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Pseudo conditional mean function mj;

not treated Yj:(0) = mjy+er, Elex] =0, t=1,...,T.
treated Yi(1) = mi+er+ Oit t> Tp.
~—
individual

treatment effect

a. Estimation of mj: regressions, sc, factors/matrix completion
b. Imputation of Y; 7,14(0): ejr often assume unpredictable.
c. Testing of d;7,4n: asymptotic, conformal, subsampling, etc.

In (c), we carefully account for sampling uncertainty from (a), but
total imputation error is dominated by out-of-sample error in (b).

Example: Yi(0) = x},8 + eir = Yir,41(0) = x/7 1 Bors.

var(8;,7y41) = 02 + X, var(BoLs)xmy 1 — .



1 Model misspecification

i Yit(0) is AR(2) but we assume an AR(1) model.
ii Y,t(O) = )\,‘Ft + Vit, but we assume Y,t(O) = )\i + Ft + Vit
i Yie(0) = ¢1Yr.e—1(0) + vie but we let mye = 35 w; e,

err = $1Y1,e-1(0) + vi¢ — Zsz’;l w;jYj(0) is persistent.

2 Genuine correlation

o Yi:(0) = AiF; + eir and e is serially or spatially correlated.

3 Temporal aggregation of data.



Per capita GDP, 2002 USD

West Gemany
105 -

© @ 3
(=] i =]

@
2
[

8.0-

1960 1970 1880 1990 2000
Year

autocomelation of residuals
075 -

050 -

Q.00- - I..._-- —
025 -
: T

050 -
1] 10

lag

ehat

... In I_ llll

-02-

Pre-unification residuals

002 -

Lol b

002 -

1960 1970 1980 199¢
date

cross-section comelation of residuals



log-GDP: West Gemany Pre-unification growth rate residuals
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e Imputation of Y; 7,44(0) is a special (out-of-sample)
prediction problem where the true values are not sampled.

e Goldberger proposed infeasible BLUP for linear prediction. We
derive PLUP and PUP for potential outcomes.

i PUP does not require linearity and can be used with any
consistent estimator of mj;.

ii Asymptotic mse expansions for stationary mixing processes
show PLUP/PUP have smaller mse than standard predictions.

e Implications of ignoring predictability for inference.

i Standard prediction is inefficient but unconditionally unbiased.
ii Conditional bias may distort inference.



2. Linear Prediction: from BLUP to PLUP



e Goldberger's Best Linear Unbiased Predictor

iy = Ay and E[AX ~ xr)5] = 0 gives

-1
Ym|To = XmBeLs +w'Q "egrs,  w = Elemects]-
e first order serial dependence e; = ¢1e;_1 + v4:
* ! h
YTo+h|To = XT0+hﬁGL5 + o1 €GLS,Ty-
Cochrane-Orcutt (1949) used ¢/ (y1, — x7.5)

e cross-section correlation: random effects = Empirical Bayes.



e Standard (OLS) prediction y7,1|7, has error
N / 5
€11, = eTo+1 — X1p41(Bors — B)
= efy+l OP(]')
e Feasible BLUP )7’7".0+1|T0 = X7,11861s + ¢1861s, T, has error

& iym = Vot — (xtor1 — ¢1x7) (Bers — B) — (¢>1,GLS - ¢>1> éGLs, .

VTo+1 t OP(]')
Feasible BLUP is asymptotically more efficient because

03 < ag.

e Observation: gains are due to ¢1e§-0, not BOLS Vs BGLS.

10



e Source of efficiency gains motivates

~t ) ) A A
YTot1To = XT0+1IBOLS =+ P1ET,
PLUP OLS prediction ~ OLS-based correction

ér, and gy are based on in-sample OLS residuals, py is first
order sample autocorrelation coefficient.

At A PNIPN
® PLUP error &, o = &r11|7, — D187,
et = e — piet, + 0p(1)
T0+1|T0 To+1 P1 To P
= (¢1—p1)er, + vig+1 + 0p(1).
+ : i _
€01 Ty IS asymptotically vr,41 when ¢1 = p1.
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Assumption Al: (a) E |e:|” < oo for some r > 2 and for all ¢;
(b) {et} is a strictly stationary strong mixing process.

e Under Assumption Al such that 3-8 and p1—+p; = 71,

(OIS) éT()-i-1|T() ~ (07 70)
(PLUP) é"7t0+1|_’_0 ~ (0,70(1 - p%))

Result also holds if e; is mixing (not necessarily AR(1)).
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Three predictors:

R _ ! A
e standard: J7,4p 7, = X714

1 - _ ! A ~Aha N ~ A

e iterated PLUP : Vot To = X5 w8+ Pher,, p1 = 41/%.
i - 5 / 2 A PN A a

o direct PLUP: J71 4 p1y = X708 + PheTo) Bh = /Ao

Remarks: Absent sampling uncertainty:

all predictions are asymptotically unbiased provided E[e;] = 0.

asymptotic mse of direct PLUP is never worst.

additional lags of er;, may be better, but even one lag helps.

e gains from PLUP | with h because of mixing (ergodicity).

13



(T,N)=(50,20)
Unconditional Errors

h best noadj ols pulpl plupd | best noadj ols plupl plupd

bias mse

(¢1, $2)=(0.80,0.00)
-0.00 -0.01 -0.00 -0.00 -0.00 | 0.05 0.14 0.14 0.05 0.05
0.00 -0.00 0.00 0.00 0.00| 0.05 0.14 0.14 0.08 0.08
5) 0.00 0.00 0.00 0.00 0.00| 0.05 0.13 0.14 0.12 0.12
10 | 0.00 -0.00 -0.00 -0.00 0.00| 0.05 0.14 0.14 0.14 0.14
avg| -0.00 -0.00 -0.00 -0.00 -0.00 | 0.00 0.07 0.08 0.06 0.06
(1, $2)=(1.30,-0.40)
1 | -0.00 -0.01 -0.00 -0.00 -0.00 | 0.05 0.43 0.43 0.06 0.06
0.00 -0.00 -0.00 -0.00 -0.00 | 0.05 0.43 0.43 0.16 0.16
5 0.00 -0.00 0.00 -0.00 0.00| 0.05 0.42 0.43 0.37 0.35
10 | 0.00 -0.01 -0.00 -0.00 -0.00 | 0.05 0.43 0.44 0.48 0.44
avg| -0.00 -0.00 -0.00 -0.00 -0.00 | 0.00 0.28 0.29 0.21 0.20
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(T,N)=(50,20)

Conditional on (er,—1, er,) = (0.5,1.0)

h best noadj ols pulpl pIupd‘ best noadj ols plupl plupd
bias mse
(é1, ¢2)=(0.80,0.00)
-0.00 0.80 0.79 0.01 0.01| 0.05 0.68 0.68 0.05 0.05
0.00 0.64 0.64 0.01 0.02| 0.05 0.49 0.49 0.09 0.09
0.00 0.33 0.33 0.01 0.02| 0.05 0.23 0.23 0.13 0.13
10 | 0.00 0.11 0.10 0.00 0.02| 0.05 0.15 0.15 0.14 0.15
avg| -0.00 0.36 0.35 0.01 0.02| 0.00 0.18 0.18 0.06 0.06
(¢1, ¢2)=(1.30,-0.40)
1 |-0.00 1.10 1.09 0.18 0.18 | 0.05 1.25 1.26 0.09 0.09
2 0.00 1.03 1.03 0.18 0.24| 0.05 1.19 1.20 0.17 0.20
5 0.00 0.62 0.62 -0.04 0.20 | 0.05 0.72 0.73 0.34 0.38
10 | 0.00 0.21 0.21 -0.23 0.08 | 0.05 0.47 0.48 0.49 0.45
avg| -0.00 0.61 0.61 -0.04 0.17 | 0.00 0.56 0.56 0.19 0.22

ii5)



3. Imputing Counterfactual Outcomes with pLUP and puP
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e Goldberger's BLUP is for linear prediction of data not yet
observed but eventually available.

e Chow-Lin: interpolate (impute) missing values of mixed
frequency data that may or may not be observed.

e For i € [1, Ni], we want to impute missing Y; 7,45 from

e Ty outcomes for N; treated units
e T outcomes for N — N; control units.
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Y1.1:7,(0)
| Y#*(0)
: (NTox1)
Yni17,(0 0
Y (0) = Y"”l'“( ) = =M+E
?Xfl’ N1+1,T0+1:T(0) Ypost(o)
: ———
(N—Nl)T1><1

YN, To+1:7(0)

pre
£ = (égposr) ~ (0,T) r=E[EE] = <rpre”’re rp'e’p05t>

r post,pre rpost, post

Let n= NT — Ny T;. The n x n covariance matrix [ depends on

a. X = E[ee}], the N x N covariance matrix of e; = (ef,, €},)’
b. Qi = E[ejel], the Ty, x To, time series covariance of unit i. 18



Al strict stationarity, strong mixing.

A2 i = Y;(0) is any consistent estimator such that

Wi Tosh — MiTorh = 0p (1) To 23000 (Arie — mie)” = 0, (1).

Under Al and A2, the standard imputation has error

A

0i,Toth = 0iTorh = (MiTorh = MiTorn) + € Toth-
~ Py 7 ST
() (i)

(i) is estimator dependent, may need White/HAC, but is op(1).

(i) is not captured by model, dominates (i) asymptotically.

19



Re-doing the Goldberger problem with M = X3 gives

BLUP: adjusted counterfactual outcome
+ oy /I r—1
M To+h = XT0+h/8GLS +wipl ™" Ears.

BLUP is infeasible. But under Assumption A, we have residuals

o & = Yj:(0) — mj for any j not treated, t =1,..., T.
e & = Yit(0) — My, any i treated, t =1,..., To.

We can construct PLUP that is asymptotically equivalent to BLUP.
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* Correction can be done even for non-linear imputation models.
Let M; 1,4 be any standard imputation satisfying Al and A2:
e time series PUP: A1 — il + 5P oke
- i To+h i,Tot+h k=0 Pi €, To—k-
+ _

e cross-section PUP A1/ ) = M To1h + Zj>N1 0i ;& To-+h-

e time series and cross-section PUP:

Pi N P

At P A ~

mi,To+h = M; To+h + E Pis€i, To—s + E E eij,sej,Tg—i—h—s-
s=0 J#i s=—pj

21



e PUP can use any consistent mj already developed. No need
to abandon static procedures.

e PUP type corrections have been suggested.

e Chernozhukov-Wauthrith-Zhu (2021): suggest to add p(L)e;—1,
no mse analysis, limited proof of concept.

e Fan-Masini-Medeiros (2022): mutually correlated idiosyncratic
errors Yir(0) = v/ Wi + AiFy + 01€_; + + vir by LASSO.

e Ferman (2023): DiD with omitted spatial correlation.

We provide analytical motivation and study their properties.
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h best  noadj pca  pupl pupd | best noadj pca pupl pupd

er = 0.6e1t—1 + €1¢

Unconditional bias of d; 7,44 mse
1| 000 -000 0.00 001 001|025 037 043 033 033
-0.01 -0.01 -0.00 -0.00 -0.00 | 0.33 037 045 042 042
51-0.00 -0.00 0.01 001 001|037 039 048 047 048
10 | -0.01 -0.01 -0.00 -0.00 -0.00 | 0.39 040 0.50 050 0.51
avg | -0.00 -0.00 0.00 0.00 0.00| 012 0.13 0.18 0.17 0.17
e1r = 0.6e1:—1 + €1¢, eT0=1.00

Conditional bias of &; 7,14 mse
1| 000 060 056 015 015|025 061 0.66 0.36 0.36
-0.01 035 032 012 014|033 045 053 045 047
51-000 021 019 009 013|037 042 051 048 052
10 | -0.01  0.12 0.09 0.04 0.09| 039 040 051 050 0.54
avg | -0.00 015 012 004 009 | 0.12 014 019 0.17 0.19
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h best  noadj pca  pupl pupd | best noadj pca pupl pupd
et = 0.5ex + €1

Unconditonal bias of 0; 7,4 mse
1| 000 -0.00 000 0.00 0.00|0.15 0.20 033 0.28 0.28
-0.01 -0.01 -0.00 -0.01 -0.01 | 0.15 021 035 0.29 0.29
5| 000 -0.00 001 0.01 0.01|0.15 0.21 035 0.30 0.30
10 | -0.01 -0.01 -0.01 0.00 0.00 | 0.15 021 034 029 0.29
avg | -0.00 -0.00 0.00 0.01 0.01 | 0.01 0.02 0.05 0.04 0.04

e = 0.5ex; + €14, 2Ty+1 = 0.27539

Conditional bias of &; 7,14 mse
1| 000 014 014 0.04 0.04 ] 0.15 0.17 029 0.27 0.27
-0.01 049 049 0.12 0.12 | 0.15 0.38 052 035 0.35
5| 000 047 048 013 0.13 | 0.15 0.37 052 035 0.35
10 | -0.01 -0.45 -0.44 -0.14 -0.14 | 0.15 035 048 034 0.34
avg | -0.00 -0.12 -0.12 -0.06 -0.06 | 0.01 0.03 0.06 0.05 0.05
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g,-t —0it = o0p(1) estimation error + ej.

Suppose ej; is normal. Given point estimate d;; with variance ag,
we can construction a prediction interval of the form

point estimate + 2s.e.

We can choose from

e Two predictors (standard vs pup);

e Two types of inference (unconditional and conditional).

25



e Unconditional inference takes average over draws of er.
Useful for evaluating procedures.
e Proposition:

e Let {e:} be a stationary mixing process. Under normality,
the standard and PUP predictions all have correct
unconditional coverage, ie, as Tg — o0,

Oe,i

)

biTor1 — Oi
P (_zl—a/2 < it i o zl—a/2> =O(z1-0/2) — ®(~21-0/2)-

e but the PUP intervals are shorter.

26



Suppose ej; = ¢;ejt—1 + Vi where vj; ~ N (O’ 037,-).
Problem at h = 1:

€

. 2 H
e/,To-.i—l NN(¢I ,To,%) #N(O, 1)

i
e,i Oe,i e,i

N

P —Z1_a/2 < < zl—oz/2|el',T0

Oe,i
— i Te,i —¢i 2l
=0 <—ei,To +2Z1a)2 ) - <_ei,7'o —A-a/2 ’
v,i Vi Ol vii
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Suppose €1+ = 0] ep.n ¢ + Vit is cross-sectionally correlated.

/ 2
e1, Tor1len, Tor1 ~ N(O1exn, 1911, 07 1)-

01,7901 — 0

;Totl 1,To+1

P( ~Z-apS—— o — < Zi_aj2|€n, ot
e,l

—91 Oe.1 —9/ Oe 1
= <62:N,T0+1 + 21_ay2 Je’ — 0 —Lernmot1 — Zi—ajp—>

Ov,1 v,1 Ov,1 v,

Conditionally biased prediction distorts inference

®(biasy + biasy z1_4/2) # P(21-q/2)-

)
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For serially correlated errors, (analytical) biasi= ¢! /wp, ;

(e7,,0,) = (—2.0,0.5)

h | coverage bias; | coverage bias;

AR(1) 1 = 0.8 | MA(1): 6; =0.8
1 0.84 -2.26 0.58 -1.77
2 0.87 -1.41 0.95 -0.00
3 0.90 -1.01 0.95 -0.00
4 0.92 -0.76 0.95 -0.00
5 0.93 -0.59 0.95 -0.00
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For cross-correlated errors, (analytical) bias; = 6fe_1 1+1/0v.1.

Example: e 194n = 01262 11+n + V1, 7o s (X121, Z00) = (0.5,0.841).

201 =0.613 Y01 = —0.613
h e 1,4n | coverage bias; | coverage bias;
1 0.68 0.63 -1.64 0.89 -0.70
2 -0.83 0.81 1.07 0.86 0.85
3 -0.92 0.93 -0.38 0.84 0.95
4 0.09 095 0.17 0.95 -0.09
5 0.86 0.94 0.32 0.86 -0.89
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For h =1, conditional PLUP coverage is

~

(5'+T +1 5i,T +1)
Pl-ziap<—0———<z.qplen | =1-a+to(l)

e,i,1

PUP conditional coverage is asymptotically accurate: Vh > 1.
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(T, N) = (50, 20)

h best noadj ols pup | best noadj ols pup

Unconditional Conditional on er, ery—1
(¢1, $2)=(0.80,0.00)
1 096 095 095 095 |09 040 041 0095
095 095 095 095 |09 064 063 0095
5 096 095 095 095 |09 088 088 0.95
10 | 095 095 095 094|095 094 094 094
avg | 095 099 099 094 | 096 094 093 0.94
(¢1, $2)=(1.30,-0.40)
1 096 095 095 095 |09 079 077 0.92
095 095 095 095 |09 076 075 0.94
096 095 095 095 |09 087 087 0.96
10 | 095 095 094 095|095 094 094 094
avg | 095 098 098 094 | 096 094 093 0.96
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h | best noadj pca pup | best noadj pca pup

Unconditional Conditional on ey, 7,
(T.N)=(50,20)
1095 094 092 093 |09 087 0.86 0.92
091 094 091 091|092 092 09 0091
5|08 093 09 088 |09 094 091 0.89
10 | 0.89 094 090 0.84 | 091 094 091 0.85
avg | 098 085 0.75 0.77 | 098 083 0.73 0.76
(T,N)=(200,50)
1/095 095 094 095 |09 090 0.89 0.9
091 095 094 094|091 092 092 094
51089 09 094 093|089 095 094 0094
10 | 0.89 095 094 094 | 090 095 0.94 0.94
avg | 099 093 092 092|099 092 090 0.92

e Gains are larger at h =1 and when Ty is large;

e Coverage of Sit not informative about ;.
33



h | best noadj pca pup | best noadj pca pup

Unconditional Conditional on e 7y+1.7
(T,N)=(50,20)
1109 09 094 093 |09 097 095 0093
095 095 093 093|095 086 0.87 0.90
5109 094 093 091 |09 091 091 0.90
10 | 095 095 093 088 | 095 098 0.96 0.89
avg | 0.88 0.88 0.79 078 | 0.88 081 0.75 0.77
(T,N)=(200,50)
1109 09 095 095|095 094 094 0095
095 095 094 094 |09 094 093 094
5109 095 09 095 |09 075 0.78 0.93
10 | 095 095 095 094|095 086 0.87 0.93
avg | 094 094 092 092 | 094 092 091 0092
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1. PLUP gains specific to estimator and hypothesis.

e coverage of Sit not good guide for &; or .
e At least for FBI, Gaussian distribution for different reasons.

2. A necessary condition for PUP improvements is predictability
in the errors. We can check using LM test

elt—X,t(SO‘i‘Z(s selt 5+Z Z 5 Se_j,t s-

Jj=1s==—p;

e Rejection of Hy is not sufficient for improvements.
e Correction involves p&; 1, or 0/8_; 1,+h.
e The relevant &'s must be non-zero, but we can check this!
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1. Many procedures for unconditional inference when ej; is
unpredictable, but developed for different estimators and
different object of interest. How to compare methods?

2. Limited work on conditional inference,

e Theory allows e;; to be dependent, consider this possibility.
e modeling e;; improves point prediction, not just efficiency.
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e Robust s.e for mj; useful, but prediction error variance is
asymptotically dominated by var(e; 7,14).

e Ignoring time and cross correlations associated with e; 7,41
can give inefficient and conditionally biased predictions, as
well as misleading inference.

e PUP provides a simple way to account for correlation without

knowing the true error structure. It can be used in
conjunction with many existing estimators.
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e Robust s.e for mj; useful, but prediction error variance is
asymptotically dominated by var(e; 1,4h).

e Ignoring time and cross correlations associated with e; 7,41
can give inefficient and conditionally biased predictions, as
well as misleading inference.

e PUP provides a simple way to account for correlation without
knowing the true error structure. It can be used in
conjunction with many existing estimators.

THANK YOU
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Ho : Z Sip =

t=To+1

o If A; 1, is random for fixed Ty: construct prediction interval

Ai - Ai,T1 = ( Z mijt — mlt) + = Z it

t To+1 t To+1

e A is non-random: construct a confidence interval

-
~ 1
Ai_Ai,oo:( Z mijs— m:t) (T Z eit+5it—E[5it])-

t To+1 t=To+1
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. . 'F —1 1 To
Oir — 0 = xp(B—P)— Fr'( ) Br (Z Fseis>
Y s=il

To To
(i.a) —
(i.b)
NA -1 1 No 1
N[22} BA—S"A ; -y
I( N ) ANO ; k€kt +6t u Op(min(No, To))

- ~

(i.c)

- error (i.a) is OP(\/LTT,)
- error (i.b) is error from estimating F: OP(\/LTT)
- error (i.c) is error from estimating A: Op(ﬁ).
€;r dominates error in estimate of individual treatment effect
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Recall: Sf»To-i-h — 0i, To+h = (mi,T0+h - ﬁ7i,T0+h) + €, Toth-
A 1 o=
o = 5 hzz:l(si,To-l-h
Tl =il TO T1
1 F'F 1 1
= — F! — B _( F.e: ) — .
T1 hzz:l T°+h( To ) F To Z: s€is ) + T hz:; € To+h T

1 !/
Let Vi = MF/(?F> ¢j(FT)F> Fi mln(To,Tl) ol
i\ Ty

Then
i — AT\ d
win(/ o T (B2 B 0 1
VA-
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