlying market conditions. This is likely
an overestimation, since even with stationary market conditions, the realized trip flows will be different due to stochasticity. (ii)
means that driver supply responds instantaneously to changes in market conditions. Our mechanism does not explicit model
drivers’ decisions on whether to driver for a platform. With an over 80% drop in trip volume, however, it is not meaningful to
assume a fixed level of total supply. In practice, the total driver supply equilibrates in a few weeks after a substantial change in the

earnings level [Hall et al., 2017].
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Figure 11: Social welfare and the welfare ratio (relative to the optimal welfare of each week) over weeks.

we excluded a total of 5 “event days”, during which the McCormick Place (Chicago’s main convention center)
held large events that draw substantial rider demand into the neighborhood immediately south of the Chicago
Loop during the morning rush hours."’

Simulation Results. In Figure 10, we present the OD-based additive adjustments ¢*) and the correspond-
ing market-clearing multipliers 7*) under the INP mechanism with 7 = 5, without backtracking line search.
Figure 11 compares the social welfare achieved by INP mechanism, the naive origin-based surge (i.e. the mar-
ket clearing outcome in the absence of OD-based adjustments), and the welfare-optimal outcome for each
week. Note that the optimal outcome represents the highest possible welfare in hindsight (i.e. using the op-
timal OD-based adjustments for the economy constructed for each particular week) and cannot be achieved
in practice. Overall, the INP mechanism consistently outperforms the naive origin-based pricing, achieving
over 95% of the optimal welfare for most of the weeks.

During the first 25 weeks, the welfare ratio achieved by the INP mechanism increases from 80% to over
95%, as the OD-based adjustments approaches the levels of the pre-COVID “steady state”. The difference
between the OD-based adjustments of the residential area and downtown smoothly increases to around $10,

“Major events are typically arranged months ahead of time, thus in practice, the platform can maintain a separate set of OD-
based adjustments corresponding to the scenario where substantially more riders demand trips ending in south of loop.

26



1251 ?-"-: ~ - optimal 149 . ... optimal ! b
' —— INP —— INP :
1.20 -
naive 1.31 naive

1.15 -
1.10 -
1.05 -
1.00 4

0 20 40 60 80 100 0 20 40 60 80 100

Week Week
(a) Gross booking ratio. (b) Throughput ratio.

Figure 12: The gross booking and throughput ratios (relative to those under the naive outcome of each week).

and the difference between the multipliers decreases from over $100/hour to close to 0. The naive origin-
based pricing without OD-based adjustments achieves only around 80-85% of the optimum welfare. There
are a few weeks where the INP mechanism achieves around 90% of the optimal welfare. These are days during
which the south of loop location (where convention center resides) observes larger than normal trip inflows,
but did not reach the threshold to be excluded from the simulations.

After the COVID shutdown, we observe an abrupt drop of the multiplier 7; and a gradual decrease of the
OD-based adjustment ¢; for the residential area. This is a result of the reduced imbalance for the residential
area (most likely due to work-from-home arrangements) as discussed in Figure 1b. Despite the substantial
impact of the shutdown, the INP mechanism maintains over 80% of the optimal welfare, and recovers to over
95% within only a few weeks. The performance of the naive origin-based pricing increases slightly after the
shutdown. This improvement is a result of an overall less imbalanced demand pattern (see Figure 9b), and
diminishes as the economy returns to normal in 2021-2022.

Since social welfare cannot be directly measured by the ridesharing platforms in practice, we compare in
Figure 12 the gross bookings (GB, i.e. the total payments made by all riders) and trip throughput achieved
under our mechanism and benchmarks. The “optimal” benchmark optimizes welfare and may achieve worse
GB and/or throughput in comparison to the other policies, thus we present here the ratios relative to the
outcomes under naive origin-based surge pricing (see Figures 28 and 29 for the actual GB and throughput
achieved each week). We see that our mechanism also achieves substantial improvements in both metrics.

6 Conclusion

We introduce the iterative network pricing (INP) mechanism, addressing a main challenge in the practical
implementation of optimal origin-destination (OD) based prices, that the model for rider demand is hard to
estimate. Our mechanism, assuming real-time market clearance through dynamic “surge” pricing by origin,
updates OD-based additive adjustments week-over-week, using only the data immediately available from
previous weeks’ market outcomes. By establishing a correspondence to Newton’s method, we prove that the
INP mechanism converges to an approximately optimal outcome when the market condition is stationary.
Using data from Chicago’s morning rush hours from early 2019 to late 2020, we demonstrate via simulations
not only substantial welfare improvements but also remarkable robustness amid significant fluctuations of
market conditions.
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Appendices

We provide in Appendix A the proofs omitted from the body of the paper. Appendix B provides additional
discussions and examples. We include in Appendix C detailed description of the data from the City of Chicago,

the market dynamics, the simulation setup as well as additional simulation results.

A Proofs

We provide in this appendix proofs that are omitted from the body of the paper.

Contents

A1l ACycleFormulation . .. ... ... ... ... ...
A2 ProofofLemmal . ... .. .. .. ...
A.3 Uniqueness of Optimal Dual Solution . . . . ... ... ... ... ... .......
A4 Proofoflemma2 . ... ... . .. ...
A5 ProofofLemma3 . ... ... . . ...
A.6 TheUpdate Direction . . . . . . ... . ... i
A.7 Properties of the Lyapunov Function . . .. ... ... ... ... .. ........

A.7.1 Proofof Proposition2 . . ... ... ... ... ...

A.7.2 Proofof Proposition3 . . ... ... ... .. . ... . o ...
A8 Proofof Theorem2 . . . .. .. .. . .. . .

A.1 A Cycle Formulation

Before proceeding with the proofs, we first provide an alternative formulation of the welfare-optimization

problem and its dual, which we use to prove Lemma 1.

Xi, j
maximize Z / v;j(s)ds — ¢ jyi;
IC] 0

x,yeR“Z,weR

i,jeL
subject to xij <yij, Vi, jeL
Z di,jy,',j <m,
i,jeL
DG ) extwe=yy VijeL
xeC

Wi > 0, Vk € C.

(24a)

(24b)
(24¢)

(24d)

(24e)

Compared to the flow formulation (6), this cycle formulation introduces additional decision variables
w € RICl representing the amount of driver flow on each directed cycle. It is straightforward to see that the
two formulations are equivalent. The objective function (24a) and the constraints on demand and supply
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(24b)—(24c) are the same as those in the flow formulation (6). Constraints (24d)—(24e) are equivalent to con-
straint (6d) because, by the flow decomposition theorem, the driver flow is balanced if and only if it can be
decomposed into cycles with non-negative weights, as formally stated in (1).

Claim 1. The primal problem of the cycle formulation (24) is equivalent to the primal problem of the flow
formulation (6) in the sense that for any feasible solution to one problem, there exists a feasible solution to the
other problem with the same objective value.

Let p; j,  and 7, ; be the dual variables corresponding to constraints (24b)—(24d), respectively. The dual
problem can be written as:

qi,j (pij)
2minimize , mo+ Z / (v;j(s) = pij)ds (25a)
peER", weR, neR" ijeL 0

subject to pi,j =Cij + di,ja) — i Vl,] (S L, (25b)
Z Nij = 0, Vk € C, (25¢)

(i.j)ex
Pi,j >0, Vl,] (S .[:, (25d)
w > 0. (25€)

Strong duality holds between the primal problem (24) and the dual problem (25) because the primal ob-
jective (24a) is concave and Slater’s condition can be verified by the following solution. Let w, = ¢ > 0
for all k € C (strictly satisfying (24¢)). Let y;; = Y ec 1{(i,j) € k}wy for all (i, j) € L? (satisfying (24d)).
Let x;; = y;;/2 for all (i, j) € L?* (strictly satisfying (24b)). Finally, let ¢ be sufficiently small such that
2ijer dijyij < m (strictly satisfying (24c)).

Difference Between Primal and Dual Objectives. Given any feasible primal solution (x,y,w) and any
feasible dual solution (p, w, ), the difference between the primal and dual objectives can be written as:

i (Pij)
Z /q P (Ui,j(s)_pi,j)dS+ZWK Z nij+ Zpi,j(yi,j—xi,j)+a)(m— Z d,-,jyi,j), (26)

ijeL keC (i,j)ex ijeL ijel

The first term of (26) is weakly positive because for every trip (i, j) € L?, one of the following three cases
must hold:

« When x;; = q; j(pi), the integral is zero.

« When x;; < ¢;;(pi;), the fact that v;;(-) is strictly decreasing implies that for all s € [x;,qi;(pi;)),
v;j(s) > pij. The integral is therefore strictly positive.

o Ifxi; > qij(pij), vij(s) < pijforalls € (q;;(pij), xi;] holds again due to the strict monotonicity of v; ;(-).
The integral is therefore also strictly positive.

The remaining three terms are also always weakly positive due to the primal and dual constraints. As a result,
(26) is zero (meaning that both the primal and the dual solutions are optimal) if and only if each of the four
terms is zero.

We now show an equivalence between the dual problems of the two formulations. Note that the equiv-
alence between the two primal formulations and the two dual formulations imply that strong duality also
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holds between (6) and (7).

Claim 2. The dual problem of the cycle formulation (25) is equivalent to the dual problem of the flow formulation
(7) in the sense that for any optimal solution to one problem, there exists an optimal solution to the other problem
with the same objective value. Moreover, variables p and « are the same in the two dual problems, and the
correspondence between n and ¢ is given by n;; = ¢; — ¢; for all (i, j) € L2

Proof. Let (p, w, ¢) be an optimal solution to the flow dual problem (7). We can construct a solution (p, w, i) to
the cycle dual problem (25) with p and w being the same as in the flow dual problem (7), and with n; j = ¢; — ¢;
for all (i, j) € £2. We can verify that constraint (25b) holds by construction; constraint (25¢) holds because
2ijex Mij = Z(ijyex(Pj — $i) = 0 for all x € C; constraints (25d) and (25¢) hold since (p, w, @) is feasible
solution to (7). The objective functions are the same as in the flow dual problem (7), therefore, (p, w,n) is a
feasible solution to the cycle dual problem (25) with the same (hence optimal) objective value.

For the other direction, let (p, w, i) be an optimal solution to the cycle dual problem (25). We construct
a solution (p, w, ¢) to the flow dual problem (7) with p and @ being the same as in the cycle dual problem
(25), and with ¢; for each i € L being the length of the shortest path from node n to node i in the complete
directed graph where each edge (i, j) € £* has weight 7; ;. The shortest paths are well-defined because, by
(25c), there is no negative cycle in this directed graph. The rest of this shows that {; j}; je r has the structure
such that it can be written as 17; ; = ¢; — ¢; for all (i, j) € L Then, (7b) holds by construction, and as a result,
(p, w, @) is a feasible solution to the flow dual problem (7) with the same (hence optimal) objective value.

First, observe that for any pair of nodes i and j, the length of the shortest path from n to j is at most
the length of the shortest path from n to i plus the length of edge (i, j), which is ;. Therefore we have
$; < ¢i +n;j, which implies n; j — ¢; + ¢; > 0.

Since (p, w, n) is an optimal solution to the cycle dual problem (25), we know from strong duality that for
any optimal solution (x,y,w) to the cycle primal problem (24), the difference between the primal and dual
objectives (26) is zero. This implies that every term in (26) is zero. In particular, we have (i) x;; = g; ;j(pi;)
for all (i, j) € £? and (ii) 2ijyex Mij = 0 for all k € C with w,e > 0. (i) implies that y;; > x;; > 0 for all
(i, j) € L2, i.e. the driver flow on every edge is strictly positive (recall that g; j(r) > 0 for all r > 0 since g; ; is
assumed to be strictly decreasing for all r > 0). Since w is a cycle decomposition of y, for all (i, j) € L%, we
have Yy..i yexec Wk = Yi,j > 0. Therefore, there exists a cycle k € C such that (i, j) € k and w, > 0. Applying
(ii), we know that for all (i, j) € L?, there exists a cycle k covering (i, j) such that 2(ir.jex Mir,j» = 0. For this

Z (irj = Py + i) = Z i + Z (¢ — Pj) =0,

(i",J")ex (i".j")ex (i".j")ex

cycle x, we know that

and that ny j — ¢y + ¢y > 0 for all (i’, j*) € k. Therefore, it must be the case that ny » = ¢y — ¢ for all
(i, j') € k, and this completes the proof that n;; = ¢; — ¢; for all (i, j) € L O

A.2 Proof of Lemma 1

Lemma 1 (Welfare Theorem). A feasible rider and driver flow (x,y) is welfare-optimal if and only if there exist
trip prices p such that the outcome (x,y, p) is a competitive equilibrium (CE). Moreover, for any CE outcome
(x,y, p), there exist > 0 and ¢ € R" such that

pij=cij+dijo+¢i—¢;, Vi je L. ®)

34



Proof. The following two claims prove the equivalence between welfare-optimal and competitive equilibrium
outcomes.

Claim 3. Given any optimal solution (x,y) to the primal problem (6), there exists p such that (x,y, p) forms a
competitive equilibrium.

Claim 4. Given any competitive equilibrium (x,y, p), there exist w, @ and n such that (x,y,w) is an optimal
solution to the primal problem (24) and (p, w, n) is an optimal solution to the dual problem (25).

To establish the structure of the CE prices, note that for any CE outcome (x, y, p), by Claim 4, there exist
w, w and n such that (x,y,w) is an optimal solution to the primal problem (24) and (p, w, n7) is an optimal
solution to the dual problem (25), with p; ; = ¢;; + d; jo — n;j for all (i, j) € L£*. Moreover, the equivalence
between the dual problems (7) and (25) (Claim 2) imply that there exists ¢ € R" such that (p, w, ¢) forms an
optimal solution to the dual problem (7), and that 17;; = ¢; — ¢; holds for all (i, j) € L% As a result, the CE
prices must be of the form p; ; = ¢;; + d; jo — ¢; + ¢; for all (i, j) € L2 ]

We now provide the proof for the two claims.

Proof of Claim 3. Intuitively, given any set of optimal driver and rider flow (x,y), we derive trip prices from
the optimal dual solution, and argue that the equality between primal and dual objectives implies all rider
best-response and driver best-response conditions in Definition 1.

Formally, for any decomposition w of the driver flow y, (x,y,w) is an optimal solution to the primal
problem (24). Let (p, w, i) be any optimal solution to the dual problem (25). To prove that (x,y, p) forms a
competitive equilibrium, we first derive a useful property of the optimal w. For all k € C, constraints (25b)

and (25c) imply that
w Z di,j - Z (pi,j _ci,j) = Z T],’,j > 0.

(i,j)ex (i,j)ex (i.j)ex

ensures that @ > 0. Since w appears in the dual objective that shall be minimized, in every optimal solution,
we must have

i i — Cij
W= max{max (U)EK(pl] l]), 0} = max{maX,uK, 0}, (27)
keC Z(i,j)erc di,j keC

where pe = 3 e (Pij — cij)/ 2.(i,j)ex dij is the surplus rate of cycle k as defined in (2).

Strong duality implies that given optimal primal and solutions, the difference between the primal and
dual objectives (26) is zero, and thus all four terms must be zero since each term is non-negative. This allows
us to verify all conditions for competitive equilibria:

« To establish rider best-response (R1), observe that }’; jc fx 9 ey )(vi, i(s) = pij)ds = 0 implies that x; ; =
LJ

qi,j(pi,j) must hold for all i, j € L. As we've discussed in Appendix A.1 above, the integral /x 9 (i) (vij(s) =
L]
pij) ds is strictly positive when x; ; # q; j(pi)-
« The third term »; jc r pij(yij — Xij) = 0 implies that either p;; = 0 or y;; = x; j, since both p;; > 0 and
yij — xi; = 0 hold for all (i, j) € L% This gives us (D1), i.e. trips with relocation flows have zero prices.

« We now show (D2), that all drivers are used up when some cycle has a positive surplus. This is because
w(m =X, jer dijyij) = 0 together with (27) and primal feasibility imply that whenever max,cc pc > 0, we
must have w > 0 and thus m — 3, ;c r d; jy; j = 0.
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« Finally, the second term ,cc Wi 2(; jyex 1ij = 0, together with constraint (25¢), imply that for each cycle

k € C, either we = 0and X; j)e, 1i,j = 0. For each cycle k with wy > 0, it must be the case that }(; ;e 111,j =

0. Given (25b), we know that w = ; jjex (pij — cij)/ 2(ijyex dij = px must hold.

— When maxyec pie > 0, © = maxyec fi given (27). As a result, for each cycle k with w, > 0, we have
U = 0 = maXyec - This gives us (D4), that all drivers get the highest possible surplus rate among all
cycles.

— When max,cc fix < 0, we need to show that y;; = 0 for all i, j € L so that (D3) holds. Note that (27)
implies = 0 and therefore w > p for all k € C. Since w = p for all k € C with w, > 0, it must be the
case that w, = 0 for all x € C, implying that all driver flows are zero.”’

This completes the proof that the outcome (x,y, p) constructed above is a competitive equilibrium. Ad-
ditionally, we emphasize that since the difference of the primal and dual objective is zero for any optimal
primal and dual solution, this above argument holds for any non-negative decomposition of y. As a result,
we have a (seemingly) stronger version of condition (D4) with “Yw” replacing “Iw”:

Yw, Vk € C, we >0 = [ = maécykr. (28)
K'€

O

Proof of Claim 4. Given any CE outcome (x,y, p), for any cycle decomposition of the driver flow w, we know
(x,y,w) is a feasible solution to the primal problem (24). We will prove the optimality of (x,y,w) and (p, w, )
by constructing w and 5 such that (p, @, ) forms a feasible dual solution, and showing that the difference
between the primal and dual objectives (26) is zero.

Let y be the surplus rate of each cycle ¥ € C as defined in (2). We construct  and n as follows:

Sipee (b~ i
w2 max{max (l,])GK(pl] lj)’ 0} = max{maxﬂk’ O}, (29)
keC Z(i,j)ex di’j keC
nij &= Cij+ dl-,ja) = Pijs V(l, ]) S .52. (30)

We first argue that (p, o, n) forms a feasible solution to the dual problem (25). The feasibility constraints
(25b) and (25¢) hold by construction. Constraint (25d) holds because trip prices are non-negative (as in con-
dition (F1)). To see (25¢), observe that by construction of w, given any cycle k € C, we have w > > (; jyer (Pij

- Ci,j)/ Z(i,j)ex di,j- This 1mphes
D = D, eyrdyo—py) =0 ) diy= Y (pij-cij) 2 0. (31)
(i.j)ex (i.j)ex (i.j)ex (i.j)ex

We now prove that the difference between the primal and dual objectives is zero. Consider each of the
four terms in (26):

+ The rider best response condition (R1) implies that x;; = ¢; ;(p;;) for all (i, j) € L2, thus the first term
qi,j (pi,j) .
2ijer fxi’jj " (vj(s) = pi,j) ds is zero.

20Note that this also implies that given any pair of optimal solutions, max,cc pix < 0 is not possible under the assumption that
qi,;(+) is strictly decreasing for all r > 0, for all (i, j) € L% This is because these conditions imply that g; ;(r) > 0 for all r > 0,
meaning that when rider best-response is satisfied (as we have established above), x; ; > 0 must hold for all (i, j) € £2, implying
y;j > 0 as well due to primal feasibility.
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« Condition (D1), i.e. trip price must be zero when the driver flow exceeds the rider flow, implies that the
third term 3;; ;e r pij(yij — xij) is zero.

« For the fourth term w(m—}; jer dijyi, ;), note that by construction (29), w is strictly positive only if s, > 0
for some k € C, i.e. there exists some cycle with strictly positive surplus. In this case, condition (D2) implies
that all drivers are used up, i.e. m — %; ic r d; jyi; = 0.

« What is left to prove that the second term of (26), i.e. 2.xcc Wi 2. (i j)ex 1i.j> 1 also zero. Intuitively, 2 ; iyex 1ij
is the total earnings a driver on cycle x loses per cycle, relative to making a surplus of w per unit of time.
Driver best response therefore requires that either )’ (; e, 7:,; = 0 (i.e. drivers on this cycle is making the
highest possible surplus rate) or w, = 0 (i.e. no driver is on the cycle). Formally, we need to discuss the
following two cases:

— If max,ec pi < 0, then by condition (D3), y; ; = 0 for all trips (i, j) € L. In this case, w, = 0 for all cycles
k € L thus X ccc Wk 21 j)ex Mij = 0 trivially holds.?!

- If maxyec pix = 0, @ = maxyey fy given (29). Condition (D4) then implies that for all cycles x € C with
wy > 0, we must have pi. = w. This implies that forallk € C s.t. we > 0, 0 X; jex dij = 2(ijyex (Pij—Cij)s
which further implies 2. ; jex i.j = 2 jyex Cij + dijo — pij = 0.

This completes the proof that (x,y,w) and (p, w, n) are optimal solutions to the primal problem (24) and the

dual problem (25), respectively. ]

A.3 Uniqueness of Optimal Dual Solution

Proposition 1. There exists 0* > 0 and ¢* € R" with ¢, = 0 such that any optimal solution (p, w, ¢) of the
dual problem (7) satisfies

(i) v = w",

(ii) ¢i — o = ¢F foralli e L.

Proof. Let (x,y) be an optimal solution to the primal problem (6), and (p, w, ¢) and optimal solution to the
dual problem (7). Similar to the proof of Lemma 1, we can decompose the difference of the primal objective
(6a) and dual objective (7a) in way similar to (26), and prove that in order for the difference in the objectives
to be zero, we must have x; ; = q; j(p;;) forall i, j € L.

Note that the difference in the objectives is zero between any pair of optimal primal and dual solutions.
The strict monotonicity of g; ; for all i, j € L therefore implies that all optimal dual solutions must have the
same prices q. This immediately pin down the unique w* and gives us (i), since p,, = cyn + @d,, must be the
same for all optimal dual solutions thus it is impossible for two optimal dual solutions to have different w’s.

Now consider the prices p; , for all i # n. The fact that p;, = ¢;, + wd;, + ¢i — ¢, must be the same across
all optimal dual solutions, together with the uniqueness of optimal w, imply that ¢; — ¢, must be the same
for all optimal ¢’s. This finishes the proof of part (ii) and concludes the proof of this proposition. m]

A.4 Proof of Lemma 2

We first state and prove the following result, which we use in the proofs of Lemma 2 and Lemma 3.

2Similar to the discussion in the proof of Claim 3, we note here that this case is not possible for any competitive equilibrium
under the assumption that g; ;(r) is strictly decreasing for all r > 0 for all (i, j) € L2
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Claim 5. Suppose M € R™" is a strictly diagonally dominant matrix (i.e. |[Mi;| > ¥ ;4 |M;j| for alli =
1,2,...,n) with strictly positive diagonal entries and strictly negative non-diagonal entries. Then M is invertible
and all entries of M~ are strictly positive.

Proof. Assume without loss of generality that max; M;; < 1 (otherwise scale M by a positive factor). Let
W =1 — M, where I is the identity matrix. We know W is a matrix with positive entries, and for each i,

Z Wi il = Wi +Zm,j =1-M;; +Z |M; ;| < 1.
J

J#i J#i

This implies ||W|l. < 1. Therefore, as k goes to infinity, W* converges to the zero matrix, and I + W +
W2 + .- + WK converges to (I — W)™' = M~ Since all entries of W are positive, entries of M~! are also
positive. i

Define §; j(r) = qij(r) + ¢ij(r) for all i, j € L and r € R. This is the need of drivers on trip (i, j) to
satisfy both demand and relocation at price r. The feasibility constraints (F1)-(F4), the price structure, and
the market clearing conditions (MC1) and (MC2) together impose the following constraints on 7z and ¢:

Z Gij(cij+dijm+ ¢i = ¢j) = Z Gji(cji+djimi+¢;— i), Vie L,
jeL jeLl
D dijdi(eij +dijmi+ di— ) =m,
ijelL
cij+dijmi+di—¢; 20, Vi jeL

We prove Lemma 2, which states that the origin-based market-clearing outcome exists and is unique.

Lemma 2 (Existence and Uniqueness). For any economy (m,d, c,q), any phantom demand function q, and
any OD-based price adjustment ¢ € R", there exists a unique vector of origin-based multipliers m € R" that
clears the market.

Proof of Lemma 2. The fact that 7 clears the market means that trip prices are non-negative, the driver flow
is balanced for each location, and exactly m units of drivers are dispatched.

We first prove the uniqueness by showing that the set of surge multipliers that achieves flow-balance is
“ordered”, i.e. if both 7 and 7’ lead to flow-balanced outcomes, m; < m; for some i € L implies that 77,'; < 7
for all j € L. Then, we prove that there exists a vector 7 € R" that satisfies all three conditions above.

(i) Orderedness/Uniqueness. We first prove that for some fixed ¢ € R", if both & and n’ lead to flow balanced
outcomes, then Ji € Lst. m > 1] = m; > 77.';, Vj € L. Equivalently, we show that 7 + @ — J = L,
where J = {i € L|n] < m;}. Assume towards a contradiction, that J # @ and J # L. The total flow from
J to L\ J is strictly higher under 7" in comparison to that under 7, i.e.

Z Gij(cij+dijm + i — ¢j) > Z Gi,j(cij+dijm+di— @j). (32)

ied, jeL\T ied, jeL\g

At the same time, the total flow from £ \ J to J is weakly lower under s/, i.e.

Z qA,"j(C,')j + di,]’ﬂ'{ + ¢i - gf)]) < Z qA,"j(C,')j + di,jﬂ'i + ¢i - (}s]) (33)

i€eL\T,jeT i€eL\J,jeT
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This implies that the flow-balance constraints for locations in U cannot be satisfied under both & and n’,
since under flow balance, the left-hand-sides of (32) and (33) must be equal, and so do the right-hand-sides
of the two inequalities. This completes the proof of part (i).

Note that this also implies the uniqueness of origin-based market-clearing outcomes, i.e. there can be at
most one market-clearing 7, if any exists at all. This is because if & and n’ both satisfy flow-balance and
7 # 7', either m; > 7 for alli € L or m; < n] for all i € L. The resulting outcomes therefore cannot use the
same number of drivers, thus (MC2) cannot hold under both s and 7’.

(ii) Existence. Before proving that a market clearing = € R" exists for any ¢ € R", we first introduce some
notations.
For simplicity, define for all i, j € Land all 7; € Rs.t. ¢;j +d; jmi + ¢ — ¢j > 0,

Pi,j(ﬂi) = C}i,j(ci,j + di,jﬂi + ¢ — ¢j)-

Note that p; ;(-) is defined for fixed ¢ € R", and represents the rate of driver flow on the (i, j) trip as a function
of the surge multiplier ;. Moreover, for all 7; > (¢; — ¢ — ¢ j)/dij, pij(-) is strictly positive, continuously
differentiable and strictly decreasing in ;.
We also denote the number of drivers needed to satisfy the demand originating from each location i € £
(as a function of ;) as
Si(m) = Z di,jpij(mi).
jeL

Since trip prices must be non-negative, S;(r;) is defined only for z; > m;, where 7; is the lowest value of r;
such that p; ; > 0 forall j € L:

ot max DT e (34)

- jeL di, j
Given properties of {p; j(-)}jer, Si(m;) is also strictly positive, continuously differentiable, and strictly de-
creasing in ; for all 7; > ;. Finally, denote total the number of drivers needed to satisfy the driver flow
as:

S(m) £ ) Si(m).
iel

S is well-defined for w € R" s.t. ; > 7; for all i € L. We denote the domain of S as

D2 {meRm>m Vie L} (35)

To establish that a market-clearing outcome exists, what we need to prove is that there exists a # € D
such that the resulting outcome is flow balanced and uses up all drivers:

D pki(m) = ) pu(m), Vk € L, (36)
jeL iel
S(m) = m. (37)

We prove this by showing that the set of multipliers satisfying the flow balance constraints (36) forms a
one-dimensional manifold, and then proving that there exist a 7 in this manifold s.t. (37) is satisfied.
A first challenge is that it is not straightforward to prove that there exists any & € D s.t. (36) is satisfied.
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--- pij(m)

T Lite T

TTj

Figure 13: Sketch of functions p; j(7;) and p; j (7).

To overcome this issue, we construct an alternative p = (p;;(+))(; jjer? s-t.

(I) flow-balance (36) (stated in terms of p instead of p) is satisfied by construction for 7, and

(I) p coincides with p for all outcomes that use m units of drivers supply (i.e. p(7) = p(7) forall w € D

s.t. (37) holds under p).

First, observe that S;(;) > mforalli € L since given (34), p; ; = 0 for at least one destination j € £, in which
case the (i, j) trip would use d; jp; j(;) = d; j§; j(0) > m units of drivers. Given that S;(r;) is continuous and
strictly decreasing in 7;, there must exist a unique 7; > m; s.t. S;(7;) = m. Let ¢ > 0 be a small enough
constant such that 7; + ¢ < 7; for all i € L. Denote

A .. .
K £ maxp;, (mi +e).

and define p; ;(-) for all (i, j) € L% as

- 2
ﬁi,j(ﬂi) = Pi,j(ﬂi) + (K = Pi,j (7_Ti + 8)) (m;jiiﬂ(lgi flg)O}) .
We know that p; j(m; + ¢) = K for all (i, j) € £, and that p; j(m;) = p;j(m) for all 7; > 7;. See Figure 13 for
an illustration.

It is straightforward to verify that (I) holds— the flow balance constraints are trivially satisfied since
pij(m) = K for all (i, j) € L% We now argue that (II) also holds, by showing that for any x € D s.t. (37),
we must have m; > 7; for all i € L since by definition of ;. S;(7;) = mfor all i € £ and for all other j € L,
Sj(j) is strictly positive for all 7; > ;. As a result, if there exists any i € L s.t. m < 7;, S(7r) > m must
hold and (37) cannot be satisfied.

Denote S(7) 2ijer) dijpij(mi), we now define the following two subsets of O where the flow-balance
constraint and the total supply constraint are satisfied, respectively:

F = {n eD Z P () = Zﬁi,k(”i)a Vk € L}’ (38)
jeL i€l
T ={neD|S$(n)=m}. (39)
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What is left to prove is that 7 NF # @. The fact that p = p forall w € 7 then implies that (36) and (37) are
both satisfied for any p € 7 N ¥, completing the proof of of the existence of an origin-based market-clearing
outcome.

To prove 7 N F # @, we first define the following auxiliary function b : © — R"! such that

be(m) = " pik(m) = D prj(m), k=1,....n—1.

iel jeL

Intuitively, by represents the total amount of driver flow into location k minus the total driver flow out of
location k. As a result, b(sr) = 0 holds if and only if & € ¥, meaning that # is the preimage of 0,_; under
function b.

Given that p; j(-) is strictly positive, strictly decreasing, and continuously differentiable for each (i, j) €
L2, we know that foreachk =1,...,n—1, bi(m) is also continuously differentiable in 7. Now, consider the

set
StFn{nreD|S(n)>m}

we know 7 = (), ¢ € S since as we've discussed earlier, b(x) = 0, and the corresponding outcome uses
strictly more than m units of drivers. We also know that S is closed, since

e D is closed,
+ ¥ as the preimage of 0 under the continuous function b is closed, and

. set {m € D|S(m) > m} as the preimage of the closed set [m, +c0) under the continuous function $ is also
closed.

The set S is also bounded above. Otherwise, if ; — oo for any i € £, then the prices p; ; — oo forall j € £
and the flow out of location i must go to zero. To satisfy the flow balance constraint, the flow into location
i must also go to zero. Since ¢ is fixed, this implies that 7; — oo for all j € L. This further implies that
S(m) — 0, contradicting the fact that S(m) = m.

Let n* = (7},...,m,) be the & € S with the largest 7, coordinate, i.e. 7, = sup,.g 7,. We argue in the
rest of the proof that $(7*) = m must hold, i.e. 7* € F N T

We first show that the mapping b has no critical point. To see, this, divide the Jacobian matrix of function
b into two blocks, with A € R(~Dx(=1) g ¢ Rn-1,

S(m) e gs(m) | ()
Db(m)=| i . : =[] B].
by, by, b,
gﬂ—ll (ﬂ) e 37Tn—1 (7[) 3,1—'11 (7[)
Fork,j=1,2,...,n—1,j # k, we have:
oby, d .
Ag=o(m) == ) T—prj(m) > 0,
Tk jetviky Tk
by d
Api=—(m) = —pi (7)) <O.
ki (1) ar, Pk ()
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Moreover, observe that

Akl = )

jeL\{k}

d .
TP ()

> )

jeL\{k.n}

= ) |k

d .
I P i(me)
k jeL\{k.n}

By Claim 5, A is invertible, and this holds at any s, i.e. b does not have any critical point. By the implicit
function theorem, there exists an open set U € R containing 7, such that there exists a unique continuously
differentiable function u : U — R" with u(rx;) = (x},...,7;_,) and b(u(r,), 7,) = 0 for all 7, € U.

We now assume towards a contradiction, that S(z*) # m. By definition of S, we must have S(x*) > m.

Let {n,(la)}gozl be a sequence in U that converges to x,, s.t. ﬂ,(,a)

> gy foralla = 1,2,..., and denote a@ 2
(u(ﬂ,(La)), ﬂ,(,a)). Given the continuity of u and S, we know that $(7(?) converges to S(n*) as a — +oo. This
implies for a that is sufficiently large, S(x@) > m holds, which implies that 7@ € {x € DIS(7) > m}.
Since n,(la) € U, we also know that 7% € F. This implies that (@ € 8, and this contradicts the fact that 7*

is the point in § with the largest ,,. This completes the proof of this lemma. ]

A.5 Proof of Lemma 3

Lemma 3. The mapping I1 : R""! — R" is continuously differentiable. The Jacobian matrix at the time t — 1
market-clearing outcome DIT(¢"D) € R™ "D ¢can be computed using history h;.

Proof. We first define an auxiliary function g : R?*~! — R", where

(7. ) 2 " Gur(cik +dipri + §i — ) = > uj(cij + dijme+ e — $), k=1,2..,n =1, (40)
iel jeL
gn(m, @) =m— Z dijqij(cij+dijm+ ¢ — ¢)). (41)
ijeL

Intuitively, given (MC1), the first n — 1 components of g(, ¢) correspond to the total flow of drivers into
each location k = 1,...,n — 1 minus the flow of drivers out of location k per unit of time, when trip prices
are given by p; j = ¢; j + dj jmi + §; — ¢;. The last component of g(7, ¢) is the difference between the amount
of available drivers m and the amount of drivers needed to fulfill the flow. g(7, ¢) = 0 thereby implies that
the flow balance constraints and the total supply constraint (MC2) both hold, i.e. 7r clears the market given
destination-based adjustment ¢ (recall that the first n — 1 flow balance constraints imply the flow-balance at
location n). Fixing any ¢ € R""!, Lemma 2 implies that there exists a unique - € R" s.t. g(7, ¢) = 0, which
is denoted as IT(¢).

The function g is continuously differentiable since § is continuously differentiable. The Jacobian matrix
of g can be partitioned into two blocks, representing the Jacobian of g with respect to & and ¢, respectively:

3_2(724)) g_;gri(”’¢) %(”’d’) 8Zii1(”’¢)

(Dg) (. ) = 2 [Dng | Dgg].  (42)

Bi(mg) o L(m) | L(mg) o ()

When D, g is invertable, the implicit function theoremimplies that I1(¢) is continuously differentiable,
with
DII(¢) = —(Dxg) 'Dyg. (43)
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The rest of this proof establishes that DII(¢) is invertable, and that the entries of D,g and Dgg depend on
the trip durations {d; ;}(; j)c r2 and the local slope of the augmented demand function {g; j (Pij)}(i,j)er?» both
of which can be observed by the platform.

We start from proving that D, g is invertable. First, partition D, g into four blocks, with A € R(»~D*(=1)
peR"yeR"LandAeR:

A
Dng = [,YT /j] (44)

When A is invertable, the determinant of D, g can be written as:
det(D,g) = det(A) det(A —yTA™!B) £ 0.

We will prove that det(D, g) # 0 by proving that (i) A is indeed invertable, and (ii) A — yTA™!8 > 0.
To prove that (i) A is indeed invertable, observe that the diagonal entries of A is given by
Ak = —(JT ) =- Z dicjq ;(ckj+dijme + ¢ — ¢5), Vk=1,...,n -1, (45)
jeL\{k}

and that the off-diagonal entries are of the form
0
A = a—i"(n,qs) = dyd, (Cop +doeme+ de — i), Ve =1,...n—1,Ve=1,...n—1, £ £k  (46)
, :

Since §; j(-) is strictly decreasing for all (i, j) € L% we know that Ay > 0 for all k < n— 1, and that Ay, < 0
for all k < n—1and all £ # k. Moreover, note that

Akl = Y |Aekl = =dknd), (ckn + dinTk + P — $n) > 0.
t+k

It follows from Claim 5 that A is invertible and all entries of A™! are strictly positive.
To prove that (ii) A — yTA™! B > 0, observe that

d
B = g’“ = dod, (Cng + dupTtn+ G — $i) <0, Yk =1,...,n— 1, (47)
a ;
9 () = = ) df (e + eyt fe =) > 0, V=1 n =1, (48)
jeL
/1— == > &g, (Cnj+ dnjmh+ §n = $7) > 0. (49)
jeL

As a result, yTA_lﬁ < 0, and thus A — yTA_lﬁ > 0.

What is left to show is that the entries of D, g and Dgg depend on the trip durations and the local slope
of the augmented demand function. For D, g, this is shown in Equations (45)-(49). For Dgg, it is convenient
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to partition the Jacobian matrix as

. | B
Dyg - [ GT], (50)
where B € R"D*("=1) and § € RV For k = 1,2,...,n — 1, the diagonal entries of B are given by

By = 7@ $)=— > Gpleu+dpm+di—d) = D Golerj+deme+de—9). (51
i€ L\{k} jeL\{k}

Fork=1,2...,n—1and ¢ =1,2,...,n— 1 with ¢ # k, the off-diagonal entry

B = ?(ﬂ ®) = Gy (cok +dekrme + e — Pi) + i o (cre + diemi + P — Pe). (52)

Finally, for £ =1,2,...,n -1,

8gn

26, (7, ¢) = Z d jqp j(cej+dpjme + dp — ¢j) + Z dieGio(cipo+digmi+ i — de).  (53)
jeL\{¢} ieL\{r}

This completes the proof of this lemma. O

A.6 The Update Direction

In this section, we prove the following result, which shows that any the market-clearing outcome correspond-
ing to any ¢ € R""!, there exists a unique ¢’ € R""! at which all 7;’s are equalized in the linear approximation
of I, i.e. there exists £ € R s.t. I[1(¢) + DII(¢) (¢’ — ¢) = £1,,. This is the direction towards which the INP
mechanism updates the OD-based price adjustments week-over-week.

Lemma 4. The matrix [DH(¢) —1] € R™" has full rank at any ¢ € R"" 1,

Proof. Recall from the proof of Lemma 3 that the Jacobian of IT is of the form DII(¢) = —(D,g) 'Dgg, where
g is given by (40) and (41) and D, g is full rank. The matrix [DH —1] can therefore be written as

[DII -1 = [-(Dzg) 'Dyg -1] = ~(Dxg) "' [Dyg (Dxg)1].

As aresult, it is sufficient to show that [D¢ g Dy g)l] also has full rank. To prove this, we partition D, g
and Dgyg as:

i

Pxg = [?T}’
B

D¢g = [OT]

Here, B € R("DX(=1) and @ € R"! are exactly the same as in the partition (50), given by (51)-(53). On the
other hand, A € R(""D*" and § € R" are given by

=[a B].
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=[y" 4],

where A, B, y, and A are components of the partition (44) of D, g (see (45)—(49)).
It is straightforward to verify that
« the row sum of A is equal to 0, i.e. A1 = 0, following from (45)—(47) and (53),
« 71 > 0 because j; > 0 for all i € £ given (48) and (49), and
+ B is symmetric, given (52).
The matrix [D¢ g Dy g)l] can therefore be written as:
B Al] [B 0 ] B [1 e/yT1HB—00T/)7T1 0 H I o]

[Dog (D”g)l]:[GT Tl 71 Tlo 1 of 7] leT/m 1|

It suffices to show that B — 007 /$'1 is positive definite. To this end, we show that for any n — 1 dimensional
vector { € R" ! such that £ # 0,1, (1B - 600")Z > 0.

In the rest of this proof, we make use of the structure of A and B to show that
{"(P"1B-00") =¢"p"IBL - £700'C =y 1(L'BY) — (£70) >0, VE e R", £ £ 0,4, (54)

or we have a counter-example of the Cauchy-Schwarz inequality. For simplicity of notation, we define
{n = 0, despite the fact that ¢ is a vector with dimension n — 1. First, given (48) and (49) (recall that y, = 1),
the element-wise sum of y can be written as

=S Y,
i=1 j=1

Combining (51) and (52), ' BZ can be rewritten as:

._.
H
&.
._.

= i (évz gj)zq;,j’

i=1 j=
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and Z'0 can be written as
n—1 n n
£'o=> a(— D digd i+ dk,iq’k,,.)
i=1 j=1 k=1
n n n
=, é?(— D dudii+ ) dk,icf;c,i)
i=1 j=1 k=1

S Z Z Gidi g + Z Z Gidi i,

i=1 j=1 i=1 j=1
n n

== > DG - Hdisd
i=1 j=1

By Cauchy-Schwarz inequality, (p71)({"Bg) > (£70)%. Moreover, the equality is achieved if and only if
the ratios between the d; ;’s and {; — {;’s are the same for all i, j = 1,..., n. This is impossible because while
dij is always positive, {; — {; is zero when i = jand {; — {, = {; # 0 for some i < n — 1. Therefore,
ZT(p"1B—007)¢ > 0 must hold. This completes the proof that [D¢g (D,,g)l] is positive definite, and also
the proof of this lemma. m]

A.7 Properties of the Lyapunov Function

We establish in this section useful properties of the alternative objective function f as defined in (20). We use
0, and 1, denote ¢-dimensional vectors of all zeros and all ones, respectively, and drop the subscript when
the dimension is clear from the context.

Lemma 5. The function f as defined in (20) is continuously differentiable, has a single critical point correspond-
ing to the unique global minimum, and is coercive (i.e. every sublevel set is bounded).

Proof of Lemma 5. We first prove that f has a unique minimizer ¢* € R""!, achieving f(¢*) = 0. Given any
augmented economy (d, ¢, g, m, q), consider the following optimization problem, where 4(-) = §!(-) is the
inverse function of §(-) (recall that §; j(-) = ¢;;(-) + ¢ ; () is strictly decreasing for all (i, j) € L?):

Yi.j
maximize Z (/ 0 j(s)ds — ci,jyi,j) (55a)
yeR" ijeL \Wo

subject to Z Yk,j = Z Uik, Yk=12,...,n-1, (55b)
jeL i€l
Z di,jyi,j =m (550)
ijel

Let ¢ = (¢1,...,¢n—1) denote the dual variables corresponding to (55b), and let @ be the dual variable
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corresponding to the total supply constraint (55c), and fix ¢, = 0.* The dual of (55) can be written as

(o]
minimize mo + / Gi,j(r)dr, (56a)
w€ER, ¢e R™! ijel Y cijtdijoti=¢;

and difference between primal and dual objectives is of the form

Gij (cij+di jo+di—$))
Z /q e (6:.;(s) = (cij+di jo+di—})) dg+w(m— Z di’jyi’j)+z d)k(z yi,k_z yk,j)' (57)

ijeL Y Yij ijeL kel i€l jeL

Lety* € R™ and (¢*, w*) be optimal solutions of the primal (55¢) and dual (56a), respectively. The primal-
dual difference (57) is zero for y* € R™ and (¢*, ™) since the primal problem is convex. It is straightforward
to verify that (57) being zero implies that the surge multiplier 7 = w*1, (i.e. 7y = - -+ = 7, = 0*) clears the
market when the OD-based adjustments are given by ¢*. In other words, I1(¢*) = w*1, implying f(¢*) = 0.
This is a global minimum, since f is non-negative by construction.

We now prove that the global minimum is unique. Suppose ¢’ € R""! also minimize (20), i.e. f(¢’) = 0.
We know that the market-clearing surge multipliers " = I1(¢’) must also satisfy 7] = - -- = 7. Let 0’ = 7,
and let y’ be the resulting driver flow under this market-clearing outcome. ¢’ is a feasible primal solution. We
can verify that the market-clearing conditions in Definition 2 imply that the difference between the primal
objective achieved by y’ and the dual objective achieved by (¢’, w’) is zero, meaning that both solutions are
optimal. With an argument similar to the proof of Proposition 1, we can prove that the optimal dual solution
is unique. This implies that ¢* = ¢/, i.e. (20) has a unique minimum.

To complete the proof of this theorem, we establish the following results.

Proposition 2. Every stationary point of f is a global minimum.

Proposition 3. f as defined in (20) is coercive, i.e. every sublevel set of f is bounded. Formally, VU € R, IM > 0,
Vo eR™L f(¢) <U = gl <M.

A.7.1 Proof of Proposition 2

Proposition 2. Every stationary point of f is a global minimum.

Proof. First note that the alternative objective function f as defined in (20) can be written as:

2

f@) =3 (M) -~ Y () =5 > (0(9) ~T1(9)"
iel jeLl i,jel

Define & : R*! — R" such that foreachi=1,2,...,n,

() £ 200(9) - = ) TTj(9)

jeL

22Note that the first n — 1 flow balance constraints (55b) imply that location n is also flow balanced. For convenience of notation,
we drop the redundant flow balance constraint, which is equivalent to fixing the dual variable at ¢, = 0.
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The gradient of f can be written as:

V@) =+ D" (@) - (@) (VIL($) - VIL,(#)

ijeL
_2 > (Wi(¢) - 1)) VILi ()
n i,jeL
= 3 (2m(9) - = 3 11,(9)) VL (9)
iel jeL
= DII(¢)"£(¢h).

Observe that the entries of €(¢) always sum to zero, i.e. 1T€(¢p) = 0, V¢ € R*"1. As a result,

Vf(¢) = DII($)"£(¢) =0, & [DII(¢) —1,| &(¢) = 0,

By Lemma 4, the matrix [DIT(¢) —1,] has full rank at all ¢ € R"™"'. Vf(¢) = 0 then implies that £(¢) = 0,
meaning that foralli € L,

() = > ()

jeL
In other words, I1;(¢) = --- = I1,(¢), in which case f(¢) = 0. Since f is non-negative, this completes the
proof that every stationary point of f is a global minimum. O

A.7.2 Proof of Proposition 3

Proposition 3. f as defined in (20) is coercive, i.e. every sublevel set of f is bounded. Formally, YU € R, IM > 0,
Vo eR"L () <U = [Igllo < M.

Proof. Assume toward contradiction that f has an unbounded sublevel set, i.e.
JU* eR, VM >0, 3¢, (f(¢) <U") A (ll§llc > M). (58)

We know it must be the case that U* > 0, since (as we have established earlier in this section) f is non-negative
and achieves the global minimum f = 0 at a unique ¢* € R""1.

The first term in (58), f(¢) < U*, implies that (I1;(¢) — % Yjer I'IJ-((/)))2 < U*holds foralli € L. Asa
result, at any ¢ € R" ! sit. f(¢) < U*, we must have

. 1 1 . -
max I1;(¢) ~ minIT;(¢) = (maxIL(¢) - ;éni(m) + (;énm - minIl(9)) <2VU". (59

The second term in (58), ||@|lc > M, implies that there exists some i < n — 1 s.t. |¢;| = | — ¢u| > M.
Assume w.l.o.g. that |¢; — ¢,| > M (otherwise re-label the locations). Consider the prices of the two trips
between location 1 and location n:

Pin=Cint dl,nH1(¢) + ¢1 - ¢n’
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Pn,l =Cn1 + dn,lnn(¢) + ¢n - ¢1-

Trip prices being non-negative implies that

() > 100
1,n
¢1 - ¢n - Cn,l
Hl’l(¢) 2 dn’l *

Since |¢p; — ¢,| > M, we have

M - Cin M - Cn,l}

max IT;(¢) > max{IT1(¢), Hn(¢>}2mm{ din = dn

Furthermore, applying (59), we get

M=cip M-
minIT;(¢) > maxII;(¢) — 2VU* > min{ y ‘un y c”’l} — VU™ (60)
i ! 1,n n,1

The rest of the proof applies (60) to establish that there exists a sufficiently large M > 0s.t. for all ¢ € R""!
such that ||¢||c > M, the corresponding market-clearing outcome cannot satisfy f(¢) < U*. We start from
constructing one such M.

First, for each (i, j) € £, we define p;; > 0 as the smallest non-negative price for the (i, j) trip s.t. the
driver flow for (i, j) trip is no greater than m/(2n® max; jer d; ;)

pij = inf{r € Rxo | Gij(r) < e},

where

m

A
£ = ’
(n3+n2+n) maXi,jeL{di,j}

If §;j(0) < &, we know p;; = 0. If §; j(0) > ¢, since §;j is continuous, strictly decreasing, and converges to 0

as the price approaches infinity, p; ; is the unique prices at which g; ; (p; ;) = e.
For each origin, let 7; be the smallest 7; such that c; j + d; j; is at least p; ; for all destinations i € L:

7w = rjréaﬁx{(ﬁi,j —cij) /dij}, o

and let M be sufficiently large such that (60) guarantees that min; IT;(¢) is no smaller than the maximum 7;
among all i € L:

M= maX{(miaCX T+ 2 VU*)dl,n + Ci,ns (mzzx T+ 2 VU*)dn’l + Cn,l}- (62)
1€ 1€

Now consider a ¢ € R" ! s.t. ||@]lo > M, under which f(¢) < U* is satisfied ((58) guarantees that such
¢ exists). Applying (60), (61) and (62), we know that for all i, j € L s.t. ¢; > ¢;, the trip price under the
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market-clearing outcome must satisfy
pij = cij+dijlli(@) + ¢i — ¢; 2 ¢ij + die minli(¢) > pi .
This implies that for all i, j € £ such that ¢; > ¢;, the driver flow rate
Yij = 4q(pij) < q(pij) < e

Relabel the locations s.t. ¢1 > ¢, > - -+ > ¢, and apply Claim 6 below, we know that the total amount of

drivers dispatched under the market-clearing outcome is bounded by:
E d;jyij < max{d,;} E yi; < max{d;;}(n+n*+n’)e=m.
“ pjeL £ LjeL
ijel i,jeL

This is a contradiction, since given (MC2), any market-clearing outcome must use exactly m units of drivers.
This completes the proof that f is coercive. O

Claim 6. Suppose driver flowy € R™ is balanced (i.e. Yies Yik = 2jer Yk,j for allk € L) and satisfies
yij<e&Vije Lsti<],
the sum of driver flow over all trips is bounded by

Z yij < (n+n®+n’)e.
ijel
Proof. First, we decompose the sum 2; ;c r y; j into two parts:
2,0 D vt ) v
ijeL ijeLi<] ijeLii>]
Since y;; < eif i < j, the first term is bounded by
n(n+1
Z yij < €¥ < (n+ne.
e 2
i,jeLi<j

Due to the flow-balance constraint, for each k > 2 we must have ;5 i<k Yij = Xisk j<k Yj.i- As a result, the
second term can be written as

n

Z yi,j:Z Z yi,jszn:(k—l)(n—k+1)s<n3g.
k=2

ijeL,i>j k=2 i>k,j<k

This completes the proof of this claim. m]

A.8 Proof of Theorem 2

Theorem 2. Assuming (A1) and (A2), given any economy, the iterative network pricing mechanism converges

to an origin-based market-clearing outcome where all multipliers are equal, i.e. Jw* € R s.t. lim;_, nl.(t) = w*
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foralli € L. The welfare suboptimality of the limit outcome is upper bounded by
mmax{0, —w*} + Z eij. (23)
ijeL
The following proposition is a direct corollary of Proposition 1.2.1 of Bertsekas [2016].
Proposition 4. Let f be the objective function defined in (20), and (¢!*)rexr be a sequence generated by:

ST = pIK] 4 1K K] 1K

Assume the followings:

(i) (M1 8k is gradient related, i.e. for any subsequence (¢!X))iecqc (for some K C N, |K| = oo) that
converges to a non-stationary point of f, the corresponding subsequence (a'*!8)),cqc is bounded and
satisfies

limsup V£(¢!) Tl 1K < o,
k—o0, ke

(ii) vkl is chosen by the Armijo rule, i.e. plkl = /3N’<, where f € (0,1), 0 € (0,1), and Ny is the smallest
non-negative integer N for which

@) = F@ 4 fYalM 8 > VT f (gl Talk 51H
Then, every limit point of (¢\¥)cy is a stationary point of f.

Recall that ty, t1, tp, . .. are the values that ¢’ in Line 7 of Algorithm 1 ever takes. For each integer k > 0,
define

A ¢(tk)’

A n(tk),

<
-
by
i
>

o~
R
>

=7
Ko
>

A 6(tk+1)’

Ky
>

2 ot

We know that
¢[k+1] — ¢[k] +ﬁNka[k]6[k]’

where Ny =ty — t; — 1 is the smallest integer N > 0 such that
F@l+ pNaltlslt) < f(@l) + oV (I TV oM 5181, (63)

Proposition 5. The sublevel set {¢p € R"™' | f(¢) < f(¢ )} is compact, and it contains $!¥! for all k € N.
K1 converges to ¢p*.

Proof. We first apply Proposition 4 and show that every limit point of (¢¥);cy is a stationary point of f.
By construction, the backtracking factor is chosen by the Armijo rule thus condition (ii) of Proposition 4 is
satisfied. What is left to verify is condition (i), that (a!* 8K}y is gradient related. By definition of the INP
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mechanism (see Algorithm 1), we know that

Skl = ([—DH((/)[k]) 1n]_1ﬂ[k]

)1:n—l’

alkl = min{l, ’ }
IDIT(¢!k1) 81K |

Moreover, the gradient of f with respect to ¢ at ¢¥] is of the form:

vf(91) = 2(D11(gH))" (= - (2111, (69
- 2(DH(¢[k]))T(I - %1,111)7:[’“]. (65)

Since 1, (I — %lnll)n[k] = 0, we can rewrite Vf with a zero appended at the end as

[Vf(‘/’ )] 2[DI1(g!) —1,1]T(I—%1,,11)n“‘].

Therefore,
VF(glk)TslH = [Vf (91" ] D) 1,] "M
T -1
= 2(z¥)"(1 - ~1,1]) [DII(@H) —1,][-DII(gH) 1,] 2!
= —2( [k])T(I = —1n1§)n[k]
<0. (66)
The last inequality holds with equality if and only if 77.'1[k] = Jl'z[k] =...= Jr,[,k], at which point f = 0 achieves

the global minimum. As a result, Vf(¢*1)T8*l < 0 (i.e. 8!¥ is a descent direction) for f whenever ¢!
not optimal. What this implies is that the last term of (63), oV £ (¢ Nkl 5Kl is weakly negative, and
that the objective value f(¢!*]) is weakly decreasing in k. As a result, every point in the sequence (¢*!); ey
must be contained in the sublevel set {¢ € R | f(¢) < f(¢*)}, which is bounded (and compact) given
Proposition 3.

Observe that both 8% and a!¥! can be written as functions of ¢!¥. The functions are continuous because
IT is continuously differentiable. Since every continuous function over a compact space must be bounded,
(k1 81k, v is bounded. For the same reason, (||DIT(¢!*1)8!!||)rer is bounded, and thus (a!®)ey is
bounded away from zero.

Now consider a subsequence (¢!*1),cx that converges to a non-stationary point. We know that as k — oo,
the limits of both % and V£ (¢!*)T8§!¥! exist due to continuity. limg—e0, kex al¥l > 0 since for each k € N,
alkl is positive and bounded away from zero. Moreover, limy_, 0 ke Vf (¢[k] )Té[k] < 0since limy_,o0 kexc ¢[k]
is not a stationary point of f. This implies that

lim sup Vf(¢[k])Ta[k]6[k] <0,
k—o0, ke
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and completes the proof of condition (i), that (a!¥ §!K1), o is gradient related.

It follows from Proposition 4 that every limit point of (¢!*1)cy is a stationary point of f. By Lemma 5,
there is a single stationary point corresponding to the unique global minimum of f. It then follows that
every limit point of (¢!¥1);cy is the unique global minimum, and therefore (¢!*!);cr converges to the global
minimum, completing the proof of this proposition.

To see the last statement, assume toward contradiction that the sequence (¢[k] )ken does not converge to
the global minimum ¢*. In this case, there exists ¢ > 0 and K C N with |X] = oo such that ¢!k resides
outside of the open ball B.(¢*) = {¢ € R"! | |l¢p — ¢*|2 < 5} for all k € K. (Here || - ||, denotes
the 2-norm for vectors). Observe that the infinite subsequence (¢!X1)icx is contained in the compact set
{p e R | f(¢) < f(¢ )} \ B.(¢*), thus must have a limit point in that set, which does not contain the
global minimum. This contradicts with the fact that every limit point of (¢%]);¢y is the global minimum. O

Proposition 6. (§ [k])keN converges to 0,_1.

Proof. We prove this proposition by showing that the 2-norm of 8% converges to zero. By definition, 8'¥! is
the first n — 1 entries of ([—DH((])[k]) ln] _17t[k]). As a result, for each k > 0, there exist §[k] € Rs.t.

[k]

which gives us
(k]

[-DII(p!*) 1,] l?[k]] = k],

Subtracting %lln[k] 1, from both sides of the equation, we have

k
1
[-DI($!)) 1,] Lz[k] _ llTn.[k]] =l - ;lln[k]ln,

n-n

and equivalently,
st [k] “t( k) _ Lo ik
gIK 14T 5 [K] = [-DI(¢!) 1,] (n -1, 1n).

Let || - ||2 denote the 2-norm for vectors and the induced 2-norm for matrices. We have

2

Sslk]
P
2= || - LyTgth |

2

<[l[-pre™) 1.7 |
=[|[-Dr@™ ) 1] F(o"

e _ LT ey |
n 2

Given Proposition 5 and the continuity of DII, we know that as k — oo, || [—Dl'[((/)[k]) 1,,] _1”2

to || [—DH(¢*) ln] _1”;, and f(¢!¥!) converges to 0. Therefore, || 5] |2 converges to 0, completing the proof
of this proposition. O

converges
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Figure 14: Contour plots of the non-convex dual objective and the Lyapunov function f for Example 2.

B Additional Examples

The following example demonstrates that the dual objective (as a function of the OD-based adjustments ¢)
and the Lyanupov function as defined in (20) are not necessarily quasi-convex.

Example 2. Consider an economy with three-locations, a total of m = 8.6 units of drivers, and rider demand
functions

q1.1(r) = q12(r) = q23(r) = q31(r) = g32(r) = q33(r) = exp(-r/30),
q13(r) = q21(r) = q22(r) = 4exp(-r).

The trip costs are zero, i.e. ¢;; = 0 for all i, j € £, and the durations are given by d; ; = 1 for all i, j. Figure 14
shows the dual objective and the Lyapunov function f as a function of ¢; and ¢,, fixing ¢3 = 0. We can see
that the contours are not convex, meaning that the dual objective and the function f are not quasi-convex.
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Figure 15: Average number of trips by hour-of-week.

C Simulation Details and Additional Results

In this section, we provide detailed descriptions of the simulation settings that are omitted from Section 5 of
the paper (Appendix C.2). Moreover, we describe the overall market dynamics in Chicago (Appendix C.1),
and include additional simulation results on:
(i) the pure Newton (as oppose to damped Newton) method that does not limit the maximum allowed
changes in the origin-based multipliers (Appendix C.3),

(ii) an iterative mechanism based on gradient descent with respect to the f (Appendix C.4), and

(iii) a simple method that directly uses the multipliers as the direction for updating the OD-based adjust-
ments (Appendix C.5).

C.1 Chicago Market Dynamics

In this section, we offer a high-level overview of the market dynamics in the City of Chicago, supporting
the assumption that market conditions remain stationary during the focal time window, such as the morning
rush hours.

First, Figure 15 presents the average (over the first 9 weeks of 2020) number of trips originating during
each hour-of-week. The 0 hour-of-week corresponds to midnight-1 a.m. on Mondays, and the 1% hour-of-
week corresponds to 1-2 a.m. on Mondays, and so on. The gray stripes indicate the morning rush hours (7-10
a.m.) and the green stripes indicate the evening rush hours (5-8 p.m.). We can observe clear weekly patterns:
during weekdays, trip volume peaks during morning and evening rush hours; the market is the most busy
during Friday and Saturday evenings (when people take rides to commute from work as well as to and from
restaurants and bars).

In Figure 16, we illustrate the average flow imbalance of the two locations discussed in Section 1, the resi-
dential area (Lake View) and the downtown area (The Loop). The residential area sees more trips originating
than ending in the area during the weekday morning rush hours, and the opposite during the evening rush
hours. Downtown, on the other hand, sees more trips ending in the area in the morning, and leaving the area
in the evening. Importantly, observe that the trip flow imbalance of both locations remain relatively constant
during the weekday morning rush hours (7-10 a.m.) and the evening rush hours (5-8 p.m.).

We present the distribution of trip duration (in minutes) in Figure 17, for all trips during the first 10
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Figure 16: Average trip flow imbalance of the residential area and downtown, by hour-of-week
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Figure 17: Distribution of trip duration (in minutes).

weeks of 2020 (the distribution is not qualitatively different if we focus only on trips that take place during
the morning rush hours). We can see that the vast majority of trips take fewer than 60 minutes, and roughly
80% of all trips are shorter than 20 minutes. Given that the flow imbalance of the two locations remain

relatively constant for three hours during the morning rush (as shown in Figure 16), the market condition
should not change substantially during the time a driver completes an average trip.

C.2 Simulation Details

We conduct two types of simulations in this paper: a stationary setting where the rider demand and driver
supply are stationary over time and correspond to the average market condition during the first 10 weeks of
2020, and a dynamic setting where the rider demand and driver supply change over time according to the
realized trip flows from the beginning of 2019 to the end of 2020.

C.2.1 Stationary Setting

This section describes the way we construct the economy for the stationary setting, using data from the first

10 weeks of 2020. This economy is used in Section 5.1, Appendix C.3, Appendix C.4, and Appendix C.5.1.
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Trip Duration and Cost. We consider the n = 77 community areas in the City of Chicago as our set of
locations. Among all n? = 5929 origin-destination (OD) pairs, 5826 of them have at least one observed trip.
For each of these OD pairs (i, j), we calculate the average duration of the trips and use it as d; ;. For the
remaining 16 edges for which we did not observe any trip, we impute the duration with the length of the
shortest path using the edges with observed trips.”” We assume that all trips cost $20/hour, i.e. ¢;; = 20d;
foralli,je L.

Rider Demand. Among the approximately 18 million recorded trips, 148 thousands started during 7-8 a.m.
on Wednesdays. For each OD pair (i, j) € £?, we calculate the average number of observed trips per hour, and
lf”}’s. Among all n? = 5929 OD pairs, 3331 are traversed by at least one trip during the time window
that we focus on. For each (i, j) € £? such that we observed no trips in the data, we assume g; ;(r) = 0 for all

denote it as x

r > 0. A constant zero demand function does not satisfy our assumption that g; ;(-) is strictly decreasing for
all i, j € L. This assumption is, however, sufficient but not necessary for establishing our theoretical results,
and having zero demand for these OD pairs does not lead to any issues in our simulations.

For each (i, j) € L? for which we observe at least one trip, we calculate the average price (the sum
of the Fare and Additional Charges columns) of the recorded trips, and denote it as pg?s. To construct the
rider demand functions, we assume that (i) the riders’ average willingness to pay for a trip is $1 per minute
($60/hour), and (ii) the willingness to pay follows an exponential distribution. Technically, this is assuming

that the demand function is of the form

qi,j(r) = Qi exp(-r/(60d;;))

for some constants (Q;j)(; jjer2- Intuitively, Q;; can be interpreted as the total amount of riders interested
in traveling from i to j. For each (i, j) € £? s.t. at least one trip is recoreded, we determine Q;; by solving
X% = Qyj exp(—pp/(60d; ).

Driver Supply.  For the total number of drivers m, we use the minimum number that can fulfill the observed
rider flow (xf}’s)(i) i)er? and maintain flow balance. Formally, we assume

m= m1n1mlzze Z di,jyi,j
yeR" ijeL

subject to Yyij > x{’}’s, Vi, j e L, (67)
Z Yij = Z Yjis Vie L.
jeL jeL

This gives us m = 4475, which is almost certainly an underestimation of the number of online drivers since
in practice it’s very unlikely for drivers to relocate in the most efficient manner. In comparison, the observed
total supply hour that’s spent “on trip” is }’; jc r d;, jxl?}’S = 3368. This implies that in practice the efficiency
(i.e. fraction of drivers’ time spent on trip) is most likely lower than 3368/4475 = 75.3%. The platforms may
observe seemingly a higher level of utilization, which indicates that some drivers might be relocating offline

and not being counted towards the total supply hours.

ZThere is little or no rider demand between these extremely sparse origin-destination pairs. We nevertheless estimate the
duration of these trips such that we can properly account for the time it takes a driver to relocate without a rider.
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Driver Relocation. To coordinate driver relocation, we use phantom demand functions given by g; j(r) =
500(max{0,1 —r/3})* for all i, j € £.* As a result, relocation occurs only when the price drops below $3.

C.2.2 Non-Stationary Setting

This section describes the non-stationary setting used in Section 5.2 and Appendix C.5.2, representing Chicago’s
market conditions for 7-8 a.m. on Wednesdays, from the beginning of 2019 through the end of 2020. There
are a total of 139 million trips during the two years. We removed a total of 43 trips with distances that are
more than 30 times the median distance of trips with the same origin and destination— these are most likely
due to errors in the data recording/processing proces.

Trip Duration and Cost. Among all n?> = 5929 OD pairs, 5925 of them have at least one trip in 2019 or 2020.
For these OD pairs, we compute the average trip duration over the two years and denote it as d; ; for OD
pair (i, j). The remaining 4 OD pairs have no trip in 2019 and 2020, and we set their trip duration to be the
shortest path distance using the duration of the observed trips. Similar to the stationary setting, we set the
trip cost to be the average trip duration multiplied by the driver cost rate $20 per hour.

Rider Demand. The rider demand functions are constructed in the same way we construct the rider demand

function for the stationary setting, except that we use only recorded trips from each week to determine the
b
bt
be the number of recorded trips from i to j that started during 7-8 a.m. on Wednesday. If at least one trip
is recorded, i.e. if x°? > 0, we use the average price of these trips as p°. The rider demand functions are

Lj,t Lj,t*
defined as

demand function for each week ). More specifically, for each OD pair (i, j) € £? and each week t, let x

g\ (r) = 0" exp(-r/(60d; ),
where QE? is the solution of xloﬁ’st = Ql.(j.) exp(—pf?j/(éOdi,j)).
Driver Supply. Similar to the stationary setting, for each week t, we compute the minimum number of
drivers needed to serve all observed trips while maintaining flow balance, and use it as the number of drivers

m® in the simulation. Technically, we solve (67) for each week t, using x?}?i instead of xf’}’s.
Driver Relocation. To coordinate the flow of driver relocation, we use phantom demand functions g; ;(r) =

1000(max{0, 1 — r/4})* for all OD pairs (i, j). Relocation occurs only when the price is below $4.

Events at McCormic Place. There are a total of 101 Wednesdays that are working days during 2019 and 2020.
As we have briefly explained in Section 5.2, we excluded a total of 5 of them from our simulations, during
which it is very likely that major events were held at McCormick Place, which is located in the South Side,
the community area just south of The Loop. In particular, we count the trips from North Side and Downtown
to South Side during 7-8 a.m. (see Figure 18), and excluded days for which this number greater than 300.
During a typical “non-event” day, the South Side community area has an imbalance of around 0.4, meaning
that more trips originate from the area than end in the area (i.e. the area is a popular origin). During the event
days, however, the imbalance can drop to as low as —0.4, when substantially more riders request trips ending
in the area. This leads to a very different flow of driver supply in space, thus a ridesharing platform should

4This phantom demand function does not satisfy our assumption (II) that d; ;G; j(0) > m. The assumption is used to prove
existence of the market clearing surge multiplier sz for any ¢. In practice, we are only interested in a limited range of reasonable
values of ¢, so the assumption is only sufficient but not necessary.
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Figure 18: Total trip flow into South Side over weeks.
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Figure 19: Optimal OD-based adjustments and naive origin-based multipliers ¢*) and 7 for each week.
adjust the marginal values of drivers for this area as well as the neighboring areas. This is practically feasible
since major events are typically planned months ahead of time.

Optimal OD-Based Adjustments and the Naive Origin-Based Multipliers.
timal OD-based adjustments ¢*) and the naive origin-based multipliers 7z(*) for each week t. In Figure 19a,

Figure 19 shows the op-

the optimal adjustment of the residential area stays relatively constant over time, until the pandemic hits in
March 2020, after which the adjustment drops substantially. Overall, both the optimal adjustments and the
naive origin-based multipliers become more volatile after the pandemic hits.

C.3 The Pure Newton Method

Under the INP mechanism defined in Section 4.1, the step size (22) is determined such that the (linear ap-
proximation of the) origin-based multipliers will not change week-over-week by more than some constant
7 > 0 for any location. Since the update direction (21) corresponds to the one under the Newton method for
solving systems of equations, the INP mechanism can be considered as a “damped Newton” algorithm. If we
remove the stepsize limit (i.e. setting @'¥) = 1 for all t) and run the pure Newton method, the results for the
stationary setting (same as the setting studied in Section 5.1) are shown in Figure 20 and Figure 21.

We can see that despite the fact that the pure Newton algorithm is still able to converge, the very large
updates and frequent backtracking leads to very volatile market-clearing multipliers and social welfare (which
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Figure 20: ¢*) and 7 over iterations ¢ for the pure Newton method in the stationary setting.
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Figure 21: Social welfare, dual objective, and the Lyanupov function f over iterations t for the pure Newton
method in the stationary setting.

are highly undesirable in practice). The convergence also takes more iterations in comparison to the results
presented in Section 5.1, where the properly “paced” INP mechanism never has to backtrack.

C.4 Gradient Descent on the Lyapunov Function

Given that the gradient of the Lyanupov function f at a market clearing outcome can be computed using
information available in the market, a natural alternative (to INP) to consider is the gradient descent algorithm
with respect to f. More specifically, instead of using the Newton direction (21), we can use —Vf at the
previous market clearing outcome as the update direction. In conjunction with backtracking line search
(recall that f as a function of ¢ is not necessarily convex), the algorithm is guaranteed to converge to the
unique global minimum of f where all origin-based multipliers are equal.

In Figure 22 and Figure 23, we present the outcome under this algorithm (labeled GD) for the same sta-
tionary setting as in Section 5.1. Similar to the INP mechanism, we limit the stepsize such that the expected
week-over-week change in the origin-based multipliers is at most 7 = 10, and use the same parameters for
backtracking line search. We can see that despite the theoretical convergence guarantees, the convergence is
very slow— after 80 iterations, the outcome is still far from optimal (and not much progress was made even
after we run the algorithm for a total of 500 iterations).

The cyclic oscillations in ¢ and 7 starting around the 20th iteration is not a result of backtracking
line search, and a smaller stepsize limit 7 or different backtracking parameters does not help. This suggests
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Figure 22: ¢() and 7! over iterations t for the gradient descent method in the static setting.
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Figure 23: Social welfare, dual objective, and f over iterations ¢ for gradient descent in the static setting.

that the gradient of f is not an effective direction for updating the OD-based adjustments. Also note that this
method does not require less information than INP, since the local price sensitivity of rider demand is also

necessary for computing Vf.
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Figure 25: Social welfare, dual objective, and f over iterations ¢ for the simple direction in the static setting.

C.5 A Simple Update Direction

In this section, we present simulation results for a very simple mechanism, where we update the OD-based
adjustments using only the origin-based multipliers. Specifically, we adjust ¢; for each i € L by ﬂi(t_l) - JT,(lt_l)
(multiplied by some constant), and without using the observed trip volume or the price sensitivity.”’

We are unable to prove any theoretical guarantee for this method so far, since the update direction may
not be a descent direction of the Lyanupov function f as defined in (20). As we will see, however, the method
works well and is quite robust. Intuitively, increasing the ¢; for a location with high multiplier 7; reduces
the prices of trips ending in this location (relative to other locations). As a result, this is likely to increase the

driver supply for this location, thereby reducing the multiplier for this location in the subsequent iterations.
C.5.1 Stationary Market Condition
We first consider the simple direction in the static setting studied in Section 5.1, with

" ="V +0.012".

Figure 24 plots the OD-based additive adjustments ¢*) and the origin-based multipliers 7(*) over iterations t,
and Figure 25 compares the social welfare, the dual objective, and the function f over iterations t with those

2Whether to subtract ﬂ,st_l) has no impact since the trip prices depend only on the differences in the OD-based adjustments.

The current forms, however, keeps ,(lt) at zero for all ¢, making it easier to observe the changes of ¢(t) over time.
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Figure 26: ¢*) and ") over weeks t, for the simple update direction in the dynamic setting,
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Figure 27: Social welfare and welfare ratio over iterations ¢ for the simple direction in the dynamic setting.

under the INP mechanism. The multipliers 7*) at different locations eventually converge to the same value,
and the social welfare converges to 99.8% of the optimal social welfare. The local convergence rate appears
to be linear (in contrast to the superlinear local convergence achieved by INP), as shown in Figure 25c.

C.5.2 Non-Stationary Market Conditions

We also test the simple update direction in the non-stationary setting studied in Section 5.2, setting
¢V = ¢V +0.0052"7Y.

The results are presented in Figures 26 through 29. Despite having a worse empirical local convergence rate
compared to the INP mechanism (linear vs. superlinear, as suggested by Figure 25c), the simple direction
performs quite well in the dynamic setting. In particular, using the origin-based multipliers as the update
direction appears to be more robust to the non-stationarity of the demand than the INP mechanism, resulting
in smaller week-over-week fluctuations in welfare as shown in Figure 27b. Also note that the smaller fluctu-
ations did not come at a cost of its ability to “track” changes in the market conditions— in comparison to the
INP mechanism, social welfare in fact bounces back faster after COVID under this simple policy.
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Figure 28: Gross booking (GB) and GB ratio over iterations ¢ for the simple direction in the dynamic setting.
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Figure 29: Trip throughput and throughput ratio over iterations ¢ for the simple direction in dynamic setting.
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