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Abstract

A crucial input into causal inference is the imputed counterfactual outcome. Impu-
tation error can arise because of sampling uncertainty from estimating the prediction
model using the untreated observations, or from out-of-sample information not cap-
tured by the model. While the literature has focused on sampling uncertainty, it van-
ishes with the sample size. Often overlooked is the possibility that the out-of-sample
error can be informative about the missing counterfactual outcome if it is mutually or
serially correlated. Motivated by the best linear unbiased predictor (BLUP) of Gold-
berger (1962) in a time series setting, we propose an improved predictor of potential
outcome when the errors are correlated. The proposed PUP is practical as it is not
restricted to linear models, can be used with consistent estimators already developed,
and improves mean-squared error for a large class of strong mixing error processes.
Ignoring predictability in the errors can distort conditional inference. However, the
precise impact will depend on the choice of estimator as well as the realized values of
the residuals.
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1 Introduction

Understanding the effects of policies is an important aspect of economic analysis and many
questions of interest involve an individual’s or a group’s response to multiperiod interven-
tions. Given treatment status, a researcher observes the outcome of unit ¢ after intervention
at t = Ty + 1 (denoted Yy (1)) and wants to compare it to the hypothetical outcome without
intervention (denoted Y;(0)). Since we do not observe Y;;(0) for ¢ > Tp, these values need to
be imputed. Now imputation is concerned with the prediction of values that will never be
sampled, and from results in the prediction literature, we know that in-sample estimation
uncertainty should diminish with the sample size and what dominates total prediction error
asymptotically is the variation not explained by the model. Yet, in applications, we tend
to perform robust inference taking the residuals as given, when an improved prediction is
possible by removing predictable variations that might still be in the residuals.

To illustrate, consider Figure 1 which studies the impact of the German reunification
in 1990 on Yj; = log GDP. Because the GDP data are non-stationary, we estimate com-
mon factors from a 16 country panel of GDP growth (AY31.7(0),...,AY171.7(0)), where
AY;1.7(0) = (AY;1(0), ..., AY;7(0))". The top-left panel displays actual (log) GDP over the
full sample, along with the in-sample fit }A/LLTO (0), and the counterfactual values ?LTOH:T(O).
The effect of reunification on GDP is stark, but masks the fact that the (in-sample) residuals
e11n = AY11.1,(0) — Z)\/LLTO(O) are persistent. This can be seen from the correlogram in
the bottom left panel, or from the plot of the series itself in the top right panel. The series
€11.1, 1s also cross-correlated with other errors, though many of the corr(ey 1.1, €;1.1,) are
not statistically significant as shown in the bottom right panel. The in-sample residuals
of the log level model are also serially correlated, as shown in Figure 2. Time series and
cross-section correlation of the in-sample residuals is not specific to this example.

This paper considers the implications of non-spherical errors for model-based imputation.
Non-spherical errors, which induce predictability, can arise because the model for Y;;(0)
is mis-specified or because Y;;(0) cannot be adequately captured by observed information
without further signal extraction. We build on the best-linear-unbiased predictor (hereafter,
BLUP) developed in Goldberger (1962) for linear models with non-spherical errors. The key
to BLUP is not that it is based on GLS estimation, but that it has a correction term that
depends on the covariance structure of the errors. We suggest a practical predictor (pLUP)
that is asymptotically equivalent to the infeasible BLUP to a first order. Furthermore, if
predictability is due to serial correlation, a simple AR(1) correction will reduce the mean-

squared prediction error for a large class of stationary mixing error processes. This is not



to say that an AR(1) correction is best as the desired adjustment will necessarily be data
dependent, but to point out that simple modifications can reduce the mean-squared error of
the standard prediction.

We adapt Goldberger’s result for linear prediction to an imputation setting when the
counterfactual outcomes are never observed. We derive infeasible BLUP for linear panel data
models and make precise its dependence on the covariance structure of the errors. We show
that when Tj is large, a PLUP that controls for time and/or cross-section correlation can be
constructed. But the idea of correcting the standard prediction for predictable errors is more
general and can be applied to non-linear models when direct modeling of dynamics is not
so straightforward. Thus when linearity is not required, we refer to the practical unbiased
predictor as pup.!

In addition to inefficient point predictions, ignoring correlation in the errors also has
implications for inference. Though a standard prediction will yield asymptotically valid
unconditional inference, the prediction interval will be wider because correlated residuals
inflate error variance. More concerning is that standard prediction is biased conditional on
pre-treatment outcomes of both the treated and the untreated, as well as the post-treatment
outcomes of the untreated. This bias may distort inference and the precise impact will depend
not just on persistence of the residuals, but also on the realized values of the residuals relevant
for imputing Y; 7,+1(0). In the German unification example, €; 7, is 1.03 in the growth rate
model. This non-zero value yields pup growth rates that are slightly different from the
standard prediction.

pUP is concerned with reducing the out-of-sample error and does not preclude the use
of robust standard errors or resampling schemes to account for correlation in the in-sample
residuals. In practice, a pup for unit ¢ will use residuals of unit ¢ before treatment, and
possibly of the untreated units after 7. For serial correlation type error dependence that
should die off as h increases, a pup correction is most effective in imputating Y; 744(0)
at small h. Recent work by Chernozhukov, Wiithrich, and Zhu (2021), Fan, Masini, and
Medeiros (2022), and Ferman (2023) can be seen from a PUP perspective.

Our central message is that in-sample uncertainty is asymptotically dominated by vari-
ability of the out-of-sample prediction error, and more attention should be paid to improving
the point-prediction before turning to inference. The rest of the paper proceeds as follows.
Section 2 sets up the econometric framework and provides motivating examples for pre-
dictable errors. Section 3 summarizes the properties of BLUP and then presents pLup. Its

mean-squared error is analyzed using asymptotic expansions of the population prediction

'We thank Bruce Hansen for this suggestion.



error under mixing conditions. Section 4 switches focus from predicting future outcomes
to imputing missing values. Unconditional and conditional coverage of prediction intervals
are analyzed in Section 5. With some abuse of language, we sometimes use 'imputation’
and ’prediction’ interchangeably. Our discussion will focus on time dependence but the

arguments also hold for spatial and cross-section dependence.

2 The Econometric Framework

We will use the standard potential outcome framework for analysis. Let Y;;(1) be the poten-
tial response for unit 7 at time ¢ if it was exposed to treatment (or policy intervention), and
Yi:(0) be the potential response of a (control) unit ¢ that was not exposed to intervention
at t. We observe Yy = Y;(0)(1 — Dy) + Y (1)D;, where treatment status D;; = 1 if unit
1 is exposed in period t and is zero otherwise. Without loss of generality, we order the N;

exposed units before the Ny = N — N; unexposed units. We observe

Yi(0), i=1,...,N, t=1,....T
Vi =<{Yy0), i=N+1,...,N, t=Ty+1,...,T
Ye(1)  i=1,...,Ny, t=Ty+1,....T

and are interested in the effect on unit ¢ € [1, N;] in h > 0 periods after treatment begins
in Ty 4+ 1. Different average treatment effects can be derived from the individual treatment
effect, defined as

Oirorn = Yimn(l) — Yi1y+1(0)
——
observed outcome outcome without treatment
in period Tp+h in period Tp+h

The econometrics challenge is that Y;;(0) is not observed for i < Ny when t > Tj.

Following the literature, we assume that Yj(0) has a pseudo-true conditional mean (or
mean-unbiased proxy) m; = M(S;H) that is parameterized by a vector § given some
information set H, and e;; = Y;;(0) — my, is such that F(e;) = 0. For example, an AR(1)
approximation would make m; = py;;—1 and H would be y;, for s < Tj. Being a pseudo-true
mean, m; may not coincide with the true conditional mean say, mJ,, where e}, = Y;;(0) —m/,.
For each i =1,..., Ny,

Y;t(O) = mit—{—eit, t:L,T
Y;t(l) = mit+(5it+eit, t>T0.

Let m;; be a consistent estimate of m;;. Then
Yii(0) = Myt + €3¢
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Since ?it(()) = My, the treatment effect on unit 7 at a given t = Ty + h is then estimated by

~ ~

Sitorh = Yim+n(1) = Yim4n(0)
Yizorn(1) = Yoz en(0) + (Yizy1n(0) — Mizy4n)

Oito+h + €imprn + (Miysn — MiTysn)-

The pointwise imputation/prediction error is

gz’,Tg-&-h —Oimprh = (Mizytn — MiTy+n) + €iTy4h-
This error has two sources of variation: one from in-sample estimation of m;;, and one due to
the out-of-sample error e; 14+, not captured by the model. The first error will be negligible
as Ty increases provided that m; is consistent for m;; in some well defined sense, but the
second error does not vanish with the sample size and thus total prediction error variance is
minimized asymptotically if m;; is chosen such e; does not contain predictable information.
However, theory actually allows e; to be serially and/or mutually correlated, and while
the assumption of no correlation is convenient, it is not always appropriate. In the next

subsection, we provide some examples for dependence in the errors.

2.1 Examples when ¢; is predictable

We will first clarify what we mean by in-sample and out-of-sample errors. To fix ideas,
suppose that unit 1 is being treated and the model is linear so that my; = 2. Single equation
estimation yields the imputed value ;5\17T0+1 = x’TO 41 B\ and imputation error 517T0+1 — 01141 =

—JC'TOH(B\— B) + e1.1,+1 whose variance is

Var(gl,TOH — 01 1py+1) = o+ x’TOJrlvar(,/B\)xTOH.
Correlation in x;e; may necessitate robust standard errors for 3 , but provided that E|xieq,] =
0, B\ is consistent in the sense that Var(g) — 0 as Ty — oco. Thus, the variance of imputation
error is dominated by the out-of-sample error variance o7 = var(e; 1, +1) asymptotically. This
variance is minimized when e; 7,41 is uncorrelated. Serial correlation can arise because of
temporal aggregation, but residual correlation (temporally or mutually) is usually a symptom

of misspecification of the model or conditioning information. We give some examples below.

Example misspecification 1: Suppose that Y (0) = ¢1Y1:-1(0) + ¢2Y1 +—2(0) 4+ v14 is an

AR(2) process with iid innovations vy, but the researcher assumes an AR(1) model. Then

my = BY1,-1(0), the pseudo true parameter is f = 1%2 # ¢1, and ey = vy + (¢ —

B)Y1:-1(0) + ¢2Y14-2(0) is serially correlated when ¢ # 0.
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Example misspecification 2: Suppose that the potential outcome has an interactive
fixed effect structure: Y3,(0) = A, F; + €1, but a researcher specifies an additive fixed effect
model Y3,(0) = A\; + F; + ey;. Then ey will be serially correlated if F; is serially correlated,

even if €1; is white noise.

Factor-based imputation assumes X;; = A.F} 4 e;; where F; is a vector of r latent com-
mon factors with \; as loadings and e;; is an idiosyncratic error. An appeal of factor-based
imputation is that under some conditions, the space spanned by F' can be consistently es-
timated without modeling the (weak cross-section or time) dependence in the idiosyncratic
errors. While Xu (2017) iteratively estimates F' and the missing values jointly by principal
components (PCA), Bai and Ng (2021) impute the missing values (or complete the matrix)
using two full-sample applications of PCA. Athey, Bayati, Doudchenko, Imbens, and Khos-
ravi (2021); Arkhangelsky, Athey, Hirshberg, Imbens, and Wager (2021) estimate the low
rank component using singular value thresholding (SVT).? Though all consistent estimators
of F imply that ﬁT0+h can be used as though they were observed predictors, the possibility

remains that e; 1+, can be predicted by information available.

Example Correlated Idiosyncratic Errors (from Fan, Masini, and Medeiros (2022))
Suppose that Y;;(0) = A.F; + e;; and the researcher correctly assumes my, = A\ F; but e is

correlated with e;; for j in some index set C. Then ey = vy, + > .. 0;€;: is predictable by

jec
those e;; where 5 € C.

The method of synthetic control (SC) developed in Abadie and Gardeazabal (2003) as-
sumes that there exist weights 3 such that a perfect fit Y,(0) = Z;VZQ B7Y;+(0) exists for
every t < Ty. Abadie, Diamond, and Hainmueller (2010) make additional use of K eco-
nomic predictors X; = (Xi4, Xot), where Xo; = (Xat, ..., Xn,) for the unexposed. The
Synthetic Difference-in-Difference (SDID) in Arkhangelsky, Athey, Hirshberg, Imbens, and
Wager (2021) also reweights the pre-treatment time periods to balance the pre-and post ex-
posure time periods and nests SC and DID as special cases. However, an increasing number

of papers suggest that an ‘imperfect pretreatment fit’” may prevent recovery of *.

Example Imperfect Fit 1: (from Ben-Michael, Feller, and Rothstein (2021)) Suppose
that Y;;(0) = ¢1Y;4-1(0) + vy for all ¢ = 1,2,..., N, and one constructs my; = Z;VZZ B4

We can show that the error e;; = Y3,(0) — my, can be decomposed as e;; = ¢re1,1 +

2Regularization is not necessary to consistently estimate the missing values, but could give a lower rank
common component than the one in Bai and Ng (2021).



N . .
Vi — Zj:2 B;-‘vjt. The error e; 741 contains an imbalance component ¢req 1, = (Y11 —
> j—2B;Yjm,) (which is zero if there is perfect fit but not otherwise) as well as a noise

N . . .
component vy 41 — Y, 2 ﬂ;—"l)j7T0+1, and both can contribute to serial correlation.

Example Imperfect Fit 2: (from Ferman and Pinto (2021)) Suppose that Y;;(0) = ¢; +
AJF, + €; and one estimates B = argmin,||Y1(0) — Xob)||3 where Xy = (Ya,...,Yy). With

b = plimB\ , the population imputation error is

N N N
er = Y1,(0) — X},8" = (01 — Zﬂ;cj) + F{(Al - Zﬂj/\j) + (Elt - Zﬁ}‘qt)
=2

Jj=2 Jj= Jj=2
The first two terms vanish only if o, = var(e;;) = 0; otherwise, (¢1, A1) # (ZjVZQ Bicj, Zjvzg BiAj)-
Ferman and Pinto (2021) suggest to remove the bias with a mean adjustment but this may
not remove serial or mutual correlation in the errors.
In the above examples, e; absorbs all sorts of deficiencies in m; and thus contains
information about Y;;(0). Cross-section, spatial, and time dependence in e;; are examples of

non-spherical errors.

3 Prediction with Non-Spherical Errors

This section uses classical results in linear prediction to motivate how information in the
errors can be used to improve prediction. We will consider optimal linear prediction in a

time series setting so that the i subscript can be dropped.

3.1 Goldberger’s BLUP

This subsection summarizes results for best linear unbiased prediction, BLup. The concept
seems to be first considered in Henderson (1950) in the animal breeding literature to predict
the quality of offsprings. It is still widely used in estimation of random effects in linear mixed
models for cross-section data.? Goldberger (1962) formalizes the idea in a setting where the

linear model for predicting a scalar variable g, is given by
yr = X; B+ e (1)
where X; is a K x 1 vector of completely observed predictors assumed to be fixed in repeated

samples, (3 is a vector of time invariant parameters, e; is a zero mean stationary process that

is possibly serially correlated, and €2 is the T x Ty covariance matrix of the T x 1 vector e.

3Robinson (1991) provides a survey of its many derivations, including a Kalman filter interpretation, see
also Spall (1991). Taub (1979) and Baltagi (2008, 2013) use it in variance components analysis of panel
data.



Goldberger (1962) is interested in a linear unbiased prediction of y,, at some m > Tj
given information up to Ty when 2 is positive definite but has non-zero off-diagonal entries.
Let X be at Ty x K matrix of regressors. The assumption of squared loss E[(yYm — Ymim )]
implies a linear predictor of the form y,,/;;, = A’y with prediction error ¥, 1, — ym = (A’X —
X))+ A'e — e,. The unbiasedness constraint E[y,r,] = ym requires that A’X — X/ =0,

implying a prediction variance of

— E[(Ymim, — Ym)?] = E[A'ec’ A + €2, — 2A e €]
= AQA+F (ezn) —2Aw

where w = Flee]. Let A be the Lagrange multiplier on the unbiasedness constraint. Min-
imizing A’QA — 2A'w — 2N (X'A — X,,,) with respect to A gives the best linear unbiased
prediction (BLUP)

* / 1O—1
YTy = TmbBars +wQ ears,

where Bgrs = (X'Q71X)"1X'Q~ 1y is the infeasible GLS estimator, and eqrs = y — X Bars
is a Ty x 1 vector of errors. Notably, y;‘TO depends on assumptions about {2, and in a time
series setting, this depends on the dynamics of e;. If ¢, = ¢1e;_1 + v;, where vti(O, %), Q
is 02 = 02 /(1 — ¢?) times a Ty x Ty Toeplitz matrix with ¢! on the i-th diagonal. Then
w = Eleme] = ¢7 0 O, where Qg is the last column of Q. The AR(1) assumption implies

a BLUP at m = Ty + h of

* _ ! h
YTo+n|Ty = XTo+h5GLs + dlearsm,

with prediction error €T, = YToth — yi}ﬁh'To = eqy1n — dler, + 0p(1) = vpyin + 0p(1)
where the 0,(1) term converges to 0 as Tp — oo.

BLUP is infeasible because ¢ is not observed. Feasible BLuP requires iterative Cochrane-
Orcutt or Prais-Winsten estimation of ¢;, or direct estimation of § and ¢, from a Durbin
equation.? These feasible estimators are all efficient and consistent. Cochrane and Orcutt
(1949) suggest to improve the standard prediction by incorporating lags of regressors and the
dependent variable. The difference is that eégrg; summarizes the dynamic relation between
y and X into a single signal and can be appealing when X is of high dimension.

A feasible BLUP differs from the OLS prediction in two ways. First, it uses BGLS instead
of Bo s and thus requires the dynamics of e; to be specified. Second, BLUP adds to the GLS

prediction a term that adjusts for serial correlation in e which in this AR(1) example is ¢y er,

4Cochrane-Orcutt performs least squares regression of y; — ¢1ys—1 on Xy — ¢1 Xy for given ¢; using
data from ¢t = 2,...,Ty, and then estimates ¢; from an autoregression in y; — X{B\ till convergence. The
Prais-Winsten estimator additionally exploits information in ¢t = 1. It is also possible to estimate 5 and ¢,
directly from the Durbin equation y; = X5 + y:—1¢$1 + X{_;7y+error.
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for h = 1. Since BLUP is an optimal prediction, it is more efficient than an OLS prediction.

To make this point precise, consider again the AR(1) case. At h = 1, feasible BLUP

~x / 2y ™~
Yo+ = X1y+1BcLs + ¢1ecrsm,

. ~ - e
has prediction error €7, 1Ty = YTo+1 = Yrys1im0 OF

Crm = Vn — (X — 01Xn) (Baws — B) — <¢1,GLS — 9251) €GLS, Ty

= vpt1+0p(1) (2)

where the 0,(1) term comes from the fact that the jointly estimated BGLS and 51,GLS are

2

: . ~ . . : :
V1o consistent for § and ¢;. Since €7, T, 18 asymptotically vp,4+1 whose variance is o7,

feasible BLUP achieves the same asymptotic efficiency as infeasible BLUP.

In contrast, the OLS prediction error is

€T0+1\T0 = CTy+1 — X/T0+1<5OLS - 5)

ery 1+ 0p(1) (3)

where the 0,(1) term comes from /Tj consistency of B\OLS for 5. But ep 411, is asymptoti-
cally eg, 11 whose variance is 02 > o2. Thus, the MSE improvement of BLupP over OLS is due
to the additional term ¢;er s in the prediction, not because of GLS versus OLS estimation
per se. Building on this idea, we will consider a linear prediction that is also asymptotically
unbiased but can improve upon the OLS prediction without a priori knowledge of the precise

dynamic structure of e;.

3.2 From BLUP to PLUP

This subsection suggests a practical variant (PLUP) and studies its mean-squared error (MSE)
using asymptotic expansions, first for h = 1, and then for h > 1 when direct and iterative
forecasts are possible.

Our point of departure is that any predictor that controls for serial correlation will have
the same first order effect as feasible BLUP. Let B\ denote the least squares estimate of .

Consider modifying the (standard) least-squares prediction yr, 117, = X7, 44 B as follows:

@\7&0-&-1\% = gTo-H\To + ﬁlgTo (4>
where e, = yr, — X7, 3 is the OLS residual, and

. YPeE
pl - tTé ~9 (5)
t=1Ct—1
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is the least squares estimate of the first order autocorrelation coefficient of ;. Note that
unlike feasible BLUP which re-estimates [ after p; is available, we simply adjust the OLS

prediction Y417, for serial correlation with pier,. The prediction error ’e\TFO T = Yt —

/\'_ o ~ A~ AN .
Y7ot 1110 = YTo+1 = YTo+1|To — P1ET, 18

/\_’_ . ~ A~ A~
1Ty —  CTo+1To — P1ETy

€Ty+1 — P1€T, + Op(l)v

where the last equality follows because B 56 and py—>py. If €, is indeed an AR(1) model,
then p; = ¢; and

-~ _
ety = UTO+1+OP(1)7

which is asymptotically equal to v, 41, the prediction error of the infeasible BLUP.
As it turns out, adding the term pier, to any consistent prediction yr, 41y, will yield an

efficiency gain even when the true model is not an AR(1). We will refer to the prediction

~ - / > o~ o~
Y1110 = Xp,418 + prer,

as practical BLUP (or PLUP), practical because it does not require GLS estimation and
it is asymptotically as efficient as BLup. To formalize the properties of the pLUP error

/\'_ o . /\+ .
€Ty1imy = YTo+1 — Yg 17, WE ASSUME the following.

Assumption A1l
(a) Ele” < oo for some r > 2, for all ¢.

(b) {e:} is a zero mean strictly stationary strong mixing process with mixing coefficients
a(k)=0 (k_ﬁ_‘v for some § > 0.

We define the strong mixing coefficients as a (k) = supy g |P (AN B) — P (A) P (B)| where
A and B vary over events in the sigma fields generated by {es:s <0} and {es:s > k},
respectively. Assumption Al includes linear processes e; = » -2 1;v;—;, where > 2 [1h;| <
oo and vy is 1.1.d.(0,62) with E || < oo, which includes stationary invertible ARMA (p,q)

processes and nonlinear weakly dependent processes with GARCH and ARCH innovations.

Lemma 1 (h = 1): Let X, be predictors and e, be the errors in the model defined by (1).
Suppose that {e;} satisfies Assumption A1 and that for j =0,1, E(Xe,—;), E(X,—je;) and
E (XtXLf_j) exist such that B\Lﬁ. Then as Ty — oo,

9



(i) pr—=p1 = L, where yx = E (eser—y) for all k;

(ii) Standard prediction error: epy1r, = en,4+1 + 0p(1) where eTOHrC\lJ(O, Yo);
d
(ii) PLUP error: €y \\q = ery41 — prem, + 0p(1) where ery 1 — preq,~(0,7%(1 — p})).

Part (i) shows that p; converges to the first order autocorrelation coefficient of e;. Parts
(ii) and (iii) describe the asymptotic expansion of the prediction errors ignoring the esti-
mation error uncertainty. Part (ii) implies that the standard prediction is asymptotically
unconditionally unbiased in spite of not accounting for serial correlation because eg,1; is
mean zero by assumption, and it has asymptotic variance vy = var (eq,+1) = 2. The pLUP
error in (iii) also has an unconditional mean of zero, but its variance is yo(1 — p?). Since
Ip1] <1,

(1 =) <0,

implying that the PLuP mean-squared dominates the standard prediction. If ¢; is truly gen-
erated as e; = ¢1e;_1 + v, the PLUP error %0 T will be asymptotically serially uncorrelated
since p; = ¢1.

However, an AR(1) correction will improve upon the standard prediction even when e,
is not an AR(1), provided that e, is a mixing process satisfying Al. For instance, if e; is an
AR(2) defined by e; = ¢1e41 + ¢oes_o + vy, then p; = 1;’5;2 % ¢1. But it will still be the
case that p;——p; as stated in (i). The PLUP error is now @;OH'TO = eq+1 — preq, +0,(1) =

(1 — p1)ery—1 + P2em,—2 + 0p(1), while the standard prediction error is ep 417, = ¢1eqm,—1 +
¢oer,—2 + 0,(1). Both have a mean of zero, implying that misspecifying the dynamics will
not contribute to unconditional bias. Nonetheless, the pLup variance is (1 — p})o2, which
is smaller than the standard prediction error variance of o2 since |p;| < 1. Thus the AR(1)
correction unambiguously reduces one-step asymptotic mean squared prediction error. In
theory, an AR(p) correction with known parameters should improve prediction when e, is an
AR(p). But in practice, sampling uncertainty may offset some gains. Furthermore, when the
assumed AR(p) is not the true model, the mean-squared error is no longer tractable as shown
in Kunitomo and Yamamoto (1985) even without sampling error. The AR(1) correction is
appealing because it is simple to implement, and precise mean-squared error statements can
be made when there is no sampling uncertainty as stated in Lemma 1.

Next, consider cases when h > 1. The standard prediction ¥z nz, = X7, +h§ has error
ETy+h|Ty = YTo+h — YTo+h|To = €Ty+h + 0p(1), where Eleq ;] = 0 and var(ep,4n) = 70. There

are two ways to implement pLup. The first to use the AR(1) model for e, to iteratively

10



predict eq, 4. Iterated pLUP (or PLUPI), defined as
I B ohe
@\'IJEO—FMTO = Xp4n8 + Pier,
has error /e\JT“(f Ty = €To+h — pler, + 0,(1). As shown in the Appendix,
d
eryrh — Pren,~(0,%[1 + o — 2pipal).-
The second approach is to directly predict e,y using information up to Ty. Let pn = /70
be the A" order sample autocorrelation coefficient of {e; : t = 1,...,Ty}. Direct pLUP (or
PLUPD) is defined as
d S~ A~
Ungsnm, = X1o1nB + Prer,-

~+d _
PLUPD has error €r", . = €ry4n — prér, + 0p (1), where

d
eryrn — prero~(0,% (1= pj)).
Lemma 2 (h > 1) Under the same assumptions as in Lemma 1, the asymptotic MSE of

PLUPD s always smaller than or equal to that of PLUPI and that of the standard predictor
for all h > 1.

The proof is given in the Appendix. The standard predictor, pLurPl and PLUPD are all
asymptotically unbiased provided that Efe;] = 0. But

2
var(ery 1 — prer,) — var (eqyen — pren,) = —v0 (pn —pf)” <0

with equality when the AR(1) model is correctly specified. Furthermore,

var(er,+n — prer,) — var(er,4n) = —,0%70 <0

with equality when p;, = 0. Hence, absent sampling uncertainty, the asymptotic MSE of
PLUPD using eq, to improve the standard prediction can be no larger than pLupr which uses
the same information for correction, or the standard predictor which ignores er, for any h >
1. This is not to say that a richer dynamic model would not produce further improvements.
What’s noteworthy is that even a simple correction will reduce the prediction MSE at any h.
We can also expect the PLUPD gains to be largest at h = 1 and diminish with h because the
long horizon forecast of a covariance stationary process is the unconditional mean. Though
precise statements can be made for pPLUPD, we can only say that the asymptotic MSE of
pLUPI is smaller or equal than that of the standard predictor if 1+ p2* — 2p%p, < 1 (see the
Appendix for a proof).

Once a prediction is made, we can construct prediction intervals. We will be studying
PLUP based inference under normality in the context of causal inference. As we will see in
Section 5, while the standard prediction is unconditionally unbiased, it is conditional biased

and conditional inference will, in general, have the wrong coverage.
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3.3 Simulations for Linear Predictions

This subsection evaluates the unconditional and conditional prediction bias, MSE, and cov-
erage with and without PLUP correction in a single equation setting where by unconditional
inference, we mean that e; 7, is random in repeated sampling, and by conditional inference,
we mean that e; 7, is treated as fixed with respect to some conditioning information, as would
be the case in practice.

In each of the 5000 replications, we first simulate K = 2 regressors and y; = X5 + ¢
where for T = 1,...,200, e; = ¢rei_1 + doers + vp. With v, ZN(0,.05), the R? of the
regression is about 2/3. In Case 1, ¢; is an AR(1) with ¢; = .8, and in Case 2, ¢; is an
AR(2) with (¢1,¢2) = (1.3,—.4). Table 1 reports four sets of errors in predicting yr, 4.
The column labeled ’best’ is the infeasible prediction when f3, ¢, ¢2, and eg, are known.
The column labeled 'noadj’ is also infeasible but unlike "best’, it does not take into account
information in eg,. The column labeled ’ols’ is the standard prediction ¥z, 4, using the least
squares estimate B . The columns pLUPI and PLUPD are iterative and direct PLUP respectively.
Both are based on a simple AR(1) correction, ie. even when the true DGP is AR(2). Note
that they are identical when h = 1.

The top panel of Table 1 reports the unconditional bias and MSE for horizons h =
1,2,5,10. The average over all 10 horizons is reported in the row labeled ’avg’. Since
Eler,] = 0, the unconditional prediction bias is close to zero. However, the unconditional
prediction MSE is much smaller with pLUP corrections. In the AR(1) case, the MSE for the
standard (OLS) prediction is 0.14 at h = 1, but the PLUP corrections reduce the MSE to 0.05.
In the AR(2) case, the OLS prediction has an MSE of 0.43 while the PLUP corrections reduce
the MSE to 0.06. The MSE improvements are smaller when A > 1, but still non-trivial.

The middle panel of Table 1 shows conditional prediction errors when (er,_1,er,) are
fixed to (0.5,1). All predictions are conditionally biased, but the PLUP biases are significantly
smaller. When h = 1 and the errors are AR(1), the standard prediction has a conditional bias
of 0.79 while the pLUP corrections reduce it to 0.01. When the errors are an AR(2) process
but an AR(1) correction is implemented, the conditional OLS bias at h = 1 is reduced from
1.09 to 0.18. Correspondingly, the MSE is reduced from 1.26 to 0.09. Note that the biases are
largest when h = 1 because the predictability of a stationary ergodic process decreases with
the forecast horizon. The improvements in MSE at h = 1 translate into improved average
predictions over 10 periods. Without the corrections, the average prediction in the AR(2)
case has a bias of 0.61 and an MSE of 0.56. The AR(1) pLup direct correction reduces bias
to 0.17 and MSE to 0.22.
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4 Imputation of Counterfactual Outcomes

Imputation concerns prediction of values that are never observed. The problem is widely
studied in a static setup, but there are few results for a dynamic setting. Little and Ru-
bin (2019, Ch. 11) consider an AR(1) model where y;,ys,...,yr_1 are observed but not
Yo2,Y4, - - -,y The adjustments, shown to require an implicit regression of y; on y;_; and
Yt+1, can be seen as smoothed estimates of a suitably defined Kalman filter. Chow and Lin
(1971) consider missing values occurring between two releases of low frequency data and
show that the best prediction involves a correction term that has a BLup form. Ng and
Scanlan (2024) consider factor-based imputation of weekly missing values of a scalar series
occurring throughout the sample.

Causal inference concerns imputation of missing potential outcomes that tend to occur at
the end of the sample. The problem is typically studied for an iid setting when it is natural
to assume that the errors are uncorrelated®. As suggested in Section 2, correlation in the
residuals cannot be ruled out. We will consider the imputation problem from the perspective
of optimal prediction, with the goal of using the insights of BLUP to improve the imputation
of Y;1,+1(0). We assume that e; = Y;;(0) — m; are strong mixing processes and rule out

non-stationary data. In addition, we impose the following high level assumption:

Assumptions A2: For h > 1, m;ron — mim+n = 0, (1) and Tt 221 (Mg — mit)Q =
op (1).

Assumption A2 is verified in Chernozhukov, Wiithrich, and Zhu (2021) for estimators
including synthetic control, matrix completion, factor-based methods. Given an asymptoti-

cally unbiased m; 7+, satisfying Assumptions Al and A2, the estimated treatment effect

o~

Oip+h = MiToth + 0iTytn + €imy+n — M+

has error

Oito+h — Oitprn = (MiTytn — MiTy+h) + €iTyth- (6)
This error has two components: an in-sample estimation uncertainty component that de-
pends on the estimator but vanishes as Ty — oo, and an out-of-sample prediction component

that depends on the choice of m;; and the information H used in the imputation.

®Brodersen, Gallusser, Koehler, Remy, and Scott (2015) consider state space estimation of the counter-
factual outcomes in the presence of trends, but serial correlation in idiosyncratic shocks and/or the factors
are not allowed. Carvalho, Masini, and Medeiros (2018); Masini and Medeiros (2021, 2022) consider causal
inference in a high-dimensional setting when the data are persistent and possibly non-stationary.

13



In order to extend Goldberger’s BLUP from a complete data setting to a potential out-

comes setting, define the n x 1 vector of (observed) control outcomes Y(0) by

}q,l:To
' pre 0
| YNamn _ M )(NTOXI)
\y(/o) N Yvanar -
nxl ST YPoSH(0) (N—Ny )Ty x1
YN 1417

where n = (NT — N,T1). Note that Y(0) includes not only the pre-intervention outcomes on
all units Y*(0) = (Y111, - - - Yy 1.1, )’ but also the post-intervention outcomes on the control
units YP**(0) = (Yo, 1m0t - YNzpsrr)'

Let M be the pseudo-conditional mean for Y(0) and & be the corresponding errors. The

matrices M and £ contain typical elements m;; and e;;, respectively. With this notation,

VO) = MtE,  E- (5) 4(0,1)

F = E[(c/’(c/'/] — (Fpre,pre Fpre,post) )

1—‘post,pre Fpost,post

The n x n matrix I' depends on ¥ = FElese}], which is the N x N covariance matrix of
er = (€.n, 4 €Ny 11.v,¢) - 1t also depends on €; = Ele;e;], which is the time series covariance
of unit 7, and its dimension can be T x T or Tj x Ty depending on whether ¢ is treated.
Consider the linear case M = X[, where X contains observed predictors. Consider
obtaining BLUP given information on )(0) and X'. Re-doing Goldberger’s problem gives the

following:

Proposition 1 Assume that treatment assignment is known, Y(0) = M + &, where M =
X8 where B is constant across i and t. Let I' be the n X n variance-covariance of €, where
n = NT — NiTy. The BLUP of the counterfactual outcome for unit i € [1, Ny] is

y’:—TO‘Fh(O) = X’L(,To—i—hﬁGLS + wz{hr_lgGLS

where Bars is the vector of infeasible GLS estimates and Eqrs are the corresponding residuals,
win = El€e; 11| is n x 1 vector of covariances between the unexplained errors in the vector
of observed control outcomes and unit i’s counterfactual outcome not explained by the model
at Ty + h.

Proposition 1 provides the individual level best linear unbiased prediction in a treatment

effects setting. Two cases are of special interest.
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Case 1: serial correlation only: If Elege;s] = 0 for £ # j and for all ¢, s, then for
i €[1,Nq],
win T ' Ears = Oieqrsim, (7)
where 0; = (Elei11,€;1.7,)) " Eleim€inmo+n] is the Ty x 1 vector of coefficients from pro-
jecting e; 7y +n On (€51, - .-, €im)-
The result in (7) follows from the fact that when there is no cross-section dependence
in the errors, then the correction for unit ¢ only depends on €;, the Ty x T autocovariance

structure of e;. For instance, if Ny =1 and ¢ = 1 is the treated unit,

_ <E[€i,1:To€i,To+h])
wih - O )
NOT><1
where Ny = N — Ny, and the prediction simplifies to m; z4+n + p?eGLS,i,TO if e;; is assumed
to be an AR(1), where p; is the first order autocorrelation coefficient of e;. This coincides

with Goldberger’s correction reviewed in Section 3.

Case 2: cross-section correlation only: If Elegejs] = 0 for ¢ # s and for all ¢, j, then
for ¢ € []_,Nl],

N—N;
/ —1 _
w; I Eqrs = g i N\ +j€GLS, N1+, To+h- (8)
=1
where 0; n,4+; are the slope coefficients from projecting e; on en,t14,...,en, using t =

1,...,Tp.
BLUP corrections with cross-section dependence have been derived in a static variance
components setting but not in our set up. The result in (8), which is new, is based on two

features that follow from no serial correlation. First, for any treated unit ¢ € [1, Ny,

o — [ EE Cimein) | _ OnTyx1
ih E<5p05tei,To+h> E(SPOStei,To+h) :
Second, the covariance matrix of errors I' has a block diagonal structure
I = b & ITO 0 Y 211 210
0 Yoo @ I1y )’ Yo Yoo/’
where Y11 = E(e1.n; t€1.x,,4)s Zo0 = E(en+1:ne€y, 1.8): and Tio = Elern, 1€y, y1.v,)- Let

[X10);,. be the i-th row of the matrix ¥;o. Then, for any i € [1, N;] and h > 0, the non-zero

entries of the n x 1 vector w;;, are given by
E(&™"eimyen) = [Zoili, ® Jy
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where J), is the h-th column of the identity matrix of dimension 7. As a consequence of the

two features, the BLUP correction is

wi T Ears = ([S0)i,. Soo © J3)ERTs-

It is a linear combination of £%7%, the GLS errors of the control units in the post-treatment

sample, with weights given by the N — Ny vector 6] = (0;n,41,.--,0in) = S0 [S10)s,,
where 0; n,; is the population coefficient associated with ey, ;; in the regression of e; on
eny+1:Nt = (ény414,---,ent). Given the definition of J,, we can write the BLUP correction
for unit 4 in period Ty + h as W), T 'Eqrs = Olecrs.n,+1.NTy+h, as given in the Proposition.
The 6; vector can be sparse such as in factor models when the idiosyncratic errors can only
be weakly dependent in the sense that if E(eye;) = Tij¢, |Tiji| < |7j| for some 7;; for all ¢,
and 37| 7| < M < oo for all i.

4.1 From blup to pup

In Section 3, we take as a starting point that the first order improvement of BLUP comes
from controlling for the predictability in e;;. While BLuP is developed for linear predictions,
linearity is not necessary to obtain an improved predictor. Our practical unbiased predictor
(henceforth, Pup) can be used with any choice of M that can be consistently estimated so that
the residuals £ = Y(0)— M can be used to improve prediction. In practice, implementation
still requires parametric assumptions on €2 and ¥. For a serially correlated process e;

satisfying mixing conditions, we have the following

Lemma 3 Under Assumptions A1 and A2, a standard imputation has error @7TO+1—51~7TO+1 =

eim+1 + 0p(1), whose variance is o2, = Y.i- A PUP correction has error 6;"T0+1 —0ity+1 =

Jr

€iTo+1— Pi€i, +0p(1), whose variance is (0

) = Y0,i(1—p},), where p;1 is the first-order

2
e’

autocorrelation of ey. Since |pi1| <1, (67,,)> <o

Lemma 3 follows immediately from Lemmas 1 and 2 but the results are presented in a
treatment effect setting where the o,(1) term vanishes with 7y. For A = 1, the MSE of a
pUP imputation will always be smaller than that of a standard imputation. We focus on
h = 1 since the gain in MSE should be largest, and furthermore, it is also the case when
the direct and iterative corrections coincide. In theory, a direct pup using p;, has better
properties than an iterative Pup using /)?,1 when A > 1. But in simulations when sampling

uncertainty is present, the two behave similarly and both dominate the standard predictor.
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It is also possible to entertain both time and cross-section dependence in e;;. For example,

Y;+To+h(0> =Y To+h + Z /)zsez To—s T Z Z 91] Sej To+h—s- (9>

J#L s=—Dj

The first correction captures the time series information from €;’s own history, while the
second correction captures cross-section dependence using estimates of the current and past
idiosyncratic errors of the control units.

Though optimal prediction of counterfactual outcomes has not been studied, pup like cor-
rections have recently been considered. Chernozhukov, Wiithrich, and Zhu (2021) consider
time dependence in e, and suggest adding to the standard imputed value an AR(p) estimate
of the residuals, but the idea is not flushed out. Fan, Masini, and Medeiros (2022) consider
a factor model with observables W;; and assume contemporaneously correlated idiosyncratic
errors e; = Bie_;; + vy, where e_;; is a N — 1 vector that excludes e;. This correlation
can be controlled by €, from estimation of the factor model. To circumvent overfitting the
augmented prediction model Y;(0) = Wy + MN.Fy + 0je_;+ + vy when Ny is large, LASSO
is used to select which of the €;, to keep. Our analysis provides a framework for thinking

about these pup like modifications.

4.2 Simulations: @t VS ;5\;

In Table 1, we saw in a linear prediction setting that pLUP yields significant reductions in
bias and mean-squared error. Since imputation is a form of prediction, we can anticipate
improvements from using PUP in imputation settings. To illustrate this, we generate Y;;(0)

using a factor model:

Kt(o) = ci"'A;Ft"i_eita tzl,,T
}/175(1) == }/vlt(())—i—(slt, 51,5 :Ol t:T0+1,,T

We assume that unit 1 is treated with d1; = 0.1 and e;; = ¢je;1—1+vy, vitiN(O, .25), ¢1 = 0.6,
¢; =0fori>1 Wesetc;=0forallir=2 Fy;=.8F;1+el and Foy = 5Fp, | + e,
A N(0,1), eFAN(0, .5), e AN(0,.3). The ‘best’ prediction is Yiqysn = N Fr, 4+ dler,
and the standard prediction is based on the principal components K;ﬁTD+h of the demeaned
data for the control group, which will be denoted PCA.

Table 2 reports the error in imputing /5\1,To+h for (T, N) = (50,20). Because Yi:(1) is
observed, &t — 0 = Yi(1) — }Aflt(O) is due entirely to ?U(O). The top panel considers
ey = 0.6ey;_1 + v;. We see that though PCA is unconditionally unbiased, its MSEs are
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larger compared to the pup ones. Furthermore, the conditional biases upon fixing e; 7, = 1.0
are smaller with pup, as is MSE. For mutually correlated errors when ey; = 0.5e5; + vy, the
conditional case randomly draws e 7, +1.7, once and keeps the vector fixed in the replications.
Again, the two imputations based on pup reduce MSE unconditionally and conditionally.
Unlike in the time series case, the improvements can occur at any horizon h. Though direct
pUP has slightly better population properties than iterative pup , they have rather similar
properties in simulations. To simplify notation, we use the term pUpP in the next subsection,

with the understanding that either direct or iterated correlation can be used.

5 Inference Based on Imputed Counterfactual Outcomes

Let F'(x) = P (ey < z) be the marginal distribution function of e;, and F* (z) be the

marginal distribution of an adjusted pup error. Lemma 3 suggests that

~

d d
5i,T0+1_5i,T0+1 — e~

T d d et
5i,TO+1—5i,TO+1 — ei,Tg—i—l_pi,lei,ToNF-

Though both F and FT are centered at zero, F' is more dispersed than F*. There is
surprisingly little work on inference based on a feasible BLUP even in a single equation
setting presumably because further assumptions on F' are needed. We will assume that
{ei+} is a Gaussian process with autocovariance at lag j of 7;,;, and let z;_, be such that
D (21-4) = 1 — «, where @ is the cdf of the standard normal distribution. The Gaussian
assumption is only made to illustrate the issues created by omitting predictability. Other
distributions can be used in its place so long as e;; satisfies our mixing assumption.

We consider intervals of the form gi”a\gzl_a /2 Where § is either the standard predictor, or a
pUP predictor with variance defined in Lemma 3. These intervals, denoted PI,;,, and PI};, | can
be based on asymptotic theory or resampling methods as in Li (2020) and Cattaneo, Feng,
and Titiunik (2021), among others. The intervals will be used for both unconditional and
conditional inference. By unconditional inference, we mean that e; 1, is random in repeated
sampling. By conditional inference, we mean that e; 1, is treated as fixed with respect to some
conditioning information, as would be the case in practice. Phillips (1979) notes that while
unconditional inference is useful for evaluating econometric methods, conditional inference
has a role in applications.

We begin with unconditional inference. We say that a prediction interval is uncondi-
tionally asymptotically valid if it contains d; 7+, with probability 1 — o as Ty — oco. We

will focus on pointwise results for unit ¢ where e; 7+n = Yizy+n(0) — m;m4n. It is easy to
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show that under the assumptions of Lemma 3 and assuming that {e;;} is Gaussian, all three
intervals are asymptotically valid unconditionally. Consider for instance Pl;;,, an interval

for the standard prediction error for unit 7. Since /5\1-7T0+h — 0iTy+h = €iTy+h + 0p(1l) and
2

d _
eiro+n~IN (0,7%,), where vp; = o7 ;, we have

P (0;my4n € Plyp) = P <5¢,T0+h — Oci%1-a/2 < 0imyth < 0imytn + 8e,i21—a/2>

= P (_Zl—a/Z < 8;1‘1 (gz‘,ToJrh — 0imp+h) < Zl—a/?)
= P(—2z1_ap < U;ilei,TOJrh < Z1_ap2) +0(1)

= ®(21a2) =P (=21-ap) +0(1)

= l—a+o(l).

In the above, the third equality follows because 8;3 (Sz',Ton — diton) = O, Yeimyrn + 0p(1)
and the fourth equality uses the Gaussianity assumption on e;. The argument for the
PUP prediction intervals is similar and thus all three intervals are (unconditionally) asymp-
totically valid. In the absence of sampling uncertainty, PI* is asymptotically narrower than

PI for all h whether or not e; is truly an AR(1) process.
5.1 Conditional Inference

While the three intervals provide correct unconditional coverage, will they all have correct

conditional coverage? In particular, will they cover 0; 1,1, with the nominal coverage prob-

ability of 1 — «, conditionally on some information set H? To answer this question, consider

again the AR(1) case when e;; = ¢;e;1—1 + vit, vitiN (0, O’ii), and H is an information set

containing e; 7. Under the assumption of normality, e; 7, +1 AN (pieity, Uii) conditionally on
o2

e, . g2
eir, and hence %i]\[((L 1). But as %’iN(@ “fo 2ty £ N(0,1), the standard

A
Oe,i Ue,i

prediction will not usually have the correct coverage unless ¢; or e;n;, are zero. Indeed,
PI;; will not have the correct conditional coverage probability even asymptotically because
P (0;1y+1 € Plile;n,) is asymptotically equal to
o (_ﬂei,TO + @Zlam) - <_ﬂ€i,To - %'Zlaﬂ) .
v,i Ou,i Oui Ovy

When ¢; # 0, the first term will not return the normal cdf at level 1 — a/2 unless e; 7, is
ZEro.

The problem of distorted inference extends to a multi-period ahead conditional inference.

For any h > 1, we see that
h d h 2
€i,To+h = ?; €1, + ui,T0+h|ei7ToNN (¢z €i,To> wh,i) )
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d 2 2 28 6 1 — 2 2 2\—1
where w1~ (0,w7 ), Wi, = Y0 (1 — ¢2").% with 49, = 02, = 07, (1 — ¢7)” . The problem
arises because the standard prediction error is not centered at zero when we condition on

e; - Thus for any h > 1, P(0; 7y+n € Plislesn,) is asymptotically equal to

(ﬁ? Ue,i ¢? Ue,i
o (__.ei,To + Zlfa/Zw - - O — €i Ty — #1—a/2

Whi Whi

where wj; is the h-period forecast error variance defined above. For fixed h, conditional
inference is distorted unless e; 7, = 0, though the distortion decreases with h because ¢!
tends to zero.

To illustrate the extent of conditional bias, consider two models for e;: one when e; =
¢ieit—1 + vy is an AR(1), and one when e;; = vy + 6;v;,—1 is an MA(1). In both cases, the
conditional forecast is biased. Analytically evaluating actual coverage for any ¢ for a nominal

95% interval, we have

Standard Prediction with (ey 1, 0,1) = (—2.0,0.5)

h | coverage  bias | coverage  bias

AR(1): ¢1 =0.8 | MA(1): 6, =0.8
1 0.84 -2.26 0.58 -1.77
2 0.87 -1.41 0.95 -0.00
3 0.90 -1.01 0.95 -0.00
4 0.92 -0.76 0.95 -0.00
5 0.93 -0.59 0.95 -0.00

The coverage probability is 0.95 at ¢; = 6; = 0 for all values of h because there is no
conditional bias. When ¢y # 0 in the AR(1) case, bias decreases with o}, and h. When
01 # 0 in the MA(1) case, the bias is limited to h = 1 because the process has a memory of
one period. Coverage is distorted by bias, as suggested by theory.

In contrast, pup has error EZTO +n = 0iTo+n = Viy+n + 0p(1). It is conditionally centered
at zero with conditional variance o7 ;. Let 6\: , denote a consistent estimator of this variance
(which will depend on whether an iterative or a direct estimator is used). Under normality,

i

the pup prediction interval PI}, = ngo +hj:8;“ nZ1—a/2 has the correct coverage asymptotically.

At h = 1 when iterative and direct PUuP coincide, P (52-7T0+1 € PI;|62-7TO) is asymptotically

d O-ZJ Z—a/2 | — d —O-i71 Z—a/2 | = 1—a+ Op (1) s
O Ouv,i

; - h—1 1—¢3"
SThis follows because u; 7,15 = Vizysh + --- + ¢ vir,. Thus, W}, = o2, =0 P = o2, i

i 1—¢?
Yo,i (1= ¢2"), Y0, = or (1 ¢%2)71'
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where the last equality uses the fact that ;- |0

Analogous to conditional bias due to time dependence, a similar bias occurs when the
errors are cross-sectionally correlated. In particular, suppose that e;; is serially uncorrelated
for all i, but Eleye;] # 0 for at least one j # i. If ¢ = 1 is the only treated unit, the
model of interest is Y3:(0) = my; + ey with e;; = 0lea.n+ + vi;. Consider two treatment
effects estimators, one based on the standard prediction of Y3;(0) and another based on
puP . The standard prediction yields ;5\17T0+1 — 01 19+1 = €11y+1 + 0p(1) which has asymptotic
mean zero and asymptotic variance o7, = E(e},). Instead, the puP prediction yields a
prediction error gf’To 1~ Oum1 = i1 — O1ean 41 + 0p(1), whose asymptotic variance
is 0371 = 0271 — Y00 Zo1 < ag’l. With cross-sectionally correlated errors, the standard
prediction is conditionally biased because e; 1,+1]€2. N,TOHrC\lJN (B1e2:N Ty+1 0371) is not centered

at zero. Conditional coverage under normality is asymptotically determined by

/ /
01 0‘@71 91 0-671
ol — €N To+1 T Z1-a/2 —® — €2:NTp+1 — Fl—a/2 .

Ou,1 Ou,1 Ou,1 Ou,1

The conditional bias arising from 6; # 0 and o.; # 0, will distort inference. Notably,
—% here plays the role of —% in the AR(1) setting. But in contrast to the case of serial
correlation, the size distortion does not diminish with A. The pup prediction is more efficient
because €1t|€2;N7ti(9162;N,t, 0371) which has a smaller variance.

To illustrate, suppose that Ny = 1 and e;; = 6ie5 + vy, where we assume that o
is the only non-zero cross sectional covariance. In this case, the relevant parameters are
[Zoo]11 = 03’2, and [Xo1]11 = cov(ey, e9;) = o12. Unlike in the time series case when we only
condition on e; 7, we now condition on ey g4 for each h. In the following example, we
draw eg 7+5 once from the normal distribution using the RNDN function in MATLAB with
seed 1234, and cov(eyy, €9;) from the uniform distribution using the RAND function with seed

o7.

21



Standard Prediction when e 7,44 = 0121544 + V1,140, €21+ fixed

¥ = diag(o?,, Xoo) = diag(0.5,0.841).

o1 = 0.613 o1 = —0.613
h eyr4n | coverage bias | coverage  bias
1 0.68 0.63 -1.64 0.89 -0.70
2 -0.83 0.81 1.07 0.86 0.85
3 -0.92 0.93 -0.38 0.84 0.95
4 0.09 0.95 0.17 0.95 -0.09
5 0.86 0.94 0.32 0.86 -0.89

The parameterizations result in 6; = sgn x 0.72 where the sign depends on whether
Y1 = 012 is positive or negative. The sign affects the magnitude of the bias which in
turn affects the extent of size distortion. However, unlike in the time series case when
predictability falls with h by nature of stationarity, the cross-section correlation does not
decrease with h. As a consequence, the effect on coverage can vary significantly across

horizons.

5.2 Simulations: PI vs PI"

Tables 1 and 2 above showed that pup corrections reduce bias and mean-squared prediction
error significantly. But do these improvements lead to more accurate inference? We first
return to Table 1 when point prediction is based on the simple linear model is y; = X[+ ¢;.
The corresponding results for coverage are reported in Table 1(b). Note first that there is
no gain in unconditional coverage regardless of the error structure because FEle;] = 0 by
assumption. Hence we focus on conditional coverage. In the AR(1) case, coverage is 40%
at h = 1 without PUP correction, but is at the desired level of 95% with correction. puP
coverage in the AR(2) case is 91%, which is less accurate, but still better than the OLS
coverage of 0.69.

Evaluation of coverage based on 9;; is more involved because the sampling error depends
on the estimator. Furthermore, given estimates of &’Tﬁh for some ¢ € [1, Ny], any of the

following hypothesis can be considered.

Hg' : dimyen = 0imyin

HOB : 572,To+h =0 Vh

HOC : Ai,To+1:T = A?,TOH:T Ai,ToJrlzT =7 21:1 5%3To+h

HY :Avvimorn = ANy 1yins A Torh = N% Zi\[:ll 0i,Ty-+h

H(J)E WANDRINET S A(l]:Nl,TOJrl:Tl» Avnporrr = T%N% 221:1 z]'V:11 04 Ty+h

While A and B are pointwise hypotheses, hypotheses C,D E concern the average treatment

effect of the treated, where the average can be taken over time, over units, or both. The
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interpretation of each test depends on 77 and N;. Consider HOC . If T} is small so that
A1 = T% Z;‘F:TO +1 03 is random, we construct a prediction interval for A; 7 11.0. When
17 is large, Ai,TO+1:Ti>Ai,OO = FEld;] is non-random. In this case, we construct a confidence
interval for Ay 1, 41.7. Considerations of N are likewise needed for testing Hé) J

To give a flavor of the results, we only consider H' and H§ using the same data generating
process in Table 2. We estimate (F;, A;) using the TALL-WIDE procedure in Bai and Ng
(2021). With this estimator, the asymptotic distribution of ;5\1-7T0+h is determined by the
distribution of e; 7 +n. Hence the distribution of S\i,TOth is normal only if e; is Gaussian.
However, the treatment effect averaged over T} periods can be asymptotically normal with
a convergence rate of min(7p,7}) if the CLT ﬁ ZtTil FteitLN(O, ®;) holds. In contrast,
the average treatment effect over N; units can be asymptotically normal with a convergence
rate of min(Ny, N;) if a CLT for \/;NT) SN Aiey—5N (0,T) holds. These distinctions will
help understand the coverage results reported in Table 2(b).

Turning first to the time series case in the top panel of Table 2(b), pup coverage for d; 7,41,
improves over PCA, but only for h = 1,2, suggesting that for serially correlated errors, pup
is most effective when h is small, especially when Tj is small. For cross-sectionally correlated
errors reported in the bottom panel, improved coverage of PUP can occur at any h, but is
more systematic when N is large.

As explained above, the limiting distribution of the Bai and Ng (2021) estimator of (/i
depends on adequacy of central limit theory, while it is normality of e; that renders 3\“
normally distributed. It is thus not surprising that coverage of d;; does not provide a good
guide to the coverage of §; = %12?:1 Sim+h- At (Tp,No) = (50,20), pup conditional
coverage of 9; is too low, though no more inaccurate than the standard PCA prediction.
Whether the errors are serially or cross-sectionally correlated, coverage of §; is more reliable
as Ty increases because we average over T} variables that become increasingly Gaussian.

Sampling methods could be useful when Tj is small, see e.g. Li, Shen, and Zhou (2023).

6 Conclusion

Goldberger (1962) shows that if the errors of the prediction model are non-spherical, they
can be exploited to improve prediction. Motivated by this result, this paper has suggested
PUP, a simple way to adjust existing estimates of counterfactual outcomes for dependence in

the errors. The adjustment consists of adding a term that exploits the presence of serial or

1 T ~ 1 T . N
TFor large T, 7 D51y M4, Ty 4+ h =00, To 4 h+ 7 Doy €0 To+h+0i1y+n—E[0i 1y, which equals A 7,417 —
A; 111 + 8 Torh — E[0i 1y+8)-

23



cross sectional correlation in the prediction errors of the model used to obtain the estimated
counterfactual outcomes.

We showed that improved mean-squared errors are possible without knowledge of the
true error structure, and simple corrections often suffice. We also showed that omitting
the pup adjustment term when the error is predictable can result in conditional bias, thus
leading to prediction intervals that are not conditionally asymptotically valid. In contrast, a
prediction interval based on pup is conditionally unbiased, resulting in valid inference both
conditionally and unconditionally.

While improved predictions are possible, it should be pointed out that when serial cor-
relation is a concern, we can focus on corrections at small h because p" will be small for
stationary mixing processes. Furthermore, dependence in the residuals is necessary but not
sufficient for improved prediction. This is because the pup adjustment depends not just on
Pis OT Djs, but also on the values of €; 1, and €; 74—, which can take on values close to zero.
In the German unification example, the cross-section pup correction does not make much
difference. However, the residuals exhibit serial dependence and the AR(1) pup correction
changed the imputed growth rate for 1991 from -1.722 to -1.537 and for 1996 from -1.528 to
-1.662. If take log GDP as the outcome variable instead of GDP growth, the residuals are
still serially correlated with p; = 0.72. But (e1 1, €1,1,—1) = (0.025, —0.0024) which are small
relative to y1 7, = 9.26. Hence in this case, the pup corrections did not make appreciable
difference. Ultimately, whether the Pup corrections are large is an empirical matter. Our
goal is simply to draw awareness to the possibility of improvements. A practical first step
could be to use the in-sample residuals €;; to construct an LM test for no dependence using

the auxiliary regression
pi N pj
~ / ~ ~
eir = X;00 + E 0i sCit—s + E E 0;,5€jt—s-
s=0 j=1 s=—p;

We can entertain pup corrections if the null hypothesis is rejected, keeping in mind that the
significance of the corrections depend not only on the hypothesis to be tested, but also on

the estimator used.
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A Appendix: Proofs

Proof of Lemma 1. The proof of part (i) follows from standard arguments, see e.g., Hayashi
(2000), p. 145. We provide a brief sketch here. Write p; = :—(1}, with 7; = 7- 221 €er—j,
for j = 0,1. Let 7, = %0 thl ese,—; and note that 4; —, 7; under Assumption Al. Since
e =1y — X{f=e+ X/ (6 —B), we can write

To

Y= =Tyt Y (X e+ Xiew ;) (B—B) + 1ZXt (B - B).
t=1
The last two terms are o, (1) under the assumption that B—B8 = 0, (1) and assuming
that E(X;_je;), E(Xye; ;) and E (X, X[ ;) are all finite for j = 0,1. It follows that 7; =
¥ 4+ 0p(1) = v; + 0, (1), which implies the result. To prove (ii), note that epi1n =
Yrp+1 — Xpy 18 = enyrr — X 11 (B — B) = enyq1 + 0p (1) under the assumption that § — § =
0,(1). Tt follows immediately that E(er,+1) = 0 and Var(ep,11) = v = o2. For (iii),
riote that we can write /e\;oﬂm) = eq4+1 — pier, + 0p(1), given (i) and the assumption that
B — B8 = o0,(1). Since E (e;) = 0 for all ¢, we have E(eq+1 — prer) = 0. In addition,
Var(er,+1 — prer) = v + p%’yo — 20171 = Y0 — 'y% /7 < 7, where the second equality follows
by replacing p; = 71/7%.
Proof of Lemma 2. The standard OLS prediction error is

/e\To-&-h\To = Y1o+n — ?/J\To-l-h\To = €Ty+h — X%o-i-h(ﬁ - ﬁ) = €Ty+h T Op (1) .

The mean of eq, 4, is zero and the variance is vy. The h-step ahead direct pLUP based on an

AR(1) approximation is

~d ~d o _
Crohimo = YToth = Ugyynimy = C€To+h — Premy + 0p (1) = enyin — puer, +0p (1)

where er, is the OLS residual for observation Tj, and py, is the h-th order sample autocorre-
lation of €;. It follows immediately that the asymptotic MSE of the direct pLup is smaller
or equal than that of OLS since the variance of er,, — preq, is Yo(1—p3) < 70, since pi < 1.
To compare direct pLuP with iterated pLUP , note that the h-step ahead iterated pLUP based

on an AR(1) approximation is

o~ T o~ o~
yTo+h‘To — yT0+h|T0 + P1€Ty,s

where p; is defined in (5) and er, is the OLS residual for observation Ty. The iterated

PLUP error is
~T _ ~T _ ~h~ _ h
CTotnTy = YTo+h = Y1yinimy = €To+h — P16, + o0, (1) = eqn — pren, + 0, (1).
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Both versions of pLUP have mean zero but the variance of iterated pLUP is larger or equal
than that of direct pLUP since we can show that the difference between these two variances is
Yo(pn — pF)? > 0. A comparison between iterated pLUP and the standard prediction reveals
that both prediction errors have mean zero, but the variance of the standard OLS prediction

is Var (er,+n) = 7o whereas that of the iterated pLUP error is equal to

Var (enyen — plen,) = 70+ o770 — 2087
= o1+ o = 20} (1)
7o
= ll+ " — 201 )],
since p, = 2%, where v, = E (ern€,). When 1+ P —2p%p, < 1 we can conclude that the

mean square prediction error of PLUP is smaller than the mean square prediction error of

OLS.
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Figure 1: Effect of German Unification, GDP growth
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The data are downloaded from https://doi.org/10.7910/DVN/24714

27



Per capita GDP, 2002 USD

Figure 2: Effect of German Unification on level of GDP
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Table 1: Prediction Errors

yr = Xufr+Xotfo+e, Br=p=1, T =50
Xlt = 0.6X17t,1 + Ult, Uit ~ N(O, 1), th = U2, Uot ~ ]\7(07 1)
ey = ¢1€t71 + ¢26t72 + vy, Vg ~ N(O, 005)
Unconditional
h | best noadj ols plupl plupD ‘ best noadj ols plupl plupD
bias mse
(1, 62)=(0.80,0.00)
1(-0.00 -0.01 -0.00 -0.00 -0.00]0.05 0.14 0.14 0.05 0.05
2] 0.00 -0.00 0.00 0.00 0.000.05 0.14 0.14 0.08 0.08
51 0.00 0.00 0.00 0.00 0.000.05 0.13 0.14 0.12 0.12
10| 0.00 -0.00 -0.00 -0.00 0.00|0.05 0.14 0.14 0.14 0.14
avg [-0.00 -0.00 -0.00 -0.00 -0.00|0.00 0.07 0.08 0.06 0.06
(1, ¢2)=(1.30,-0.40)
1/-0.00 -0.01 -0.00 -0.00 -0.00|0.05 0.43 0.43 0.06 0.06
2| 0.00 -0.00 -0.00 -0.00 -0.00{0.05 0.43 0.43 0.16 0.16
51 0.00 -0.00 0.00 -0.00 0.00|0.05 0.42 0.43 0.37 0.35
10| 0.00 -0.01 -0.00 -0.00 -0.00{0.05 0.43 0.44 048 0.44
avg | -0.00 -0.00 -0.00 -0.00 -0.00{0.00 0.28 0.29 0.21 0.20
Conditional on er, = 1.0 and ex,—; = 0.5
bias mse
(¢1, ¢2)=(0.80,0.00)
1(-0.00 0.80 0.79 0.01 0.01]0.05 0.68 0.68 0.05 0.05
2| 0.00 0.64 0.64 0.01 0.02]0.05 0.49 0.49 0.09 0.09
51 0.00 0.33 0.33 0.01 0.02]0.05 0.23 0.23 0.13 0.13
10| 0.00 0.11 0.10 0.00 0.02]0.05 0.15 0.15 0.14 0.15
avg |-0.00 0.36 0.35 0.01 0.02]0.00 0.18 0.18 0.06 0.06
(1. 62)=(1.30,0.40)
1/-0.00 1.10 1.09 0.18 0.1810.05 1.25 1.26 0.09 0.09
21 0.00 1.03 1.03 0.18 0.24|0.05 1.19 1.20 0.17 0.20
51 0.00 0.62 0.62 -0.04 0.20]0.05 0.72 0.73 0.34 0.38
10| 0.00 0.21 0.21 -0.23 0.0810.05 0.47 0.48 0.49 0.45
avg [-0.00 0.61 0.61 -0.04 0.1710.00 0.56 0.56 0.19 0.22
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5000 replications using Matlab R2019a, seed = rng(1234, twister’)



Table 1(b) Coverage

T=50
h | best noadj ols plupl plupD ‘ best mnoadj ols plupl plupD

Unconditional Conditional

(1, 02)=(0.80,0.00)

096 095 095 0.95 095]096 040 041 0.95 0.95
095 095 095 0.95 0951095 064 0.63 0.95 0.95
096 095 095 0.95 095109 088 0.88 0.95 0.94
095 095 095 094 0941095 094 094 094 0.94
avg | 0.95 099 099 094 0941096 094 093 0.94 0.94

S Ot N~

(61, 2)=(1.30,-0.40)

11096 095 095 0.95 0.95]0.96 0.79 0.77 0.92 0.92
21095 095 095 0.95 0951095 0.76 0.75 0.94 0.92
5109 095 095 0.95 0.95]0.96 0.87 0.87 0.96 0.93
101095 095 094 095 0941095 094 094 094 0.94
avg | 0.95 098 0.98 0.94 0941096 094 093 0.96 0.92
T=200
Unconditional Conditional

(¢1, $2)=(0.80,0.00)

096 095 095 0.95 095]096 039 040 0.95 0.95
095 094 094 094 0941096 063 0.63 094 0.93
095 095 094 094 094109 087 0.86 0.93 0.92
095 094 093 0.93 0921096 093 092 094 0.91
avg | 0.94 099 098 0.92 0921095 093 091 0091 0.89

S Ot N

(61, $2)=(1.30,-0.40)

096 095 094 0.95 095109 073 0.69 091 0.91
095 094 094 094 094109 072 0.70 0.93 0.90
095 094 093 094 0931096 085 0.84 094 0.91
095 093 092 0.93 091109 093 091 0.93 0.91
avg | 0.94 098 097 0.94 0911095 092 090 094 0.89

S ot -
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Table 2: Errors in Estimated Treatment Effect : T = 50, N = 20

Y: (O) = ci—i—A;Ft—Feit, 6 =0.1,1
et = (]57;61',5,1 + Vi, Vit~ N(O, 025), (bz = 06, QZSJ = O,] > 1
Fiy = 08F ;1 +el, ef,~N(0,05), Ay~N(01)
Fyy = 05F; 1 +eb, eb ~N(0,.3), Ay~ N(0,1).
h | best noadj pca plupl plupD ‘ best mnoadj pca plupl plupD
err = 0.6e1;_1 + €14
Unconditional bias of 6; 1, 4+n mse
1] 0.00 -0.00 0.00 0.01 0.01 | 0.25 0.37 0.43 0.33 0.33
2 |-0.01 -0.01 -0.00 -0.00 -0.00 | 0.33 0.37 0.45 0.42 0.42
51(-0.00 -0.00 0.01 0.01 0.01 | 0.37 0.39 0.48 0.47 0.48
10 | -0.01 -0.01 -0.00 -0.00 -0.00 | 0.39 0.40 0.50 0.50 0.51
avg | -0.00 -0.00 0.00 0.00 0.00 | 0.12 0.13 0.18 0.17 0.17
€1 = 0.6€1t,1 + €1t, €T0:]..00
Conditional bias of d; 7,+n mse
1] 0.00 0.60  0.56 0.15 0.15 | 0.25 0.61 0.66 0.36 0.36
2 | -0.01 0.35 0.32 0.12 0.14 | 0.33 0.45 0.53 0.45 0.47
51 -0.00 0.21  0.19 0.09 0.13 | 0.37 0.42 0.51 0.48 0.52
10 | -0.01 0.12 0.09 0.04 0.09 | 0.39 0.40 0.51 0.50 0.54
avg | -0.00 0.15 0.12 0.04 0.09 | 0.12 0.14 0.19 0.17 0.19
ey = 0.5e9; + €14
Unconditonal bias of §; 7,44 mse
1| 0.00 -0.00 0.00 0.00 0.00 | 0.15 0.20 0.33 0.28 0.28
2 |-0.01 -0.01 -0.00 -0.01 -0.01 | 0.15 0.21 0.35 0.29 0.29
51| 0.00 -0.00 0.01 0.01 0.01 | 0.15 0.21 0.35 0.30 0.30
10 | -0.01  -0.01 -0.01 0.00 0.00 | 0.15 0.21 0.34 0.29 0.29
avg | -0.00 -0.00 0.00 0.01 0.01 | 0.01 0.02 0.05 0.04 0.04
et = O.5€2t + €1¢, €2Ty+1 = 0.27539
Conditional bias of d; 1,+n mse
1| 0.00 0.14 0.14 0.04 0.04 | 0.15 0.17 0.29 0.27 0.27
2 | -0.01 0.49 0.49 0.12 0.12 | 0.15 0.38 0.52 0.35 0.35
51 0.00 0.47  0.48 0.13 0.13 | 0.15 0.37 0.52 0.35 0.35
10 | -0.01 -0.45 -0.44 -0.14 -0.14 | 0.15 0.35 0.48 0.34 0.34
avg | -0.00 -0.12 -0.12 -0.06 -0.06 | 0.01 0.03 0.06 0.05 0.05

5000 replications using

Matlab 2019a with seed rng(456, twister’).

For cross-section correlation,

ea.7y:1:7=(0.6361, -0.6386, 0.7118, -1.7044, -1.2992, 1.6402, 0.1395, 0.9348, 0.5051, 0.9692).
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Table 2(b), Coverage

h | best noadj pca plupl plupD ‘ best noadj pca plupl plupD
e = ger—1 + vy

(To, No)=(50,20):Unconditional Conditional
11095 094 092 0.93 093] 096 0.87 0.86 0.92 0.92
21091 0.94 091 091 0.91 | 0.92 0.92 090 091 0.90
51088 093 090 0.88 0.87 090 094 091 0.89 0.87
10 | 0.89 0.94 090 0.84 0.83 | 0.91 094 091 0.85 0.84
avg | 0.98 0.85 0.75  0.77 0.75 | 0.98 0.83 0.73 0.76 0.72

(Tv, No)=(200,50): Unconditional Conditional
11095 095 094 095 095|096 090 0.89 0.95 0.95
21091 0.95 094 094 0.94 | 0.91 0.92 092 094 0.94
51089 095 094 0.93 093]089 095 094 094 0.93
10 | 0.89 0.95 094 094 0.93 | 0.90 095 094 094 0.93
avg | 0.99 0.93 0.92 0.92 0.92 | 0.99 0.92 0.90 0.92 0.91

e = brey + v

(Th, No)=(50,20): Unconditional Conditional
11095 095 094 0.93 093] 095 097 095 0.93 0.93
210.95 0.95 0.93 0.93 0.93 | 0.95 0.86 0.87 0.90 0.90
51095 094 093 0091 091]095 091 091 0.90 0.90
10 | 0.95 0.95 0.93 0.88 0.88 | 0.95 0.98 0.96 0.89 0.89
avg | 0.88 0.88 0.79 0.78 0.78 | 0.88 0.81 0.75 0.77 0.77

(Tv, No)=(200,50): Unconditional Conditional
11095 0.96 0.95 0.95 0.95 | 0.95 094 094 0.95 0.95
210.95 0.95 094 094 0.94 | 0.95 0.94 0.93 094 0.94
51095 095 095 0.95 095|095 0.75 0.78 0.93 0.93
10 | 0.95 0.95 0.95 094 0.94 | 0.95 0.86 0.87 0.93 0.93
avg | 0.94 094 092 0.92 0.92 | 0.94 092 091 0.92 0.92
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