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Abstract

Compared to a half-century ago, inequality in the United states has risen and measured productivity
growth has fallen. Concerns about rising inequality have been exacerbated by the observation that
prices of goods consumed by the poor have risen faster than prices of goods consumed by the rich. This
paper presents an example of an economy that is consistent with these facts and yet the facts can be
misleading about improvements in welfare. The two key ingredients are non-homothetic preferences and
productivity improvements directed toward goods with larger market size. The model admits balanced
growth despite the structural change induced by non-homothetic preferences. Along a BGP in which
the distribution of after-tax income is stable, measured inflation among goods consumed by the bottom
half of earners is perpetually higher than among goods consumed by the top half, but welfare improves
at the same rate for all households. Across BGPs in which the only difference in primitives is the pro-
gressivity of the tax schedule, the BGP with a more unequal distribution of after-tax income exhibits
lower measured growth of output and productivity. Nevertheless, welfare improves at the same rate
along both BGPs. At the root of the deviation between productivity growth and welfare improvements
is the fact that the value of cost reductions for a good are transitory if income effects eventually shrink
the good’s expenditure share. Standard measures of inflation capture the benefits of cost reductions
among goods that are consumed contemporaneously, but only partly determine the evolution of price
levels relevant for a household, as they do not capture the benefits from cost reductions that occur
before the household shifts towards a good.
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1 Introduction

Many have noted several worrying trends over the last half century in the United States and
elsewhere. Chief among them are slowing productivity growth and rising inequality. Concerns about
the increase in dispersion of nominal income have been exacerbated by the recent observation that
prices of goods consumed by low-income households have been rising faster than goods consumed
by high-income households.

This paper presents a simple model that is consistent with these facts in the following sense:
Along a balanced growth path in which the distribution of nominal incomes remains fixed, mea-
sured inflation is perpetually higher for low-income households than for high-income households.
Comparing two BGPs in which the only difference in primitives is the distribution of after-tax in-
come,' the BGP with more inequality has lower measured TFP growth and a larger gap in inflation
between the rich and poor. Nevertheless, I argue that these observations may be misleading about
improvements in welfare. Along a BGP, despite the perpetual gap in measured inflation, welfare
improves at the same rate for all, in a sense I will be precise about. Across BGPs, despite the gap
in measured output and productivity growth, there is no gap in the rate of welfare improvements.
Further, even though the BGP with more inequality exhibits a larger gap in inflation between the
rich and poor, the productivity improvements that cause this actually ameliorate inequality rather
than exacerbate it.

The key ingredients that drive these results are non-homothetic preferences and market-size-
driven productivity growth. In the model, households have non-homothetic preferences over goods
that range over the real line, with those that spend more shifting consumption to higher-ranked
goods. As incomes rise, the balanced growth path exhibits a flying geese pattern in the spirit of
Matsuyama (2002), Foellmi and Zweimiller (2006), and Bohr, Mestieri and Yavuz (2022). Each
good is initially a luxury and eventually a necessity. Growth is driven by two forces: exogenous
broad-based technology improvements that reduce the cost of producing all goods, and good-specific
technology improvements that come from learning by doing: cost reductions are proportional to the

labor used to produce the good.? Individuals supply labor inelastically and are heterogeneous in

'The change in the distribution of after-tax income could be driven by a change in the progressivity of the tax
schedule or in the distribution of skills; in the model these are isomorphic
2The results would be similar if the learning by doing were replaced with good-specific innovations induced by



their endowments of efficiency units of labor. Labor income is redistributed through a progressive
income tax. Because preferences are non-homothetic, when consumption expenditures are more
equally distributed, there is more overlap in the consumption bundles of higher- and lower-income
households.

Measured growth of aggregate output is a Divisia index of the output growth of individual goods,
consistent with national accounting practices. Learning-by-doing leads to larger cost reductions for
goods that are consumed more, and these are precisely the goods that count more in a Divisia index.
As a result, if the aggregate consumption bundle is concentrated on a narrower range of goods,
measured growth is higher. With a more even distribution of income, household consumption
bundles overlap more, leading to higher measured growth.

The model features a balanced growth path in which household consumption bundles are trav-
eling waves that travel at the same speed. As a household’s expenditure increases it consumes
higher ranked goods and larger quantities, but the shape of its expenditure shares remains con-
stant. Improvements in welfare are not well-captured by measured productivity growth. Measured
productivity growth captures the contemporaneous cost reductions in goods that are currently con-
sumed and chains together these instantaneous growth rates. But the value of cost reductions for
any particular good is temporary; eventually, as expenditures rise, households shift away from that
good to even higher ranked goods. Thus the value of any good-specific cost reduction eventually
depreciates at a rate determined by the speed of the traveling wave. It turns out that the speed
of the traveling wave, the sufficient statistic for welfare improvements, is determined only by im-
provements in broad-based technology. Good-specific productivity improvements are valuable, but
because their economic value is transitory, they lead to a level effect rather than a growth rate
effect. To summarize, if changes in inequality cause changes in measured growth rates by inducing
cost reductions in relatively larger markets, these cost reductions may not be relevant for long-run
welfare gains, as households shift to goods for which cost reductions haven’t happened yet.

While inequality in nominal incomes has risen over the last several decades, several papers have
recently documented that prices of the goods consumed by low income households have been rising

faster than the prices of goods consumed by high income households (Argente and Lee (2021),

market size, but measurement would be less transparent.



Kaplan and Schulhofer-Wohl (2017), Jaravel (2019, 2021)),® and that a large portion of this gap
in inflation rates is due to differences in the rates of innovation directed toward these goods.*
Section 5 shows that this is exactly the pattern one would observe along a BGP of the model
presented here: measured inflation for the rich is perpetually lower than measured inflation for the
poor. Since those with higher incomes spend more and cost reductions are larger for goods with
larger markets, the goods consumed by those with higher incomes will experience larger reductions
in cost. Nevertheless, this gap in measured inflation can be misleading. Along the BGP, the welfare
relevant consumption index improves for all households at the same rate. Thus even though the
distribution of nominal expenditures is fixed, the gap in inflation rates does not signal widening
gap in welfare.

Why don’t unequal inflation rates contribute to widening inequality along a balanced growth
path? Fundamentally, welfare differences across income groups depend on the differences in the
level of prices of the goods they are consuming, not the rate of change of those prices. The rate of
change of prices is not a reliable measure of the level of prices. Those with low income certainly do
benefit from cost reductions of the goods they consume while they are consuming the goods, but
they also benefit from cost reductions for those goods before they begin to consume them. Measures
of contemporaneous inflation will capture the former, but not the latter. The cost reductions among
goods consumed by high income households indeed benefit the low-income households, it is just

that those benefits accrue later.

3 Argente and Lee (2021) and Jaravel (2019, 2021) have estimated gaps of roughly 0.5 percentage points per year
between the top and bottom quintiles of the income distribution. These studies use bar-code level data from the
Nielsen Consumer Panel, which is much more granular and makes it easier to measure changes in price for the
same good over time. Unfortunately this data is only available since 2004. Several earlier papers in the literature
such as Hobijn and Lagakos (2005) and McGranahan and Paulson (2005) measured expenditures using Consumer
Expenditure Survey (CEX) data and price changes using CPI data and did not find large gaps in inflation rates
across demographic groups. Jaravel (2019, 2021) has emphasized that the gaps in inflation rates is mostly a within
sector phenomenon, and grow larger the more one disaggregates. Indeed, using CEX data, studies have found small
gaps in inflation when using relatively aggregated industries (roughly 20 categories), but larger gaps comparable to
those found with the Neilsen panel when using more finely disaggregated categories, e.g., Jaravel (2019), Klick and
Stockburger (2021), Orchard (2022), Jaravel and Lashkari (2022). Note that to the extent shopping behavior or
ability to substitute may differ systematically across the income distribution, this would lead to a difference in price
levels, not a persistent gap in price changes. See Jaravel (2021) for a good survey of the literature.

“There is a growing body of evidence that consumer demand has determined the direction of innovation. While
market size and innovation are jointly determined in equilibrium, Acemoglu and Linn (2004) address endogeneity
by using shifts in demand for pharmaceutical products driven by demographic change. Boppart and Weiss (2012),
Jaravel (2019), Beerli et al. (2020) have applied this strategy to a broader set of sectors and found that sectors that
saw increased demand due to demographic shifts have experienced higher rates of innovation and price growth. Bohr,
Mestieri and Yavuz (2022) show that sectors with higher income elasticities experienced later peaks, experienced
lower price growth, and saw higher growth of patents.



Each household’s expenditure can be decomposed into a price index and a consumption index.
The change in a household’s price index over time can be decomposed into two parts. The first part
captures the change in prices, holding the expenditure shares fixed. This corresponds to measured
inflation. The second part captures how shifts in expenditure shares alter the price level. Since
households are constantly shifting to higher ranked goods for which there has been less cumulative
learning by doing, this component raises the price level and offsets some of the price declines of the
first component. This corresponds to the loss of value over time of good-specific cost reductions.”

Looking across BGPs, a BGP with more inequality in expenditures will have a larger gap in
inflation rates across income groups. Cost reductions are larger for goods with a larger market size
which tends to be goods consumed by the rich. When inequality is low, there is more overlap in the
consumption bundles of the rich and poor. Since the goods consumed by the poor are also more
likely to consumed by the rich, the market size for these goods is large and those goods experience
productivity growth while the poor are consuming them. Thus the gap in measured inflation would
be lower.

But again, this is misleading about the welfare implications. While the poor benefit from the
cost reductions that occur while they are consuming a good, they would benefit even more if those
cost reductions happened before they shift consumption toward that good. Thus a lower inflation
rate for the poor is a signal that the price level is not as low as it might otherwise be.

In Section 6, I formalize the notion that, in the model, there is no systematic relationship
between measured real income growth—growth of nominal income minus measured inflation—and
improvements in welfare. In particular, I show that there is no utility function that consistently
assigns higher welfare growth to instances of higher measured real income growth. I also discuss
the relation of these findings to classic results by Theil (1968) and Diewert (1976) that provide a

welfare interpretation of measured real income growth, at least over short horizons.

1.1 Related Literature

While the arguments of this paper are likely to be relevant in any setting with non-homothetic

preferences and market-size driven cost reductions, they is particularly clear in a setting with a

5In practice, measuring this second component may be hard. Outside of this simple model, it is not clear how one
might determine which goods have high prices and which have low prices.



BGP. With a BGP, there are transparent analytical expressions which clearly show which features
of the economy are relevant for measured productivity growth, welfare growth, and household-
specific inflation. Models in which non-homothetic preferences leads to structural change often do
not exhibit balanced growth paths in the usual sense, as households shift across goods or sectors
with different (but constant) productivity growth rates.® An alternative approach, which I follow
in this paper, is to allow for an infinite range of goods that follow some hierachical pattern. In
Zweimiiller (2000), Zweimiiller and Brunner (2005), and Foellmi and Zweimiiller (2006, 2008),
preferences are non-homothetic in that those with higher expenditures spread their consumption
bundle across a wider range of goods. In these models, balanced growth can occur as the range
of goods consumed expands indefinitely. I take a closely-related but different approach in that in
my model, as incomes rise along a balanced growth path, those consumption bundles follows a
traveling wave, and households shift their expenditures to higher ranked goods. Bohr, Mestieri and
Yavuz (2022) also study a model with a traveling wave using non-homothetic CES preferences, but
with a different weighting function. I describe the relationships between the utility functions in
Appendix A.1.

Several papers have linked non-homotheticity with Schmookler’s (1967) demand-driven innova-
tion to argue that the distribution of income will affect the pace of innovation, including Matsuyama
(2002), Zweimiiller (2000), and Foellmi and Zweimiiller (2006).” One of the basic positive predic-
tions here can be found in the literature: a more equal distribution of expenditures increases the

scale effects that come with innovation or with learning by doing, and raises the growth rate.®

50ne approach to study long run outcomes with structural change, pioneered by Kongsamut, Rebelo and Xie
(2001), is to assume that investment is produced using a linear technology using only capital. This allows for the
possibility of a “generalized balanced growth path” in which there is a constant interest rate in units of investment
goods and a constant growth rate of output when measured in units of investment goods. Kongsamut, Rebelo and
Xie (2001) and Comin, Lashkari and Mestieri (2021) use this approach and generate structural change using non-
homothetic preferences (Stone-Geary and non-homothetic CES respectively), while in Ngai and Pissarides (2007),
sectoral shares change because of shifts in relative prices of sectoral output and an assumption that these outputs are
complements. Boppart (2014) develops a model that allows for both sources of structural change. See Herrendorf,
Rogerson and Valentinyi (2013) for a unifying perspective on the role of relative prices and non-homotheticity in
causing structural change. Herrendorf, Rogerson and Valentinyi (2021) recently showed that there is structural change
in the investment sector as well, which contrasts with the assumption of a linear and fixed investment technology that
uses only capital, and they argue that this makes constant within-sector growth rates incompatible with constant long
run growth rates. Acemoglu and Guerrieri (2008) and Buera et al. (2020) focus on medium-run transition dynamics.
Equilibria of most models of structural change converge asymptotically to an economy without structural change.
Kongsamut, Rebelo and Xie (2001) converges to a BGP with stable factor shares, while Ngai and Pissarides (2007)
and Comin, Lashkari and Mestieri (2021) converge to a one sector economy dominated by services.

"Bohr, Mestieri and Yavuz (2022) features directed technical change, but a representative household rather than
heterogeneous households.

8Interest in the empirical relationship between inequality and growth dates back to at least the seminal work



While those papers have focused on the positive implications of the qualitative relationship be-
tween inequality and growth and whether there might be multiple equilibria, this paper focuses on
normative implications, measurement issues, and an application to the US experience of the last
half century. Further, I show that the model is consistent with empirical regularities found in the

literature on heterogeneous inflation.

2 Model

2.1 Households

There is a unit continuum of households with identical preferences. The households each supply
labor inelastically but differ in their endowments of efficiency units of labor, which are distributed
across households according to the distribution function G(¢).

I assume the tax schedule takes the following form:

Ty)=y—yy'" (1)

The tax schedule implies that after-tax income is a log-linear function of pre-tax income. 7 indexes
the progressivity of the tax schedule; with 7 = 0 after-tax income matches pretax income, while with
7 =1 all households have the same after-tax income. g is chosen so that the government budget is
balanced. This family of tax schedules has often been used in public finance and macroeconomics
literatures, e.g., Benabou (2000, 2002), and Heathcote, Storesletten and Violante (2017) show that
it provides a very good approximation of the US tax and transfer system. If an individual with
endowment ¢ has pre-tax income of wf, a balanced budget requires that her after-tax income is

wl=T /=7 where (-7 = [ (17TdG(Y).

2.2 Preferences

There is an infinite continuum of goods, indexed by i € (—00, 00). Consider a household that with

a budget of E facing prices {p;}. The household chooses a consumption bundle {¢;} to maximize

of Kuznets (1955). Many early studies using cross-country regressions found that countries with higher inequality
experienced lower growth (Perotti (1996) and Benabou (1996) survey the literature). However, as with many other
applications of cross-country regressions, results were sensitive to specification (Forbes (2000), Barro (2000)). In any
case, the many joint determinants of inequality and growth make it difficult to tease out causal relationships.



the consumption index C, defined as

sup C
C

subject to

[ a(i-mse)* (2) a7 21 B

—0o0
with ffooo h(i)di = 1. This is similar to a weighted Dixit-Stiglitz utility function, except that the
weights h (z —vlog C’) are endogenous and depend on the overall consumption index C. As C rises,
more weight is put on goods with higher ¢. One way to see this is to use the change of variables

u=1—ylogC to express (2) as

fed

o0 o=1 o—1
[ () = ] 2

—0o0

Here one can see that, as C rises, the shape of the preference weights remains the same but the
weights apply toward higher ranked goods. < indexes the strength of the non-homotheticity. If
~v = 0, preferences would be homothetic.

The problem can be separated into two parts: Expenditure minimization given C', and then
the optimal choice of C' given the budget constraint. Define £(C) = infy.; ffooo pic;di subject to
(2) to be the minimal expenditure that delivers a consumption index C' given prices. Because C' is
fixed, this is just the standard expenditure minimization with weighted Dixit-Stiglitz preferences,

and yields
0 e
£(C)=C [/ h(i — ~log C)p}”dz‘]
—00
The second step is to choose the maximal affordable consumption bundle, sup- C subject to £(C) <

E. 1 next provide regularity conditions that ensure that there is a unique consumption index C'

that satisfies £(C) = E, and that the solution is interior.

Proposition 1 Suppose the price schedule p; is weakly increasing in i and p%fg is Lipschitz. Then

the optimal bundle for a household with expenditure E is

c; = p{"E"C’lfUh(i — vlog C)



where C' is the unique solution to

C (/Oo pgf"h(z’ wlogC’)di)lig —E

—0o0

The condition that p; is weakly increasing in ¢ ensures that £(C) is strictly increasing, that
lime0E(C) = 0, and that lime_o £(C) = oo. The condition that p%_(’ is Lipschitz ensures
that £(C) is continuous. These conditions can be relaxed; Appendix A.2 provides a weaker set

of sufficient conditions.” Nevertheless, the conditions will naturally be satisfied along a balanced

growth path given the structure of the model.

2.3 A Simple Example

Suppose that all prices are the same, p; = p. In this case, the consumption index for a household

with expenditure F is the solution to

E=C (/OO pl_"h(i —’ylogC)di)llg

—00

Using the change of variables u = ¢ — «vlog C' and noting that the preference weights integrate to

one gives ffooo h(i — vlog C’) di = ffo h(u)du = 1. The consumption index is thus

o

c=2.
p

The household’s consumption of good ¢ is thus

E E
c;=—h (i—vlog)
p p

Written in this way, one can see that if the household has a higher expenditure E (relative to

the price level p) by a factor of a, then it both scales up consumption by a factor of a and shifts

9 Appendix A.2 shows that there is a unique solution to £(C) = E as long as prices do not decline too rapidly with
i. What could go wrong? If prices decline too rapidly asymptotically, the household can attain infinite utility by

1
taking C' — oco. Even if prices are well-behaved asymptotically, the equation C (ffzo pf”h(i — vlog C) di) )
can have multiple interior solutions if prices decline too rapidly in a range. To see this, starting with an interior
solution for C|, increasing C' shifts the household toward higher ranked goods. If prices decline fast enough with 3,

1 o1 =
the household can afford enough of those goods to satisfy (ffooo h(i — ~vlog C) v (%) a di) > 1.
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Figure 1 Expenditure Profiles for Three Households

Note: This figure shows the consumption quantities for three households when the price schedule
is constant and weighting functions and skill distributions are Gaussian. The households have
effective labor of 1/3, 1, and 3. The left panel shows an economy with a progressivity of 7 = 0.0,
while the right panel shows an economy with progressivity of 7 = 0.5.

consumption toward higher ranked goods by an increment of «loga. Note these properties do not
depend on the particular functional form for h.°
To see this visually, I assume the weighting function h and the distribution of endowments of

effective labor take Gaussian functional forms:

(a) The weighting function takes a Gaussian form:

\2mup,

(b) The distribution of household endowments of effective labor is lognormal with mean normal-

ized to 1,

1 (log é+v£/2)2
e 2vu

I choose units of effective labor so that the mean of effective labor across households is 1, and
normalize the mean of the weighting function so that it peaks at u = 0. As a result, each of these
distributions depend on a single parameter. vy, indexes the tastes for variety: it controls the breadth
of the consumption bundle chosen by the household. v, indexes the dispersion in endowments of
effective labor.

Figure 1 shows an example of consumption profiles under the simple parameterization vy, = vy =

v =1 and w = p. The figure shows the level of expenditures across goods for three households,

10 Another case that is easy to characterize is when the price schedule is log-linear, p; = ppe”™* with & > —%.

9
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Figure 2 Distribution of Aggregate Expenditures Across Goods

Note: This figure shows the distribution of aggregate expenditures across goods for two

economies, one with a tax progressivity of 7 = 0.0 and one with 7 = 0.5, when the price

schedule is constant p; = w and weighting functions and skill distributions are Gaussian.
whose endowments are £ = {%, 1,3}. The left figure shows these households’ consumption profiles
when 7 = 0 so that incomes equal expenditure, while the right figure shows expenditure patterns
for the same three households when the tax schedule is more progressive, at 7 = 0.5. Comparing
the three households, one can see that richer households consume higher ranked goods and larger
quantities.

One feature that will play a larger role below is that when the tax schedule is more progressive,
there is more overlap in household consumption bundles. The right panel of Figure 1 shows the
consumption bundles with a more progressive tax schedule, 7 = 0.5. Since expenditures are closer
together, there is more overlap in consumption bundles. Figure 2 plots the distribution of aggregate
expenditures across goods under each of the two tax schedules. With the Gaussian functional forms
and log-linear tax schedule, the distribution of aggregate expenditures across goods is also Guassian:
the share of expenditures on good i is normally distribution with variance v;, + (1 — 7)2v%v; and
mean y(1 — 7)21’—2" + ~vlog %. Higher wages or lower prices cause households to shift to higher
ranked goods. A more progressive tax schedule leads to a distribution of expenditure shares with a
lower mean and variance. In particular, the distribution of aggregate expenditures becomes more
concentrated.

One particular measure of concentration which will be of use later is the Herfindahl-Hirschman

Index of aggregate expenditures across goods: HHI = ffooo w?di, where w; = % is the

10



aggregate expenditure share on good i and y; = [ ¢,dG(¢):

1

HHI =
Zﬁ\/vh + (1= 7)%27%0

One can see both visually and analytically that a more equal distribution of expenditures leads to

a higher HHI across goods.

2.4 Technology and Productivity Improvements

We assume that each good is produced using a constant-returns-to-scale, labor-only technology
Yit = AtBitLit

where the productivity to produce a good has two components: (i) broad-based productivity Ay
which is common to all goods, and (ii) good-specific productivity B;;. We assume that all agents
are price takers, so the price of good 7 is equal to its unit cost, p;y = #Bﬁit.

The broad-based technology A; improves exogenously over time. Good-specific technology

improves via learning by doing, according to log By = ¢ ffoo L;sds, so that

Bi
= — oL
Bit ¢ it

As such, productivity improvements are directed toward goods for which expenditures are larger.'!

2.5 Equilibrium

Given initial conditions {Bj, } and a tax policy 7, a competitive equilibrium is, for each instant
t > to, a wage wy, a set of prices {p;; }:, an allocation of labor {L;; };, output {Y;; };, and consumption
{¢ceit}i ¢, consumption indices {Cy; }¢, good specific productivities { By };, and a tax schedule T;(y) =

7 such that at each instant, each household maximizes utility taking prices, wages, and

y -9y’
the tax schedule as given; the representative firm maximizes static profit taking prices and wages

as given; the government budget is balanced; each goods market clears; the labor market clears;

" Results would be similar with directed technical change, but measurement of TFP growth would be less trans-
parent.
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and the evolution of technology is consistent with learning by doing.
In any equilibrium, we need to verify that markets clear. The market clearing condition for

good ¢ can be expressed as
- Feo 1 / (dG(0)
T 4By ABy )

Household ¢’s consumption of good i is cgi¢ = p;;° ei‘tC'glt*Uh(i — vlog Cgt), its expenditure is equal

L

to its after-tax income Ep = w¢'~7 /¢1~7, and the price of good i is p; = ﬁéit. Together, these

imply that the market clearing conditions can be expressed as

=T\ Cu 1—o h(i—’legCgt)
Ly = / (61_T> <At> pre 460 (3)

where each Cy,; is the unique solution to household ¢’s budget constraint:

. 1
elf-r C h{i— 'ylog Cgt
_Cu / ( - >d¢ (1)
- A B, °

If each goods market clears, all budget constraints hold with equality, and the government budget

is balanced, then Walras’ Law implies that the labor market clears as well.

Equations (3) and (4), along with the equation defining learning by doing, gz = ¢Ly, are
sufficient to completely characterize a dynamic equilibrium. Given technology at t, A, {Bi}, (4)
pins down each household’s consumption index, {Cp;}. Given these, (3) pins down the allocation
of labor across goods L;;. In turn, the allocation of labor determines the evolution of good-specific

technologies.

3 A Balanced Growth Path

Suppose that the tax policy is fixed over time and broad-based productivity grows at a constant

rate, %ﬁ = g. This section shows that there is a balanced growth path in which each household’s

consumption profile is a traveling wave. All of these waves grow and travel at the same speed.
From these equations, one can construct a balanced growth path in which each Cy grows at rate

g and in a time increment t; — g, all consumption bundles shift to the right on the real line by

12



A = gy(t1 — to). If labor shifts by A so that L, = Litay4,, then good-specific productivity shifts
by A as well:

oo oo
log Bito = ¢/ Li’to_sds = ¢/ Li—i—A,tl—sds = lOg Bi+A7t1
0 0

h((i+A)77 log Cgtl) h(if’y log Cgt())
To verify that the guess is consistent with a BGP, note that =

Blfo' B_lfa
i+t it
C C . . .
and Aitl = Aito imply that Ly, = Lit,, and thus if (3) and (4) are satisfied at to, they are also
1 0

satisfied at ;.
In Appendix B I show the existence and uniqueness of a BGP when the elasticity of substitution

across goods is not too large.

_1)eL
Proposition 2 If o5 < 2, there exists a unique balanced growth path.

4 Measured Growth

Aggregate consumption growth is measured as a Divisia index across changes in output across
goods.'? A Divisia index is an expenditure-weighted growth rate of the individual categories. If
households have a common, homothetic utility function, this is measure has a natural welfare
interpretation Samuelson and Swamy (1974), Diewert (1976).

Measured TFP growth is measured GDP growth minus measured input growth, as in Jorgenson
and Griliches (1967) and Christensen and Jorgenson (1970). Since labor force is constant, this is

simply measured GDP growth:

m@ﬁauﬁ md
L To wit —di
dt - thi

o — _ puYit  _ wily _ L s : ; :
where w;; = Ty, = wl = L is the aggregate expenditure share on good 4. Since output of

good i is simply Yj; = A; Bt L, this is

dlog TFP o0 A, By L
%it:/w“t+w+wdi
dt oo Ay By Ly

12T national accounts, output growth is measured as a discrete time approximation to a Divisia index.
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Li

Note wj; = LL” implies [ wj [tdi =0, giving
dlog TFP, /°° A B\
—_— = wit | —+ = | di
dt oo Ay By
Bi

Finally, the learning by doing implies that B = ¢L;y = ¢Lw;, we can express the change in
measured TFP as

dlog TFP, A, o,
bt =Bl A Y o 2 d
dt At +¢ / w’Lt 7

—00
N——
HHI

Since the growth of A is exogenous, the increase in measured TFP rises when the distribution of
expenditures across goods is more concentrated. In this sense, a more equitable distribution of
after-tax income is associated with higher growth of measured TFP.

Why does measured TFP rise more quickly when there is more overlap in consumption bundles?
The learning by doing gives rise to a scale effect at the good level. When one household consumes
a good, the labor used to produce that good reduces the cost of producing that good. If others
are also consuming the same good at the same time, the cost reduction has extra value because it

reduces the cost others face as well.

4.1 Measured Growth Along a Balanced Growth Path

Along a balanced growth path, the pattern of expenditures across goods follows a traveling wave:

Wit = Witrg(t'—t),¢- A simple corollary is the measured TFP growth is constant.
Proposition 3 Along a balanced growth path, measured TFP growth is constant.

Further, in line with the preceding discussion, one can show analytically, up to a first order
approximation, that along a balanced growth path with a more equitable distribution of after-tax

income, measured growth is persistently lower.

Proposition 4 Suppose that ¢ is small and h and G follow the Gaussian functional forms of

Section 2.3. Then measured TFP growth satisfies

dlog TFP, 1
dt 2vmy/on + (1= 7)%7%
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Consider two BGPs that correspond to economies with different levels of progressivity, 7 > T9.

Measured TFP growth is higher in the economy with more progressive tazation.

Proof. Measured TFP growth is % =g+ ¢L ffooo w2di. A first order approximation around

¢ =0 gives
dlog TFP, _ dlog TFP, qdlosTER,
a ot d
¢=0 ¢ =0
diog TFP A0 TE P, 1
t — 43 dt — —
Note that “25- - g- In addition, — =L [% w’td2’¢ . Lzﬁ T
= $=0
since the HHI across goods is e When the price of all goods is the same, as discussed
vp,

in Section 2.3. m

Consider two economies that have identical primitives but with different tax schedules, each on
balanced growth paths. In the economy with a more progressive tax schedule, expenditures will
be more equal, and as a result, measured output and TFP growth will be perpetually higher, as
shown in Section 4. Nevertheless, growth of consumption indices is the same in each of the two
economies: each household’s consumption index grows at rate C—ﬁt = ﬁz = ¢g. That is, differences
in measured TFP growth are not informative about the growth rate of consumption indices.

In particular, growth rates of consumption indices along each BGP do not depend at all on the
pace of market-specific cost reductions. Why? Measured aggregate productivity growth is higher
if there are larger cost reductions for goods that individuals are consuming contemporaneously.
But good-specific productivity improvements only give a temporary boost to welfare. Eventually,
households shift toward higher ranked goods, with diminishing relevance of those productivity

improvements for any particular good. In that sense, the economic value of the productivity gains

eventually shrink, as households shift away from those goods.

5 Unequal Inflation

Several papers have documented that poor households face persistently higher inflation rates than
rich households Argente and Lee (2021), Jaravel (2019, 2021), Kaplan and Schulhofer-Wohl (2017).
For example, Argente and Lee (2021) find that between 2004 and 2016, inflation for the top quartile

of the income distribution has been roughly half of a percentage point lower per year than for the
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bottom quartile of the households. Jaravel (2019) corroborates this fact and goes further to show
that directed technical change leading to cost reductions for goods consumed disproportionately
by the rich can explain a large portion of this trend. While it is well documented that inequality
in nominal incomes has risen over the last half century, the gap in inflation has raised fears that
inequality in real income has risen even faster.

In this section, I show that, along any balanced growth path, there are perpetual differences
in measured inflation rates across quantiles of the income distribution. Further, a BGP with more
inequality in nominal income will exhibit a larger gap between the measured inflation for the top
and bottom halves of the income distribution. Nevertheless, these observations are misleading
about welfare improvements among those in the cross section and across balanced growth paths
with different distributions of income.

Conventional measures of inflation are a Divisia index of price changes: a weighted average of

price growth across goods, weighted by expenditure.'® For household ¢, measured inflation is

I > Dit
Inflation, = / Wit —di
—00 Dit
where the weights wp;; = % are the household’s expenditure share on good 1.
—oo Fat™elit

Since p;; = %é_t, measured inflation can be expressed as
K

— A < B
Inflation, = We 2t —/ wm—ltdi
—0o0

Broad-based technology grows at rate ﬁ—’; = g and good-specific technology grows because of learning

by doing, g?: = ¢L; = ¢Lw;;. Measured inflation is
o0

— w
Inflation, = j —qg— ¢L/ wWeipwirdi
t

—00

Measured inflation for household ¢ is lower if its expenditures overlap more with aggregate expen-

ditures.

13Real-world measurement of inflation must contend with a number of thorny issues such as the appearance of
new goods and disappearance of old goods, changes in quality, and measurement at discrete intervals. In the simple
environment presented here, none of these issues arise. All goods are consumed by all households at all times, there
are no changes in quality, and we can update consumption bundles continuously over time.
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Figure 3 Household-specific Measured Inflation
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Note: This figure shows the household-specific inflation rate for each quantile of the income
distribution, relative to aggregate inflation. Household-specific inflation is a weighted average
of price changes, weighted by the household’s expenditures. The figure shows two curves, one
for a BGP with 7 = 0 and one for a BGP with 7 = 0.5.

Along a balanced growth path, the shape of each household’s consumption bundle remains

constant, which implies that inflation gaps across households remain constant.
Proposition 5 Along a balanced growth path, Inmonﬁ — Inf/lcEOW/t is constant for each ¢, (.

In line with the empirical findings, measured inflation differs across individuals because con-
sumption bundles differ and the pace of cost reductions differs across goods. Figure 5 shows the
level of inflation for each quantile of the income distribution (relative to inflation for the aggregate
income basket) using the Gaussian functional form and distributional assumptions of Section 2.3.
Inflation is higher among those in the bottom half of the distribution than among those in the
top half. Since the aggregate expenditure is tilted toward the consumption patterns of those with
higher income, the goods consumed by those in the top half of the distribution experience larger
cost reductions. Thus those in the top half experience lower inflation than those at the bottom.!*:1?

Further, the economy with greater inequality exhibits a larger gap between measured inflation

among the rich and poor.'® This happens because there with more inequality there is less overlap

MTnterestingly, inflation is highest for those at the very bottom and very top of the income distribution, as their
consumption bundles overlap least with the aggregate expenditures.

151t need not be the case that inflation for the rich is lower than inflation for the poor. For example, if there is
a very large mass of households with low ¢ and only a few with high ¢, it could be that the aggregate consumption
bundle is closer to that of the poor, and hence inflation would be lower for the poor. Similarly, if even if the rich
spend more than the poor, it could be that consumption bundles differ much more among the rich, but consumption
bundles among the poor are similar. The example here, in which the distribution of consumption expenditures is
lognormal, is consistent with the findings of Battistin, Blundell and Lewbel (2009).

18There is some evidence that the gap in measured inflation rates between the rich and poor has increased over the
last few decades. Jaravel and Lashkari (2022) combine CEX and CPI data to construct measures of inflation for each
percentile in income distribution going back to the 1950s. They find a strong negative correlation between inflation
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in consumption bundles, so households toward the bottom spend even less on goods undergoing
cost reductions.

One might be tempted to infer from this that differential inflation exacerbates inequality in nom-
inal expenditures. However, such a conclusion is not warranted. Despite the differential inflation
rates, the consumption index for every household grows at rate g, as shown in Section 3.

How can differential inflation be compatible with equal growth in consumption indices? Fun-
damentally, households benefit from low cost of goods, not from cost reductions per se. Measured
inflation gauges how fast prices are falling for the goods a household is consuming contemporane-
ously. In many models, the latter is the rate of change of the former. But in this model, price
changes of goods consumed contemporaneously only partly determine the evolution of the level of
prices that are relevant for the household.

Consider the following example. Currently the rich consume Teslas, and possibly in the future
the poor will as well. One possibility is that the price of Teslas will decline while the rich are
consuming but will be flat after the poor begin consuming it. Under that scenario, inflation for
the rich will be lower for than for the poor. In a second scenario, the price will remain high while
the rich consume Teslas, but will begin falling once the poor consume Teslas as well. In the latter
scenario, inflation for the poor will be lower. Nevertheless, the poor prefer the first scenario despite
the lower inflation because they get to pay lower prices; they would prefer the price of a Tesla fall
before they start consuming it than for the price to fall while they are consuming it.

More formally, consider household ¢, whose budget constraint can be expressed as Eyp = Cy Py,
where household £’s price index is

1

oo e
Py = [ / h(z’ — ylog c&) pgt“di]

—0oQ
1
1-0o

| 10 Gsstose

—0o0

where the second line used the change of variables u = i —vlog Cy;. Differentiating completely with

rates and income 1995-2019, a negative but slightly weaker correlation from 1955-1984, and a much weaker, but still
negative between 1984-1995. The findings for the earlier period should be taken with a grain of salt, however, as
CEX data is quite sparse before 1984. Orchard (2022) tracks the price of necessities relative to that of luxuries using
the CEX, and finds consistent evidence that the relative price of necessities rose since 2000 but mixed evidence about
whether the relative price increased or decreased from the 1970s-1990s.
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respect to time and then changing variables back to ¢ = u + vlog Cyp; gives

P“:/(><> Wei @+7%d10gpit di
Py N Co di

h (i—'y log Cgt) p}t_g
PitCeit

di e (- o
fiwh(z—'\/logCh)p%t di

where, again, wp;; = T e
—oo Fat—eit

is household ¢’s share of time-t expendi-
ture spent on good 1.

Measured inflation captures only the first term in brackets: the expenditure-weighted changes
in prices. But in this model, welfare also depends on the second term: as the household consumes

more, it shifts to higher ranked goods. Those higher-ranked goods have higher prices, as there has

been less cumulative learning by doing. Along a balanced growth path, this shift to higher-ranked,

Cy dlogpiy _ By

Cot di Bit*

higher-priced goods partially offsets the first term: it — Wy _ ﬁ—i — %i and ~y

DPit wt

Together, these yield
T
Pft Wt At Wt

That is, for all households, the price index (relative to the wage) declines at the same rate, g.!”

This gives the following proposition:

Py
w0 constant for each £.

Proposition 6 Along a balanced growth path,

Even though there is a gap in measured inflation, the learning by doing that causes the differ-
ential inflation rates actually reduces inequality rather than exacerbates it. With no learning by
doing (¢ = 0), all households would experience the same measured inflation and the price index
P, would be the same for all households. Thus the dispersion in consumption indexes would be
the same as dispersion in nominal expenditures. With learning by doing (¢ > 0), costs are lower,
_ 9L

5

dlog Bi _ i ]
gt = —gt < 0, as these goods have experienced

but especially so for lower ranked goods:
more cumulative cost reductions. As a result, Py is strictly increasing in ¢, reducing dispersion in
consumption indices Cy relative to the dispersion in nominal expenditures.

It also turns out that this asymmetry between measured inflation and inequality is stronger

when there is more inequality in expenditures. As discussed above, when there is more inequality

"Why do these two terms offset each other? Consider a household whose measured inflation is very low, because it
consumes goods whose price is falling precipitously. When that household’s income grows, it shifts to higher ranked
goods. For that household, the prices of those goods it is shifting too will be particularly higher than the prices of
the goods it was already consuming, as those are precisely the goods whose price is about to fall precipitously.
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Figure 4 Household-specific Price Levels

Note: This figure shows the household-specific price index P, for each quantile of the income
distribution, relative to the . The figure shows two curves, one for a BGP with 7 = 0 and one
for a BGP with 7 = 0.5.

in expenditures, there is a larger gap in measured inflation. Again, since the consumption bundles of
the rich overlap less with the bundles of the poor, the poor do not experience large contemporaneous
cost reductions. Rather, those goods decline while the rich consume the goods, i.e., before the poor
start consuming them. Thus by the time poor consume the goods, the price of those goods is
already low. As a result, the gap between the price index of the poor and the price index of the
rich is larger.

Figure 5 shows the price level across quantiles of the income distribution for two different BGPs,
one with no taxes, and one with a tax schedule that is more progressive, with 7 = 0.5. Along any
BGP, lim;_,, log B;; = %: the cumulative cost reduction over the lifetime of a good is independent
of the distribution of income. The distribution of income does, however, affect the timing of that
cost reduction. When inequality is higher, more of this cost reduction comes before the low income
households start consuming the good. As a result, the level of cost of those goods tends to be
lower. This can be shown analytically (to a first order approximation). Consider two BGPs with

tax schedules with different 7’s. For the BGP with more inequality (lower 7), the price index is

lower for the poor and higher for the rich.

Proposition 7 Suppose that ¢ is small and h and G follow the Gaussian functional forms of

Section 2.3. Then the price index for household ¢ satisfies

log

Po _ OL| o0 =mylogl+(r—1)(1-7)¥
wy /Ay Y9 \/2Uh 20 =120
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where ® is the CDF of the standard normal distribution. Consider two BGPs that correspond
to economies with different levels of progressivity, m > 19. Let ng correspond to the price index
(relative to w/A) of household { in economy 7. There is a cutoff £ such that P} > PP for £ < ¢,

and le > PKO for € < 1.

Proof. We first describe the first-order approximation around ¢ = 0. For any variable x that is
determined in equilibrium, let 20 denote of the variable in the economy with ¢ = 0.

Along a BGP L;; = L t—i)¢> 0 that good-specific productivity is log Bjy = gbffoo Ldt =

i+yg(
qﬁffoo LZ-JFA/g(t_g)’tdt~ = % fioo Lgtdg. Differentiating with respect to ¢ and evaluating at ¢ = 0 gives

dlog B;t

_ 1 [0}
p=0 9 fl thdz.
Household ¢’s price index satisfies Pelt_” = [> h(i — vlog Cgt> p}t_”di. Using p;r = Ai”éit gives

o0

Pft e o > . o—1y. _ > o—1
(wt/At> = / h(z - vlogCgt)Bit di = / h(w) By tog €y 10U

—0o0 —00

Differentiating with respect to ¢ gives

P
dlog ™ extﬁlt _ 1 o] h(u)Bgfl 8Bu+7 log Cs n 8Bu+710g Coert leg Cgt du
u+ylog Cp,t BL) i v do

do Py

wi Ay VTR

0B

Evaluating this at ¢ = 0 and noting that “5* . =1, and Cgt’¢:0 =

— ) — _B
0 0, Bitlg—o = Wi/ A7 =0

AtEe 1-7 /p1—7 &}
LA = AT 0T gives

P
d IOg wt;At & aBu+'y log Atfl—"/flj,t
e =— h(u) 90 du
¢ $=0 - ¢=0
(o] 1 o
= / h(u)— _ LYdidu
—00 Y9 Jutylog Apfl—T /01—
Finally, the first order approximation yields
P
Pﬁt Pﬁt dlog wt/ext%
log ~ log o| ——
Wt /At Wi /At $=0 d¢ $=0
QS (o] o0
= / h(uw) / LY didu
Y9 J - u+ylog Agfl—7 /01—7

Under Gaussian functional form assumption, h(u) is the pdf of a normal distribution with variance
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vy and LY, /L is normally distributed with mean (1 —7)?% +~log A; and variance variance vy, + (1—
7)272wy, as discussed in Section 2.3. Letting ®(-) denote the CDF of a standard normal distribution,

this is simply

% 1—7)ylogl —ylog =7 — (1 — 7)2%
log Lt z_ebL/ @,(u){l_q)(\/ﬁw( 7)7logl — vlog y(1 1) 2>}du

wy /Ay Y9 J oo Vun + 721 —1)%

Note that for constants a, b and ¢, [0 ®'(u) [1 - o (%)} du=1—- (\/i’TrJ Applying this

formula gives
Py oL

~—"—1-® (KT
S e ()

log

(1—-7)ylog f—~log L1 =7 —~(1—7)2 %
\/2vh+72(1—7')2w

where K({,7) = . Using /1-7 = 677(177—)%, K can be rearranged as

(1 —=7)ylogl+~(27 —1)(1 —7)%
\/2vh +92(1 — 7)%uy '

K1) =

In addition, Pp will be increasing in 7 if and only if K(¢,7) is increasing in 7. K(¢,7) is
submodular, and there is a £ such that %E’T) = 0. Therefore when 7 rises, Py rises more for those
with ¢ < £ and falls for those with £ < /. m

Thus more inequality of nominal expenditures is ameliorated by the level of prices paid for the

same goods. But this is the opposite conclusion one might draw from looking at the measured rate

of inflation of those goods.

6 Measuring Welfare

In this section, I formalize the argument that, in this model, growth in measured “real income” can
be misleading about improvements in welfare. By measured real income growth, I mean growth in
a household’s nominal income minus its measured rate of inflation.

As discussed in the last two sections, measured real income growth generically differs across
households along a BGP, and differs across BGPs with different rates of measured output growth.
Nevertheless, along any BGP, consumption indices for all households grow at the same constant
rate g.

While a household’s consumption index is a sufficient statistic for its consumption bundle, it is
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not necessarily the same thing as “welfare.” What can be said about improvements in welfare?

The simplest statement is that there exists a family of utility functions—namely, log-linear
functions of the consumption index—for which utility grows at the same rate for all individuals
along a BGP as well as across BGPs.

However, a natural question is why we should attach any special importance to this class of
utility functions. After all, preferences have well-defined ordinal properties, but I know of no strong
reason to impose a particular cardinality. Can anything be said more generally?

The next proposition formalizes the claim that growth in measured real income can be mislead-
ing about improvements in welfare. In particular, there does not exist a utility function for which

there is a systematic relationship between measured real income growth and growth of utility.'®

Proposition 8 Consider two individuals ¢ and ¢', and any positive, increasing function u. Suppose
that Cyy and Cyp 4 are their respective paths of consumption indices along a BGP. If there is a Ay,
to, and t{, such that

u(Crtorao) Y (CE"%*AO)
u(Cryy) u (CZ’,t(]>

then there must be a A1, t1, and t} such that

u(Crty+a,) - Y (Cf’vti+ﬁl>
u(Cryy) u (CE%)

Proof. Note first that it cannot be that Cy;, = C’gl%, because this would imply that u (Cyy,) =

u (Cglyté) and u (Cg,t0+A0) =Uu (Cglyt6+A0> .
Case 1: Suppose that Cy, > Cp . Thenlet Ay = élog gz—’z so that Cery = Cp gy 1, - Further,

let t; = tp — Ay and t] = t{; + Ag. Then it must be that

Cot, = Coy

Cotorno = Crpin,

180ne could state the results in terms of differences of utilities rather than ratios, and dispense with the requirement
that u is a positive function. However, I state the results in this form to facilitate a comparison below with money
metrics of utility which are positive.
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and hence u (Cpy,) = u (C@%) and u (Crtg+n,) = U (Celyt/1+Al>. We thus have

U (Cﬁ,t1+A1) _ u (Cf,to) _ u (Cf,to-‘er) u (Cf,to)
u (C£7t1) U (Ce,h) u (Cf,tl) u (Cf,to-i-Ao)

u(Ctg+a0) _ U<C£'vt'1+A1> and u(Ce.rg) < u(Ce,%) _ u<cf’vt6>
w(Cryty ) “(CE’,t6> u(Crig+ag) Cor it 9 u(Cpr 4t

Since , we have

u (C&tl‘i‘Al) < u (Celvt/1+A1> U (Cf’,tE)) u <C€,,t/1+A1>

u(Crp) u (CK’,%) u (CK’,t’l) - u (Cef,t’1>

Cyr y
Case 2: Cpy, < Czl’té). Then a similar argument holds using A; = %log CZZ ’:(‘)), t1 =ty + Ap and

th=th—A;. m

The proposition states that even if there is a perpetual gap in measured real income growth
between two households, it cannot be the case that the household with higher real income growth
always experiences greater welfare growth.

The proof leans only on ordinal comparisons. Along a BGP, the consumption index of household
¢ grows from Cyp; at t to Cpipn = C&t@gA at t + A. For household ¢, there is some time ¢’ where
its consumption index Cp ¢ is equal to Cp¢. At t'+ A, its consumption bundle has also grown by a
factor of e92. The households are indifferent between Cyt and Cp p as well as between Cp 4 A and
Cy v+ Thus for any cardinal representation of preferences, the welfare improvement for ¢ from ¢
to t + A must be the same as the welfare improvement for ¢’ from ¢’ to t’ + A. If a utility function
assigns higher welfare growth to one household for part of the interval, it must assign lower welfare
growth to that household for the remainder.

One may object to interpersonal utility comparisons, even if individuals share the same ordinal
rankings of consumption bundles. The previous proposition assumed that all individuals shared
the same utility function. If one is not willing to make such comparisons, one is limited to making
comparisons within individuals. Still, one can show that comparisons of measured real income
growth across BGPs can be misleading. Again, there does not exist a utility function for which

there is a systematic relationship between measured real income growth and growth of utility.

Proposition 9 Consider two BGPs that correspond to tax schedules T and 7. Suppose house-
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hold £’s consumption index along these BGPs is Cj, and C}} respectively. Consider any positive,

increasing function w. If there is a Ao, to, and t(, such that

* kk
u (Ce,toJer) - “( E,t6+A0>

* *k
“(Gin) (i)

then there must be a Ay, t1, t) such that

* *k
u (Cé,t1+A1) u < Z,t’1+A1)

<
* *kk
“( é,tl) “( e/,t;)

6.1 Equivalent Variation and Money Metrics of Utility

This section discusses the how these statements relate to some classic results relating measured
real income growth to improvements in welfare. Measuring welfare improvements when preferences
are non-homothetic raises some thorny issues. One path forward, proposed by Hicks (1939), is to
use a metric such as equivalent variation (EV). Consider the welfare improvement associated with
moving from budget Ep, and price vector py, to budget Ey, and prices p,. Let v(p, E) be the
indirect utility function corresponding to prices p and expenditure E. EV is a number p such that
v (pty, Eoty) = v (Pro> € By )-

Equivalent variation has several important properties that have led it to become a cornerstone of
welfare evaluation. Most importantly, it is a money metric of utility (McKenzie (1957), Samuelson
and Swamy (1974)). Given a reference price vector—in the case of EV, the initial prices—a money
metric of utility assigns to each bundle the minimum expenditure needed at those prices to be
as well off as consuming that bundle. An important consequence is that an ordinal ranking of
alternatives using EV corresponds to the ranking encoded in preferences.

The dual to EV is a Koniis (1939) cost of living index. For a given level of utility, u, the cost
of living index K (p;u) is the expenditure required at prices p to obtain utility u. As a result, the

change in an individual’s expenditure can be decomposed into the product of EV and the change
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in the cost of living index:

Ey K (pty; uey ) K(pro; ue K (pt,; ue
th ( tl. tl) ( to. t1) _ ( t1' tl)eXp{EVAtO’tl}
Elto K(pto ) uft1) K(ptm ufto) K(ptoa uﬁtl)

where up, = v(pty, Eer,) and ug, = v(pe,, Eu,) are the levels of utility at the beginning and
end of the period. Using the fundamental theorem of calculus and Shephard’s lemma yields a

representation of EV using Hicksian budget shares:
t1 E oo .
{4 Dit ;.
EViton = / B / WzH(pt; gy, ) di | dt
t 0t —c0 Dit

where wiH (p; U) is the Hicksian budget share of good i at prices p and utility level U, and ugy, =
v(pey, B, ) is the level of utility at the end of the period.'® The integrand is almost, but not exactly,
measured real income growth, as measured inflation is calculated using contemporaneous budget
shares, wpiy = w!(pt, ugy) rather than w! (py, ug, ). If preferences are homothetic, the increment
of EV is simply real income growth, as the budget shares depend only on the price vector, not
the level of utility, as discussed in Samuelson and Swamy (1974) and more recently in Basu et al.
(2022).2° When preferences are non-homothetic, these measures can diverge, as they use different
budget shares to weight the price changes. Nevertheless, as shown by Theil (1968) and Diewert

(1976), at least for short horizons, the two measures converge.?!

Specifically, at short horizons,
the indices are equivalent, and converge to difference between wage growth and the instantaneous

household-specific measured inflation rate

. EViga oy —
il_}mo A Cw Inflation,, (5)

To summarize, EV corresponds to changes in welfare because it is a money metric and, at least

E(pig.v(pty  Eety))

g(ptoﬂf(ptO:E/,tO)) = log EZtl/Eéto B

9The proof is relatively simple. EV can be expressed as EVi o, = log

1 E(pty v(pty Bery))
E(peg v(Pty Bery))
29These results are, of course, closely related to measures of technical change that use Divisia indices when tech-
nology exhibits constant returns to scale, going back to Solow (1957) and Jorgenson and Griliches (1972).
21Even if preferences are not homothetic, the short increment of real income growth approximates a Koniis (1939)
cost of living index, which is the dual to the money metric of utility that corresponds to EV. Over long horizons the
differences between EV and chained real income growth can be large, as discussed by Baqaee and Burstein (2021)
and Jaravel and Lashkari (2022).

. Shephard’s Lemma implies that the second term is the same as the integral in (6.1).
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at short horizons, it can be measured using measured real income growth. Further, (5) and the
results of Section 5 imply that the instantaneous EV differs across individuals in the cross-section
along a BGP (that is, household-specific measured inflation differs), and that an instantaneous EV
differs for the same person across two BGPs with different tax schedules. And yet, I have argued
that welfare improvements—the growth of their consumption indices—are the same across people
and across BGPs.

On the surface, these statements may appear inconsistent. How can they be reconciled? The
critical issue is that any money metric is specific to a reference price vector; the money metric
utility of a bundle is the expenditure required at those prices to be as well off as consuming that
bundle. It is well-known different reference price vectors yield different money metrics of utility.
Money metrics with different reference price vectors agree on rankings of consumption bundles—
they all correspond to the same preferences—but they disagree on magnitudes as they use different
cardinalities of utility. Since the price vectors differ over time and across BGPs, one should not
compare the magnitude of EV of a household’s change in budget set along one BGP to that
along a different BGP or to that along the same BGP at a different point in time, as these use
money metrics with different reference prices—that is, they measure welfare changes with different
utility functions.?? The money metric of utility corresponding to initial prices assigns higher utility
growth to the individual with higher real income growth; but the proposition guarantees that there
is another instance where that same utility function assigns lower utility growth to the individual
with higher real income growth.

To be clear, one can certainly use EV to evaluate changes in welfare. It is just that one
should keep in mind the well-known notes of caution: one should use the same initial prices for all
comparisons; and one should recognize that the corresponding money metric delivers just one of

many valid cardinalities of utility.

22 A related issue arises when chaining increments of a Divisia index, as discussed in Deaton and Muellbauer (1980)
and Baqgaee and Burstein (2021). While each increment of the Divisia index corresponds to a money metric of utility,
different links in the chain correspond to different money metrics because they use different reference price vectors.
Thus there is no welfare interpretation of the change in the chained index. Baqaee and Burstein (2021) and Jaravel
and Lashkari (2022) show that, over long periods of time in which income effects cause significant shifts in budget
shares, the gap between a chained Divisia index and a welfare measure such as equivalent variation can grow large.
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6.2 Difference from New-Goods Bias

The change in the price level due to rising expenditure and non-homotheticity is distinct from
new goods bias. In some of the examples presented here, all households consume all goods at all
points in time; there are no new goods. Fundamentally, the new-goods bias is a problem of missing
data: we do not measure the shadow price of goods for which there are no transactions. Thus
the traditional fix for new-goods bias—imputing a missing price for new goods using the goods’
characteristics—will improve measurement of price changes but is orthogonal to the interpretation

of those changes.

7 Conclusion

This paper presented a simple example of a model with the following properties: Along a balanced
growth path with a stable distribution of income, there are perpetual differences in measured
inflation across individuals. Further, along a BGP with higher after-tax wage inequality, measured
growth is slower and there is a larger gap in measured inflation between the top and bottom of the
income distribution. Nevertheless, improvements in welfare are the same for all individuals along
a BGP, and for all individuals across balanced growth paths with different TFP growth rates.

In thinking about the link between the outcomes generated in the model and events in the
United States over the several decades, there are a few caveats one should hold firmly in mind.

First, the model takes the stand that the systematic differences in consumption patterns between
those at different parts of the income distribution come only from income effects. That is, the rich
and the poor have the same preferences and, with the same expenditure, would consume the same
bundle. An alternative possibility is that there are systematic differences in preferences between the
rich and poor, perhaps differences that gave rise to the income disparities. Under this alternative,
there could be a closer link between differences in measured real income growth across people and
welfare improvements.

Second, in the model, lower measured productivity growth along the more unequal BGP
stemmed from changes in the distribution of good-specific cost reductions. Another possibility

is that the decline in growth experienced in the US came from a reduction in the pace of broad-
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based productivity growth (a decline in the growth rate of A;). Again, under this alternative, there
would be a closer link between changes in measured real income growth over time and welfare
improvements.

Third, innovation is, at least in part, directed at the level of the world, not the level of a single
country. Beerli et al. (2020) show that the size of the domestic market is a good predictor of
productivity growth for firms that do not export, but not for those that do export. As with many
models of endogenous growth, it is not trivial to determine at what level of aggregation one should
apply the model.

In the model, shifts from low-cost goods to high-cost goods are an important component of
changes in welfare. These notions of “low-price good” and “high-price good” are clear in the
model, but it is not obvious how one might determine whether a good in the real world has a low
price or a high price. In addition, the model is a very simple one, and consumption patterns in the
real world are much more heterogeneous. Figuring out how to measure this component of changes

in welfare in the real world will be challenging, but is an important question for future research.

29



References

Acemoglu, Daron, and Joshua Linn. 2004. “Market size in innovation: theory and evidence
from the pharmaceutical industry.” The Quarterly journal of economics, 119(3): 1049-1090. 3

Acemoglu, Daron, and Veronica Guerrieri. 2008. “Capital deepening and nonbalanced eco-
nomic growth.” Journal of political Economy, 116(3): 467-498. 5

Argente, David, and Munseob Lee. 2021. “Cost of living inequality during the great recession.”
Journal of the European Economic Association, 19(2): 913-952. 2, 3, 15

Baqaee, David, and Ariel Burstein. 2021. “Welfare and Output with Income Effects and
Demand Instability.” National Bureau of Economic Research. 26, 27

Barro, Robert J. 2000. “Inequality and Growth in a Panel of Countries.” Journal of economic
growth, 5(1): 5-32. 6

Basu, Susanto, Luigi Pascali, Fabio Schiantarelli, and Luis Serven. 2022. “Productivity
and the Welfare of Nations.” Journal of the European Economic Association, 20(4): 1647-1682.
26

Battistin, Erich, Richard Blundell, and Arthur Lewbel. 2009. “Why is consumption more
log normal than income? Gibrat’s law revisited.” Journal of Political Economy, 117(6): 1140—
1154. 17

Beerli, Andreas, Franziska J Weiss, Fabrizio Zilibotti, and Josef Zweimiiller. 2020.
“Demand forces of technical change evidence from the Chinese manufacturing industry.” China
Economic Review, 60: 101157. 3, 29

Benabou, Roland. 1996. “Inequality and growth.” NBER Macroeconomics Annual, 11: 11-74. 6

Benabou, Roland. 2000. “Unequal societies: Income distribution and the social contract.” Amer-
ican Economic Review, 90(1): 96-129. 6

Benabou, Roland. 2002. “Tax and education policy in a heterogeneous-agent economy: What
levels of redistribution maximize growth and efficiency?” Econometrica, 70(2): 481-517. 6

Bohr, Clement E., Marti Mestieri, and Emre Enes Yavuz. 2022. “Engel’s Treadmill: The
Perpetual Pursuit of Cornucopia.” 1, 3, 5, 33

Boppart, Timo. 2014. “Structural change and the Kaldor facts in a growth model with relative
price effects and non-Gorman preferences.” Econometrica, 82(6): 2167-2196. 5

Boppart, Timo, and Franziska J Weiss. 2012. “Structural change, market size and sector
specific endogenous growth.” 3

Buera, Francisco J, Joseph P Kaboski, Marti Mestieri, and Daniel G O’Connor. 2020.
“The Stable Transformation Path.” National Bureau of Economic Research. 5

Christensen, Laurits R, and Dale W Jorgenson. 1970. “US real product and real factor
input, 1929-1967.” Review of Income and Wealth, 16(1): 19-50. 13

Comin, Diego, Danial Lashkari, and Marti Mestieri. 2021. “Structural change with long-run
income and price effects.” Econometrica, 89(1): 311-374. 5, 33

30



Deaton, Angus, and John Muellbauer. 1980. Economics and consumer behavior. Cambridge
university press. 27

Diewert, W Erwin. 1976. “Exact and superlative index numbers.” Journal of econometrics,
4(2): 115-145. 4, 13, 26

Foellmi, Reto, and Josef Zweimiiller. 2006. “Income distribution and demand-induced inno-
vations.” The Review of Economic Studies, 73(4): 941-960. 1, 5

Foellmi, Reto, and Josef Zweimiiller. 2008. “Structural change, Engel’s consumption cycles
and Kaldor’s facts of economic growth.” Journal of monetary Economics, 55(7): 1317-1328. 5,
33

Forbes, Kristin J. 2000. “A reassessment of the relationship between inequality and growth.”
American economic review, 90(4): 869-887. 6

Hanoch, Giora. 1975. “Production and demand models with direct or indirect implicit additivity.”
FEconometrica, 395-419. 33

Heathcote, Jonathan, Kjetil Storesletten, and Giovanni L. Violante. 2017. “Optimal tax
progressivity: An analytical framework.” The Quarterly Journal of Economics, 132(4): 1693~
1754. 6

Herrendorf, Berthold, Richard Rogerson, and Akos Valentinyi. 2013. “Two perspectives
on preferences and structural transformation.” American Economic Review, 103(7): 2752-89. 5

Herrendorf, Berthold, Richard Rogerson, and Akos Valentinyi. 2021. “Structural Change
in Investment and Consumption—A Unified Analysis.” The Review of Economic Studies,
88(3): 1311-1346. 5

Hicks, John Richard. 1939. Value and Capital: An Inquiry into Some Fundamental Principles
of Economic Theory. New Tork City:Oxford University Press. 25

Hobijn, Bart, and David Lagakos. 2005. “Inflation inequality in the United States.” review of
income and Wealth, 51(4): 581-606. 3

Jaravel, Xavier. 2019. “The unequal gains from product innovations: Evidence from the us retail
sector.” The Quarterly Journal of Economics, 134(2): 715-783. 3, 15, 16

Jaravel, Xavier. 2021. “Inflation Inequality: Measurement, Causes, and Policy Implications.”
Annual Review of Economics, 13: 599-629. 3, 15

Jaravel, Xavier, and Danial Lashkari. 2022. “Nonparametric measurement of long-run growth
in consumer welfare.” CEPR Discussion Papers. 3, 17, 26, 27

Jorgenson, Dale Weldeau, and Zvi Griliches. 1967. “The explanation of productivity change.”
The review of economic studies, 34(3): 249-283. 13

Jorgenson, D, and Z Griliches. 1972. “Issues in growth accounting: A reply to Edward F.
Denison.” 26

Kaplan, Greg, and Sam Schulhofer-Wohl. 2017. “Inflation at the household level.” Journal
of Monetary Economics, 91: 19-38. 3, 15

31



Klick, Josh, and Anya Stockburger. 2021. “Experimental CPI for lower and higher income
households.” Bureau of Labor Statistics. 3

Kongsamut, Piyabha, Sergio Rebelo, and Danyang Xie. 2001. “Beyond Balanced Growth.”
The Review of Economic Studies, 68(4): 869-882. 5

Koniis, Alexander A. 1939. “The problem of the true index of the cost of living.” Econometrica:
Journal of the Econometric Society, 10-29. 25, 26

kM

Kuznets, Simon. 1955. “Economic growth and income inequality.” The American economic re-

view, 45(1): 1-28. 6

Matsuyama, Kiminori. 2002. “The Rise of Mass Consumption Societies.” Journal of Political
Economy, 110(5): 1035-1070. 1, 5

McGranahan, Leslie, and Anna L Paulson. 2005. “Constructing the Chicago Fed Income
Based Economic Index-Consumer Price Index: Inflation Experiences by Demographic Group:
1983-2005.” 3

9

McKenzie, Lionel. 1957. “Demand theory without a utility index.
Studies, 24(3): 185-189. 25

The Review of Economic

Ngai, L. Rachel, and Christopher A. Pissarides. 2007. “Structural Change in a Multisector
Model of Growth.” American Economic Review, 97(1): 429-443. 5

Orchard, Jacob. 2022. “Cyclical Demand Shifts and Cost of Living Inequality.” 3, 18

Perotti, Roberto. 1996. “Growth, income distribution, and democracy: What the data say.”
Journal of Economic growth, 1(2): 149-187. 6

Samuelson, Paul A, and Subramanian Swamy. 1974. “Invariant economic index numbers and
canonical duality: survey and synthesis.” The American Economic Review, 64(4): 566-593. 13,
25, 26

Sato, Ryuzo. 1975. “The most general class of CES functions.” Econometrica, 999-1003. 33
Schmookler, Jacob. 1967. Invention and Economic Growth. Harvard University Press. 5

Solow, Robert M. 1957. “Technical change and the aggregate production function.” The review
of Economics and Statistics, 312-320. 26

Theil, Henri. 1968. “On the geometry and the numerical approximation of cost of living and real
income indices.” De Economist, 116(6): 677-689. 4, 26

Zweimiiller, Josef. 2000. “Schumpeterian entrepreneurs meet Engel’s law: the impact of inequal-
ity on innovation-driven growth.” Journal of Economic Growth, 5(2): 185-206. 5

Zweimiiller, Josef, and Johann K Brunner. 2005. “Innovation and growth with rich and poor
consumers.” Metroeconomica, 56(2): 233-262. 5

32



Appendix (Incomplete)

A Properties of the Utility Function

A.1 Relationship to other Utility functions

Sato (1975) and Hanoch (1975) introduced the non-homothetic CES utility function.

XI:TL (gj;f))gal - ©)

i=1

This is the unique class of utility functions with the property that the elasticity of substitution between two
goods (which holds fixed the level of utility) is constant and independent of the prices or quantities of those
or any other goods. These preferences have seen a revival since Comin, Lashkari and Mestieri (2021). The
main text of their paper focuses on a special case, in which ¢;(U) can be expressed as g(U)®, giving

o—1

_ () = )

?

and discuss the more general version in their appendix. Comin, Lashkari and Mestieri (2021) restrict atten-
tion to the case where g; is a monotonically increasing function, as in this case it is straightforward to show
that the preferences define a unique U and that U increases with consumption of any good. Aside from al-
lowing for an infinite range of goods, one consideration in the current setting is the focus on functional forms
for h in which this assumption about monotonicity is relaxed: ¢;(U) = h(e‘iC’V)ﬁC’ is not necessarily
increasing everywhere in C. Thus we make some additional assumptions on the environment that guarantee
that the price schedule is not decreasing too quickly.

Bohr, Mestieri and Yavuz (2022) focus on a setting with an infinite range of sectors indexed by e, with

preferences defined as
oo o—1 7T
1= (/ (g_ﬂg(U)_Ecg) 7 ds)
0

where, again, g(U) is a monotonically increasing function. They derive a balanced growth path with endoge-
nous variety creation within sectors that is a traveling wave, where the measure of varieties in each sector
follows a Gamma distribution.

Foellmi and Zweimiiller (2008) depart from CES and focus on a setting with a direct utility function,

expressed as
N
u:/ i Tv(ce;)di
0

In this setting, the departure from CES and the departure from homotheticity go hand-in-hand. They focus
on a BGP in which the range of goods consumed expands over time.

A.2 Regularity Conditions

Consider and individual that has preferences over bundles of goods{c;} to maximize u (C) where C' is defined
to satisfy:

e’} 1 L o=t ﬁ
sup C subject to {/ h(i - ’ylogC) 7 (&> 7 dz’} >1
c oo C
where the weighting function h satisfies ffooo h(i)di = 1.
For an individual with current expenditure F, the optimal consumption bundle is the solution to the
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following static optimization problem:

max C
C{ci}
subject to
[T (/_OO h(i—fylogC’)% (g)i’ldz)ail >1

where p and A are the respective multipliers for the constraints. This problem can be split into two parts:
finding the cost-minimizing bundle that delivers C' and the optimal choice of C' subject to the budget
constraint. The first part of the problem can be expressed as

EC) = min/picidi

{eci

subject to

(] (i-iosc)* (2) 7 ) =

—0o0

For any given C, this is a standard cost minimization with Dixit-Stiglitz preferences, with solution:

£(C) = /picidi = </h<z - ’ylogC)p%_"di> G,

The second step is find the maximum affordable value of C,
sup C
C
subject to

(/h(z —'ylogC'>p}_Udi>110 C<E

In this section, we show the following conditions guarantee that there exists a unique solution to £(C') =
E.

Assumption 1 The weighting function h and the price schedule p; satisfy the following properties:

(a) There exists a k > —% such that

i. Prices do not decline too steeply with i: p;, > e“(il_iﬂ)pio, for all iy > ip.
ii. [7 h(i)e"1=idi € (0,00).
(b) pi~7 is Lipschitz in i and h(-) is bounded.
The next several describes properties of the function £(C).
l1—0o

Lemma 1 If p;

7

is Lipschitz in i, then £(C) is continuous for C' € (0, 00).
Proof. Fix Cj € (0,00). If p} =7 is Lipschitz in i, then there is an L < oo such that

pi:[,’ylogcl —pijr‘fylogco < L|(u+~vlogCi) — (u+~vlog Co)| = Ly |log C1 —log Cy| .
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The continuity of [ h(z — vlog C)pzl*gdi follows from

‘/ WlogC’l)pl 7di — /h( — vlog Cy p1 9di| =

1—
‘/ pu+’y log Cld / h(u)pu—i-i‘y log Codu

< / h(u)

< /h(u)[/y [log C1 — log Cy| du
= L’}/ |10g Ci — log Co|

du

l1—0o 1—0o
pqu'y logC1 pqu'y log Co

Thus for any £ > 0, 3§ > 0 such that |C;—Cp| < & implies ‘f h(i — vlog Cl>p}7"di —f h( ~log CO) "dz‘ <
€.

|

The next lemma provides an alternative set of conditions sufficient to guarantee the continuity of £(C).

Lemma 2 If h is Lipschitz and p1 7 is bounded, then E(C) is continuous.

Proof. Let L be the Lipschitz constant of h(-) and let M be the bound on plf" Fix Cy and € > 0. We will
show that thereis a ¢ > 0 such that |C; — Cp| < ¢ implies ‘f h(z — vlog C’l) 1= d; — J h(z — vlog C’o)p%_"di‘ <

€. We consider here only C1 > Cy; the proof for C' < C follows similar logic.
First, since [*7_ h(u)du = 1, there are ug, uy such that ug < uy, [0 h(u)du < g57, and [~ h(u)du <

g27- Consider Cy such that [Cy — Cp| < (ulfm2 Then:

‘/ 1o Cy )pl 7 di - /h( Ylog Co)pl—7di| < /\h(ifvlogcl)fh(ifvlogco)\|pi‘“|di
< M/‘h(i—vlog(}'l)—h(z’—’ylogC’o)‘di
u°+vlogcl‘h(z—'ylog01>—h(' vlogCo)‘
< M —&—ftf]lloggcc“ (—ylogCl)— ( vlogC’o)‘dz

h
+fu1+'ylogco ‘h(z—’ylong) —h< ’}/10gC’o)’dz

The first term in brackets equal to [“7_

h(v) —h (v - Wlog )‘dv which is bounded by 2g57. Similarly,

the third term in brackets is equal to f;lo ‘h (v — vlog C—;) — h(v )‘ dv which is also bounded by 2g%;. The

second term in brackets is bounded by 55;. To see this, if u; + vlog Cy < ug + vlog Cq, then the term is
zero. Otherwise:

u1+vlog Co u1+vlog Co
/ h(i—fylogCl) —h(i—ylog(]o)’dz’ < / Ly |log C; — log Cy| di
ug+ylog C1 ug+ylog C1
= (u1 —ug) Ly|log Cy —log Cy|
|C1 — Gy

< — ug) Ly =0l
< (up —wug) Ly o
< =

2M

Together these imply

‘/ 'ylogCl) ~di — /h( 'ylogCO) 1= di

Finally, the continuity of f h (iffy log C’)pi_‘jdi implies the continuity of £(C) = (f h (z — vlog C’)p%‘”di) e

&
<M{2g ooyt =
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The next lemma provides conditions analogous to Inada conditions.

Lemma 3 Suppose there is a £ > —% and that there exist by and by such that liminf,_, e’% > by >
0, limsup,_,o 25 < b1 < oo, and [~ h(w)e® 1= dy € (0,00). Then liminfo_o E(C) = oo and

limsupe-_,, E(C) = 0.
Proof. Using the change of variables u = i — ylog C, the minimal cost is
e
EC) = (/h(u)piJr‘,’ylongu) C
We first show that as C' grows large, the needed expenditure grows without bound.
T
. . . . 1—0
lim inf £(C) = lim Clggo (/ h(u)p, (7, 1Ogcdu> C

C—o0
1 1
= lim ] w(1-o)u (_PutylogC ) o\ oty
lim Clggo (/ h(u)e (em(u+~/log0) du) C

1

l-0o 1-0o
i i k(l—o)u M) ; ; 1+ky
> hmclggo (/h(u)e (en(u+’ylogC) du> hmclggoC
1
s-o)u (1 j M)” T hm inf Ol
> (/ h(u)e (hmclggo (110 C) du hmclgf;OC
1
=
> < / h(u)e“““)“bg—”du) lim inf C1+%7
C—o0

= o0

where the second inequality uses Fatou’s lemma. We next show that as C' grows small, the needed expenditure
shrinks to 0.

T
lim sup £(C) = lim sup </ h(u)pt:_‘f/logcdu> C
C—0 C—0
1-o ﬁ
_ : K(l—o)u Pu+tvylogC 1+k
= lim gi% (/ h(u)e (7eﬁ(u+’ylog0)) du) ortey
1
1—0o I-o
: Kk(l—o)u Put~ylogC ) : 1+k7y
< lim gujz) </ h(u)e (en(u+’ylog0) du> lim gi[i)c
D l1-0o ﬁ
k(l—o)u i _PutylogC 3 14+ry
< (/ h(u)e (hm gi% (s Tog C)> du) lim gi%C
<

ferd
</ h(u)e”(la)“b%_”du) lim sup C*+*7

C—0
= 0

|
Under the conditions of the last two lemmas, there must exist an interior solution to the problem of
maxc>g such that € (C) = E for any E € (0, 00).

Lemma 4 Suppose that there exists a k > —% such that p;; > pioe“(il_io) for all i1 > ig and that

ffooo h(w)e" "= dy € (0,00). Then £ (C) is strictly increasing with lime_o € (C) = 0 and limg s £ (C) =
0.
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Proof. Using the change of variables u = i — ylog C, the minimal cost is

E(0) = ( / h(u)p};; log Cdu) = C

Ky
For €1 > Cy, we have pyiy1ogc, = pu+'ylogCoen(’y log C1~vlog Co) — (%) PutrylogCo- This allows us to
express the minimal cost of C

E(C) = </h(u)p11¢:rzlog01du) _ &

C Ry l1—0o ﬁ

> (/h(u) ((C,(l)> pu+fylogC'0> du) Cy
- A

- (o) ()

B Cl 14Ky

- o (g)

> & (Co)

where the last line follows because 1 + xy > 0. Finally, p;, > pi,e® %) for all iy > ig implies that
liminf; ,o Z% > po > 0 and limsup;_,o £5 < po < o0, so by the previous lemma limc & (C) = 0 and
lime 0o £(C) =00. m

Proposition 10 Under Assumption 1, the optimal consumption bundle is
¢ = E"C’l"’pi_”h(i — ~log C)
.
where C' is the unique solution to (f h(z — vlog C)pf”di) " C=E
Proof. Under Assumption 1, £(C) is continuous, strictly increasing, and satisfies limg_,0 E(C) = 0 and

lime_ 00 E(C) = oo. Therefore there exists a unique value of C' that satisfies £(C) = E and this value

maximizes supy C such that £(C) < E. Given C, cost minimization implies ¢; = E(’C’lf"pifgh(i —vlog C).
[
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A.3 Non-homothetic Cobb-Douglas Limit

This section describes the limiting preferences as o — 1. Taking this limit gives

vt e log (ffoooh(i—wlogC’)G (CC)U”ldz>
dz’)

3311 (/00 h(i—wlogC)%(%>T exp lim

o o—1 _—

log <f°°oo h(z — ~log C’)l_a (2)" di)

= exp lim
a—0

a
g J (7108 €) ()" o () o (1 1)
o ffoooh@*’ylogc‘) (%) di
S h(i =108 C) [tog (%) —logh(i — 7105 C) | di
ffoooh(i—'ylogC)di

= exp/iOO h(iffylog(/") [log (%) flogh(iffylogC)} di

oo

= exp

where the last line used ffooo h(i — vlog C) di = 1.

To find the cost-minimizing bundle, we have
E(C) = I{nir}l/pici subject to exp/ h (e*iC’”’) [log (%) —logh (e*iCV)] di >1

The solution gives
E(C) = Cexp / h (e_iC'y) log p;di

So that the price index is P(C) = exp [ h(z — ~vlog C’) log p;di.
If h is Lipschitz and logp; is bounded, then £(C) is continuous. If there exists a x > —% such that
Piy = pige™ 1) for all iy > ig and exp [0 h(w)logwdw € (0,00), then € (C) is strictly increasing with

limep € (C) = 0 and lime_,00 £ (C) = oo. Under all of these conditions, there is a unique solution to
E(C)=FE.

B A Balanced Growth Path New

We first derive an alternative characterization of a BGP, and prove the existence of a balanced growth path
when o is not too large.

B.1 An Alternative Characterization
The ideal price index for household ¢ satisfies
e E
P) 7 = / Pl h <z — vlog a) di
e Py

Market clearing for good 7 gives

AtBitLit:/ coirdG ()
0
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Using ¢y = EgtPé‘Tlp;t"h ( — vlog E“) and p;; = ﬁ, market clearing for good i can be expressed as

oo o1 h (i —~ylog &t
Ly = / E“( Fu ) ( P“)dG(é)
0

1—
Wi wt/At B'Lt e

Learning by doing implies that g?z = ¢L;; or, using market clearing,

. . E
B :(b/“Egt( Pt )U_lh(z—vlongf
0

Bj; we \wy /A Bilt_a

) dG(0) .

Multiplying both sides by B;,”?, integrating, and using lim;_, ., B;; = 1 gives

Bla* Eet PZE o .
1-0 7¢// f(wf/A£> h<l

o Let py; =log wf/e;‘t.

E€t~> ~
dG(£)dt
Py

Define

o Let bit = 10g Bi+’y log A¢,t

e Let E, = (=7 /1=7 be household £’s after-tax income.

6(1 o)biy _ 1 BZJF';jlog Ayt —1
l-0¢ l-o

t o] o—1
_ Ee£<Pe£> h( low A1 E)d
¢[m/o w; \wi/A; (i+7logAy) Py Gl

t oo E 5
= ¢/ / Epelo—Dreip ((z +vlog A; — ylog A;) — vlog eTf' dG(0)dt
—oo0 JO ¢
Using the change of variables u = i + vylog A; — vylog A; = i + yg(t — t), this is
e(l—a)bit -1

(oo}
- = Epe @ Dviip (4 — ylog E ;) dG(6)d
T 79/1’ /0 e (u 7log e+vpet) ()du

Next, we can express pg; as

jp. S l-0o . .
e(1=)per — Pflt _ ffooplt h(Z v log C£t>dl
(we/Ae)' =7 (wi/A)t—e

Using p;y = ﬁ, Cop = %2 = epfﬁ, and the change of variables u =i — vylog A;

¢(I=)per — /Oo h (l ~los (gfﬁ)) di = /OO h (u — ylog By + 7plt)

du
1—0o 1-0 bu,
o) Bit 6( ) t

— 00

Along a balanced growth path, {ps.}, and {b;;}; are constant. For the remainder of this section, we drop
the time subscript. We can express these two key equations as

e(l—U)bi -1

T 0 [T T B by (4 log B
— “Yg/z' /0 Eye h(U VlogEz-F”/Pe) dG({)du (8)
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and

0 h (z — vlogE’e + vpz)
elmo)Pe = di (9)
e(l*d)bi

— 00

B.2 Existence of a Balanced Growth Path

We assume throughout this section that h is bounded. Let P be the space of functions p : (0, 00) — [—%, 0.
In this space, we define an operator 7 using the two equations (8) and (9) as follows:

Consider a function p € P. Define the transformations b(p) and b(p) for each i as

1
i-o

A L [ [ . . ~
b(p); =log [1 +(1- U)%/ / E, Py (u —vylog Ey + ’ypz) dG(@)du}
i Jo

Finally, we define the operator T (p) so that, for each ¢, T (p), is the unique solution to

—0o

o h (l —vlog B, + vT(pe))
di (10)

e(1—o)b(p):

T(p)s =log | |

— 00

Lemma 5 If h(-) is bounded then T (p) is well defined for any p € P.

Proof. b(p); is decreasing and continuous in ¢ because as ¢ increases the region of integration shrinks.
Further, if h is bounded then e®® is Lipschitz. Appendix A.2 showed the existence and uniqueness of a
1
1—0o

1-0o
solution to Cp to the equation E, = Cy [f (ﬁ) h(i — vlog Cg)d?::| , under the condition that eh(%)b

l1—0o

is weakly increasing and (ﬁ) is Lipschitz, which are satisfied here. Letting 7 (p)¢ = log E¢/Cy, this
is equivalent to showing existence and uniqueness of a solution to (10). m

Lemma 6 7 maps P onto itself.

Proof. First, note that b(p); € [0, %] The conclusion follows from the fact that 7 (p) is a generalized

weighted mean of ﬁ with weights h (z — vlog E, + fypg) which integrate to 1. m

Lemma 7 Define a =

e (@1 1’. If el < 2, then a € [0,1) and

db (p°); 7
O L

for any i, p°,pt € P, e €[0,1], and p¢ defined as p; = (1 — ) p) + ep;.

‘_d[’("&)i
dz

Proof. fu(ps)i is defined as

(1=0)6() 1 oL [ - S
R .- % / Eyelo= v / h(u)dudG(¢)

l-o v —vlog Eo+vp§
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Let i*(¢) be such that b (p©),. ) = ¢L . If i < 7* (g), then Ei P =0, I i > i (), then b (p), = [;(pe)i.
Differentiating with respect to ¢ and rearranglng yields

_db(pf); (1-0) 1 oL
de 6(1_0)6('35)" Yg

~ - oo dpe
Fpelr—Dpi /  rw)duLdG )
i—log E¢+vpj de

1 a dp;
Y o, g /Ee( Dpzh 7logE“Lw%) edG(f)

. dpj
Since ‘ T

= |p} - 132} < Hp} - p?”, this can be bounded by

|1—a|¥ /Ee<°' Dpi /OO h(u)du dei
e(1=a)b(p=); ~vg i~y log By +yps de

dpg

de

‘_db (%)

v dG (¢)

dG(¢)

e(1—0)b(p°),

_ 1 o—1)
[pe — p?|| |1 o e " % fEfe L v log Be+ypg M(1)dudG ()
Y e 5 J Bee@ VPR ( vlog B¢ + vpi) dG(0)

Y /Eee(” 2 p"h —ylog B, + 713?)
1

eyl—0o

Using the expression for b (p®), and its derivative with respect to i, db(pdgi = U)lw = 79 fo Eyelors (Z —ylog By + ’YPE)
j o ;
this is

(a—a)o(p®),; _ —c
B o do(p°)!
o), T 4

ol [ (e—1)6( 9,1 _ db(PE)TU
[ — WH{ U[ ¢ Pu] = di

Note that b (p°), < L. If o < 1, then H=2L [1 — el D8] = 1 — e~ (=)o) < 1 — e~ (1=5 <1, If
o > 1 and e%(a_l) < 2 then % [1 — e("_l)b(pa)i} = ele=DP(%); _ 1 < e(”_l)% — 1 < 1. In ether case,
—li_"‘ [1— el D@D ] <aef0,1). m

—0

IN

db(p),
de

i —p2)| S I1—0o

Lemma 8 If e5s (=D < 2, then the operator T (p) is a contraction mapping on P.

Proof. First, note that 7 (p®), satisfies

[ h(l‘—vlogEeJrvT(pE)g)
T (), = log /

di
exp{(1—a)b (p%);}
h 1—0o
= log / (w) du
L €xXp {(1 - U) b (pe)qu'y logE'gf'yT(pE)g}
Differentiating with respect to e, letting T,y = h(i_’yelgg_iﬂzlﬂ;(pg)[), and rearranging yields
T, [db(pf)i _ db(pd), dT(PE)e}} ] ] du
dT (p°), 7f {{ L & e i=u+ylog Eg—yT (p%),

de fTw‘i—u—i-'ylogE‘g T (p°), du

db(p®),  db(pS), dT(p
fTil[ 238)"— (dpi)’w }dz

T oedi
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This can be rearranged as

i T2

e i (120 ai

This can be bounded using the previous lemma

_db(Pe)i

pataipe J X
de - fT¢e<1— db(la))dZ
S X (@ =750 ) [t — 9| di
S T (172524 i
l-«a

= |1~ - [
J f’r”dz( 7%) di

Since % <0,1- db(p ); > 1, and hence

IN

'dT(PE)e
dz

<aflpt =

Finally, we have

dT (p%),

d
de c

‘T(pl)z_T(po)A B /0 dTée e d‘ /o1

alpt =

IN

Since « € [0,1), T is a contraction mapping. m

Lemma 9 If 155 < 2, then there exists a unique fized point of T on P.

Proof. This follows from the previous two lemmas and the contraction mapping theorem. m

Lemma 10 Suppose eV < 2. Then for any fized point p of T in P, p and b(p) satisfy equations (8)
and (9).

Proof. Abusing notation, let b = b (p) and b = b (p). We need only show that b; = b; for each i. That is,
we must show that b; < ¢ for each . Since b satisfies

(1-0)b; _ 1 0o oo -
e _ 2/ / Eee(dfl)péh (’U — rylog E,+ ’ypg) dG(ﬂ)du
i 0

1—0

differentiating with respect to ¢ and rearranging yields

db; 6 (7D i —ylog B¢ + ype

= G) . 11
di Y9 Jo ‘ e(1=0o)b; © ()
b is continuous and decreasing in . Let i* = inf { |[AJZ < % } Toward a contradiction, suppose that i* > —oc.

Since b is continuous, it must be that bz* = %
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For any 7 > ¢*, it must be that 6; = b;. In addition, lim;_, o, b; = co. We thus have

L . < db;
L _ hi*:/ b g

9 di
T h (5— ~vlog Ey +713£) o
- 2 / Eye / G ()
b ~ i h (i—'ylogEe+’ypz)
= — |L- / Egelo—Dpe / : didG (f)
79 o0 ell=o)t:

1

where the last line used [ Epe(?~Dpe [ wdidG (¢) = L, which follows from eP¢ = ( > }dei) N

—o00 e(1—o)b; —o0 e(1—o)b;

and ngdG (¢) = L. Rearranging and using b; = % for i < 7* gives

0= / Fpelo=Dpe / h (z— ~log By + W) didG (f)
since the integrand is non-negative, this it must be that for all ¢ < *,
0= /Ege(g_l)pfh (2 —~log By + ’ypz) dG (0)

This along with (11) implies that % =0 for all 4 < i*. As a result, b, = % for all ¢ < ¢*, a contradiction.
]

Proposition 11 If h(-) is bounded and oD o 2, then there is a unique balanced growth path.

Proof. This is a simple consequence of the existence of a unique fixed point p of 7 on P and the fact that
p and b(p) solve equations (8) and (9). m
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