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Abstract

We develop a normative theory for constructing mean-variance portfolios robust to
model misspecification. We identify two inefficient portfolios—an “alpha” portfolio,
representing latent asset demand, that depends only on pricing errors and a “beta”
portfolio that depends on observed factor risk premia—which, when combined, give
mean-variance efficient portfolios. We show that the alpha and beta portfolios have
different economic properties and therefore misspecification in these portfolios should
be treated using different methods. Our theoretical insights lead to an economically
substantial and statistically significant improvement in out-of-sample portfolio perfor-
mance, with latent asset demand playing a dominant role.

JEL classification: C58, G11, G12.

Keywords: Alpha, asset-specific risk, factor models, factor investing, latent asset de-
mand, model misspecification.

*Raponi is affiliated with TESE Business School; email: vraponi@iese.edu. Uppal is affiliated with EDHEC
Business School and CEPR; email: Raman.Uppal@edhec.edu. Zaffaroni is affiliated with Imperial College Business
School; email: P.Zaffaroni@imperial.ac.uk. We thank the Mathematics Department at Imperial College London
for the use of its computer cluster and Mengmeng Ao, Yingying Li, and Xinghua Zheng for sharing their data with us.
We gratefully acknowledge comments from Dante Amengual (discussant), Turan Bali, Harjoat Bhamra (discussant),
Tim Bollerslev, Svetlana Bryzgalova (discussant), Timothy Christensen, John Cochrane, Rama Cont, Massimo Dello
Preite, Victor DeMiguel, Serge Darolles, Patrick Gagliardini, René Garcia, Lorenzo Garlappi, Christian Gourieéroux
(discussant), Amit Goyal, Christian Julliard, Andrew Karolyi, Ralph Koijen, Hugues Langlois, Michelle Lee, Xioaji
Lin (discussant), Lionel Martellini, Alberto Martin-Utrera, Stefan Nagel (discussant), Vasant Naik, Javier Nogales,
Lubos Péstor (discussant), Markus Pelger, Hashem Pesaran, Eric Renault, Cesare Robotti, Lucio Sarno, Olivier
Scaillet, Jay Shanken, Yazid Sharaiha, Eric Shirbini, Claudio Tebaldi, Nikolaos Tessaromatis, Allan Timmermann,
Fabio Trojani, Tan Wang, Raina Uppal, Bas Werker, Michael Wolf, Motohiro Yogo, Guofu Zhou, and Irina Zviadadze
and seminar participants at the 8th Annual Hedge Fund Conference, Advances in the Analysis of Hedge Fund
Strategies Conference (Imperial College London), American Finance Association meetings, CEPR First Annual Spring
Symposium in Financial Economics, FEuropean Finance Association meetings, Financial Econometrics Conference
(Toulouse School of Economics), Inquire UK Conference, Judge Business School, NBER Summer Institute Workshop
on Forecasting & Empirical Methods, Norges Bank Investment Management, UBC Summer Finance Conference,
Vienna-Copenhagen Conference on Financial Econometrics, and Western Finance Association meetings.



1 Introduction

The mean-variance portfolio choice model is the cornerstone of financial economics because it
captures the fundamental trade-off between expected return and risk. To implement this model, an
investor needs to know the means, variances, and covariances of asset returns. This is particularly
challenging when the number of assets is large, which is increasingly the case given the availability
of data on individual stocks. This challenge motivates the use of a beta-pricing model, such as
the Sharpe (1964) Capital Asset Pricing Model or the Fama and French (2015) five-factor model.
However, as highlighted by Hansen and Sargent (1999), “with tractability comes misspecification,”
because when specifying a particular factor model for asset returns, factors could be mismeasured

(Roll, 1977) or missing (e.g., MacKinlay and Pastor (2000)).

In this paper, we develop a theory to resolve model misspecification when using a candidate
beta-pricing model for constructing mean-variance portfolios and demonstrate its effectiveness em-
pirically. The candidate beta-pricing model may be misspecified because it omits pervasive risk
factors, asset-specific components, or both. These omissions can also arise when considering mis-
specified conditional asset-pricing models. We show how to use the Arbitrage Pricing Theory
(APT) of Ross (1976) to address these sources of misspecification by extending the conventional
view of the APT. We demonstrate that the APT allows for not just “small” asset-specific pricing
errors but also “large” pricing errors related to omitted pervasive risk factors while still satisfying

the no-arbitrage condition that bounds the Sharpe ratio of the overall portfolio.

Typically, correcting a candidate beta-pricing model for misspecification has been done by aug-
menting the model with additional (pervasive) risk factors. However, purely asset-specific pricing
errors have been ignored because, being idiosyncratic, they are deemed diversifiable and hence not
priced. But, this view is correct only if the beta-pricing model, after it is augmented with the
missing risk factors, becomes correctly specified so that there are zero pricing errors and exact pric-
ing holds. In the absence of exact pricing, purely asset-specific pricing errors cannot be diversified
by augmenting the candidate beta-pricing model with omitted pervasive factors. We explain that
asset-specific pricing errors represent compensation for bearing asset-specific risk. Our perspective,
which allows for asset-specific pricing errors, is a crucial departure from the standard framework

with exact pricing and leads to novel insights.

These insights have important implications for portfolio selection, which we present in four
propositions. In Proposition 4.1, we show that under the APT the entire set of mean-variance

efficient portfolios is generated by two inefficient portfolios—the “beta” portfolio, which depends



on observed factor risk premia, and the “alpha” portfolio, which has exposure only to omitted risk
factors and asset-specific risk. The alpha portfolio, because it depends on pricing errors that are
spanned by latent pervasive risk factors and latent asset-specific risk, represents the latent asset
demand studied by Koijen and Yogo (2019) but, in our case, founded on the APT. We show that
if one were to ignore latent asset demand generated by the purely asset-specific pricing errors,
the resulting portfolio would not be on the efficient frontier regardless of how many risk factors
were included in the model. Moreover, we establish in Proposition 4.2 that, as the number of
assets N increases, the elements of the alpha portfolio can dominate, in terms of magnitude, the
corresponding elements of the beta portfolio.! This result motivates us to use different approaches

for dealing with misspecification in the alpha and beta portfolios.

In Proposition 4.3, we establish a set of conditions under which, as the number of assets in-
creases, the beta portfolio can be replaced, without loss of performance, by a benchmark portfolio
(such as the equal- or value-weighted portfolio) that by construction is functionally independent of
the mean vector (risk premia) and covariance matrix of the observed factors, and hence, is immune
to misspecification of these quantities. Finally, we show in Proposition 4.4 that, under the APT,
the alpha portfolio, which represents latent asset demand, is precisely the “robust” portfolio one
would obtain when using the max-min approach of Gilboa and Schmeidler (1989) and Hansen and

Sargent (2007) to treat misspecification in the alpha component of returns.

To illustrate the substantial improvement in the out-of-sample performance of the robust mean-
variance (RMV) portfolios resulting from our theoretical insights, we study the same two data sets
considered in Ao, Li, and Zheng (2019).2 The first data set consists of N = 30 stock constituents
of the Dow Jones Industrial Average (DJIA), and the second of N = 100 randomly selected stock
constituents of the S&P 500 index, in each case augmented with the Fama-French three factors. We
show that our RMV strategy achieves an increase in Sharpe ratio of 125% to 150% relative to the
equally weighted portfolio and an increase of 50% to 100% relative to that of the “maximum-Sharpe-
ratio estimated and sparse regression strategy” (MAXSER) developed in Ao et al. (2019).3 We
demonstrate the importance of the latent purely asset-specific risk relative to that of observed and
pervasive risk factors: for both data sets, the squared correlation between the optimal demand for
an asset and its latent asset-specific component is over 95% and the latent component contributes

to more than 85% of the total squared Sharpe ratio of the optimal portfolio. Furthermore, we

!The analysis for a large number of assets is not just an abstract mathematical exercise but also corresponds to
practice. Hedge funds and sovereign-wealth funds hold a large number of assets; for instance, the portfolio of Norges
Bank has over 9,000 assets. Moreover, our results have a bite even when the number of assets is as small as 30.

2In Section IA.4 of the Internet Appendix, we also use simulated data to evaluate performance.

3This improvement is noteworthy given that DeMiguel, Garlappi, and Uppal (2009b, Table 1) and Ao et al. (2019,
Table 1) show, respectively, that the 1/N and MAXSER, portfolios outperform a large number of other strategies.



show that the performance of our strategy improves with the number of risky assets, in contrast to

traditional portfolio-selection models.

To summarize, traditional portfolio choice models ignore asset-specific risk and, when correct-
ing for misspecification, focus on addressing misspecification by including additional risk factors;
moreover, traditional models find it challenging to handle the case of large N. In contrast, our
analysis is founded on the APT, leading to three significant benefits. One, it allows us to distin-
guish between the alpha and beta components of returns. Two, within the alpha component of
returns, it enables us to account for the presence of pricing errors associated with omitted risk
factors and omitted asset-specific risk. Three, it rules out arbitrage opportunities; so, unbounded
Sharpe ratios are ruled out even when N is large. Theoretically, this leads to the critical insight
that, asymptotically, the optimal portfolio weight is dominated by the purely asset-specific pricing
errors in the alpha portfolio and that the specification of the beta portfolio can be made immune
to missing risk factors. Empirically, we demonstrate that allowing for asset-specific pricing errors

leads to a substantial improvement in portfolio performance.

We now explain how our work is related to the existing literature. Just like in Koijen and Yogo
(2019), a key quantity that we study is latent asset demand. Their work is positive and shows
the importance of latent asset demand in explaining empirically observed asset holdings. Thus, in
their work, latent asset demand is the wedge between the asset demand implied by a candidate
factor model and the observed asset demand. In contrast, our work is mormative: in our APT-
based model, latent asset demand is the wedge between the asset demand implied by the candidate
factor model and the optimal asset demand. The theory we develop explains why, in the presence
of model misspecification, an optimal portfolio must include a latent component and why, as the
number of assets increases, this component will dominate the one that depends on observed factors.
Our empirical results confirm the dominant role of latent asset demand, in particular, the demand

arising from the latent purely-asset-specific component.

There is an extensive literature that studies the portfolio-choice problem in the presence of
model misspecification using the max-min approach; see, for instance, Trojani and Vanini (2002),
Uppal and Wang (2003), Garlappi, Uppal, and Wang (2007), Guidolin and Rinaldi (2009), and
Christensen (2017). In contrast to these papers, our work adopts as the “approximating model”
the APT, decomposes the mean-variance portfolio into alpha and beta components, and shows
that treating misspecification in only the alpha-portfolio component with the max-min approach,
which we show is equivalent to imposing the APT no-arbitrage restriction, leads to substantial

improvement in empirical out-of-sample performance.



Our work is also related to the extensive empirical literature that aims to improve the perfor-
mance of mean-variance portfolios by imposing portfolio constraints. Jagannathan and Ma (2003)
demonstrate that imposing short-sale constraints is equivalent to shrinking the covariance matrix.
DeMiguel, Garlappi, Nogales, and Uppal (2009a) show that using a more general form of the
short-sale constraint improves performance further. Economically motivated constraints improve
the estimation of time-series forecasts of the equity risk premium (Pettenuzzo, Timmermann, and
Valkanov, 2014) and recovery of the minimum variance stochastic discount factor (SDF) under
a conservative max-min Sharpe-ratio criterion (Schneider and Trojani, 2019).* In our work, the
constraint imposed when estimating asset returns follows from the APT’s no-arbitrage restriction.
Ao et al. (2019) also study estimation of the mean-variance portfolios directly, using a regression
approach with a lasso constraint to handle a large number of assets; moreover, they exploit a de-
composition of the portfolio weights based on statistical assumptions, whereas our theory is founded

on the APT, and thus, on the no-arbitrage restriction.

The notion that mean-variance portfolios can be decomposed into two inefficient portfolios
was pioneered by Treynor and Black (1973), who labeled them “active” and “passive” portfolios.
Roll (1980) formalizes this idea by introducing “orthogonal portfolios” (i.e. the active portfolios).
He shows that for a given inefficient portfolio (i.e. the passive portfolio), there is a continuum of
corresponding zero-beta portfolios, in contrast to the case of an efficient portfolio, for which there is
only a single orthogonal portfolio.” While in Roll (1980) the orthogonal portfolios are a consequence

of optimization, we show that they also result from the APT’s no-arbitrage restriction.

MacKinlay (1995, page 6) exploits the notion of orthogonal portfolios of Roll (1980) to quantify
the behavior of the Gibbons et al. (1989) test when the candidate beta-pricing model is misspecified,
stating that “...for the nonrisk-based alternatives the maximum squared Sharpe measure ... can,
in principle, be unbounded.” Consequently, in subsequent work, the nonrisk-based alternative (i.e.
the asset-specific component) was ignored when constructing optimal portfolios. We show that
the APT provides the exact condition that must be satisfied in order to include the nonrisk-based

alternative in the construction of the optimal portfolio while still satisfying no arbitrage.

Péastor and Stambaugh (1999, 2000) and Pastor (2000), building on MacKinlay (1995), use a

Bayesian approach to study the effect of model misspecification on the cost of equity and asset

“Brandt (1999) and Ait-Sahalia and Brandt (2001) propose a nonparametric approach for estimating portfolio
weights. Ghosh, Julliard, and Taylor (2019) propose an alternative nonparametric approach that builds on an
entropy-based estimator of the SDF.

®Gibbons, Ross, and Shanken (1989) use the notion of orthogonal portfolios developed by Roll (1980) to show
that the GRS test statistic can be represented as the squared t-ratio for testing that the orthogonal portfolio has zero
intercept when regressed against the set of candidate factors.



allocation. They show that the posterior mean of the pricing error coincides with a shrinkage
version of the OLS estimator of the intercept. Our analysis of misspecification, founded on the

APT, also has a shrinkage element, but only for the component associated with asset-specific risk.

MacKinlay and Péstor (2000), again building on MacKinlay (1995), study the portfolio-choice
problem when one of the risk factors from the candidate asset-pricing model is omitted. In contrast,
we allow not just for omitted risk factors but also for purely asset-specific pricing errors unrelated to
common risk while still satisfying the APT no-arbitrage restriction. Moreover, we show analytically
and empirically that, as the number of assets increases, the portfolio weights are dominated by

asset-specific pricing errors rather than observed and omitted risk factors.

2 A Preview of the Results in a Simplified Setting

In this section, we provide an informal introduction in a simple setting to our main theoretical

results to prepare the ground for the formal analysis of the general model that follows.

Suppose that a single-period mean-variance investor with unit risk aversion can invest in N
risky assets, with return r;, for ¢ = 1,..., N, and the risk-free asset with return ry. Then, her

optimal portfolio is given by the well-known Markowitz portfolio:

N
—1
w ="tV (1)
j=1

where O'gj_ Y is the (7,7)th element of the inverse of the covariance matrix for the N risky-asset
returns and p; = E(rj) —rp for j = 1,..., N are the mean excess returns. The expression in (1)
highlights the problem we face: because the portfolio weights depend on the N expected excess
returns and N(N + 1)/2 variances and covariances of returns, a portfolio formed using sample

moments performs poorly out of sample, especially when N is large.%

To deal with this problem, suppose that the investor postulates a candidate beta-pricing model

ri—rp=a;+Bif +€, fori=1...,N, 2)

where f is an observed, for simplicity, tradable factor (for instance, the market excess return),
with risk premium A = E(f) and finite variance var(f) > 0, §; is the corresponding beta, ¢; is the
asset-specific innovation with zero mean and finite variance var(e;) that is independent of f;, and

a; are the asset-specific pricing errors corresponding to the candidate beta-pricing model in (2),

5Note that it is difficult to estimate precisely the expected return even for a single risky asset (Merton, 1980).



which, to rule out arbitrage opportunities, need to satisfy the APT no-arbitrage restriction

N
Z (o716 %] COV(_l)(EZ‘, 6j) < 5apt7 (3)
ij=1
for some finite positive quantity dapt, where cov(=1 (g, €j) denotes the (7, j)th element of the inverse
of the covariance matrix of the ¢;.” Without loss of generality, we assume that a; and 3; in (2)
are orthogonal. Our portfolio-decomposition results below hold even if the a; and S; are correlated

across assets, as we demonstrate in Section TA.1 of the Internet Appendix.

Suppose first that there is no misspecification so that the excess returns on the risky assets
obey exactly the one-factor model in (2). In this case, «; is zero for all assets, and one can assume
for simplicity that ¢; are independent and identically distributed (IID) across assets. Then, the ith

weight in the mean-variance portfolio is equal to the weight in the so-called beta portfolio

A i .
wiﬁ = % (Var(f)> <§2> ,  when N is large, (4)

assuming pervasiveness of the observed risk factor f, namely 0 < 52 = N1 Zfil B? < . In

this case, the beta portfolio is efficient and attains the maximum Sharpe ratio y/\?/var(f), while

diversifying away asset-specific risk: var( Ef\il wiﬂei) = ()\/ﬁ_zvar(f))Z/N2 Ef\il Bvar(e;) — 0.

Now consider the case where the candidate model (2) is misspecified. Model misspecification
can arise for several reasons. Here we consider misspecification because of the potential omission
of a pervasive factor, the presence of asset-specific errors (unrelated to the pervasive factor), or
both. With misspecification, the beta portfolio continues to satisfy (4) and still diversifies what the
investor perceives to be asset-specific risk: var( Zfi 1 wiﬁ ¢;) — 0. However, the portfolio wf in (4)
is no longer on the efficient frontier and \/W is not the maximum attainable Sharpe ratio.

To see the effect of model misspecification, we can use the APT no-arbitrage restriction to show
that in (2) the pricing error «;, i.e. the asset-specific nonrandom component, and the innovation

€;, i.e. the asset-specific random component, can be decomposed as

a; = Aidmiss + a; and € = Aiz +n;, (5)

where A; is the loading on the omitted pervasive risk factor z, which has a risk premium Ap;ss,

and a; is the asset-specific pricing error unrelated to pervasive risk.® The 7; represent purely asset-

"One has to allow for the asset-specific innovation €; to be correlated across assets because the investor’s candidate
beta-pricing model (2) could be misspecified leading to cov(e;, €;) # 0 for different assets ¢ and j.

8To simplify the exposition, we have assumed that the investor omits only one pervasive risk factor z, for which
the assumption that E(z) = 0 and var(z) = 1 is without loss of generality because z is latent. Pervasiveness of the
omitted factor z follows when 0 < N+ vazl A? < 0.



specific risks, for simplicity assumed IID with zero mean and finite variance, var(n;) = var(n) > 0.

The «; component generates the latent asset demand, as shown below.

Consider first the special case of (5), in which the investor omits the pervasive risk factor z,
but there is no asset-specific error (i.e. a; = 0 for all assets). This is the case typically considered in
the literature. In this case, the mean-variance portfolio weights w}"* can be expressed as the sum
of two portfolios, wj"™ = wlA + wf , with

1 A; )
wZA = N)\miss <A;> ,  when N is large, (6)
where A2 = N—! Zf\il A? and wiﬁ given in (4). The weight w? in (6) is analogous to w? in (4).
Observe that, in contrast to the common belief, in this case the pricing errors do not need to be small
to satisfy the APT restriction; the APT restriction (3) is always satisfied, i.e. SV | A2/ ( SN A2

var(n)) remains bounded even when the A; are very large. Given latency of the omitted factor z,

when N is large the Sharpe ratio of the w portfolio equals \//\mlss \/)\mlss/var

We now consider the general case of misspecification (5) with non-zero asset-specific pricing
errors a;, in addition to an omitted risk factor. This case has received much less attention in
the literature, and we show that it leads to portfolios with strikingly different properties. The
mean-variance portfolio in this case is

muv
w;

:wf‘+wiﬁ:(wf+w;4)+w-ﬁ, (7)

7

with wf given in (4) and where the alpha portfolio is wf’ = w$ + w, with w# given in (6), and

P — ,  when N is large. (8)
var(n)

Equation (7) shows that latent asset demand, represented by the alpha portfolio, is spanned by
omitted pervasive risk factors and asset-specific risk. Thus, the APT provides a formal foundation

for the composition of latent asset demand.” Observe also that the Sharpe ratio of the portfolio

with weights w{ equals \/ ZZ]\; La?/var(n), and thus, is bounded (because of no arbitrage) and
strictly positive as long as the asset-specific pricing error a; is non-zero for at least one asset. This
holds regardless of whether the a; terms are negative or positive. By no-arbitrage and ruling out
the pathological case of perfect correlation between the A; and ;, the squared Sharpe ratio of the

tangency portfolio is

(SR™)? = (SR%)* + (SR?)?

9The expression in (8) follows from the APT no-arbitrage restriction (3), in particular, from the fact that >~ | a?
must be bounded even for large N. For a formal proof, see Proposition 4.1.



= (SR%)? + (SR4)? + (SR”)?
N

= Z a?/var(ei) + Afm-ss + N2 /var(f).
=1

The above decomposition of the portfolio squared Sharpe ratio holds even if «; and [; are not

orthogonal.

To implement the w]™ portfolio, when we estimate (7) subject to the APT no-arbitrage re-
striction in (3), we obtain

AU
w;

= 6apt wza + w?v (9)

where w§* and ﬁ)f are functions of the estimated parameters.!” The above expression shows that
as we decrease 0,pt we effectively “shrink” the alpha portfolio; in the case where d,pt = 0, the

mean-variance portfolio is given by just the beta portfolio, and exact pricing holds.

Based on the above, we collect our key insights regarding the alpha and beta portfolios for
the case of general misspecification. These results represent a major departure from both the case
of a correctly specified model with weights (4) and the case in which one allows for only omitted

pervasive factors with weights (6).

1. Two-fund separation holds for the mean-variance portfolio weight, w;™ = w{* 4 wf , where

w

&= wi + sz, because the alpha and beta portfolio each span orthogonal sources of risk.

Consequently, the squared Sharpe ratio of the mean-variance portfolio equals the sum of the
squared Sharpe ratios of the alpha and beta portfolios, implying that the alpha and beta

portfolios are inefficient. The general case of this result is given in Proposition 4.1.

2. The component of latent asset demand given by the portfolio w{ dominates the beta portfolio

weights; i.e. wf Jw¢ — 0 when N diverges (w¢ also dominates w?'). The general case of this

result is given in Proposition 4.2.

3. The beta portfolio weights in (4), depend on the parameters A\ and var(f). However, the
parameter-free equally weighted portfolio weights, w{" = 1/N, also achieve the same Sharpe
ratio as that of wiﬁ , A/ \/\m, under some conditions that we identify; thus, the beta
portfolio can be replaced by the equally weighted portfolio without any loss of performance,
implying that the beta portfolio is immune to errors in estimating A and var(f). The general

case of this result is given in Proposition 4.3.

ONote that @f = ¢ (0apt) = y/Oapti'(1).



4. If a mean-variance investor is averse to model misspecification (in the sense of Hansen and
Sargent (2007)), the investor’s optimal estimated “robust” portfolio weights, labeled W™,
obtained by solving a max-min optimization problem and estimated by imposing the APT

restriction (3) for a given 4y, is

prme (\/?)w%rwﬁ (10)

)

for some ¢ > 1 representing the investor’s aversion to misspecification, with ¢ = 1 the case
of neutrality to misspecification. It follows that there exists a dupr = /0;,;/¢ so that the
(estimated) portfolio weights in (9) are identical to the robust portfolio weights in (10) for
some ¢ > 1. That is, the APT leads to the same portfolio as the robust portfolio of an investor

averse to model misspecification. The general case of this result is given in Proposition 4.4.

In summary, whenever some of the w{ weights in (8) are non-zero, then purely asset-specific
risk is not diversified away. In fact, it is optimal for to bear purely asset-specific risk to earn the

associated asset-specific premium and thereby achieve mean-variance efficiency.

3 Candidate Beta Models and the APT

In this section, we describe the formal framework used for our analysis. We assume that the
investor starts with a candidate model, namely an asset-pricing model linear in K observed factors
f; (either tradable or nontradable), referred to as the beta-pricing model and aims to use this
model to quantify the means, variances, and covariances of asset returns for asset allocation with
a large number N of risky assets.!! However, the investor’s candidate beta-pricing model may be
misspecified. The key idea of this paper is to use the APT to identify and mitigate the effect of

pricing errors caused by the use of the candidate beta-pricing model.

The classical APT of Chamberlain (1983) has no observed factors. Instead, all factors are
assumed to be latent, about which the investor can obtain full knowledge using population principal-
component analysis.'?> Consequently, only small pricing errors could potentially be present. In

contrast, in our framework, because the investor is assumed to start with a possibly incomplete set

1We study a market with a countably infinite number of assets, just like in the classical APT (see Chamberlain
and Rothschild (1983)). Gagliardini, Ossola, and Scaillet (2016), building on the work of Al-Najjar (1998), extend
the APT to allow for an uncountable number of assets and also relax the boundedness assumption of the maximum
eigenvalue of the residual covariance matrix.

1214 is important to note that the APT is a model of the random component of returns, and is silent about expected
returns. Black (1995, p. 168) recognizes this and states that the “Arbitrage Pricing Theory (APT) is a model of
variance. It says that the number of independent factors influencing return is limited, but it is silent on the pricing
of these factors, so it is silent on expected return.”

10



of candidate observed factors f; driving the beta model, the pricing errors can also include omitted
pervasive risk factors. There is a misperception that the APT framework allows only for small
pricing errors but we explain below that the APT applies even when the pricing errors include

omitted pervasive risk factors.

Let 74 denote the return on the risk-free asset, and let ry = (714,79, .. ., rnt) denote the N-
dimensional vector of one-period returns on the risky assets. To make clear the dependence on
the number of assets, we index quantities that are N-dimensional by the subscript N, except for
random variables, such as the returns on risky assets r;, which have the subscript t. Given an
arbitrary portfolio strategy s with weights w3, = (wj,ws$,...,w%)’, and using 1y to denote an

N-dimensional vector of ones, we define the associated portfolio return as

= W (1 - Tywh),
with finite mean, standard deviation, and Sharpe ratio defined, respectively, as
s _ | 1S 1 - 1ws s __ s d SRS_MS_Tft
p* = E(ry)'wy +rp(1 — Ty wiy), o =4 /var(r{), an =g
We now state our main assumptions, adapting the APT assumptions to our setup where the

investor starts with an initial, possibly misspecified, candidate beta-pricing model.

Assumption 3.1 (Candidate beta-pricing model). We assume that the N-dimensional vector ry

of asset returns can be characterized by
ry=puy + By (£ — E(fy)) + &,

where py is the N x 1 vector of expected returns and By is the N x K full-rank matrixz of factor
loadings, with K < N. At any time t, the K x 1 vector of common observed factors, f;, is distributed
with mean E(f) and K x K covariance matriz 2, and the N x 1 wvector of innovations € is
distributed with zero mean and the N X N covariance matriz Xy, with £ and Xy being positive

definite. Moreover, g; and f; are uncorrelated.

Assumption 3.1 implies that the variance-covariance matrix for asset returns is

E[(I‘t—p,N)(I‘t—p,N)/] :VN:BNQBIN—FEN. (11)

In the assumption stated below and throughout the paper, we use § to denote an arbitrary

positive scalar, not necessarily having the same value.

11



Assumption 3.2 (No asymptotic arbitrage). As N — oo, there is no sequence of portfolios for

which, along some subsequence N,

var(rgw%) —0 and (pgy— 7“Jct11§,)lw‘j’\7 >8>0 foral N.

When Assumptions 3.1 and 3.2 hold, with the largest eigenvalue'? of (B’N2;]1B ~) ! satisfying
glK((B’NZ}leBN)_l) — 0 as N — oo, then there exists some positive number d,p5¢ and a unique

vector of risk premia A such that the vector of pricing errors

N — ([,LN — ’f‘fth) — BNA, (12)

satisfies the APT restriction

sup aﬁVEﬁlaN < Japt < 00. (13)
N

In equation (12), the vector of true risk premia X is the limit of (B’Nﬁj\,lBN)_l ByIy (uy —
rt¢1n), which exists and is well defined under Assumptions 3.1 and 3.2. When the observed risk
factors are tradable, then A = E(f;) — 7y;1x. The APT theory is silent about the magnitude of
dapt in (13). Ross (1977) suggests choosing d,pt as a multiple of the Sharpe ratio of the market.
In practice, one can estimate it using cross-validation methods commonly used in statistics, as

explained in Internet Appendix TA.3.

As is typical in the APT literature (Chamberlain, 1983, 1987; Huberman, 1982; Ingersoll, 1984)
and the portfolio-choice literature (Daniel, Mota, Rottke, and Santos, 2020; Kelly, Pruitt, and
Su, 2020; Kim, Korajczyk, and Neuhierl, 2021), one could assume that ay and By in (12) are
orthogonal. As we demonstrate in Section TA.1 of the Internet Appendix, this would be without

loss of generality for our results on portfolio choice.

The restriction in (13), a consequence of asymptotic no-arbitrage, links the pricing error ay to
the residual covariance matrix, 3. Two complementary cases are possible. In the first case, the
pricing errors are unrelated to pervasive factors and, therefore, must be small on average, i.e. all the
eigenvalues of X are bounded: supy a/yan < supy glN(EN)a’NZ];VlaN < GiIN(BN)Oapt < 00.
The classical APT literature (Huberman, 1982; Ingersoll, 1984) has focused on studying this case.
In the second case, which is the focus of our framework, the pricing errors also contain omitted
pervasive risk factors and, therefore, can be large on average (i.e. at least one of the eigenvalues
of ¥ diverges with N). However, as we now explain, even in this case, the APT no-arbitrage

restriction (13) is satisfied.

13Consider a symmetric M x M matrix A. Let giar(A) denote the ith eigenvalue of A in decreasing order for
1 < ¢ < M. Then, the maximum eigenvalue is gi1a(A), and the minimum eigenvalue is garar(A).
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To understand this, observe that once one obtains A, given Assumptions 3.1-3.2 and applying
Chamberlain (1983) to the returns net of the observed risk factors, i.e. to ry — By (fi + A — E(ft)),

which equals ay + €, its covariance matrix equals

EN:ANA%]—FCN, (14)

where Ay is an N X p matrix of loadings corresponding to the p omitted pervasive factors, and Cp
is an N x N positive semi-definite matrix with uniformly bounded eigenvalues. The expression in
(14) shows that the residual covariance matrix 3y has two terms: the first term, Ay A’y represents

the risk from the missing factors and the second term, Cp, represents purely asset-specific risk.

The pricing error ay in (12), corresponding to the candidate beta-pricing model, satisfies

oy = AnAniss + ay such that sg}pa’NEfvlaN <4 < oo. (15)

The first term, A xyApiss, of the pricing error ay in (15) is associated with the p omitted pervasive
risk factors, where Apiss is the vector of risk premia for the missing factors.!* The second term,
ay, is a non-zero N X 1 vector associated with the purely asset-specific pricing errors and is
the compensation for purely asset-specific risk. The recognition that purely asset-specific risk is
compensated is a crucial departure from the standard asset-pricing framework with exact pricing,
where there is no compensation for pure idiosyncratic risk, and will play a vital role in the optimal

portfolio.

To show that the APT restriction continues to hold, despite the possibly large pricing errors

because of the omitted pervasive risk factors, we use (14) and (15) to obtain
OévE]_VlOéN = (ANAmiss + an) (ANAN + Cn) " HANAmiss + an). (16)

To show that aQVEJ_Vla ~ is bounded, we need to demonstrate that both (A xAmiss)’ 2]_\,1 (ANAmiss) =
(ANAmiss) (ANAN +Cn) AN Amiss) and aQVE]_VlaN are bounded. The former is always bounded
because it contains Ay both in the denominator and numerator; therefore, an arbitrarily large A y

would still leave this term bounded. Boundedness of the latter follows from (15).

4 The Portfolio Choice Problem under the APT

This section contains our main theoretical results, presented in four propositions.

“Pervasiveness of the omitted latent risk factors, with loadings A, follows from the assumption that g;n(Zn)
for 1 < j < p are increasing for large N. Notice that, because of the latency of the omitted risk factors, Ay and
Amiss are identified up to an unknown nonsingular rotation.
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4.1 The Alpha and Beta Portfolios

The mean-variance efficient portfolio in the presence of a risk-free asset is defined by the solution

to the following optimization problem:

wh' = argmax ((WNNN + (1 — wiyln)ry) — gwﬂ;VNWN> , (17)
wWN
where 0 < v < oo is the coefficient of risk aversion, wiy¥ = (w™, ..., w¥")" is the vector of portfolio

weights in the N risky assets, and the investment in the risk-free asset is given by 1 — 1, w}¥. The

well-known solution to the optimization problem in (17) is

1.
wy' = ;VNI(NN —1rdN). (18)

1/2
The return on portfolio wi¥ has Sharpe ratio SR™" = ((HN — 1 dN)' Vi (e — rfth)> with

mean and standard deviation given by, respectively, ™" —rp; = 7y H(SR™)% and o™ = y~ISR™V.

The following proposition establishes the relations that exist between the mean-variance port-
folio, wi’, and the two inefficient portfolios, w%; and W%, that depend on the alpha and beta
components of returns, respectively. Throughout the analysis, when we write w%, = WZ]/V + o(1),
we mean that, as NV increases, the returns of portfolios  and y have the same mean, variance, and

Sharpe ratio. A more detailed explanation of this notation is given at the start of Appendix A.

Proposition 4.1 (Two-fund separation under the APT). Suppose that the vector of asset returns,

r;, satisfies Assumptions 3.1 and 3.2, an # On and XA # 0x,'"> and that Ax, By, and 15 are

1

Cy-reqular at rate N,'S Ax and By are not asymptotically collinear,'” and that the row sums of

Ayx,By and C]_\,1 are uniformly bounded.'® Then:

15We denote by 0, the n-dimensional vector of zeros. Proposition 4.1 is trivial when either any = On or A = Ok,
so we rule this out without loss of generality.

Y5Building on Ingersoll (1984, eq. (21)), a matrix Dy is Cy-regular at rate f(IN) if there exists an increasing
function of N, f(N), such that for any 1 < j < K, the eigenvalues ng(ﬁDEVC]T,lDN) — 6; > 0, where §; is
some finite positive constant. Note that this condition imposes that all the eigenvalues diverge at precisely the same
rate. Suppose Cn has eigenvalues that are both bounded above and away from zero for every N. In that case, this
property depends only on D, but adopting our definition of Cx-regularity simplifies the proof.

"By asymptotic collinearity we mean that either ANMp, Ay — 0 or ByMy, By — 0 or both, as N diverges,
depending on whether the number of unobserved factors p < K, p > K or p = K, where M¢c = Iy — C(C'C)!C’ is
the matrix that spans the space orthogonal to any full-column-rank matrix C. When p < K, a sufficient condition for
this is Ay = BNyH + Gy, for some constant K x p matrix H and some residual matrix G y satisfying GGy — 0.
The pathological case where the loadings to the latent factors are perfectly collinear to the loadings on the observed
factors needs to be ruled out for identification. For example, if Ay = By, the model is linear in the aggregate factors
F: = fi + f; pmiss with risk premia A = XA 4+ Ap.i55 S0 one would not be able to disentangle observed and latent factors.

8Given an N x M matrix Dy, we say its row sums are uniformly bounded when sup y Zf\il |dji] <0 < oo, for
some arbitrary positive scalar ¢.
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(i) For any N > K the mean-variance portfolio weights satisfy the following decomposition:

Wi = ¢ wiy + ¢ wi,

1

with wh = ,TaEX’aN +o(1) and W]% = V—BV]_\,IBN)\, (19)
where v~ and v® are some positive constants, ¢© = %, o = ? =1—-¢*" and?
= [Zy - Iy B (BN By) 'BYEL] (20)
N N N PN{DPny& Ny DN NN |-

(ii) As N — oo, Wﬁ, (wQ) is the minimum-variance portfolio that is conditionally and uncondition-

ally (with respect to the factors) orthogonal to w%; (w]%) (wj’\‘[)/ENw]’i, — 0 and (wj’\‘[)’Vwa, — 0.

1) As N — oo, we have two-fund separation: the inefficient portfolios w$; and w2 can generate
N N

all the portfolios on the efficient mean-variance frontier of risky assets, namely,
(SR™)2 — ((sm)2 + (SRW) -0, (21)

where the Sharpe ratios of the wq, and W]’i, portfolios satisfy 0 < SR* < 00, 0 < SR” < o0, with

NI

SR = (alyEtan)? + o(1), and  SRP = (NQIN\)2 + o(1). (22)

Note from (19) that, for large N, portfolio w$; is given by Ej\',aN/’y“, implying that (asymp-
totically) it depends only on the pricing errors but not on the risk premia, A, nor on the factor-
covariance matrix, €2, which is why we label this the “alpha” portfolio. This portfolio represents
latent asset demand because it depends on the pricing errors, which are spanned by latent pervasive
risk factors and latent asset-specific risk. On the other hand, the portfolio Wﬁ, depends on factor
exposures and their risk premia, but not on the pricing errors, ay. Moreover, because E;B N =0,

the wq, portfolio diversifies away the observed risk factors, and thus, is beta-factor neutral.

The (asymptotic) orthogonality property, (w%;)"> wai, — 0, says that the two portfolios w¢;

and wﬁ, are uncorrelated, conditional on the factors, as N gets large. This property is true re-

gardless of whether one assumes that ay and By in (12) are orthogonal for any finite N, as

9The choice of v* and 4° depends on which type of mean-variance strategy is considered. For example, for
mean-variance portfolios with target mean p*, one selects v as the ratio of the share of the contribution of w# to
the expected return on the mean-variance portfolio with unit risk aversion, (pun — Tft].N)V;]l (un —rpeln), over the
target excess mean return, u* — ;. Then the role of the ¢* and P coefficients is to ensure that the w$ and w?\,
portfolios achieve the same target mean return p* as wy'.

*Note the Sherman-Morrison-Woodbury formula implies V' = [EX,I -Ey' By + BEVE]_\,IBN)AB'NEJ_\,I] .
Setting 27! = 0 (a K x K matrix of zeros) in the expression for V5! leads to the result for X} in (20) because
when N increases By Ej\,lB ~ increases without bound, dominating Q7' implying that Vy ! behaves like 2?{,.
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Figure 1: Decomposition of the mean-variance portfolio
In this figure, we plot the mean-variance portfolio, wi', and its decomposition into two inefficient portfolios:
one that depends only on the pricing errors, w#;, and another that depends only on the factor exposure and
their premia, va.

Expected return

[
Riskfree

~

Standard deviation

shown in Section TA.1 of the Internet Appendix. This explains why we have not needed to assume

orthogonality between ay and By when describing the data generating process for returns.

In addition to this, if one constructed the minimum-variance portfolio that is orthogonal to w¥;,
the resulting portfolio would be w]ﬁv, and vice versa. That is, even though the w%; and W]‘i, portfolios
are obtained simply by relying on the APT decomposition of the total mean return, these portfolios
can also be characterized as the result of an optimization that is described in Proposition IA.2 of
the Internet Appendix, which extends Roll (1980) to the case where, in addition to investing in
risky assets, one can also invest in a risk-free asset.?! This mutual optimality property of the wh
and w]’i, portfolios drives the two-fund separation result: the alpha and beta portfolios, despite
being inefficient (because they have a smaller slope than the capital market line), span the entire

efficient frontier of risky assets, as illustrated in the left-hand-side plot of Figure 1.

The result in equation (22) leads to some new interpretations, especially given the representa-

tion SR® = (ay By N)% + 0(1), which holds by slightly strengthening our assumptions.?? First,

2'The (asymptotic) optimality of w% and wﬁ, also emerges from recognizing that the mean and variance of
the corresponding portfolio returns are proportional to one another, just like for efficient mean-variance portfolios,

implying that the associated Sharpe ratios can be expressed as a quadratic form. In fact, u® —rp = W%akf EEaN +
o(1), (6°)? = GapanSian +o(1), 1 —rpe = FNQTIA+ 0(1), and (07)* = FEAQTI A+ o(1).
2When ayEy'By = o(N?), then ayShan = aySy'ay — anBySy (ByER'By) 'Sy Bray =

aySy'an + o(N2)O(NHo(N2) = ay Sy an + o(1).
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the quantity on the left-hand side of the APT restriction in (13), aQVE]_Vla N, is the same (asymp-
totically) as the square of the Sharpe ratio of the alpha portfolio, (SR*)2. Thus, the APT restriction
in (13), which is typically interpreted as a bound on the pricing errors, can instead be interpreted
as a bound on the Sharpe ratio of the alpha portfolio.?* Second, the bound on the square of the
Sharpe ratio of the alpha portfolio can also be seen as providing a theoretical rationalization for

the use of Sharpe ratios in the “no-good-deal bound” of Cochrane and Sad-Requejo (2001).24

Proposition 4.2 (Weights of alpha and beta portfolios for large N). Under the assumptions

of Proposition 4.1, the alpha and beta portfolios weights are of the order ]w]o{”| =0 (\/iﬁ) and
\w%z| =0 (%), where x = O(y) means that |x|/y is bounded, implying that, element by element,

for some constant §, as N — oo,

w]‘i/i ‘ wj/é\)fi ‘
—= =0 if ay# O, and —= =46 if ay=0n. (23)
W, W,

To understand the intuition for the dominance of the weights of the alpha portfolio if ay # Oy,
recall that mean-variance portfolio optimization aims to maximize the portfolio Sharpe ratio. There
are two sources of risk in the APT: factor exposure and asset-specific exposure. The factor exposure
w; is zero—irrespective of the rate at which the weights decrease—because of the orthogonality of
w4 to By for any N. Regarding exposure to asset-specific risk, the elements of w$; cannot decrease
faster than 1/4/N because then the asset-specific risk of the portfolio goes to zero; however, the
asset-specific risk of the alpha portfolio coincides with its Sharpe ratio, implying that the Sharpe
ratio would also go to zero. On the other hand, the APT restriction in (13) does not allow the
rate at which the weights decrease to be slower than 1/ V/N. Thus, the rate of 1 / VN strikes the
correct balance between optimizing the risk and return of the w$; portfolio. On the other hand, if
ay = Oy, we face exposure only to latent factors (if Ay is not the null matrix), which affects both
the mean and variance of asset returns so that the APT restriction is redundant and, therefore, the

weights of the alpha portfolio behave like those for the beta portfolio.??

23The decomposition of the square of the Sharpe ratio of the mean-variance portfolio in (21) is also obtained in
Treynor and Black (1973) for the case of the single-index model with a diagonal covariance matrix for the residuals.
Our insight that a}vﬁglaN represents the squared Sharpe ratio of the an-portfolio leads to a sharper bound on
ajyay than the one established in Chamberlain and Rothschild (1983, Theorem 4 and Corollary 2), which instead
uses the squared Sharpe ratio of the overall efficient portfolio: ayan < gin(Cn)aly 2;,1:&1\7 < glN(CN)uk,Vﬁlp,N.

#Korsaye, Quaini, and Trojani (2020) show how the “no-good-deal-bounds” can be formalized through the notion
of “smart” stochastic discount factors.

25The w$ portfolio dominates the W?\, portfolio across other norms besides the sup norm criterion, which is the
norm used in Green and Hollifield (1992). In particular, the sum of the squared portfolio weights w%'w%, which
is the same notion adopted in Chamberlain (1983), is always bounded, whereas wfi,,w]ﬁv always converges to zero.
Moreover, the sum of the portfolio weights |1yw® | can diverge to infinity, whereas |1§\,w§,| is always bounded.
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Let us now look at the weights of the beta portfolio, W]%. If the weights decrease at any rate
slower than 1/N, then the systematic exposure explodes because the factors are pervasive. On the
other hand, if the weights decrease faster than 1/N, then the portfolio risk declines to zero, leading
to a Sharpe ratio of zero because the expression for the Sharpe ratio is the same as that for the
risk of the portfolio. So the rate of 1/N strikes the correct balance between optimizing the risk
and return of the W]% portfolio. Observe that the rate 1/N makes the W]’i/ portfolio well diversified,

even with respect to idiosyncratic exposure, enhancing its Sharpe ratio even further.

The dominance of the elements of w¥; relative to those of w]’i, characterized in (23) highlights
the importance of studying latent asset demand in optimal portfolios. Moreover, their disparate
asymptotic behavior suggests that it may be advantageous to use different approaches for addressing

model misspecification in the alpha and beta portfolios. We describe these approaches below.

4.2 Mitigating Misspecification in the Beta Component of Returns

In the proposition below, we establish the conditions under which the beta portfolio can be replaced,
without any loss of performance, by a benchmark portfolio independent of A and €2, and hence,
immune to misspecification. This demonstrates that, under suitable assumptions, one can construct

the correctly specified beta portfolio that is independent of risk premia.

Proposition 4.3 (Weight and Sharpe ratio of benchmark portfolio for large N). Suppose that
the vector of asset returns, ry, satisfies Assumptions 3.1 and 3.2 and an # Oyn. Suppose further
that there exists a benchmark portfolio W?\?m:h, with associated Sharpe ratio SRY™" | satisfying the
following properties:

(W%anch)/aN N 07 /NW?\?TLC}L N cbench, (vv?\ffznch)/2]\[“’,5)\;371@,_> 07 (24)

where ¢ is o K x 1 vector of constants satisfying X' c?™" £ 0. Then,
(i) IFK =1,

(SRmv)Z _ ((SRQ)Z + (SRbench)2> = 0.

(i) If K > 1 and cbench is perfectly proportional to the vector Q7,

(SRmv)2 o ((SRQ)Z + (SRbench)2> 0.

(iii) If K > 1 and c*"" is not proportional to the vector Q~'X, then for some positive 6,

(SR™)2 — ((SR*)? + (SR'")2) = 6 > 0.
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The first assumption in (24) requires that the benchmark portfolio be asymptotically orthogonal
to ay. The second assumption rules out that the benchmark portfolio return is equal to the
risk-free return in the limit. The third assumption requires the benchmark portfolio to be well
diversified. Note that for the case of large pricing errors, the first assumption is satisfied whenever
(W}{Fneh)’ ay — 0 and A’NW}D\?nCh — 0, where the latter condition ensures that W']D\,enCh diversifies

away the contribution of the latent factors Ay in Xy.

The assumptions in (24) imply that the return on the benchmark portfolio is asymptotically
equivalent to the return on the portfolio of factors with weight " that is, (WRDY (ry—rp1y) =
(cPenehy/ (f, — rpy 1) + 0p(1), implying that ¢! equals the mean-variance portfolio constructed
using just the K factors. This choice guarantees that the benchmark portfolio achieves the largest

possible Sharpe ratio, as stated in parts (i) and (ii) of the proposition.

In the proposition above, we established the condition under which a benchmark portfolio,
combined with the alpha portfolio, will coincide with the optimal mean-variance portfolio asymp-
totically. Interestingly, this condition is always satisfied when one postulates a single factor (i.e.
K = 1) for the beta portfolio. When K > 1, it requires an additional condition, which can be
verified empirically, using the estimated loadings, the sample mean, and the sample covariance

matrix of the K factors, and comparing the sample equivalent of 27!\ to B’Nw]]'@\,emh.

To construct a valid benchmark portfolio, one can use the insights of Treynor and Black (1973)
and DeMiguel et al. (2009b). Treynor and Black (1973) suggest that w]’i, can be approximated by
a portfolio that is similar to the market portfolio, w%kt. Alternatively, the findings of DeMiguel
et al. (2009b) suggest that one could use an equally weighted portfolio. Therefore, our result
provides theoretical underpinnings for these empirical approaches in the literature, demonstrating

their optimality (in the sense of Proposition 4.3) when a single-factor beta portfolio is considered.

The benchmark could also be based on multiple factors, such as the Fama and French factors.

4.3 Mitigating Misspecification in the Alpha Component of Returns

In this section, we show that for the alpha portfolio, the presence of pricing errors ay in the APT
naturally allows one to mitigate model misspecification in the sense of Hansen and Sargent (2007).
In particular, we establish that the alpha portfolio w§; identified in equation (19) is equivalent to the
portfolio constructed by an investor who mitigates model misspecification in the alpha component

of returns using robust-control theory by finding the solution to:

max min {W?V(;J,N - rfth) - lW?\fVNWN} ) (25)
WN OapN 2
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subject to the relative-entropy constraint

/ / (m ;zz z;) Foun () drf < Sentropy (26)

where the constant dentropy measures aversion to alpha misspecification, r{ = r; — rp1y is the
vector of risky-asset returns in excess of the risk-free rate, and, given X, By, and V, fa, (+) is the
probability density function of a random vector distributed as N (axy + By, Vy), with &y being
an estimator of ay. Our distributional assumptions allow one to relate the entropy constraint to

a constraint on the Sharpe ratio of the alpha portfolio.?S

Observe that the objective function in (25) entails both a maximization over the vector of
portfolio weights, wy, standard in portfolio-choice, and a minimization over the pricing errors,
ap, which are constrained to lie in a neighborhood of the estimate & . Standard optimal-control
theory assumes that the decision-maker knows the true model. In contrast, robust-control theory
treats the decision-maker’s model as an approximation and seeks a single rule that works over a set
of nearby models that might govern the data. The minimization over ayy is a consequence of the
investor’s preference for robustness; the role of the constraint in (26) is to ensure that the chosen
ay are statistically indistinguishable (for a given significance level) from the estimate &y, which

represents the so-called approzimating model.>”

Using a set of perturbed models, which, given the
available data, are difficult to distinguish statistically from the approximating model, protects the

max-min investor from choosing weights that are too extreme.

We show (in the proof for Proposition 4.4) that the solution to this robust mean-variance

problem, wiy", is:

WY = gOwhe + ¢Pwh + o(1), (27)
where ¢%, ¢, and wﬁ, are defined in Proposition 4.1, the robust alpha portfolio, Wi, is

11
o

26Note that under our distributional assumption for r¢, the relative entropy constraint in (26) simplifies to %(a N —
dN)’Z]X,l(aN — &nN) < dentropy, Where a larger dentropy represents an increase in the investor’s degree of aversion

ro—1
to model misspecification. Note also that when fentropy = %w;&v,z%, where X?V,a:% corresponds to the

T

h (0 <z < 1) quantile of a X3 distribution, then the constraint above defines the set of ay that are statistically
indistinguishable from é&n at (1 —2)% for the case of \/T(dN —an) normally distributed with mean 0 and covariance
matrix equal to (1 4+ X Q7IA)Sy.

2TFollowing Hansen and Sargent (2007), we postulate that the agent has estimated the approximating model, in
particular, through the APT. However, the result of Proposition 4.4 is unchanged if an approximating model, dictated
by a perceived pricing error ayy, is used to solve the max-min optimization problem and only subsequently estimated
using the APT. In principle, but at the cost of greater complexity, one could also consider the case where the investor
solves the max-min problem taking into account the uncertainty about the number of missing factors.
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&N = &N (dapt) is the constrained ML (Maximum Likelihood) estimator of oy, which is described in
Section 5.2, and ¢ = ¢(Jdentropy) > 1 is the shrinkage parameter (given in equation (A6)), implying
that Wi = Wi (dapt, dentropy)- Observe from (28) that in the absence of a concern for model
misspecification, the expression for wiy* would have ¢ = 1, which is the solution to the classical
mean-variance portfolio problem in (17). In contrast, the investor’s concern for misspecification
implies that the alpha portfolio weights are scaled by 1/¢, with ¢ > 1. Moreover, we show that
the magnitude of ¢ increases as we increase the size of the set of models over which the investor is

uncertain, that is, as we increase dentropy-

Importantly, in the proposition below, we demonstrate that, under the appropriate conditions,
the mean-variance optimal portfolio estimated under the APT is precisely the same that one would
obtain from the max-min optimization (25)—(26). This is because both d,pt in the APT constraint
and ¢ (which depends positively on dentropy) in the max-min optimization enter multiplicatively
into the expressions for w, and w*, respectively; hence, a smaller d,,¢ and a larger dentropy induce
an equivalent reduction in the demand for risky assets in that portfolio. Therefore, there exist a

dapt and a dentropy that lead to two identical vectors of alpha-portfolio weights.?®

Proposition 4.4 (Equivalence between alpha portfolio weights). Under the assumptions of Propo-
sition 4.1, as N — oo, the estimated alpha portfolio W (d4pt) in equation (19) corresponding to a
gien dgpe, 15 asymptotically equivalent to the robust mean-variance alpha portfolio W’j\?‘(dzpt, Sentropy)

in equation (28), corresponding to some given 7

-~ and dentropy”

wi( Zpb 5entmpy> = Wi (Oapt) + o(1),

(Wontropy)? )
2
whenever 8y, ] — —~Soentropyl” = Oapt-
(G Zyan)?

Thus, the proposition highlights how the APT is precisely the appropriate framework for ac-

counting for model misspecification in the alpha portfolio.

4.4 Extension to Conditional Asset-Pricing Setting

We now discuss how our methodology can be extended to address misspecification in a conditional
asset-pricing setting. Considering conditional asset pricing models has the advantage of allowing

us to study misspecification associated with time-variation in the model’s parameters. This is

281n practice, dapt and dentropy are unknown. In Internet Appendix IA.3, we explain our cross-validation procedure
to select these constants; our empirical results confirms that if one fixes either dapt Or Jdentropy and determines the
other one optimally by cross-validation, it leads to the same robust mean-variance portfolio.
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important because of the increasing focus on individual securities and the evidence of time variation

in their betas and risk premia (see, for instance, Gagliardini et al. (2016)).

4.4.1 Generalizing the APT theory to a conditional setting

To formulate the APT in a conditional setting, one needs to replace Assumptions 3.1 and 3.2 with

the following.?”

Assumption 4.1 (Candidate beta-pricing model—conditional). We assume that the N -dimensional

vector ry of asset returns is given by

ry=pni—1+Byi1 (= Ei1(f)) + &,

where py—1 s the N x 1 vector of conditional expected returns and By ;—1 is the N x K full-rank
matriz of conditional factor loadings, with K < N. At any time t, the K x 1 vector of common
observed factors, £y, is distributed with conditional mean Ey_1(f;) and K x K conditional covariance
matriz i1, and the N x 1 vector of innovations €; is distributed with zero conditional mean and
the N x N conditional covariance matriz Xn¢—1, with 1 and Xni—1 being positive definite

almost surely. Moreover, €; and £y are conditionally uncorrelated.

Assumption 4.2 (No asymptotic arbitrage—conditional). As N — oo, there is no sequence of

portfolios for which, along some subsequence N,

Vart,l(rgw%’t_l) =0 and (pg,  — Tfth),W(]lV,tq >§>0 as. forall N.

Under Assumptions 4.1 and 4.2, together with a limited degree of cross-sectional dependence
and a sufficient degree of smoothness of the loadings (see Stambaugh (1983, thms. 1 and 2) and
Zaffaroni (2020, prop. 4)), a conditional version of the APT holds. That is, there exists a unique
vector of risk premia A;_; such that the pricing errors an;—1 = (Unt—1 — rpdlN) — Bni—1Ai—1
satisfy the conditional-APT restriction:3°

sgfp a?V,tflxj_\f,lt_laN,tfl < ;-1 < o© a.s. for some finite non-random §;_1. (29)

Importantly, under the assumptions of Proposition 4.1, extended to the case of time-varying
parameters, the pricing errors satisfy the decomposition into the conditional latent common com-

ponent, with loadings Ay ;—; and risk premia Apyjss¢—1, and the conditional purely asset-specific

29F,;_1(.) and var;—:(.) denote the operators conditional with respect to the information available at time ¢ — 1.

30Establishing the conditional APT requires one to ensure invariance to asset repackaging, which is relevant when
agents construct portfolios based on different information sets (see Hansen and Richard (1987, sec. 5)). For proofs of
the conditional APT in various settings, see Stambaugh (1983), Reisman (1992), Al-Najjar (1999), Gagliardini et al.
(2016), and Zaffaroni (2020).
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component with conditional mean ay ¢—1:

/ —1
ONt—1 = ANt-1Amisst—1 +ang—1  such that supay, ¥y, jani—1 < 01 < oo.
N

4.4.2 Modeling time variation and estimation of the conditional model

When estimating the model with the conditional APT, we need to specify the form of time-variation
of the model’s parameters and then the appropriate estimation procedure. Two approaches for
modeling time variation in the existing literature on empirical asset pricing are: (i) a model-
free “nonparametric” approach, under which the form of time-variation is unspecified (Lewellen
and Nagel, 2006; Ang and Kristensen, 2012; Zaffaroni, 2020); and (ii) a “parametric” approach,
where one specifies a particular functional form, typically linear, along with a set of observed state
variables that drive the time-variation, assuming that the state variables are either common across
assets (for instance, as in Ferson and Harvey, 1991) or asset specific (for instance, as in Gagliardini
et al., 2016). Below, we explain how to extend our model to handle both the nonparametric and

parametric approaches.

Nonparametric approach

A simple and successful estimation approach for the model-free formulation of the conditional APT
consists of using short rolling windows of data to capture the time variation nonparametrically, as
popularized in empirical finance with the two-pass methodology of Fama and MacBeth (1973).3!
The nonparametric approach has the advantage of avoiding misspecification arising from a poten-
tially incorrect specification of the mappings between the time-varying parameters and the state
variables driving their dynamics. The rolling-window estimation we undertake in the empirical ap-
plication in Section 5 is in line with this approach to conditioning. However, one of the drawbacks
of the nonparametric approach is that the estimates obtained exhibit larger standard errors than

those from the parametric approach, which we describe next.

Parametric approach
We consider the parametric approach for two settings: first, in which the state variables are common

across assets, and second, in which the state variables are asset specific.

For the parametric approach where time variation is driven by common state variables, such

as risk factors or macroeconomic variables, the methodology and estimation procedure developed

31A rolling window estimate can be formally interpreted as a nonparametric kernel estimator, corresponding to a
particular bandwidth, determining the size of the window, and a rectangular kernel function.
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above are still valid. In this setting, omitting relevant state variables is observationally equivalent to

omitting common risk factors, which, as we explain below, is fully accounted for by our methodology.

For simplicity, let us consider the case where the loadings on the observed candidate factors
are time varying, i.e. By —1, keeping all other parameters constant. However, one can extend our
approach to allow also for time-varying risk premia, pricing errors, and covariance matrices. For
illustrative purposes, assume that there exists a single K, = 1 (lagged) state variable g, driving

the time variation in By ;_1 such that:

Byi—1 =By +g—1Bwnp, (30)

for some constant N x K matrices By and By j,, and where, without loss of generality, one can
assume that g; has zero mean.?? Assuming, for simplicity, that there are no latent factors, i.e.

AN -1 = Opy gmis, then excess returns satisfy

Nt — T‘fth =y +BN¢,1 fi +te;, =ay + By + BN,hht + &g,

where h; = ¢g;_1f;. That is, one obtains a model with 2K risk factors, where h; can be interpreted

as the scaled factors in Gagliardini, Ossola, and Scaillet (2016, 2019a).

Expected excess returns can now be represented as uy = ay + By A+ By Ay, implying an
asset-pricing model with an asset-specific component and the K + K risk factors f; and h; with
premia A and Ap, respectively. If g; is observed, one obtains an APT model with only observed
risk factors, together with the asset-specific component ay. On the other hand, if g; is unknown,
then one obtains an APT model with K observed risk factors f; and K latent risk factors h;.33
Therefore, by setting Ay = By, and A5 = Ap, one is back to the APT model we considered
earlier with constant parameters that are a combination of latent and observed risk factors. The
estimation strategy, and the associated empirical portfolio construction, follow the same steps as

for the unconditional setting.*

For the second parametric setting, where time variation is driven by asset-specific state variables
such as firm characteristics, our methodology for the unconditional setting needs to be extended,

as we explain below.

321n fa~ct, when Eg;—1 = p1g # 0, one obtains By +¢:—1Bnn = BN+ (gt—1— g+ 119)Bn,n = BN +Bn,n(ge—1—f1g),
setting By =By + ,ugBN,h.

33Note that h: and f; are mutually orthogonal whenever g:—1 and f; are assumed independent with Fg;—1 = 0,
despite h; being a function of f. In fact, straightforward calculations show that cov(hy, f/) = E(gi—1) var(f) = Ox x k.

34When K, > 1, equation (30) is replaced by By -1 = By + (In ® gi_1)Bx,» where now By p, is an NK, x K
constant matrix. Solving the model, one obtains the APT with constant parameters corresponding to K + K K risk
factors, with KK, of them being latent for unspecified g;—1. One can then readily apply the methodology outlined
in the previous sections for empirical portfolio construction.
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Studying again the simple case of a K, = 1 asset-specific state variable g; ; so that there is one
for each of the assets, the time-varying loadings of the observed risk factors f; can be expressed as
By -1 = By +diag(gi—1)Bn n, where diag(g;—1) is the diagonal matrix consisting of the elements

of the vector g1 = (g14-1,- - ,gnNt—1)

To ensure identification, some restrictions must be imposed because, for instance, the g;;—1
and f; cannot both be treated as latent if the model is to be identified (for a discussion of this, see
Gagliardini et al. (2019a)). Following the empirical asset-pricing literature, we focus on the case
of observed asset-specific state variables, in which case the model can be written as a function of
K observed risk factors f; and NK observed asset-specific variables h; = (g;—1 ® f;). Therefore,
in contrast to the previous case, asset-specific state variables do not induce latent risk factors.3?
However, latent risk factors are still permitted, for example because of an incomplete specification
of the priced risk factors f;, now coupled with their time-varying loadings driven by the observed
git—1, as, for instance, Ay;—1 = Ay + diag(gi—1)An,, for constant N x p matrices Ay and

A . Thus, the case of asset-specific state variables does not pose any additional problems for our

methodology, except for a slight modification of the maximum-likelihood estimator.?6

4.4.3 Portfolio choice in a conditional setting

Under Assumptions 4.1 and 4.2 given above, the conditional versions of Propositions 4.1-4.4 hold.

For instance, the conditional mean-variance portfolio weights satisfy

mv . (63 a B 6
W1 = Q1 W1+ P Wiy

1 1
. . o + 8 _ -1
in which W1 = TZN,th‘N,tfl +0o(l) and wiy = 5 N’t,lBN,t—lkt—la
V-1 t—1
h o _ T B ’Ytﬁfl =1 o iti tant o B d wh
where ¢ | = Z—, ¢, = 5= = 1 — ¢f", for some positive constants, v;—1,7;" 1,7, and where

V-1 and thl follow from (11) and (20) after replacing By, €2, and ¥ with the corresponding

quantities By¢—1, -1, and Xy—1.

35Tn particular, when the N1 Zi\;l gi,t—1 —p 0, then h; s = gs,1—1 f+ cannot be disentangled from the asset-specific
error term €; ¢, hence the identification problem highlighted in Gagliardini et al. (2019a).

36Gagliardini et al. (2016) provide the econometric analysis for the case of time-varying parameters driven by
observable asset-specific state variables when the risk factors are assumed to be observed in the context of a continuum
of assets and imposing exact pricing. Connor and Linton (2007); Connor, Hagmann, and Linton (2012), Fan, Liao,
and Wang (2016), Kelly et al. (2020), Pelger and Xiong (2019), and Kim et al. (2021) provide methodologies that
allow for the estimation of the latent risk factors, retaining observability of the asset-specific state variables that drive
the dynamics of the parameters, although some further conditions are necessary. For example, Kelly et al. (2020)
restrict Anx,n = (Iy ® Ay) for a Ky x K constant matrix Ay whereas Connor and Linton (2007), Connor et al.
(2012), Fan et al. (2016), and Kim et al. (2021) require that the asset-specific state variables be constant over time,
i.e. git—1 = gi, although time variation can still be allowed through the coefficients on g; when estimated with short
rolling time windows of data.
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4.5 Comparison with Recent Papers on Portfolio Choice

We conclude this section by explaining how our work is related to recent work on portfolio choice.

4.5.1 Comparison with Koijen and Yogo (2019)

Koijen and Yogo (2019) highlight the importance of studying the asset allocation of institutional and
household investors using observed portfolio holdings as opposed to asset-returns data. Although
the aim of their positive analysis, understanding the role of institutions in asset-market movements,
volatility, and predictability, differs from our normative objective, namely, how to construct mean-
variance efficient portfolios robust to model misspecification, strong analogies exist between the

two approaches.

To better understand the similarities and differences between our normative approach and the

positive approach of Koijen and Yogo (2019), consider the simple candidate beta-pricing model in

equation (2) of Section 2 for a generic institutional investor leading to the beta portfolio wiﬁ given
in (4). Our methodology then allows us to construct the orthogonal alpha portfolio,
w = w™ —w’. (31)

Suppose now that for a particular investor one observes the portfolio holdings wfbs for each
asset 7, as in Koijen and Yogo (2019). Given the beta portfolio weights in (4), one then obtains

Qa-AKY
[

= wd®™ — Gu’ (32)

w i i

with w®**Y being the alpha asset demand orthogonal to the beta portfolio, with the projection
coefficient § = (w® w°) /(w°'w°). The superscript “AKY” on w$*X¥ indicates that this corre-
sponds to the Koijen and Yogo (2019) portfolio under an additive portfolio decomposition, instead

of the multiplicative decomposition they adopt, which is convenient for their empirical analysis.

Following the ideas in Koijen and Yogo (2019), w$**¥ in (32) can be interpreted as the investor’s
latent asset-demand, representing the wedge between observed holdings w?bs and the mean-variance
portfolio weights associated with a candidate mean-variance beta-model wf . On the other hand,
wf in (31) is the normative latent asset demand in the sense that it represents the wedge between
the mean-variance efficient portfolio that an investor should hold and the beta portfolio weights
associated with a candidate beta-model. It is in this sense that the role played by w{* in our model

is similar to that of w{**¥ in Koijen and Yogo (2019).
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Of course, one can also use our result in (32) in a positive way. Essentially, one can project
the beta portfolio based on an investor’s candidate factor model on the observed holdings of the
investor to obtain the alpha portfolio corresponding to the observed portfolio weights. Then, one
can study the properties of this alpha portfolio, for instance, to see which part is related to latent

factors omitted in the beta portfolio and which to purely asset-specific returns.

4.5.2 Comparison with Daniel, Mota, Rottke, and Santos (2020)

Some recent papers on portfolio choice have been motivated by the observation that factor models
(i.e. what we refer to as “candidate beta models,” such as the one based on the Fama and French

risk factors), are not mean-variance efficient.

Daniel et al. (2020) argue that beta models with characteristic-based risk factors, such as the
Fama and French factors, do not span the mean-variance frontier because they contain exposure to
unpriced factors, i.e. factors with zero risk premia. In other words, misspecification arises from the
beta model containing too many factors. Their goal is to mitigate this problem when constructing
characteristics-sorted portfolios. To address this problem, one needs to quantify these unpriced
risk factors through the so-called hedging portfolios and net them out from the initial factor beta

model. Specifically, an orthogonal representation is assumed whereby

W]%Cp = w?vedgeA + whi, (33)

in which W]‘i;Cp refers to the portfolio weights of the characteristic-based beta model, with the mean-

hedge

Y and the hedging portfolio weights w,"" being orthogonal to one

variance portfolio weights wi;
another, and where A is the corresponding matrix of hedge ratios, i.e. the regression coefficients

of the w]ﬁv’Cp returns onto w?vedge returns. Notice that the hedge portfolio weights wﬁl\f’dge are

constructed as being maximally correlated with W%Cp but with a null contribution to their mean
return (Daniel et al., 2020, def. 2.3 and prop. 2.4). The mean-variance portfolio weights wi}”,
which are spanned by the so-called efficient characteristics portfolios (Daniel et al., 2020, prop.

2.2), represent the (orthogonal) residuals in the projection given in equation (33).

Just like Daniel et al. (2020), our work is also based on an orthogonal decomposition involving
the mean-variance portfolio weights. However, in contrast to Daniel et al. (2020), our beta portfolio
contains too few risk factors, in addition to missing the asset-specific component. By augmenting

the beta portfolio with the (orthogonal) alpha portfolio, we achieve two-fund separation and mean-

variance efficiency, i.e. wii’ = ¢*wg; + qﬁﬁwg. Instead, in Daniel et al. (2020) the beta portfolio
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contains too many factors; therefore, to obtain the mean-variance portfolios, one needs to net out

the unpriced sources of risks (by algebraic difference).

A second difference between our approach and that in Daniel et al. (2020) is that our methodol-
ogy takes advantage of the benefits of portfolio optimization, whereas Daniel et al. (2020) propose
an empirical approach based on sorting arguments. Dominant factors with a small or even zero
risk premium can arise in practice, but mean-variance optimization automatically accounts for this.
Note that the analysis in Daniel et al. (2020) crucially assumes that the risk exposures to the
characteristics-based factors are proportional to a set of observed characteristics and that no priced

factors have been erroneously omitted from the beta model.

A final noteworthy difference is that, in contrast to our modeling framework, Daniel et al.

(2020) do not allow for asset-specific sources of risk.37

4.5.3 Comparison with Kim, Korajczyk, and Neuhierl (2021)

In a conditional asset-pricing setting, Kim et al. (2021) argue that arbitrage portfolios, namely port-
folios spanned by a set of asset-specific characteristics orthogonal to the risk factors driving the beta
part of the asset-pricing model, lead to superior portfolio performance, suggesting the inadequacy
of factor-only models. Strong analogies arise between Kim et al. (2021) and our methodology,

although with some important differences, which we describe below.

Simplifying arguments and abstracting from estimation issues, Kim et al. (2021) assume that

expected asset excess returns satisfy, just like our equation (12),
(N —rrdly) = an + ByA,
where ay = ay(X) = X6 for a matrix of observed asset-specific characteristic X = (Xy, -+, Xy)’

and a constant vector of parameters 6.3 The crucial assumption in Kim et al. (2021) is that, for

some positive constant dxxx,

ooy
fgv —p Oy > 0. (34)
This means that their “arbitrage portfolios” wifN = an/N lead to (under their assumptions,
including orthogonality between ay and By) a portfolio return satisfying w**~'(r; — rpln) =

37In this respect, our work is more akin to Daniel and Titman (1997), whose main goal is to show empirically the
importance of firm-specific characteristics to explain the cross-section of expected returns. However, because Daniel
and Titman (1997) is not founded on the APT, it allows for the possibility of arbitrage.

38The loadings on the risk factors are also assumed to be function of the X, i.e. By = Bn(X) and the pricing
errors are assumed to satisfy an(X) = X6+ I, for a vector of constants I',. Our simplifications do not compromise
the comparison of their methodology with ours.
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ayan/N + o/ye /N such that

E(WKKN/(I‘t _ rft]-N)) — Sk V&I‘(WKKN/(I't _ Tft]-N)) — 0, SREKN _y ~o. (35)

That is, the arbitrage portfolio return earns a positive mean and a zero variance, leading its Sharpe
ratio to diverge to infinity, implying a violation of no-arbitrage. Therefore, while the methodology
in Kim et al. (2021) satisfies the first APT assumption, i.e. a factor structure, it violates the second

APT assumption, i.e. the absence of arbitrage.

The arbitrage portfolio of Kim et al. (2021) is closely related to our alpha portfolio, in particular,
when we consider the conditional version of our methodology in Section 4.4, because both portfolios
are linear in the vector of pricing errors, a, and both are factor neutral. However, there is a
crucial difference stemming from the APT no-arbitrage assumption. In our case, because of the
APT restriction (29), and in stark contrast to (34),

/

N — 0.

Indeed, assuming the simplified setting considered in Section 2, the alpha portfolio weights in
our APT setting equals w§, = an/ o2, with the normalization by 1/N being redundant. Given

w(re — rpely) = alyan/o? + o/yer/o?, by Proposition 4.1,

o0 2
E(w®(r — rply)) — 2im1 %

o2
S0 a2
var(w® (r; — rrln)) — %,
€
ZOO a2 % 1
SR <;> <62, < oo,
€

i.e. a bounded Sharpe ratio, in stark contrast to (35), where the Sharpe ratio goes to infinity.

Therefore, just like Kim et al. (2021), our alpha portfolio is factor neutral, exposed only to
asset-specific risk, with weights linear in avy. However, in contrast to Kim et al. (2021), our alpha
portfolio has a positive but bounded Sharpe ratio because arbitrage opportunities are ruled out.
Moreover, while we establish a two-fund separation result that shows how to recover mean-variance
efficient portfolios by combining the inefficient alpha and beta portfolios, Kim et al. (2021) focus

only on the alpha portfolio, without investigating the beta portfolio and two-fund separation.

Summarizing, recent advances in portfolio choice and empirical asset pricing point out the
deficiency of factor asset-pricing models both in terms of fitting the cross-section of returns and

achieving mean-variance efficiency, regardless of whether the factors are assumed to be latent or
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observed.?? The asset-specific component of returns resolves this conundrum, as has been known
since the empirical evidence provided in Daniel and Titman (1997). However, as described in
MacKinlay (1995) and Daniel and Titman (1997), the asset-specific component opens the possibility
of violation of no-arbitrage, as one can see in Kim et al. (2021). Our paper resolves this dilemma
by showing how the APT provides the foundations that allow for the presence of an asset-specific

component along with omitted pervasive risk factors within a no-arbitrage framework.

5 Evaluating Out-of-Sample Performance

In this section, we illustrate the improvement in the out-of-sample portfolio performance that results

from our theoretical insights.

5.1 Data and Experiment Design

The design of our analysis follows the approach adopted in Ao et al. (2019). Just as in their paper,
we study portfolios based on monthly returns for the two empirical data sets they study. The first
data set consists of monthly returns on a small number N = 30 stock constituents of the Dow
Jones Industrial Average (DJ30). The second data set consists of monthly returns for a larger
number N = 100 randomly selected stocks from the S&P 500, in each case, as in Ao et al. (2019),
augmented with the Fama-French K = 3 factors.?® Thus, when reporting our empirical results, all
tables and figures have two panels, with Panel A for DJ30 constituents and Panel B for S&P 500
constituents.*’ Both data sets span the period 1977 to 2016. In all cases, we estimate the model

using a rolling window of 7' = 120 months.*?

39This inadequacy of factor models to tackle misspecification can be traced back to MacKinlay (1995). Various
efforts have been made to tackle this problem, such as the suggestion in Kozak, Nagel, and Santosh (2018) to consider
higher-order principal components and, in the same spirit, the suggestion of Lettau and Pelger (2020) to account for
weak factors. However, the difficulty is that if latent, then the weak factors cannot be estimated consistently (Lettau
and Pelger, 2020) and if observed, the weak factors give rise to biased risk-premia estimates. Our methodology allows
for weak factors in that our alpha portfolio allows weak factors to earn compensation while bypassing the need to
identify and estimate them and their corresponding risk premia.

400ur decision to work with individual stock returns as opposed to portfolio returns is motivated by the results in
Ang, Liu, and Schwarz (2010) and because the APT theory is designed to handle a large number of assets.

“INote that the stocks comprising the DJ30 and S&P 500 change over the sample period.

42In principle, one could consider data that includes information about stock characteristics because the APT
allows for this in a conditional setting. However, to make our results comparable to those of Ao et al. (2019), we do
not use stock-specific characteristics, though we benchmark our model against the Fama-French three-factor model.
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5.2 Estimating the APT

To estimate the APT, the key quantity to be estimated is ay. We will describe the (pseudo)
Gaussian maximum-likelihood constrained (MLC) estimator, although other estimation procedures

could be used. For 8 = (aly, Al i, vec(An)’, vech(Cn)’, X, vec(By)’, vech(€2)")’, we consider

miss’

Onirc = argmax L(0) subject to the APT constraint ayE it an < dapt, (36)
0

where L(é) defines the log-likelihood function, @ is the set of feasible parameters, and the * denotes
an estimated quantity. Propositions IA.1 and TA.2 in the appendix give the formulas for O for
the cases of small pricing errors (p = 0 implying that Ay = 0) and large pricing errors (p > 0
implying that A # 0), respectively. These results also show that, thanks to the APT constraint
in (13), the estimator ay mrc turns out to be precisely the ridge estimator for ay. Moreover, the
MLC estimator for the latent factors risk premia A5 coincides with the GLS two-pass estimator,

which one would have obtained if the latent factors were nontradable but observed.

A multistep procedure is used to estimate the model. In the first step, one estimates the
parameters of the factor model conditional on the factor realizations without imposing the APT
restriction. The second step is to analyze the possibility of pervasive missing factors. In particular,
this part uses conventional principal-component analysis of 3y to estimate the number of latent
pervasive factors, p; see, for example, Anderson (1984) and, more recently, Gagliardini et al. (2019a).
In the third step, one estimates the model when either p = 0 (i.e. small pricing-error case) or p > 0
(i.e. large pricing-error case) while imposing the APT restriction. For the case where p = 0, we
have &y = ay and f)N = CN, whereas for the case where p > 0, we have an = ANXmiSS +ay and

Sy=A NA§V + Cy. Further details of the estimation are provided in Internet Appendix IA.3.

Observe that to overcome the curse of dimensionality, we must impose sparsity assumptions
for estimating Cp. Motivated by the findings in MacKinlay and Péstor (2000), we assume that
Cy = o?Iy. This sparsity assumption on Cy is less stringent than what one may think because
the APT allows for a factor structure that captures most of the cross-sectional return dependence
through both observed and unobserved factors. However, one could make other, more general,

sparsity assumptions, as explained in Gagliardini, Ossola, and Scaillet (2016, 2019b).
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5.3 Portfolios From the Existing Literature

We compare the performance of our strategies to five strategies from the literature.*> The first strat-
egy is the mean-variance (MV) efficient portfolio, which, is given by (18) and where we plug in the

sample estimates of the mean and covariance matrix of returns. To match Ao et al. (2019),* we re-

= \/(MN—Tfth)’VKrl(ILN—Tfth)

quire the portfolio to achieve a target volatility of ¢* and hence set -

There is an extensive literature (see, for example, DeMiguel et al., 2009b) that shows the out-of-
sample performance of the MV portfolio with plug-in sample moments is poor, mainly because the
sample mean stock returns are estimated with substantial error (Kan and Zhou, 2007). Motivated
by this observation, an alternative to the MV portfolio proposed is the global minimum-variance
(GMV) portfolio, which has the advantage that it requires estimation of only the variance-covariance
matrix and not mean returns. Furthermore, we can improve the GMV strategy’s performance by
estimating the covariance matrix using the Ledoit and Wolf (2003) shrinkage method. Thus, the

GMV-LW portfolio serves as our second benchmark.

We consider the equally weighted (EW) portfolio as a third reference strategy. DeMiguel et al.
(2009b) show that the MV and GMV portfolios often do not outperform the EW portfolio, which
does not require the estimation of either mean returns or the variance-covariance matrix of returns.
Moreover, we have shown in Proposition 4.3 that, under certain conditions, the EW portfolio mimics

the beta portfolio.

Our fourth reference strategy is based on Principal Component Analysis (PCA) of returns. In
particular, using the N x T matrix of returns we extract from one up to ten principal components
for each rolling-window, and treat the principal components as observed factors in the factor-model

specification.

Finally, the fifth benchmark we consider is the MAXSER strategy in Ao et al. (2019).4°

43Gee footnote 3.
“4The results we obtain are similar if one chooses to match a particular level of mean return in excess of the risk-free
(MN—Tfth)’VX,I(MN —rr¢lN)
¥ =Ty ’

45We estimate the parameters needed for computing the MA)f(SER portfolio using our approach, instead of that
in Ao et al. (2019), which explains the small differences with the numbers reported in their tables. Because we use
the same data as in Ao et al. (2019), one could, of course, study the results reported in their paper if one wanted
to see what one would get if one used their estimation approach. Moreover, because we are using the same universe
of stocks as Ao et al. (2019), one could compare the performance of our proposed strategies to that for the 14 other
portfolio strategies they report.

rate, u* — 744, in which case one needs to set v =
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5.4 Robust-Mean-Variance Portfolios

We now describe the set of strategies based on the theoretical results developed in our paper and

whose performance we compare to the benchmark strategies described above.

We report the performance of four robust mean-variance (RMV) strategies that rely on the
results in Propositions 4.1-4.4. In our first strategy, labeled “RMV using V,” « is specified to match
the target volatility of 5% per month or 5% x v/12 = 17.32% per year. The second strategy, “RMV
using V: OptComb,” combines optimally the alpha portfolio and the beta portfolio, recognizing
that for any sample with finite N the alpha and beta portfolios are not necessarily orthogonal;
hence, when combining them optimally we exploit their cross-correlation.® The third strategy,
“RMV using €2,” is obtained by recognizing that for large IV, BQ\,VK,IB N — Q7! implying that
the beta portfolio return obtained from investing in the IV assets is equivalent to the return from
investing in only the K = 3 observed risk factors (i.e. the three Fama-French factors). Finally,
the fourth strategy, “RMV using €: OptComb,” combines optimally the alpha portfolio for the N

assets and the beta-equivalent portfolio using only the K = 3 Fama-French factors.

Given that returns may not be distributed normally, we compute the t-statistic for the difference
between two Sharpe ratios using the heteroskedasticity and autocorrelation robust (HAC) kernel

estimation approach in Ledoit and Wolf (2008, sec. 3.1).

5.5 Evaluating Out-of-Sample Performance

Table 1 reports the out-of-sample performance for the portfolio strategies described above. Panel A
of Table 1, which is for the case with N = 30 stock constituents of the Dow Jones Industrial Average
(DJ30), shows that the annualized Sharpe ratio of the MV portfolio is 0.287, while that of the GMV-
LW portfolio is 0.181.47 Even though the number of risky assets for this data set is relatively small,
N = 30, the EW portfolio with a Sharpe ratio of 0.334 outperforms these optimizing strategies.
For the first data set, the best performing strategy based on the principal components of returns
is the one with two principal components. However, none of the strategies based on one to ten

principal components of returns outperform EW, so to save space, we display the results only for

OLet r¢ = riwy® and rf = riwn” be the time series of the realized portfolio returns associated with the
(estimated) alpha and beta portfolios, respectively. Then the return to the strategy that optimally combines these
two portfolios is r5"*® = 471 (7 #)eov(r®, r?) "1 (re, 7)Y, where cov(r®, r?) and 7,7 are the sample covariance
matrix and the sample means of the r{ and 77, respectively, and 4 = (o)™} (7, eov(re, r) "1 (7, Fﬁ)') %

4"There are two reasons for the poor performance of the GMV-LW portfolio relative to the MV portfolio: the
number of assets is small, which helps the performance of the MV portfolio, and because we are using monthly data,
estimates of the variances and covariances are not as precise as they would be with higher-frequency data.
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the strategies based on two, three, four, and ten principal components. The MAXSER strategy
of Ao et al. (2019) outperforms all these strategies: it has a Sharpe ratio of 0.426, which is 27.6%
higher than the Sharpe ratio of the EW portfolio.*®

We now evaluate the performance of our strategies, reported in the last four rows of Panel A
of Table 1. The strategy “RMV using V” achieves a Sharpe ratio of 0.556, which is 65.7% greater
than that of the EW portfolio, consistent with the theoretical result in Propositions 4.1, and 29.8%
higher than that of MAXSER. The Sharpe ratio of the “RMV using V: OptComb” strategy, which
combines the alpha and beta portfolios optimally, is even higher, 0.872, which is 160.9% larger
than that of the EW portfolio and 104.5% higher than that of MAXSER, an increase that is both
economically and statistically significant. The results for the other two strategies, “RMV using
Q7 and “RMYV using €2: OptComb,” are similar: the Sharpe ratios are greater than those of the
EW by 72.6% and 100.3%, respectively, and greater than those of MAXSER by 35.2% and 57%,

respectively, though in this case, the differences in Sharpe ratios are not significant statistically.

To evaluate our methodology when one has a larger number of assets, we report in Panel B
of Table 1 the results for N = 100 stocks randomly selected from the S&P 500. We observe that
the Sharpe ratio of the MV portfolio is now negative because estimation error increases with N
(DeMiguel et al., 2009b). For this data set, the best performing strategy based on the principal
components of returns is the one with four principal components. As for the previous data set, none
of the strategies based on principal components outperform EW. The EW portfolio outperforms
also MV and GMV-LW, while MAXSER does even better: it achieves a Sharpe ratio of 0.672,
which is 36% higher than that of EW. However, our strategies perform even better: all four RMV
strategies achieve Sharpe ratios substantially higher than those of EW and MAXSER. In particular,
consistent with the result in Proposition 4.3 that, when IV is large, one can replace the beta portfolio
with a portfolio based only on the K = 3 Fama-French factors, using €2 instead of V, the Sharpe
ratio is 1.222, which is 147.2% higher than that of EW and 81.8% higher than that of MAXSER,

with significant t-statistics for both differences.

“8Note that Ao et al. (2019) report in their Table 3 that their strategy, MAXSER, achieves an annual Sharpe
ratio of 0.556; our estimate of the Sharpe ratio for their strategy is 0.471, with the difference being a consequence of
differences in estimation methods. Also, for this data set, they use an estimation window of T' = 60 months, while we
use 120 months for both data sets. For the second data set, the Sharpe ratio we estimate for the MAXSER strategy
of Ao et al. (2019) exceeds that in their paper.
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Table 1: Out-of-sample portfolio performance
Panel A of this table reports, using monthly returns on the N = 30 stock constituents of the Dow Jones Industrial

Average (DJ30), the performance of five strategies from the literature and four strategies developed in this paper
when the investor targets a volatility of 0.05 x v/12 = 0.1732 per year. Panel B reports the same quantities for
N = 100 randomly selected stocks from the S&P 500 index. The parameters for all strategies are estimated using a
rolling window of 7" = 120 monthly observations. For each strategy, the table reports its per annum return’s mean
and Sharpe ratio. The table also reports the improvement in the Sharpe ratio of each strategy with respect to the
EW and MAXSER strategies; for instance, when comparing strategy k to EW, SR wrt EW is (SRx — SRew)/SRew.
Finally, the table reports the t-statistics for the difference between each strategy’s Sharpe ratio and the EW and
MAXSER strategies, computed as in Ledoit and Wolf (2008).

Mean SR SR wrt t-stat wrt
p.a. p.a. EW MAXSER EW MAXSER
Panel A: For DJIA 30 constituents

MV 0.045 0.287 —-0.140 —-0.326 —0.136  —0.714
GMV-LW 0.030 0.181 —-0.458 —-0.575  —0.611 —0.855
EW 0.068 0.334 0.000 —0.216 —0.303
PCA2 0.026  0.161 —-0.517 —0.621 —-0.770  —1.179
PCA3 0.013  0.087 —-0.739  —0.795 —1.101 —1.510
PCA4 -0.019 -0.121 -1.362 —1.284  —2.030  —2.437
PCA10 -0.032 —-0.194 -1.583  —1.457 —2.360  —2.767
MAXSER 0.061  0.426  0.276 0.000 0.303 —

RMV using V 0.080  0.556  0.657 0.298 0.656 0.860
RMYV using V: OptComb 0.173  0.872  1.609 1.045 1.949 1.682
RMV using 2 0.079  0.576  0.726 0.352 0.729 1.194

RMYV using €2: OptComb 0.129  0.669  1.003 0.570 0.600 0.519

Panel B: For SE&P 500 constituents

MV —-0.024 -0.190 -1.385 —1.283 —2.052 —3.112
GMV-LW 0.019 0.146 -0.704 —-0.782 -1.176  —1.816
EW 0.070  0.494 0.000  —0.265 —0.495
PCA2 —-0.001 -0.001 -1.003  —1.002 —2.206  —2.985
PCA3 0.066  0.334 —-0.324  —0.502 —-0.712  —1.497
PCA4 0.075  0.460 -0.068 —0.314 —-0.150  —0.937
PCA10 0.033  0.203 —-0.587 —-0.696 —-1.292  —2.075
MAXSER 0.094 0.672  0.360 0.000 0.495 —

RMV using V 0.116  0.763  0.546 0.137 0.703 0.406
RMYV using V: OptComb 0.114  0.642 0.298  —0.046 0.952 0.875
RMV using 2 0.137 1.016  1.055 0.511 1.959 1.623

RMV using €2: OptComb 0.206 1.222 1.472 0.818 2.169 2.203

5.6 Importance of Latent Asset Demand

To understand the importance of latent asset demand, represented by the alpha portfolio, we
examine the alpha- and beta-portfolio components, w%; and w]’i,, of the robust-mean-variance

portfolio, Wi (i.e. RMV using V). We also examine the components w% and w4 that comprise
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Figure 2: Weights for w}; and wﬁ, portfolios
The plots on the left Panels A and B report the time-series average of the w{ (red circles) and w? (blue squares)
components of the robust mean-variance portfolio for each of the N assets. The plots on the right report the time-
series average of the absolute value of the w;* and wf. Panel A reports these quantities for the N = 30 stock
constituents of the Dow Jones Industrial Average (DJ30), while Panel B reports the same quantities for N = 100
randomly selected stocks from the S&P 500 index.
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the alpha portfolio wq;. Recall that we have 240 out-of-sample months, so for each month and
each of the portfolio components, we have a vector of, depending on the dataset we are considering,

either N =30 or N = 100 weights. We characterize these weights in a variety of ways.

In the plots on the left side of Panels A and B of Figure 2, we report for each of the IV assets

the time-series average of the w{* (in red circles) and fw;-B (in blue squares) components of the robust
5

mean-variance portfolio. These plots show that the w; are mostly positive. In contrast, the w
are both positive and negative, implying long and short positions. The plots on the right side of
Panels A and B of Figure 2 display the time-series average for each of the N assets of the absolute

value of the elements of the alpha and beta portfolios. These plots show that the w{* weights, which
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Figure 3: Weights for w$, and wf\‘, portfolios
The plots on the left of Panels A and B report the time-series average of the w¢ (in gray circles) and w;' (in magenta
squares) components of the w§* portfolio for each of the NV assets. The plots on the right report the time-series average
of the absolute value of the w? and w;* components for each of the N assets. Panel A reports these quantities for the
case of the N = 30 stock constituents of the Dow Jones Industrial Average (DJ30), while Panel B reports the same
quantities for N = 100 randomly selected stocks from the S&P 500 index.
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represent latent asset demand dominate the corresponding w; weights, confirming the theoretical

result in Proposition 4.2.

In Figure 3, we decompose the wq; portfolio further into its w§; and wﬁ components, where
the first weight is associated with the asset-specific component of returns and the second with the
returns of omitted pervasive risk factors. Just as in the previous figure, the plots on the left side of
Panels A and B show the time-series average of the w¢ (in gray circles) and w* (in magenta squares)
weights. These plots show that the w{‘ are mostly positive. In contrast, the w; are both positive
and negative. The plots on the right side of Panels A and B of Figure 3 display the time-series

average of the absolute values of w and w;. These plots show that the w components dominate
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Table 2: Squared-correlations of weights of portfolio components
This table reports the time-series average over the out-of-sample period of the squared correlations between the

portfolio components of the robust mean-variance portfolio. Panel A reports the squared correlations between the
portfolio components for the case of the N = 30 stocks that are part of the Dow Jones Industrial Average (DJ30),
while Panel B reports the same quantities for the case of N = 100 randomly selected stocks from the S&P 500.

wh Wk wh wR
Panel A: For DJIA 30 constituents

wi'’  1.0000 0.9630 0.0391 0.9570 0.0224
WY 0.9630 1.0000 0.0063 0.9930 0.0217
W]’i, 0.0391 0.0063 1.0000 0.0058 0.0459
W 0.9570 0.9930 0.0058 1.0000 0.0138
w]‘?, 0.0224 0.0217 0.0459 0.0138 1.0000

rmuv
WhN

Panel B: For SE&P 500 constituents

wiy™  1.0000 0.9760 0.0311 0.9680 0.0067
wS 0.9760 1.0000 0.0124 0.9920 0.0049
w]’i, 0.0311 0.0124 1.0000 0.0124 0.0543
W 0.9680 0.9920 0.0124 1.0000 0.0011
W]‘?, 0.0067 0.0049 0.0543 0.0011 1.0000

A

the corresponding w;" components, thus highlighting the importance of the purely asset-specific

component of returns in driving latent asset demand.

In Table 2, we report the time-series average of the squared correlations between the different
portfolio components. Panels A and B show that for both data sets, the squared correlations of
rmuv

the robust mean-variance portfolio wi™” with the alpha-portfolio component w¢; is over 95%, with

most of this coming from the weight on the purely asset-specific component, w%;. In contrast, the

squared correlations of wiy"" with the weight on the portfolio of observed and latent factors, w]%

and wﬁ, respectively, are substantially lower—only about 6%. These results, again, highlight the

crucial role played by the latent-asset-demand component of the robust mean-variance portfolio.

Next we investigate the returns of the portfolio components. Panels A and B of Table 3 show
that for both data sets, the squared correlations between the returns of the robust mean-variance
portfolio "™ and alpha portfolio r* are over 90%, with most of this coming from the purely asset-

rmuv

specific component, r*. In sharp contrast, the squared correlations between r and the returns

of the portfolios associated with observed and latent factors, ® and 74, are substantially smaller.

Finally, to examine the importance of latent asset demand in driving the performance of the

robust mean-variance portfolio, in Table 4 we report the annualized means, standard deviations,
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Table 3: Squared-correlations of returns of portfolio components
This table reports the squared correlations between the returns of the portfolio components of the robust mean-

variance portfolio. Panel A reports the squared correlations between the returns of the portfolio components for the
case of the N = 30 stocks that are part of the Dow Jones Industrial Average (DJ30), while Panel B reports the same
quantities for the case of N = 100 randomly selected stocks from the S&P 500.

rrm re rP ré r

Panel A: For DJIA 30 constituents

r™™v1.0000 0.9060 0.0528 0.8900 0.1240
re 0.9060 1.0000 0.0065 0.9850 0.1320
8 0.0528 0.0065 1.0000 0.0068 0.0001
re 0.8900 0.9850 0.0068 1.0000 0.0612
rA 0.1240 0.1320 0.0001 0.0612 1.0000

Panel B: For S&P 500 constituents

r™™v 1.0000 0.9610 0.0106 0.9490 0.0010
r 0.9610 1.0000 0.0091 0.9920 0.0001
B 0.0106  0.0091 1.0000 0.0110 0.0121
re 0.9490 0.9920 0.0110 1.0000 0.0063
r 0.0010 0.0001 0.0121 0.0063 1.0000

and Sharpe ratios of returns of the w'y™” portfolio (i.e. RMV using V) and those of its components,

w&; and wfi,, along with the components of w%;, which are denoted by w%; and wf\‘[.

The first rows of Panels A and B of Table 4 show that more than 90% of the mean return of the
robust mean-variance portfolio comes from the mean return of the alpha portfolio, which represents
latent-asset demand, with the beta portfolio contributing only a small fraction. And most of the
alpha portfolio’s mean return comes from the purely asset-specific component, with the pervasive
risk factors contributing a negligible amount. The second rows of Panels A and B show that the
alpha portfolio also contributes to most of the risk of the robust mean-variance portfolio, with a
large proportion of this coming from the asset-specific component. The Sharpe ratios, reported
in the last rows of Panels A and B, show that the return-to-risk tradeoff for the asset-specific
component is attractive: the Sharpe ratios of the alpha-portfolio component and, in particular, the
part associated with the purely asset-specific return, is much larger than that of the observed and
latent risk factors. Thus, consistent with the result in Proposition 4.1, if one were to ignore the
latent demand from purely asset-specific pricing errors, the resulting portfolio would not be on the

efficient frontier regardless of how many risk factors were included in the model.
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Table 4: Moments of returns of portfolio components
This table reports the moments of returns of the portfolio components of the robust mean-variance portfolio (RMV
using V). The components of the wiy* portfolio are wg and w% with w% comprising of w% and wh. The
moments reported are the annualized mean return, standard deviation of return, and Sharpe ratio. Panel A reports
the moments for the case of the N = 30 stocks that are part of the Dow Jones Industrial Average (DJ30), while

Panel B reports the moments for the case of N = 100 randomly selected stocks from the S&P 500 index.

pTmY ro 7,6 7@ T‘A

Panel A: For DJIA 30 constituents

Mean 0.0792 0.0760 0.0032 0.0710 0.0050
Standard deviation 0.1430 0.1390 0.0440 0.1340 0.0176
Sharpe ratio 0.5560 0.5460 0.0731 0.5300 0.2880
Panel B: For S6P 500 constituents

Mean 0.1160 0.1070 0.0088 0.1070 0.0001
Standard deviation 0.1520 0.1520 0.0302 0.1520 0.0136
Sharpe ratio 0.7630 0.7050 0.2920 0.7020 0.0090

5.7 Source of Performance Gains Relative to EW and MAXSER Portfolios

The reason our strategies outperform the EW portfolio is explained by Propositions 4.1 and 4.3.
Proposition 4.1 shows that the squared Sharpe ratio of the optimal mean-variance portfolio is the
sum of the squared Sharpe ratios of the alpha and beta portfolios, while Proposition 4.3 shows that
the beta portfolio can be replaced by a benchmark portfolio, such as the EW portfolio or a portfolio
based on the three Fama-French factors, without any performance loss. That is, our beta portfolio,
based on the three Fama-French factors, performs similar to the EW portfolio, so the performance
gain of our strategies is the additional Sharpe ratio generated by the alpha portfolio. The alpha
portfolio exploits the cross-sectional dispersion of the components of ay, a signal orthogonal to
the observed factors, which is what the beta portfolio relies on. In other words, our methodology
exploits what is missing from factor-based asset-pricing models, namely, asset-specific risk and
return. Finally, the superior performance even with a large number of assets is a consequence of

our strategy being founded on the APT, which is a theory that bites when N is large.

The differences between our portfolio strategy and MAXSER are more subtle. Both strategies
rely on decomposing the mean-variance portfolio into alpha and beta components. In both strate-
gies, the beta portfolio is the same—investing in the three Fama-French factors. The difference,
therefore, arises from the alpha portfolio. The MAXSER strategy imposes sparsity of the alpha
portfolio weights—see Ao et al. (2019, p. 2905, assumption C2)—which is achieved by imposing an

¢1 constraint that limits the number of assets included in the portfolio, as explained in Ao et al.
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(2019, sec. 1.5.3). In contrast, because our methodology is founded on the APT, it works for large
N regardless of T'; therefore, our alpha portfolio does not restrict the number of assets in which it

invests and so can take full advantage of all IV assets available.

6 Conclusion

In this paper, our objective is to address model misspecification in mean-variance portfolios. We

list below our novel results, each representing a significant departure from the existing literature.

First, in contrast to the classical interpretation of the APT, we show that the APT allows not
just for small pricing errors but also large pricing errors related to missing pervasive risk factors.
Second, we show that one can generate the entire set of mean-variance efficient portfolios from
two inefficient portfolios: the “beta” portfolio, which depends on factor risk premia but not on
pricing errors, and the “alpha” portfolio, representing latent asset demand, which depends only
on latent pervasive and asset-specific risk, with zero exposure to observed risk factors. Third, in
contrast to the traditional approaches for treating misspecification in mean-variance portfolios, we
apply different methods to treat misspecification in the beta and alpha portfolios. For the beta
portfolio, we identify a set of conditions under which it can be replaced, without any performance
loss, by a benchmark portfolio (such as the equal- or value-weighted portfolio) that by construction
is immune to misspecification. For the alpha portfolio, we treat misspecification using the robust-
control approach of Hansen and Sargent (2007), which we show is equivalent to imposing the APT

no-arbitrage restriction.

Finally, we demonstrate using two data sets (for monthly returns on stocks from DJ30 and
S&P 500) that our theoretical results lead to a substantial improvement in out-of-sample portfolio
performance relative to strategies in the existing literature. We also show the dominant role of the
latent-asset-demand component of the optimal portfolio: for both data sets, the squared correlation
between the optimal demand for an asset and its latent-demand component is over 95%, with the
latent-demand component contributing more than 85% of the total (squared) Sharpe ratio of the
optimal portfolio. These results support the findings in Koijen and Yogo (2019), who show the

substantial role of latent asset demand in explaining empirically observed asset holdings.

The key takeaway from our work is that, what is usually regarded as mispricing, i.e. pricing
errors, should instead be viewed as an integral part of the asset-pricing model. And, rather than
searching for missing pervasive risk factors, our theoretical and empirical results highlight the

importance of accounting for the purely asset-specific component of the pricing errors.
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A Proofs for Propositions

In this appendix, we provide the proofs for the propositions in the main text of the manuscript.

Throughout the analysis, we need to study the limiting behavior of quantities of interest, such
as portfolio weights and Sharpe ratios, as N diverges. This is conveniently achieved by the O(-) and
o(+) notation. Specifically, we write ay = O(by) for two generic sequences ay and by > 0 if, as N
increases, the ratio |ay|/by < oo; that is, the ratio is bounded. Similarly, we write ay = o(by) if,
as N increases, the ratio |ay|/by — 0; that is, the ratio goes to zero or, equivalently, ay increases
(decreases) at a rate slower (faster) than by. As special cases, when by = 1, then ay = O(1) and
an = o(1) simply mean that |ay| < oo and |ay| — 0, respectively.*? This notation is unambiguous
for scalar quantities and easily extended to finite-dimensional vectors. However, we will also adopt
it for vectors of portfolio weights, whose dimension grows with N, with the following meaning:
when two generic portfolios satisfy w§;, = W?V + o(1), we mean that, as N increases, the returns of

portfolios @ and b have an identical mean, variance, and Sharpe ratio.

A.1 Proof of Proposition 4.1

(i) Given that gy — Tfth =ay + By,

mv

1.
wy = ngl(HN —rply)

1 1
= -Viay +-ViByA
v N y N

o q B 1
= %;VFO‘N + %W—BV;,lBN)\

= ¢ wh + (;5”8w§[.
However, in view of (20) and the Sherman-Morrison-Woodbury theorem applied to Vy, which
implies V' = [23' — 3By (Q71 + By Ey'By) !By EY ], we get
Vylay = (3% + Vy' - Z))aw
=Xlay +ZyByBYEY'By) QN QT + By ' By) ' ByEV ay
=Shay + 3By x O(N72) = Shay + o(1),
given

Vi =25 = 2By + By By) ' BYEV + S4By (BYyEY By) T BYEY

“For example, if an = O(N_%), it means that an goes to zero at most at (no faster than) the rate N_%, whereas
anN = O(Nfé) means that an goes to zero faster than N7%4 Alternatively, if ay = O(N% ), it means that ay diverges
at most at (no faster than) the rate Nz, whereas ay = o(N%) means that an diverges slower than Nz,
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=3y By [-(Q7 '+ BYELBy) T+ (ByEY'By) T BRERY
=Xy By(BYENBN) T [-(BRYEYBN) + (27 + ByEY'By)] (27! + BRyEL'By) ' BLYEY
= X' By(BYyESy'By) QN + BYELBy) I BYE Y,

together with (BAyEy'By) ™! = O(N7Y), (@71 + BRyEy'By) ™! = O(N ), and ByE lay =

O(N%), where N%(B§\,§]]_\,1B]\/)*1Q*1(SF1 + BQVEJ_VIBN)AB’NEJ_VICVN = (O(9), for some finite
vector § # Og.

(ii) The portfolios wQ; and W]% are, conditionally and unconditionally, orthogonal as N diverges.

1 1

Wi Vywyy = Wx;v?v’va;VlB,V>\ = 25w BaA
_ b owestBar oL B S IB A
_’ya’YfBaN N + ( 2)70475 N“N N
= O(N"2),

because T iBy = O and ByE'By = O(N). Similarly, given TyVy' = (Ix — By(Q7! +
B\ Z'By) T IBYERY), we have

1
Wi/ Sywh = 7Bw?v’szj—le NA
1
= ww%’BN(IK — (@' + BYELBN) T IBYEL By)A

= O(N"2)8'(ByEZy'By)(Q ! + ByIZy'By) Q1A

We now show that, when N becomes large, w%; and w]BV are the minimum-variance portfolios
orthogonal to one another. This is accomplished by showing that these portfolio weights satisfy,
asymptotically, Proposition IA.2. In particular, we first need to verify that Wfi, is (asymptotically)
the minimum variance, orthogonal, portfolio to w%;, by verifying

! (09?2  p—rp \ 0 8
N Vi — 1l ) = o(1).

(WN7 N (NN Tft N) ( Na_rft (SRmV)2 ) < ,U”B_Tft ) wy t ( )
Analogously, one needs to verify that w%; is (asymptotically) the minimum variance, orthogonal,
portfolio to W]’i[ but this part is omitted as it follows the same steps.

In view of EEVNZ# = 27\}21\;2;{, = EE, simple calculations lead to

p* =wi'ny + (1= w'In)ry = wi' (py — rpdn) + 7y
3
2

1
= —(Zfan + =y Byd x O(N"2)) (an + ByA) + 77y

T A
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1 1
= WfaalNEEOfN + 1+ O(N™2),

1 _ _ 1 _
(Ua)z = W?\C/VNW?V = Wa/]VvNIVNVNlaN = WQIJVVNIQN
1 _ 1 _
= Ta)Qa’N(zfv + Vil —-=h)ay = 7(7%204@;% +O(N™Y,
and
/ / /
,uﬁ = w]‘i, pun + (1 — w]‘i, In)ry = W]’i[ (N — 1 dN) + 1p
~ LBV By ~ LBy viiBaA O(N~2
= FAByVy (v + N)"‘Tft*vg NV BNA+ 7y + O :
1 _ _ 1 _
(07)? = wh VNwN (yﬁ)QXB/NVMVNVNlBN)‘ = W}J NV BNA,
yielding

( (0%)?  p* = >_1 < 0 )
pe =g (SR™)? =yt

1
((SRHW)?[% +O(N1)] — [% + O(N‘%W)

’ +
. —"Naig)” FONTH) | BV BAA+O(NH)
I+ O(N) L

Premultiplying the numerator of the latter expression by (W?V, Vg,l(a ~N+B N)\)) gives

Vilay . _oMBNON L O(N73) | NBYViByA+ O(N
( Na ,VNl(aN-l-BN)\))X o élgw X NVYN ; (
v % +O(N7Y) 2l
Iiay L3, 1 _3
- (TJFO(N 3), Sty + V' ByA + O(N z))
fe% 1 _ _1
y —%)AHLO( “2) XB;VVNlBNBAJrO(N 2)
S oW ’
aNEtany WBYVA'BaA) (NB)\ Vy'ByA) N
— VoyByA+ oyt an)Xvoan
(79)? 7P N e enEyven) By
WBLYVY'BNA) ) o +
— ayIian) Yoy + o1
75(70‘)2 ( NN ) N ( )
ayZhany (WBYVN'ByA)
= VByA+0(1).
(7)? o N M
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Given that, using (21), the denominator satisfies

(RPN oyt - (XY 4 ov-hye)
1

— _1
)2 (@ Ejan) NBy V' ByA) + O(N72),

by combining terms, one finally obtains

-1
a yv-1 . (0°)?  p— Tft 0
(WN’VN (b Tfth)) ( pe =g (SR™)? ) < =y )

1 (e Zhan) 1 VBV By
= 1 / E+ NB' V*lB A ( a)Q VN BNA B O(l)
CRL (ayEjan) (VB Vy ByA) v v
Vi'ByA
= NTN +o(1) =w? +o(1).

Along the same lines, it follows that w¢; satisfies
A2 B -1
B -1 _ ) (@) W —rpn 0 R
(WN,VN (NN Tfth) ( Nﬁ — (SRmV)Q ) < e — T Wy + O(l),

implying that w¢; is (asymptotically) the minimum variance, orthogonal, portfolio to vv]’i,.

(iii) Given the result in (i) and (ii), two-fund separation holds by recognizing that w¢, (and thus
EfvaN/'yo‘) and wg are inefficient. This follows as long as both ay # Oy and A # 0. In
fact, given that one is the minimum-variance orthogonal portfolio to the other, if one was efficient,
then by Proposition [A.2; its minimum-variance orthogonal portfolio exposure to the risky assets
must be the zero vector, which is ruled out by our assumptions. However, by part (i), their linear

combination always spans the efficient frontier.
With respect to Sharpe ratios, given (A1)-(A2), SR* = (a?VEEaN)% + O(Nfé). Similarly,

given (A3)-(A4), SR’ = (XBSVV;,lBN)\)% + O(Nf%). The term oyEjay < ayE ay is

bounded as explained in (16), whereas
NVN'By =By (3y - 2By (@71 + By By) By E)By
=B\yIy'By(Q 7+ ByEL'By) Q!
= BYIYBy+Q ' -0 ) (Q !+ ByEBy) Q!

= ' - (@' +ByE /By O <L

Moreover, By Vy'By — Q71 implying SR® = (NQ~1A)z + O(N~2). Finally,

(SR™)? = (un — 111N) Vi (uy — 771 N)
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= (an + ByA) V' (an + ByA)

=ayVytay + AyBy V' By + 2oy V' By
= ayShay + NByVy'ByA+ O(N"2)

= (SR")% + (SR®)2 + O(N"2),

implying, when N — oo, (SR™)2—(SR*)2—(SR”)? — 0 because the conditions of Proposition IA.1
are satisfied. [

A.2 Proof of Proposition 4.2

Assumption ay # On rules out that wQ, = Oy for any N. Recall that now Xy = AyA/y + Cy
and ay = ANAmiss +an. Consider first w§;, where its ith component satisfies

wl,; = 1y, wi = 1§Vi2;aN +0o(1)

1 _ 1 _ _ _ _
- 771’NizN1aN - 771’NileBN(B;V2NlBN) 'ByESylan +o(1),

where 1y, is an N-dimensional vector in which the ith element is one and the rest of the elements

are zero. We deal with the two terms on the right-hand side of wy;,; separately. By the Sherman-
Morrison-Woodbury theorem X' = Cyt — Cy'An(I, + A CyrAn) LA CR', obtaining
1y Slay = 1y, Cylay — 1y, Cy AN (I, + AZCH AN) TTANC an
=1y, Cy' AN Amiss — Uy, Cy AN (I, + AAYCH AN) TTAN C AN Amiss
+ 1. Cylay — 1y, Cy' AN (I, + AN CR'AN) AN CH an
=1y Cy'AN(I, + ANCH AN) " Amiss
+ 1y, Cylay — 1y, Cy' AN (I, + AR C'An) TANCRlan.

By Holder’s inequality, taking the norm and using the relation between norm and maximum eigen-

value, one obtains

Cy Ax

_ 11y, 11y, Cy An|l
1y, S e = O Al |22 SN

+ |1y, Cylan] + llax || T
N2
[| Amiss|| / -1 lanl|
:(’)(7—% 1. Cy ay -1-7)-

Along the same lines,
1y, =3By = 1y, Cy'By — 1y Cy'An (I, + AYCH' Ay) 'ALNCL'By,

By I y'By = ByCy'By — ByC AN (T, + AN CH AN) AYCRH'By, and
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NEyan = ByCrlay — ByCy AN, + AZCH AN) TANCay
= BYCr AN Amiss — BYCH AN, + AYCH AN) AN C L A N Amiss
+ByCy'ay — ByCy AN(I, + AYCH'AN) TACilay
=By Cy AN, + ANCHAN)  Amiss

+ByCylay — ByCy AN, + ANCH AN) AN Clay.

Therefore, using the same arguments as above, one obtains

A
|1/Ni2]7\[1BN( INZIVIBN)_IB/NEREQJ\” :O(H ]H\l;ss|| + Haj\er)’
N2
because, under our assumptions, the eigenvalues of A’NCJ—Vl Ay and Bl C]}lBN have the same

behavior. In particular, the first term 1’NiEj\,1BN is O(HIMC#ANH + ||1§ViC]}1BN|]) = O(1), the

second term (B 'By)~!is O(N™!), and the third term B\ E oy is O] Amiss|| + N2 llan])-
For the wfi, portfolio, its ¢th component satisfies
1 _ 1 _ _ _ _ _
wh; = TﬁuvileBN/\ - 751’NZ,ENlBN(Q L+ BYE'By) By By
1

— ﬁlkixﬁlBN(ﬂ_l +BAYEVBy) QT

and using the above formulae for l’NZ_E&lB N and B/NE;V1B ~ concludes, where we use A # Ox. W

A.3 Proof of Proposition 4.3

The mean and variance of the excess return for the benchmark portfolio satisfy w'f\?n‘:h ,(a N +

!/ / / .
ByA) — cPeh ') and W}D\FHCh VNWIJDVenCh — cPench 'Qcbench " pegpectively.

Proof for (i) and (ii). Consider first the case K > 1 in which c®**® = §Q~!\, for some scalar
0 # 0. Then
S2(NQIN)?

bench \2
(SR = mivaria

=N\,

where the last equality follows by combining (A3) and (A4). By Proposition IA.1, recalling SR? =
(XQ_I)\)% + o(1), the result follows. When K = 1, then c*"h = § Q!X for every scalar § # 0,

as all the previous quantities are scalar, and thus (SRP®M )2 — X'Q~'X under (24).

bench

Proof for (iii). Now consider the case in which ¢ is not proportional to 27'A. Then

((Cbench)/A)2

bench \2
(SR e ) - (Cbench>/QCbench

< (NQ7'A) = (SR?)? + 0(1),
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((Cbench)/A)2 _ ((cbench)/ﬂ%ﬂ—%A)2 ((cbench)lﬂcbench)(A/Qfl)\)

because (cbench)lﬂcbench - (Cbench)/QCbench < (cbench)/chench

= (NN,

The strict inequality is implied whenever Q3cPereh and Q73 A are not proportional, which in turn

bench

is equivalent to c not being proportional to 27!\, as stated above. |

A.4 Proof of Proposition 4.4

We first establish the solution (27), and then prove the asymptotic equivalence between the alpha
portfolio from the APT and that from robust-control theory. Start by rewriting the max-min

optimization as

max min {w?v(aN +ByA) —

ZW&VNWN} .
WN QN

2

We first show that the relative entropy constraint satisfies

[ [ ) e

(aNV &y — oy Vylay — 2d’NV];1E(r§—BN/\)+2a;VV];1E(r§—BN>\))

— N

(dNV ay — ayVy aN—ZaNV aN—|—2aNV aN)

Do |
—

(a@y — an)'Vyl(ay — ay) < (ay — an)By @y — an) < dentropy

l\.')\r—l
[\

where the first inequality follows from using V' = 3! — S By(Q7! + By Iy By) ' By EL
Considering first the minimization step, one gets the Lagrangian

L(ay,e) = wyay + ¢

5 [(aN - dN)lzjivl (OKN - dN) - 2(Sentropy] >

where we need to find the saddle-point satisfying L(an™V, ™) = ming, max>o L(ay,€). First
consider the case in which € > 0. Then the first-order condition with respect to a/y/"V is
O—WN—i-EE ( rmv—dN),

o . Xy
and rearranging gives ayy =ay — —wx. (A5)

Substituting the latter into the constraint (Y — &)’ Nl(alj”\l,n" — G&N) = 2dentropy, Which holds

with equality as € > 0, solving for €™V, and substuting back into (A5) yields the final solution,

(26, )% Wi ENwW

rmv A entropy rmv NENWN

oy =y - ——FXywy, € =4
(W?VENWN) 25entropy
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We now show that the Lagrangian is globally minimized at this point, ruling out the case € = 0.
L(ay,0) = whay = whay + wy(ay — ay)

. . . 1 . _ A w1

> wiyay — [wiy(ay — an)| > wiyay — (WySywy)? ((an — an)Ey (ay — an))>

(256ntropy)

N
[NIES

> whay — (WyEywy) = L(ay", ™),

where the second inequality follows from the Cauchy-Schwarz inequality, and the last, strict, in-
equality follows from the slackness condition for € = 0. The last term on the right-hand side is the

Lagrangian evaluated when the relative entropy constraint is binding; i.e. for € = €™ > 0.

Consider now the maximization step,

rmv

max {W?V (' +ByA) — %WﬁVVNWN}
wN
1
20, bl
= max W?V ay — (LWENWN +ByA| — 1W§VVNWN
N (WyEnwy)? 2

~ 1
= max {wh (G + BrA) = (2oniopy) (Wi Syw) 2 = JwiVivw |

By rearranging the first-order condition,

0= 6y + BN — (20entropy) 2 (WY Sy whiny) ~ /25y whiy — o Vywhny,

(WS WY

1
one obtains &y + By = <(25€“”°‘)y> ’ XN +7VN> wi''. Recalling that Vy = Xy +

ByQB/y, one obtains

Wi = <

1

+ 2(Stsntropy 2
7 (W' W)

(

1 _
== ((;SEN + BNQBN) ! (an +ByA), where we define
Y

—1
Xy + 'YBNQB/N> (an +ByA)

1
1+ ( 25entropy >2
72 (WﬁlV/ENWRIIHV)

=¢

-1
2N+BNQB§V) (any +ByA)

2=

1
2

¢ =

1 2(5entlropy
+ 2 rmv/ by rmv
V(W ENwY)

Notice that the solution for wiy"V is an implicit solution because ¢ itself is a function of wi*".

To establish the asymptotic behavior of the robust mean-variance portfolios, using the Sherman-
Morrison-Woodbury theorem one obtains
1

—1
¢BNQB’N> (&n + ByA)

1
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/N

Ty - Sy'By (027 + By By) T ByER) (aw + By

(Zr'ay - =3By (697" + BAT'By) T ByTilan)

é\Hé\H

1 .
ts (Z3'By — =3'Bn (627! + ByS3'By) " By By ) A
1 .
= (Z3'ay - =3'Bn (697" + BATH'By) T ByTilan)
T

+ i (2]—VlBN (67" + B§V2]—VlBN)‘1) Q'

For large N, one obtains
rm 1 — — — -1 - A
W= (=3 - =3'Bn (By=3'Br) " BAZR) G
1 -
+ (Z3'By (@7 + ByS3'By) ) @A+ o))
| B
= szOtN + ;VN By + O(l)

Y9
= oW + ¢Pwh + o(1).

We now establish an asymptotic equivalence of the shrinkage parameter ¢. This follows

from the fact that Wﬁ, diversifies asset-specific risk, namely, that WJ’%ENW]% — 0 (unlike W%,

which diversifies away only common risk). Therefore, wi™'Xywi™ = widEywi® + o(1) =
(v¢) 2y Ty + o(1), yielding
_ 26 3
_ entropy 2
¢ - 1 + (72 (Wrmv/ENWrmV) > ] (AG)
_ 26 :
2
= |14+ < entropy ) + O(l)
i 2(yg)~ 2Oﬁ]vENO‘N
i 1
iy (mm) +o(l)
L ( NO-’N)E

This provides a nonlinear equation in ¢ (due to the modulus) but, by seeking only the positive

solution ¢ > 0, one obtains the (approximate) linear equation

¢ = [1 + ( (25entropy)2¢> + 0(1)’
(& Ihan)?
with solution: ¢ = [1 - (26ent’,ropy) 2 (aNENaN) %] - + 0(1)7 (A7)

assuming 20entropy < (d’NEEd N)-
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We now establish the (asymptotic) equivalence between the two alpha portfolios, assuming that
the robust alpha portolio wi* is constructed with respect to some given 6apt7 dentropy- Given that
ay = ay + AnAniss, as N — 0o the ith element of wi* is dominated by the component in ay by

Proposition 4.2, namely

* 1
w:a((sapt’ 5entropy) e ¢1N Ej(,aN + (’)(1)

1, 1 - ) - R )
= @]JVZENm (r(]i\f - BN7MLC fe — AN,MLC AmiSS,MLC) + (’)(1)

1

(@ Shan)

VI

1
= GaptCi + O(1) = Wi (dapt) + 0(1),

1
setting 5 =4 > ( — (269““‘)”)21), for some constant ¢;, function of the data, of v*, and of EE,

apt - Tapt (G Shan)?

where the second equality follows from the formula for the estimator ay in Proposition IA.2 for a

given &, ¢, based on
. P I . .
[f" —rpdy —By(f —rpli) — AN>‘missj| DI [f“ —rpdny — BN(f = 711K) — AN Amiss
(1+k)* = ; :
5apt

1
and the third equality follows from (A7). Finally, note that &,;,.c; is (asymptotically) equivalent to
the (estimated) alpha portfolio weight w*, based on &y (dapt)- [ |

(1+X Q27N

Corollary A.1. Under the assumptions of Proposition 4.4 and entropy = %#X?\, 2o With

X?V,a:% the ' (0 < 2 < 1) quantile of a X%\f distribution, the shrinkage parameter ¢ satisfies

2
Xnva% (1+XNQIA) \° 1
6=|1+ J\; % (TIM Tm)v _ _ — +0(1) as N — oco. (A8)
V2T (WS yw i) (1_(><N,m%);(1+x )f)
T (aySan)?

To interpret expression (A8), note that ¢ is increasing with X%V 2> Which increases (approxi-
mately) linearly with the number of assets N (because E[x%] = N), and ()\’Qfl}\)%, which is the
Sharpe ratio of the beta portfolio as N — oo, and decreases with the sample size T (because the

investor gathers more precise informations about the parameters, and (aQ\,E}Ca N)%, which is the

Sharpe ratio of the alpha portfolio as N — oo. |
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Internet Appendix to

Robust Portfolio Choice



Section TA.1 of this internet appendix shows that for mean-variance portfolios and their decom-
position into alpha and beta portfolios, when the APT assumptions hold and N is large, then one
obtains the same results regardless of whether one starts from the orthogonal or non-orthogonal
representation of returns. Section IA.2 contains auxiliary results about the decomposition of the
Sharpe ratio and extends the results in Roll (1980) to the case in which investors can invest also in
a risk-free asset. Section IA.3 explains how we estimate the APT model using maximum likelihood.
Section IA.4 compares the performance of the strategies we develop in this paper to that of the

benchmark strategies for simulated data, i.e. in a controlled environment.

IA.1 Orthogonal vs. Nonorthogonal Representation of Returns

As we explain in the main text, our model is designed to exploit exactly the kind of anomaly
identified in Black, Jensen, and Scholes (1972) by constructing what Treynor and Black (1973)
call “active” and “passive” portfolios, which we label “alpha” and “beta” portfolios. Below, we
provide a specific model designed to capture exactly this feature of the data: “high-beta assets
earn negative and low-beta assets earn positive alphas.” We then solve this model analytically,
and prove four results, some of which are well-known whereas others are novel. These four results
allow us to conclude that working with the orthogonal representation of returns is without loss of
generality. That is, from the perspective of mean-variance portfolios, one obtains the same results
regardless of whether one starts from the orthogonal or non-orthogonal representation of returns,

when the APT assumptions hold and N is large.

TA.1.1 Details of the Model

Set the total number of assets to be equal to N = 2n + 1 for some integer n > 0. Let the return of

asset ¢ be given by the market model,
ri — 15 =0o; + Bif +€i,
where f denotes the excess return on the market.

Let the betas of the N assets range from 5; =1+ b(i — (n+1))/n for i = 1,...,2n + 1, where
0 < b < 1, with the vector of betas denoted by B. Similarly, let the alphas of the N assets range
from a; = —a(i — (n + 1))/n% for i =1,...,2n + 1, with the vector of alphas denoted by a. Thus,
the §; are uniformly spread between 1 —b and 1+ b, and the «; are uniformly spread between a/+/n

and —a/+/n, and the alphas and betas have perfect negative correlation.!

For instance, in the setting where n = 1 so that there are only N = 2n + 1 = 3 risky assets, the betas of the
assets would be 81 =1 —b, B2 =1, and B3 = 1+ b, and the alphas would be a1 = a, a2 =0, and ag = —a.
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Let A = E(f) denote the expected market risk premium and var(f) the variance of the market
factor. Let ; ~ iid(0, var(s;)) so that the residuals are iid across assets and across time. Using ~
to denote orthogonalized quantities and Mp to denote the projection matrix I —B(B'B)~'B’ that

spans the space orthogonal to the columns of B, we obtain:

& =Mpa =a—-B(B'B) 'Ba,
A=)+ (B'B)"'Ba,
f=Ff-B(f)+A

TA.1.2 Main Results

Result 1. Well-known: Any factor asset-pricing model can be expressed in terms of orthogonal
or non-orthogonal components; that is, in terms of the observable returns, the orthogonal and
non-orthogonal representations are equivalent, although the components clearly differ in the two

representations.
One can express excess returns as
r—ryly=a+Bf+e
=a+BAN+Bf+e (IA1)
=a+BA+Bf +e (IA2)
Thus, the same vector of excess returns, r — 71y, has two equivalent representations: in terms

of non-orthogonal alphas and betas, as given in equation (IA1l), and in terms of orthogonalized

quantities, as given in equation (IA2).

Result 2. Well-known: For any given N, the overall mean-variance portfolio (that is, the linear
combination of the alpha and beta portfolios) is identical for the orthogonal and non-orthogonal

representations of returns.

To see this, denote the vector of excess mean returns by p, the variance-covariance matrix for

asset returns by V, the variance-covariance matrix for the innovations by 3, and define

»l=[=!t-='BE'E'B)'BY].

Then, the overall mean-variance weights in the risky assets can be expressed as:

W — V_ll"/
=V !la+VIBA (IA3)
=V 'la+VIBA (IA4)
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=3 la+VIBA (IA5)
~YX la+V B\, forlarge N. (TAG)

This shows that the vector of optimal mean-variance portfolio weights, w™

, can be decomposed
into an alpha component and a beta component either in terms of the non-orthogonal expressions
for a and A, as given in equations (IA3) and (IA6), or in terms of the orthogonal expressions, &

and ), as given in equations (IA4) and (IA5).

Result 3. New result: When N is large and the APT no-arbitrage assumption is satisfied, for
both the orthogonal and non-orthogonal representations of returns: (i) the alpha and beta portfolio
weights are the same (even though the alpha and beta returns differ across the two representations)

and (ii) the returns of the alpha and beta portfolios are uncorrelated.

To see this, note that, in terms of the orthogonal decomposition of returns (IA2), when N is

large the weights of the alpha and beta portfolios are, respectively:

o & oy Bi A Bi A
b var(e) Wi (Vviﬁ((?)) +B/B)var(f)  2n(1+b?*/3) var(f) (IAT)

&

In terms of the non-orthogonal decomposition of returns (IA1), when N is large the weights of the

alpha and beta portfolios are, respectively:

o 1 B o gD B _ Bl A -~ ﬁz A
U e T IO G g v () 2+ 5278 var()

var(f)

where p = Var(si)/\zrtff)—l—B’B ~ —(ab//n)/(3 + b?).

From the above expressions, we see that when N is large the alpha and beta portfolios are the
same under the orthogonalized representation of returns (equation (IA7)) and the non-orthogonalized
representation of returns (equation (IA8)). It follows that when N is large and the no-arbitrage
restriction is satisfied, the returns on the alpha and beta portfolios are orthogonal to one another

under both representations.

Result 4. New result: When N is large and the APT no-arbitrage assumption is satisfied, for
both the orthogonal and non-orthogonal representations of returns, the Sharpe ratios of the alpha

and beta portfolio returns are the same.

When N is large and the no-arbitrage restriction is satisfied, then in terms of the orthogonal
decomposition of returns (IA2), the squared Sharpe ratios of the alpha (i.e. r*—ry = w*(r—r1y))
and beta portfolios (i.e. 7% — rp = w¥(r — r;1y)) are, respectively:

2a? 9 A2

2 ) ~ 0
(SR(ge—ry)) var(g;)(3 + b2)’ SR(fB_Tf) var(f)’
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and in terms of the non-orthogonal decomposition of returns (IA1), the squared Sharpe ratios of
the alpha and beta portfolios are, respectively:

)\2
var(f)’

2a?

2 .
(SRrery)) var(e;) (3 + b2)’

(SR('rB—'r’f))2 ~

Therefore, regardless of whether one starts from the orthogonal or non-orthogonal representation
of asset returns, when N is large and one imposes the APT no-arbitrage restriction to ensure

boundedness, one obtains the same Sharpe ratios for the alpha, beta, and mean-variance portfolios.

JA.1.3 Proofs for the above results

We start by deriving the following quantities, given the specification of the model in terms of
uniformly distributed alphas and betas that are perfectly negatively correlated.
2n+1

BB=3 p;
i=1

=2n+1)+ 222[(271—1— Dn+1)(4n+3)/3+n+1)22n+1)—2(n+1)%2n+ 1)]

V(n+1)(2n+1)
3n

= (2n+ 1)1 +b*(n+1)/3n) ~ 2n(1 + b*/3)

=(2n+1)+

, a*(n+1)2n+1) 2a*

oo = ~
3n?
Blo — _ab(n+ 1)&271—1— 1) —@\/ﬁ
3n2 3

_ Bla  —ab(n+1)2n+1)/3n7 _ —ab(n+1)/3n2 )
"SBB T @it DA+ Rt /B0 - 0t )En) —(ab/v/n)/(3 +b°)

B'a —ab(n+1)(2n +1)/3n
P arey) = ar(e) e+ Dt ) ~ & ~ —(ab/\/n)/(3 + b%).

var(;) +B'B Var(fl) + (2n + 1)(1 + bQ(n + 1)/3”)

Based on the above quantities, we define the orthogonalized alpha:
& = a; — B0 = —ali — (n+1))/n2 — [1+b(i — (n+1))/n]6
= 65— (a/n? +8b)(i— (n+1))/n.

So ¢&; goes from the positive &1 = a//n—3(1—b) ~ (a//n)(3+b)/(3+b%) > a/+/n to the negative
an = —a/\yn—35(1+b) ~ —(a/v/n)(3—1b)/(3 +b?) > —a/\/n, centred around 0 < —§ = i 41.
Then, for the orthogonalized representation, the alpha and beta portfolio weights are:

&;

£«
=

var(g;)
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b = Bi A Bi A
i <Var(el) +B’B) var(f)  2n(1+ b2/3) var(f)’

var(f)

For the non-orthogonalized representation, the alpha and beta portfolio weights are:

w = var(e) (i — Bip) ~ ;'
W B; A Bi A
() mB) ) Bl ) ()

Finally, for the orthogonalized representation of returns, one can obtain the squared Sharpe

ratio of the beta portfolio as follows:

’fﬁ — ’r’f = VVB,(I' — ’r‘le)
A B'B 8 A B'e
= () tvar(e)var () 7 BB) O T TN ) v fvar () + BB
By A2 B'B
2 ) var(f) (var(e;)/ var(f) + B'B)
var(i? —rp) = Z( 2 ¢ var(f Z wﬁﬁl N B'B

- N Var(f) (var(e;)/ var(f) + B'B)
A2 B'B oo o
ery) T var(f) (var(e;)/ var(f) + B'B)  var(f) var(f)’

and of the alpha portfolio as follows:

SR(

1 1
—ry= —rsl — i Vi€
F—rp=wY(r—rfly) = var(e)) zi:az + var(@) Zi:a €
B — ) = — Sa? _ 2
1~ Var(e;) - © var(e)(3 4 b2)
> 1 9 2a?
var(i® —ry) = e ZO‘ var(z;)(3 + 02)
2a?
SRiyerp) ~ var(e;)(3 + b2)

Observe that cov(i# — 7,7 — r¢) = 0 implying SRZ,, = 'V~ lu = SR( appy T SR(M )

Similarly, for the non-orthogonalized representation of returns, one can obtain the squared
Sharpe ratio of the beta portfolio as follows:
P —rp=w(r —r;ly)
A o'B
var(f) (var(e;)/ var(f) + B'B)
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A B'B A B'e

T () tare e () 88 T TN T G Gare fvar(f) £ BB)
N B'B A o'B
E( ) var(f) (var(e;)/ var(f) + B'B) * var(f) (var(e;)/ var(f) + B'B)
N 2?2 A ab
var(f)  var(f) (34 b%)
var(r® —r;) = var(f w’B)? = s B'B ~ X
( ) zl:( + Z pi)? Var(f) (var(g;)/var(f) + B'B)  var(f)
SR2 A B'B + o'B ’
(rf—rs) = Vvar(f) | (var(e;)/ var(f) + B'B) | /var(f)vB'By/(var(e;)/ var(f) + B'B)

N A 1 (ab/yn) A2
\/Var( ) \/’UGT 3 + b2) var(f) ’

and of the alpha portfolio as
r® —rp=w(r—rsly) Zw a; + (wa‘ﬁi)()\+f—)\)+2wf‘ai

2

_ ; A ago =
B —ry) Zaw + Zwﬁ var(e )(3+b2)

2a2

var(r® —ry) = var(e;) Z( 2 4 var(f Z wi Bi)? W

%

2a?
2 s«
SRivary) var(g;)(3 + b2)

TA.2 Auxiliary Results

In this section, we provide some auxiliary results and extend the result in Roll (1980) to the case

in which investors can invest also in a risk-free asset.

TA.2.1 Decomposition of the Sharpe Ratio

Proposition IA.1 (Portfolio Sharpe ratio). Consider the portfolio weights wn = Wy 1 + Wn 2

such that w1 is orthogonal to wy 2, as follows

/
wy1 VN W2 = 0.
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Then, defining pi—re = Wy ;(un—rp1N), 07 = Wiy VWi i, and SR; = Wiy (un—rdn) /(Why ; VW)

fori=1,2, and letting SR denote the Sharpe ratio of the portfolio wy, we always have

Wiy (1 — 1y ))?

sr2 — |
W?VVNWN

= (SR1)2 + (SR2)2 — (02SRy — 018R2)2

/
wiy VNwy

< (SR1)% + (SR2)>.

Finally, strict equality holds if and only if 0oSR1 — 01SRg = 0; that is,

/ /
Wy (N —rpdN) Wi (N — rpdn)
/ - / .
Wiy VNWN 1 Wiy o VNWN,2

Proof. We have

(i —rp)?  of N (p2 —rp)> 03 N 2(M1 — 7)) (2 — 1)

SR? =
a% wiy Vvwy O'% wiy Vywy wiy Vywy
(1 =7pe)® | (2 —11)°

= +

o 3
2 2 2 2

—r o -7 o -7 -7

Jr[(Ml 2ft) (_1+ 9 )+(M2 2ft) (_1+ % >+2(M1 /ft)(uz rt)
09 WNVNWN g5 WNVNWN WNVNWN

Using the orthogonality of wy 1 and wy 2, we have wiy Vywy = WQVJVNWNJ + W§V72VNWN,2 =

0% + 03, so that the term in square brackets can we rewritten as

(u1—11)* 03 (B2 —7170)>  of (1 — ) (p2 — 77¢)
B 2 / - 2 7 + 2 7
o1 Wy VNWN 03 wy Vvwy Wiy Vywy
1 QU% 20% 02 o1
= (= (= )22 = (2 — )R 201 — ) (g — 7)
W VNWN ( (1 —740) p (2 — 71e) - +2(m Tft)o_l (12 rﬂ)g2
_ 1 g9 0'1>2
= Wi VAW ((Ml 7”ft)a1 (112 7“ft)a2 .
Hence,
(1 =10 (p2 — 1p0)° 1 o2 e
SR? = - ( ) 2y — 7)
o? + 03 W Vywy (k1 rft)a1 (12 7“]%)02

< Uiy (2 =0T (gRy )2 4 (SRo)?.
o 93

Equality holds if and only if

o1\ 2
(2 — 7pt) 1) =0,

02

((Ml - 7“ft)02

o1
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(m—rpe) _ (p2—rst)
sz = 2f . u

which, in turn, can be rearranged as =
1 2

This result clarifies that when a portfolio can be decomposed into two orthogonal components,
that is

. /
WN = Wn,1 + Wy 2 with WNJVN wy2 =0,

then SR? < (SR1)? + (SRy)2. However, it does not always follows that SR? = (SR1)? + (SR2)?,
unless the additional condition o9SR; — 01SRs = 0 holds.

TA.2.2 Extension of Roll (1980)

Roll (1980) shows that, in the absence of a risk-free rate, for any inefficient portfolio, one can
identify the subspace of portfolios that are orthogonal to this portfolio with minimum variance.
That is, corresponding to any inefficient portfolio, the number of zero-beta portfolios is infinite—
one for each level of the target mean. If the portfolio is efficient, then the subspace shrinks to a
single point; that is, there is a unique zero-beta portfolio. In order to obtain our theoretical results,

we extend the result in Roll (1980) to the case in which investors can invest also in a risk-free asset.

Proposition TA.2 (Extension of Roll (1980) to the case with a risk-free asset). Let w¥%, be any,
possibly inefficient, portfolio. Let w3; be the portfolio that satisfies

1
min §(wfV)IVNWfV s.t. (W) Vawi =0
and
pnwiy + (1= Ay wi)rge = p7,

for a given target mean u®. Then
-1
z T -1 (0_1)2 ’ux —Tft 0
= —rpl
Wi <WN7VN (“N T'fe N)) ( uE — Tt (SRmv)Q 1F — Tt )

where (wfv, V;,l(uN —rfth)> is the N X 2 matriz obtained by joining the N x 1 vector of portfolio

weights w%, with the N x 1 vector V' (uy — rpln).

Proof. We adapt Roll’s (1980) proof of the main theorem. The Lagrangian is
L(wiy, A1, A2) = (W) Vvwy — A(Why) Vvwiy) — A (uywi + (1 — Ty wiy)rpe — 107,

with first-order conditions

2w, = (Viwi (e — o) ) ;; ).

Page 9 of the Internet Appendix



/
Premultiplying both sides by 27! <VNW}’3V, (N — gl N)) V]§1 gives

)2 T _
( % 9 Tft ) - %( ug“"g—)rft (AALS’]%’”?Y2 )( i; )
Substituting out for ( i; ) concludes the proof. |

Observe that when w¥; is efficient, then w5, = Ox, which implies that the zero-beta portfo-
lio to w%; is the portfolio that invests 100% in the risk-free asset. In fact, substituting w}, =
Y IWVil(uy — rply) into the first constraint gives 0 = (W%)/ Vywi = 7 L (pun — rply) wh =
Y (e — re), where the last equality is due to the second constraint. Therefore, one obtains

pz = 74 which, by no-arbitrage, implies w3, = Oy.

Recall the well-known result that the entire efficient frontier of risky assets can be generated
from holding any two efficient portfolios. However, one can show that the efficient frontier of risky
assets can also be generated by holding two inefficient portfolios, as long as one is the minimum-

variance orthogonal portfolio of the other, which leads to the following;:

Proposition IA.3 (Extension of Corollary 3 of Roll (1980) to the case with a risk-free asset). There
is a weighted average of, possibly inefficient, portfolio w%; with a corresponding minimum-variance

orthogonal portfolio w3;, which produces an efficient portfolio.

The above proposition implies that the subspace of minimum-variance portfolios (possibly in-

efficient) orthogonal to w¥; is given by the two lines described by the expression below:

qu =Tft + O'Z\/(SRHW)2 — (SR$)2

Notice from the equation above and the dashed and dotted lines in Figure 1 that the slopes of the
two lines are smaller (in absolute value) than the slopes of the capital market lines.'' For portfolios
that are efficient, the subspace shrinks to a single point, which is the risk-free rate of return, as one
can see from setting the Sharpe ratio of portfolio w%; equal to the Sharpe ratio of the mean-variance

portfolio wiV in the equation above.

IA.3 Estimating the Approximating Model

We describe briefly how to estimate the APT model, which represents the approximating model

considered by the misspecification-averse investor, by maximum likelihood. In the first part of this

Huang and Litzenberger (1988) show that, depending on the level of the risk-free rate relative to the mean of the
global-minimum-variance portfolio, the capital market line could be sloping up or down.
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section, we consider estimation of the APT model with only asset-specific pricing errors and with
only tradable candidate factors, providing the main intuition for our estimator. In the second part,
we consider estimation of the general model when pricing errors associated omitted risk factors are

also present, and with both tradable and nontradable observed risk factors.

TA.3.1 Estimation of APT: Case of Asset-Specific Pricing Errors

In this section, we consider the case of asset-specific only pricing errors, i.e. pricing errors unrelated
to omitted risk factors (p = 0), which we estimate using (pseudo) maximum likelihood (ML). The
(pseudo) ML is a natural estimator for our model when the first two moments of asset returns
are specified correctly, although distributional assumptions (such as normality) are not required

except for efficiency. The (pseudo) ML estimator maximizes the unconditional joint distribution of

( ;é ) = ( E ) — 7¢1n K which, assuming i.i.d. error term &; for simplicity, equals'!
t

T
L(6) = — flog(det (En)) % > ( —ay - Bfo)lijvl (rf — Gy — Bfo)
t=1

- log(det % ZT: <f ) (ff - 5\), (IA9)

t=1

where 8 = (&y, vec(By)', vech(En), N, vech(2)')".V Therefore, the ML estimators for ax, By
and X coincide with the OLS estimators denoted here by é, conditional on the realization of the

factors. The ML estimators for A and €2 are the sample mean and covariance of the factors ff.

However, because the APT restriction is not guaranteed to hold for an arbitrary dap:, one
should consider the maximum-likelihood estimator subject to this restriction. Moreover, with the
parameter ay constrained by the APT restriction, imposing such a constraint may lead to a more
precise estimator of the true parameter values compared to the unconstrained estimator 6. In the
general case presented in the next section, , where one allows for both omitted pervasive risk and
asset-specific risk, imposing the APT restriction leads to identification of the APT parameters, in

particular for ay and Apigs.

iNotice that we have expressed the joint distribution as the product of a conditional distribution and a marginal
distribution. Relaxing the i.i.d. assumption requires specification of time-varying conditional means, conditional
variances, and conditional covariances.

VHere det(-) denotes the determinant, vec(-) denotes the operator that stacks the columns of a matrix into a single
column vector, and vech(-) denotes the operator that stacks the unique elements of the columns of a symmetric matrix
into a single column vector.
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Proposition TA.1 (Parameter estimation by imposing asset-pricing restriction: Case for asset-spe-
cific pricing error). Suppose that the vector of asset returns, ry, satisfies Assumption 3.1. Then

0)Lc = argmax L(é) subject to d'NflfvldN < Oapt;
]

where L(0) is defined in (IA9). If (Zthl ftft’) is nonsingular, then 0y = (& mres vee(By mwc),

!/

Uech(ﬁ]MMLc)’, S\’MLC, Uech(QMLc)’) exists, where

QN MLC = [1_“7\1 - BN,MLCE'E} , (IA10)

14+ &pmre

T T 1
ngﬂAiL(? = (i:g:: fth) ( jg::f}f;) ) and
t=1 t=1

T
. 1 A L .
XN MLc = T Z(I‘t — By mrcf) (@ — By uncfi),

t=1
in which farro > 0 is the optimal value of the Karush-Kuhn-Tucker multiplier, £¢ = T—! Zthl fe, vy =

—1 T e h _ e 1 re M — e
Ty, rf, £ = ff 7(1+I%MLc)f , Iy = 1§

mf‘?\,, and the MLC estimators, Aypc and

vech(QMLc), coincide with the sample mean and sample covariance matrix of the factors f;.

Proof. The formulae for &y mic, B ~MLc and ) ~mLc follow from solving the first-order condi-
tions associated with the Lagrangian problem:

{0110, i} = argmax argmax L(6) — FANER GN — Sapt)-

K 7>0

Start with #p;c = 0. Then the MLC estimator for 8 coincides with the OLS estimator é, readily
obtained by setting Ao = 0 in the above formulae for éMLC, and one needs to evaluate whether
dQVZA];Vld N > Oapt- If the latter inequality holds, Ayrpc = 0 violates the complementary slackness
condition and can be ruled out. Alternatively, when d’]\,f]]_vld N < Gapt, then we evaluate L(é) and
then consider the case in which Ry;.c > 0. In particular, by solving the first-order equation for
anmc and Ryrc sequentially, one gets:
. _ 1. R _
r% — Byanof*| S35 — Browcf?|

(14 Aure)? = : (IA11)
5apt

and now the case where kj;.c > 0 is feasible only when the right hand side of the above equation is
bigger than one. When this occurs, then one evaluates L(Byrc). Note that, by (IA10) and (IA11),

an vc will satisfy the constraint exactly, that is le,MLCE;V,lMLcd N,MLC = Oapt, by construction.

Incidentally, note that the estimates of B ~MLc and b)) ~MLc are function of Appc so a (simple)
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iterative procedure is required. Alternatively, if the right hand of the above equation side is smaller
than one, then the case iy > 0 is ruled out by the complementary slackness condition, and one
retains the OLS estimator 6. Finally, when both cases cy,c = 0 and Ry;c > 0 are feasible, one
simply needs to compare L(0) with L(yirc), and select the corresponding estimate (either 8 or
éMLC) that maximizes the log-likelihood function. However, in most cases, either Ky = 0 or

kavrpe > 0 is feasible, but not both, simplifying the solution of the Karush-Kuhn-Tucker problem.

Finally, for Avrc and e, one obtains precisely the sample mean and sample covariance

matrix of ff. [ |

TA.3.2 Estimation of APT: The General Case

We now explain how to estimate the APT allowing for both tradable and nontradable factors, and
for both asset-specific pricing errors and pricing errors arising from omitting pervasive risk factors.

Assume that
ri 1 =ay +BinA + i1 — E(fiq1)) + Banty ) + €441, with

ay =ay + AyAmiss and  var(eq1) = AyAly + Cy,

where we set By = (Bin,Ban), Q@ = var(fi1), fiv1 = (f],1,f5/,,)’, with fi;,1 denoting the set
of K1 nontradable observed factors and f5,  ; the set of Ky tradable observed factors, expressed as
excess returns, where K = K7 + Ko. We assume that the missing factors are uncorrelated with
the observed factors. Given that f3, are excess returns on tradable assets, their risk premia satisfy
A2 = E(f5,) and, to avoid confusion with the risk premia of the nontradable assets A;, we will use

the expectation formulation for As.

The joint log-likelihood function takes the following form:

L(6) = — %log(det(ANA’N +Cy)) (IA12)

1

~ ~ _ ~ ~ ~ ~ /
5T > (rf — ANAnmiss —an — Bin (A1 + iy — E(f1y)) — B2Nf26t)

t=

x (AyAly +Cy) 7t (I‘f — AnAmiss — an — Bin( A1 + fir — E(fir)) — Bsz§t>

—

T

— %log(det(ﬂ)) - % t:l(ft — E(£))Q7L(f, — E(f)).

Without loss of generality, one can assume that the missing factors have unit variance, achieving
identification of A . However, it turns out that Ay and apn cannot be identified separately

unless the APT restriction is imposed, as shown in Proposition TA.2 below.

YThe estimator can be extended to the case of correlated observed and omitted risk factors; details are available
upon request.
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Proposition TA.2 (Parameter estimation of APT: General Case). Suppose that the vector of

asset returns, ry, satisfies Assumption 3.1 and that Mifeps — £6, is nonsingular, where X e e =

T 585 and £,° =TS 5. Then

éMLC = argmax L(é) subject to 515\;2]_\,1511\7 < apt,
0

where L() is defined in (IA12), and yc = (A mros 5‘lmz‘ss,Mch 5‘/1,Mch E(f) e » EES) e
vec(AMMLC)’, U@C(BMMLC)', vech(CMMLC)’, Uech(QMLo)')’.

(i) If the optimal value of the Karush-Kuhn-Tucker multiplier satisfies fync > 0, setting

Dy = (AN, Bin), A= (N ises A1)

miss?
then, using @ to denote the Kronecker product,

. - . -1 N
U@C(BQJ\LMLC) = <(2f26f§ X IN) — (f;fzel &® GN)> vec(zhfs — GNthge ), (IA13)

3 A &1 2 —19y S —1 » ; 7
Avre = Oy ure Xy prePrmre)” Dy yre 2N,MLC’<hN — Bon,mrc £3 )

. 1 _ - A <
aN MLC = = (hN — Bon,mrofs — DN,MLC)\MLC>7

Rvrnoc +1

where EN,MLC = AN,MLCA/]V,ML0+ CN,MLC; Ehf2e =71 Zle htffé, BN =71 Zthl h; with

ht = I‘f — BIN,MLC(fIt — f‘l) and fl = T_l E;I“Zl flt; cmd

- 1 RMmLC
Gy = — Iy -
(Amrc +1) (Amrc +1

A o Sl P 1Ry a1
)DN,MLC(DN,MLCEN,MLODN,MLC) D\ vmre XN mre-

Note that ]ADN7MLC = (AMMLC, ElN,MLc) and CMMLC do not admit a closed-form solution and, as
before, E(ft)MLC and QLo coincide with the sample mean and sample covariance of the observed

factors f;.

(i) If the optimal value of the Karush-Kuhn-Tucker multiplier satisfies ko = 0 one can estimate

only ay = ay + Dy A but not the two components separately, and one obtains

an vrc =ty — Ban urcfs,

and the expression for vec(BzN’MLC) can be obtained by setting kyr.c = 0 in the terms that appear
in (IA13). The expressions for E(ft)MLc and Qe are unchanged, and, as before, the expressions

for the estimators of ]A)N,MLC and CN,MLC do not admit a closed-form solution.

Proof. Within this proof, for simplicity, we do not use the ~ notation to denote feasible parameter

values.
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Defining by 6 the MLC corresponding to & = 0, this is unfeasible whenever we have that

é?vflj\,lézv > d. Similarly, case Aprrc > 0 is unfeasible whenever,

A~

— al s Al 3 _1 _ al rs al 3
(I‘?v — Bonmrcf; — Dy e AMLC) YN MLC (r?\r — Bonmrcf; — Dy e AMLC) < Oapt

!
e B fe T ] S—1 e Fe T R
[I‘Rf*BzN,MLC f5—-DnN MLC )\MLO:| Xy MLC |:1'€N*B2N,IVILC f5—-Dn MmLC AMLC]

. When

because (1 + Ayro)? = 3

apt
both cases are feasible, the optimal value for the Karush-Kuhn-Tucker multiplier will be greater
than zero or equal to zero, depending on which case maximizes the log-likelihood, namely de-
pending on whether L(éMLC) or L(é) is largest, respectively. Note that when xp;rc > 0 then

~/ SN—1 A _ .
aN,MLCEN,MLCaN,MLC = 0apt by construction.

We now derive the formulae for the estimators. Assume for now that case & > 0 holds. Dif-
ferentiating the penalized log-likelihood with respect to A, ay, and the Lagrange multiplier , the
first K* + N equations, setting K* = p + K1, (after some algebra) are:

( DyN'Z )(f B fe> _ ( D\ =Dy D\ = )( AMLC,MLC )

In N N2 Dy (1+ &ymre)In aymvre /’
where recall that ¥y = AyA’y + Cy, and noting that all the expressions above and below are
left as function of the feasible values for Cy and Dy (as opposed to their MLC values). It
is straightforward to see that, because of the APT restriction, A and ay can now be identified
separately, as long as Rypc > 0. In fact, the above system of linear equations can be solved
because the matrix pre-multiplying )A\MLC and ay mrc is non-singular for every Ayrc > 0, leading

to the closed-form solution:

Suitc = (D3 D) DS (5 — Box 5, (1A14)
1 _ )
avure = ———— (5 — Bavfs — DyA). (IA15)
Ryvre +1

Turning now to the first-order condition with respect to the generic (a, b)th element of Boy mr1c,

denoted by By, with 1 < a < N, 1 < b < Ky, one obtains

_ 0Ban ML

£5,) =
aBQab 2t) 07

T
1 _ . -
~7 § (rf — ANAniss —ay — Bin(A + i — f1) — B2N,MLCf26t> =

=1

which can be re-arranged as
Yrepe — (AN + ANAmiss + BinvA)fs — Bin(Sppe — fufs') — BQN,MLCfoer =O0nNxK,-
Now, inserting (IA14) and (IA15) into the above expression, setting

1 R
Gy=— 1 — D YDA TID S
N (:‘%—i—l) N+</%+1) N( N&N N) N4~N >
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and re-arranging terms yields

BonneSrers — GNBanv e f5 f5' = Spepe — Gar fs — Bin (S s — f1fs),

which can be rewritten more succinctly as %thzl 5,8, = Og,xn, with g = (ht — Gyhy —

BQ nuLcefs, + G NBQ MMLCF;). Taking the vec operator and solving for BQ NMLc gives the desired

expression in (IA13).

We need to show that a solution for ]A32N7MLC exists. This requires one to establish that the

matrix ((2 fefs @In) — (£S5 @ G N)) is invertible. This matrix can be written as

((Bpss 0 In) = (5 © Gw)) = ((Bpgps ~ B8 @ In) + (5 ' © (Iy — G))).

The first matrix on the right hand side is non-singular, given the assumptions made. One then
just needs to show that the second matrix is positive semi-definitive. In turn, this follows because

(In — Gy) is positive semi-definite, given

1 KMmLC /-1 —11y/ -1
In— Gy =Iy— - D »y'Dy) DT
N N=1Iy Gimrio +1) N 1+,%MLC) n(DyXy D) NN
A _ _ _
= (17 &)y — Dy (D' Dy) ' DY)
1+ AmLe
= (M sy (S - Sy DN (DY SR Dy) DY)
1+ AmLe

= (M ymywy Iy - 22Dy (D B D) DY E ) E
1+ AmLe

The right-hand side is the product of positive-definite matrices, namely 35 and E]_Vl/ 2, and of
the matrix Ty — £/ > Dy (D) S5 D)~ 'DyyE4"/%, which is the projection matrix orthogonal to

2]_\,1/ ’D ~, and therefore, positive semidefinite.

Therefore, plugging BQJ\LMLC = BQN(D ~, Cn) into Ave and aymMmLc, and then Aurc into

ay MLC, one obtains that

Baon e = Ban(Dy, Cn), Avwnc = A(Dw, Cyn), anarc = an(Dy,Cy), and & = #(Dy, Cy).

Substituting them into L(0) — k(ayXy'an — §), gives the concentrated log-likelihood function,
which is a function of only Dy and Cy and it will be maximized numerically to obtain D N,MLC
and CN,MLC- Observe that the penalization term vanishes for the concentrated log likelihood

function for either # = 0 and Ao > 0.
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(ii) Suppose now that & = 0. One can clearly obtain a unique solution for (D, IN)( é)\ > =
N

Dy + ay. However, to solve for X and ay separately, one needs to invert the matrix

( D=3} ) (Dy.Iy) = ( D)\ =y'Dy D)=y )7
Iy Dy Iy

which is not possible because it is of dimension (N + K*) x (N 4+ K*) but of rank N, because the

left-hand side shows that it is obtained from the product of two matrices of dimension (N +K*) x N.

Thus, only the sum D NA+ay can be estimated. All the other parameters are identified separately

and their expressions follow from differentiating L(€) and solving the resulting first-order conditions.

For instance, the formula for Boy follows from setting Gy = Iy into (IA13). [

IA.4 Evaluating Out-of-Sample Performance for Simulated Data

In Section 5 of the main text, we have compared the performance of the strategies developed in this
paper to that of the benchmark strategies for two empirical data sets. In this section, we compare
the performance for simulated data, which allows us to evaluate how the relative performance of

our strategies is influenced by changes in the data-generating process.

The data and experiment design are explained in Section 5.1 of the main text. Details of how
the model parameters are estimated are given in Section 5.2. The benchmark strategies we consider
are described in Section 5.3 and the robust-mean-variance portfolios whose performance we evaluate

are described in Section 5.4.

IA.4.1 Simulation Design

In our simulation analysis, to match the two empirical data sets we study (see Section 5.1 for
details), we consider the case in which the number of assets is N = 30 and N = 100, which allows
us to illustrate the effect of having a small and a large number of assets. Throughout all our

experiments, the investor assumes, and therefore estimates, a three-factor model:

r, = ay + Byf; + &4

We assume that the risk-free interest rate is zero and that the observed factors are uncorrelated
with an IID Gaussian distribution. We calibrate the distribution of the three factors to match the

mean and standard deviations of the three Fama-French factors, with the vector of means equal to

8 3 4 e 16 11 10
{12X100, 135100 12X100} and the vector of standard deviations equal to { Tox100° VI2x100° szl00}.

We consider an environment where the mispricing allows for a missing pervasive factor (p = 1)

and also a component unrelated to the pervasive factor; that is, ay = An Amiss +ay. Both ay and
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A are generated from an IID multivariate Gaussian distribution with mean Oy and covariance
matrices equal to 021y and O'%I N, respectively. We calibrate the values of these parameters using

estimates based on the DJ30 dataset, so the value of o, is set equal to % X and the value

__5
V12x100
6

of o4 is equal to m."i The monthly covariance matrix is ¥y = A NA'N + ag Iy, where &; is

IID with a multivariate Gaussian distribution with a monthly mean of 0 and a standard deviation

20
V12x100°

set the variance of the missing factor equal to one, which implies that the magnitude of the risk

of o, = Note that to ensure identification, just as in MacKinlay and Péstor (2000), we

premium Apiss coincides with the Sharpe ratio for the missing factor. Based on the estimate from

the DJ30 data set, Amiss is set equal to —=29—. Based on these parameter values, we consider 100

V12x100°
simulations and report results averaged across these simulations.

An important element of the estimation procedure is the choice of dap¢ that appears in the APT
constraint in (36). Ross (1976, p. 354) suggests constraining J,pt to be a multiple of the Sharpe ratio
of the market portfolio. Instead, we use the 5-fold cross-validation procedure in Hastie, Tibshirani,
and Wainwright (2015, Section 2.3) to identify dap¢, by maximizing the Sharpe ratio of the holdout
portfolio returns in the cross-validation approach. To ensure that there is no look-ahead bias, when

choosing d,pt we rely only on data in the observation window.

TA.4.2 Out-of-sample performance for simulated data sets

The performance metrics for the four benchmark strategies and the four strategies developed in
this paper for the data set consisting of monthly simulated returns for N = 30 and N = 100 stocks
are reported in Panels A and B of Table IA.1. Each panel reports, for each strategy, the mean and
Sharpe ratio of the per annum returns in excess of the risk-free rate. The table also reports the
improvement in Sharpe ratio of each strategy relative to the Sharpe ratio of the EW and MAXSER
strategies; for instance, when comparing strategy k to EW, we report (SRx—SRgw)/SRgw. Finally,
the table reports the t-statistic for the difference between each strategy’s Sharpe ratio and the
Sharpe ratios of the EW and MAXSER strategies. Given that the simulated data is generated

using normal distributions, we compute the t-statistic using the approach in Lo (2002)."1

We start by looking at the performance of the benchmark strategies reported in the first four

rows of Panel A.1 for the “base case” in Table TA.1. We see that the MV portfolio strategy achieves

ViThe value for o, is one third of the value used in MacKinlay and Péstor (2000) and, as we show below, using a
larger value of o, would lead to stronger results.

Vﬁ§peciﬁcally7 we construct the test statistic for the null hypothesis that SRx = SRo using the limiting distribution
of SR reported in Lo (2002, p. 38), where the standard error is given in his equation (9). Here SR; means the Sharpe
ratio associated with strategy k, while SRq is the Sharpe ratio associated with our benchmark (EW or MAXSER).
Thus, the t-statistic is (SRx — SRo)/ SEo, where SEy is the standard error under the null hypothesis obtained using
Lo (2002, eq. 38).
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an annual Sharpe ratio of 0.329, while that of GMV-LW is slightly higher, 0.395. The GMV-LW
portfolio is only slightly better than the MV portfolio because the number of assets is small. Even
though the number of risky assets for this data set is relatively small, N = 30, the EW portfolio
with a Sharpe ratio of 0.419 outperforms both of these optimizing strategies—as has been shown
before in the literature (DeMiguel et al., 2009b). The MAXSER strategy, developed in Ao et al.
(2019), outperforms all these strategies—it has a substantially higher Sharpe ratio of 0.835, which
is 99.2% higher than the Sharpe ratio of the EW portfolio.

We now compare the performance of our strategies, reported in the last four rows of Panel A.1
of Table TA.1, to that of the benchmark strategies described above. The strategy “RMV using V”
achieves a Sharpe ratio of 0.918, which is 119% greater than that of the EW portfolio and 10%
higher than that of MAXSER. The Sharpe ratio of the “RMV using V: OptComb” strategy, which
combines the alpha and beta portfolios optimally, is even higher, 0.932, which is 122.3% larger than
that of the EW portfolio and 11.6% higher than that of MAXSER, an increase that is statistically
significant (the t-statistic is greater than 4). The results for the other two strategies, “RMYV using
Q7 and “RMV using ©: OptComb,” are similar. In both cases, the Sharpe ratios are greater than
those of the EW and MAXSER strategies, with the difference being statistically significant (the
t-statistic is around 3); the difference is a bit smaller because replacing V with € works better

when N is large, as described below.

In addition to the “base case” in Panel A.1 described above, we look at five variations of the
data-generating process in Panels B to F of Table IA.1. Panel A.2 considers the case in which the
residual risk is 75% of its base-case value. In this case, the Sharpe ratios of the strategies that
rely on estimated mean returns improve."i The Sharpe ratio of the MV strategy improves from
0.329 in Panel A to 0.336 in Panel B. Much more striking is the improvement in the Sharpe ratio of
MAXSER: from 0.835 to 1.157. However, even in this setting, the four strategies developed in this
paper outperform MAXSER, with the t-statistic for the difference in Sharpe ratios ranging from

2.055 to 4.469.

Panel A.3 considers the case in which the standard deviation of ap, which represents the
cross-section dispersion of the pure pricing errors across assets, is 1.25 times its base-case value
in Panel A. In this case, the four portfolios developed in this paper outperform the EW portfolio
substantially, but the improvement in their performance relative to MAXSER is not statistically

significant.

Panel A.4 considers the case in which the standard deviation of A, is 1.25 times it base-case

value in Panel A. In this case, the performance of the MV portfolio deteriorates substantially, but

ViliThe Sharpe ratio of the unscaled EW portfolio does not change at all, but that of the EW strategy scaled to
achieve a particular level of volatility increases.
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that of MAXSER improves. However, the four strategies developed in this paper still outperform
EW, with a Sharpe ratio that is about 90% higher with the t-statistic for the difference in Sharpe
ratios being greater than 25. Our strategies also outperform MAXSER, with the t-statistic for the
difference in Sharpe ratios ranging from 2.314 to 5.380.

Panels A.5 and A.6 consider the cases in which the true risk premium on the observed factor,
A and the missing factor, Amniss, respectively, is set to 1.25 times its base-case value in Panel A.1.
Even in this setting, “RMV using V: OptComb” has a Sharpe ratio whose difference relative to all

the other strategies is statistically significant.

To understand how the performance of our strategies changes with the number of risky assets, we
now study the results in Panel B of Table TA.1, which is for the case of N = 100 stocks. Comparing
the results for the base case in Panel B.1 to those in Panel A.1, we find the performance of the
MV and GMV-LW strategies drops. As is well known, this is because the estimation problem
becomes more severe as the number of assets increases. On the other hand, the performance of
the EW and MAXSER strategies improves with N. However, the performance of the robust mean-
variance portfolios developed in this paper improves even more, which is because our theory applies
particularly well to the case of large N given that it is based on the APT. The robust-mean-variance
portfolios achieve a Sharpe ratio more than 175% higher than that of the EW portfolio (with t-
statistic greater than 49) and more than 30% higher than that of MAXSER, (with t-statistic greater
than 17).

In Panel B of Table IA.1, we can look at how the performance of the robust-mean-variance
portfolios varies as we change the parameters of the data-generating process when we have N = 100
stocks, just as we did in Panel A for the case of N = 30 stocks. Panels B.2 to B.6 of Table IA.1
show that in each case the results are much stronger than in the corresponding cases considered in
Panel A of Table IA.1. In all five panels, the Sharpe ratios of the robust-mean-variance portfolios
are about 150% higher than of the EW portfolio, with the t-statistic for the difference ranging from
40 to 95. When compared to MAXSER, the Sharpe ratios of the robust-mean-variance portfolios
are about 10% to 30% higher, with the t-statistic for the difference ranging from 6 to 33.

These results provide strong evidence that the robust-mean-variance portfolios deliver perfor-
mance gains out of sample that are economically substantial and statistically significant relative to
the strategies in the existing literature. These gains are particularly striking when the number of
assets is large, which is a case that traditional methodologies find especially challenging to handle.
In Section 5 of the main text, we show that the performance gains demonstrated in simulated data

are also present in empirical data.
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Table IA.1: Out-of-sample portfolio performance: Simulated returns

This table reports, for monthly returns of N = 30 assets (Panel A) and N = 100 assets (Panel B) generated via Monte Carlo
simulations, the performance of four benchmark strategies, and four strategies developed in this paper when the investor targets
volatility of 0.05 x v/12 = 0.1732 per year. The parameters for all strategies are estimated using a rolling window of T' = 120
monthly observations. For each strategy, the table reports its per annum return’s mean and Sharpe ratio. The table also reports
the improvement in the Sharpe ratio of each strategy with respect to the EW and MAXSER strategies; for instance, when
comparing strategy k to EW, SR wrt EW is (SR — SRgw)/SRgw. Finally, the table reports the t-statistics for the difference
between each strategy’s Sharpe ratio and the EW and MAXSER strategies.

Mean SR SR wrt t-stat wrt
p-a. p-a. EW MAXSER EW MAXSER

Panel A: For DJIA 30 constituents

Panel A.1: Base case

MV 0.168 0.329 —0.215 —0.606 —4.646 —25.538
GMV-LW 0.096 0.395 —0.058 —0.527 —1.251 —22.215
EwW 0.156 0.419 0.000 —0.498 NA —20.990
MAXSER 0.204 0.835 0.992 0.000 21.443 NA
RMYV using V 0.168 0.918 1.190 0.100 25.818 4.283
RMYV using V: OptComb 0.156 0.932 1.223 0.116 26.446 4.898
RMYV using Q 0.168 0.894 1.132 0.071 24.488 2.980
RMYV using ©: OptComb 0.156 0.908 1.165 0.087 25.283 3.759
Panel A.2: Low oc (0.75 x base case)

MV 0.240 0.336 —0.260 —-0.710 —6.068 —40.406
GMV-LW 0.144 0.385 —0.153 —0.668 —3.569 —38.019
EW 0.144 0.454 0.000 —0.608 NA —34.610
MAXSER 0.228 1.157 1.550 0.000 36.229 NA
RMYV using V 0.228 1.247 1.748 0.078 40.954 4.513
RMYV using V: OptComb 0.216 1.247 1.748 0.078 40.908 4.469
RMYV using Q 0.228 1.199 1.641 0.036 38.380 2.055
RMYV using €©: OptComb 0.216 1.233 1.718 0.066 40.242 3.834
Panel A.3: High o4 (1.25 X base case)

MV 0.204 0.391 —0.252 —0.648 —6.763 —35.606
GMV-LW 0.144 0.464 —0.113 —0.583 —3.093 —32.076
EW 0.144 0.523 0.000 —0.530 NA —29.101
MAXSER 0.216 1.112 1.126 0.000 30.255 NA
RMYV using V 0.216 1.136 1.172 0.022 31.559 1.254
RMYV using V: OptComb 0.192 1.129 1.159 0.016 31.071 0.784
RMYV using 0.228 1.109 1.119 —0.003 30.116 —0.134
RMV using ©: OptComb 0.192 1.129 1.159 0.016 31.198 0.907
Panel A.4: High oa (1.25 X base case)

MV 0.072 0.048 —0.919 —0.955 —28.025 —50.524
GMV-LW 0.096 0.513 —0.140 —0.519 —4.261 —27.499
EwW 0.144 0.596 0.000 —0.442 NA —23.371
MAXSER 0.204 1.067 0.791 0.000 24.123 NA
RMYV using V 0.204 1.133 0.901 0.062 27.421 3.195
RMYV using V: OptComb 0.204 1.174 0.971 0.101 29.677 5.380
RMYV using Q 0.204 1.112 0.866 0.042 26.511 2.314
RMYV using ©: OptComb 0.204 1.160 0.948 0.088 28.897 4.625
Panel A.5: High \ (1.25 X base case)

MV 0.168 0.319 —-0.471 —0.678 —14.190 —33.548
GMV-LW 0.120 0.565 —0.063 —0.430 —1.596 —21.270
EW 0.156 0.603 0.000 —0.392 NA —19.714
MAXSER 0.180 0.991 0.644 0.000 20.221 NA
RMYV using V 0.180 1.015 0.684 0.024 21.397 1.147
RMYV using V: OptComb 0.192 1.105 0.833 0.115 26.019 5.653
RMYV using Q 0.180 0.998 0.655 0.007 20.562 0.332
RMV using ©: OptComb 0.180 1.057 0.753 0.066 23.654 3.347
Panel A.6: High Amiss (1.25 X base case)

MV 0.192 0.436 —0.300 —0.564 —9.565 —28.164
GMV-LW 0.096 0.513 —0.178 —0.488 —5.672 —24.366
EW 0.144 0.624 0.000 —0.377 NA —18.834
MAXSER 0.192 1.001 0.606 0.000 19.307 NA
RMYV using V 0.192 1.025 0.644 0.024 20.474 1.138
RMYV using V: OptComb 0.180 1.046 0.678 0.045 21.614 2.250
RMYV using 0.168 0.980 0.572 —0.021 18.287 —0.995

RMYV using €2: OptComb 0.180 1.039 0.667 0.038 21.251 1.896




Mean SR SR wrt t-stat wrt

p.a. p.a. EW MAXSER EW MAXSER

Panel B: For S&P 500 constituents

Panel B.1: Base case

MV 0.144 0.048 —0.910 —0.957 —25.253 —53.635
GMV-LW 0.144 0.121 —0.776 —0.893 —21.525 —50.054
EW 0.120 0.540 0.000 —0.524 NA —29.380
MAXSER 0.300 1.136 1.103 0.000 30.588 NA
RMYV using V 0.300 1.510 1.795 0.329 49.794 18.448
RMYV using V: OptComb 0.288 1.566 1.897 0.378 52.639 21.181
RMYV using Q 0.300 1.496 1.769 0.317 49.083 17.764
RMYV using €©: OptComb 0.288 1.562 1.891 0.375 52.462 21.010
Panel B.2: Low oe (0.75 X base case)

MV 0.192 0.042 —0.934 —0.976 —29.930 —78.455
GMV-LW 0.144 0.128 —0.796 —0.926 —25.502 —74.460
EW 0.180 0.627 0.000 —0.640 NA —51.451
MAXSER 0.444 1.742 1.779 0.000 57.026 NA
RMYV using V 0.432 2.290 2.652 0.314 84.965 25.208
RMYV using V: OptComb 0.420 2.477 2.950 0.421 94.612 33.912
RMYV using 2 0.432 2.279 2.635 0.308 84.545 24.829
RMV using ©: OptComb 0.420 2.456 2.917 0.410 93.541 32.945
Panel B.3: High o4 (1.25 X base case)

MV 0.108 0.028 —0.957 —0.985 —31.652 —82.029
GMV-LW 0.144 0.111 —0.829 —0.939 —27.406 —78.236
EwW 0.120 0.648 0.000 —0.645 NA —53.751
MAXSER 0.408 1.826 1.818 0.000 60.164 NA
RMYV using V 0.396 2.099 2.241 0.150 74.142 12.488
RMYV using V: OptComb 0.384 2.252 2.476 0.233 81.986 19.496
RMYV using Q 0.384 2.072 2.198 0.135 72.644 11.150
RMYV using ©: OptComb 0.372 2.224 2.433 0.218 80.582 18.241
Panel B.4: High o4 (1.25 X base case)

MV 0.168 0.031 —0.952 —-0.979 —31.782 —70.052
GMV-LW 0.084 0.097 —0.852 —0.936 —28.374 —66.884
EW 0.120 0.655 0.000 —0.566 NA —40.501
MAXSER 0.300 1.507 1.302 0.000 43.557 NA
RMYV using V 0.312 1.635 1.497 0.085 50.101 6.084
RMYV using V: OptComb 0.300 1.708 1.608 0.133 53.808 9.532
RMYV using Q 0.312 1.649 1.519 0.094 50.808 6.742
RMV using ©: OptComb 0.288 1.690 1.582 0.122 52.947 8.731
Panel B.5: High A (1.25 x base case)

MV 0.016 0.038 —0.944 —-0.975 —32.672 —69.312
GMV-LW 0.024 0.177 —0.740 —0.882 —25.580 —62.700
EW 0.144 0.679 0.000 —0.546 NA —38.854
MAXSER 0.300 1.496 1.204 0.000 41.679 NA
RMYV using V 0.324 1.642 1.418 0.097 49.057 6.878
RMYV using V: OptComb 0.300 1.746 1.571 0.167 54.364 11.825
RMYV using 0.300 1.642 1.418 0.097 49.082 6.901
RMV using ©: OptComb 0.300 1.725 1.541 0.153 53.257 10.793
Panel B.6: High Apmiss (1.25 X base case)

MV 0.168 0.111 —0.831 —0.927 —27.714 —66.408
GMV-LW 0.084 0.201 —0.693 —0.867 —23.116 —62.134
EwW 0.120 0.655 0.000 —0.567 NA —40.649
MAXSER 0.324 1.510 1.307 0.000 43.734 NA
RMYV using V 0.312 1.673 1.556 0.108 51.981 7.666
RMYV using V: OptComb 0.312 1.808 1.762 0.197 58.969 14.161
RMV using Q 0.312 1.663 1.540 0.101 51.556 7.270
RMYV using €2: OptComb 0.300 1.777 1.714 0.177 57.377 12.681
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