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Abstract

How does labor market heterogeneity affect the transmission of monetary policy? To answer
this question, we develop a theory of non-Coasean labor markets with search frictions, idiosyncratic
and aggregate shocks, sticky wages, and two-sided lack of commitment. We formulate the strategic
interaction between workers and firms as a nonzero-sum stochastic differential game with stopping
times and characterize its equilibrium. We show how to use microdata on wage changes and job
transitions to identify the economy’s unobserved latent state, namely the distribution of wage-to-
productivity ratios. Based on this distribution, we provide sufficient statistics for the aggregate

response of employment and real wages to monetary shocks.
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1 Introduction

The classical idea that inflation “greases the wheels of the labor market” (Keynes, 1936; Tobin, 1972; Card
and Hyslop, 1997) forms the bedrock of many Keynesian theories: Due to nominal wage rigidities, real
wages are inefficiently high during recessions (i.e., following the realization of a sequence of negative
productivity shocks), which creates a role for monetary policy-induced inflation to bring real wages down
toward their efficient level. But Keynesian theories are usually silent on many important labor market
phenomena. For example, which jobs are saved, destroyed, or created through inflation? What is the
relative importance of worker quits and firm layoffs in the process of inflation-induced job reallocation?
And how does the transmission of monetary policy depend on labor market inequality, specifically the
distribution of wages and unemployment?

In an attempt to answer these questions, we build a theory of non-Coasean labor markets, which is
consistent with mounting empirical evidence of wages being less than fully flexible (Bewley, 2007; Hazell
and Taska, 2020; Grigsby et al., 2021; Blanco et al., 2022a). To this end, we depart from the canonical DMP
model (Diamond, 1982; Pissarides, 1985; Mortensen and Pissarides, 1994) of search and matching by
incorporating two additional frictions into worker-firm relationships. First, wages within job spells are
sticky and unresponsive to productivity shocks. Second, neither workers nor firms can commit to their
future decisions whether to dissolve or remain in a match. The interaction between productivity shocks,
wage rigidity, and two-sided lack of commitment gives a role for monetary policy to affect real labor
market outcomes. Our contribution is to provide a theoretical characterization of such a non-Coasean labor
market and to link the efficacy of monetary policy to empirically measurable objects in this environment.

Our analysis proceeds in three steps. In the first step, we characterize the equilibrium of a non-Coasean
labor market. Both a worker’s decision to quit and a firm’s decision to fire the worker depend not only
on the current wage and productivity but also on dynamic strategic considerations, which we formulate
in a nonzero-sum stochastic differential game with stopping times. We show that an agent’s choice
to remain in a presently unprofitable match is relatively less attractive under lack of commitment. In
the second step, we show how to identify the unobserved latent state of the non-Coasean labor market from
microdata. We provide an identification result to infer the unobserved latent state of the economy, namely
the steady-state distribution of workers” wage-to-productivity ratios, from microdata on wage changes
and worker flows between jobs. Indentification of the latent state relies on a sequence of intuitive links
between our theory and the data. For example, if the between-job wage differentials are larger in absolute
magnitude, this intuitively indicates greater deviations of wages from productivity arising during job

spells. In the third step, we analyze the macroeconomic consequences of non-Coasean features of the labor market.



A key insight emerging from this analysis is that labor markets and the macroeconomy are tightly linked
to one another. Specifically, we find that the transmission of monetary policy to employment depends
on the prevailing inflation regime. We show that in stable economies with low trend inflation monetary
shocks do not affect aggregate employment, despite wages being allocative at the micro level. Deviations
from low and stable inflation lead to an increased responsiveness of the labor market to aggregate shocks.
We theoretically explore the mechanisms behind these effects and provide sufficient statistics for their

magnitude. Next, we describe each of the three steps in more detail.

Step 1: Characterizing the Equilibrium of a Non-Coasean Labor Market. Our study remains analyti-
cally tractabe by leveraging the powerful tools of optimal control in continuous time. The model labor
market is populated by continua of workers and firms. A worker’s income depends on their employment
state and their idiosyncratic productivity, which follows a Brownian motion with drift. Employed workers
receive a wage, while unemployed workers derive consumption from home production. Output in
both employment states depends on a worker’s productivity. Job search is directed, as in Moen (1997),
and segmented across submarkets according to the wage rate and productivity. In each submarket, a
set of homogeneous firms post vacancies to recruit workers. Existing matches become obsolete at an
exogenous Poisson rate. In addition, worker-firm relationships are characterized by two key frictions.
First, contracted wages are fixed within a match. Second, neither workers nor firms can commit to future
actions. Together, the two key frictions give rise to the distinguishing feature of our theory: endogenous
job separations that can be unilaterally initiated by either the worker or the firm.

The strategic interaction between workers and firms has three features. First, agents in a match play
a dynamic nonzero-sum game since one party’s payoffs from continuing in the match depend on the
other party’s future actions, and the joint value of a match is greater than the sum of the two agents’
outside options. Second, agents’ payoffs are stochastic due to fluctuations in worker productivity. Third,
agents’ strategies consist of stopping times, which define the stochastic arrival of unilateral job dissolution.
In summary, the strategic interaction between workers and firms can be formulated as a nonzero-sum
stochastic differential game with stopping times (Bensoussan and Friedman, 1977).

Using the theory of optimal control in continuous time, we prove the existence of a unique block
recursive equilibrium. We analytically characterize workers” and firms’ decisions to dissolve a match,
which we show are functions of only a single state variable, namely the wage-to-productivity ratio. Agents’
optimal policy functions reflect both static and dynamic considerations. In terms of static considerations,
workers” and firms’ respective value functions depend on their flow payoffs and flow opportunity

costs from being matched. In the special case when the discount rate tends to infinity, agents behave



myopically. In this case, job separations occur either if the wage-to-productivity ratio falls below a
threshold that depends on the efficiency of home production, in which case the worker quits, or if the
wage-to-productivity ratio rises above unity, in which case the firm fires the worker. More generally, both
sides of a match solve a dynamic optimization problem that leads them to optimally delay job separation
beyond the stopping time dictated by static considerations. For example, firms continue in a match
beyond the time when the wage-to-productivity ratio falls below unity, either because future productivity
may increase due to its stochastic component (i.e., the option value effect) or because productivity may have
a positive drift (i.e., the anticipatory effect). Analogously, workers continue in a match either because of
the option value of productivity falling stochastically or in anticipation of productivity’s negative drift.
Surprisingly and unlike in other model contexts, these option value effects are bounded and finite due to

the match relationship being characterized by two-sided lack of commitment.

Step 2: Identifying the Unobserved Latent State of the Non-Coasean Labor Market from Microdata.
In theory, knowing the distribution of wage-to-productivity ratios is key for measuring the prevalence
of inefficient job separations through the lens of our model. In practice, although wages are commonly
available in appropriate microdata, individual workers” productivity levels are not directly observed. To
get around this challenge, we use our model to derive a mapping between the unobserved prevalence of
inefficient job separations on one hand and observed labor market outcomes on the other hand.

To this end, we proceed in four steps. First, we recast agents’ state variable—the wage-to-productivity
ratio—in terms of the negative of the cumulative productivity shocks since the beginning of the employ-
ment spell. We show that this alternative choice of state variable delivers an equivalent representation
of both workers” and firms” problems. Second, we identify the parameters governing the stochastic
process of idiosyncratic productivity from data on wage changes between employment spells. To achieve
this, we exploit properties of continuous-time stochastic processes as summarized in Doob’s Optional
Stopping Theorem. Third, exploiting the structural features of the model, we recover the distribution
of cumulative productivity shocks from observed wage changes between employment spells, given
the already-identified stochastic process of idiosyncratic productivity. Fourth and finally, we derive
a Kolmogorov forward equation guiding the evolution of the distribution of cumulative productivity
shocks, which we show incorporates all the relevant information needed to quantify the prevalence of

inefficient job separations in the economy.

Step 3: Analyzing the Macroeconomic Consequences of Non-Coasean Features of the Labor Market.

Our model highlights two distinct ways in which aggregate shocks can impact the distribution of



employment in the labor market. The first way is by changing the size of the match surplus (i.e., the
surplus channel). The second way is by changing the way the match surplus is split between workers and
tirms (i.e., the redistribution channel). Because the first channel is the standard one considered in myriad
previous studies of labor markets, and also because the allocativeness of wages is our novel focus here, we
restrict attention to the effects of the redistribution channel on employment across workers. To this end,
we extend our model to a monetary economy, in which wages are nominally sticky while the aggregate
price level fluctuates. Since changes in money supply translate one-for-one into inflation and nominal
wages are rigid, monetary shocks redistribute the match surplus between workers and firms in existing
jobs by moving real wages.

In such a monetary economy, we characterize analytically the transition dynamics of aggregate
employment and the average real wage following a one-off monetary shock. On impact, a monetary shock
causes real wages of incumbent workers to fall, while the real wages of new hires from unemployment
remain constant as their nominal wages adjust one-for-one with inflation. Consequently, the labor market
undergoes an adjustment in employment driven entirely by changes in the job separation rate due to
increased quits by workers and decreased layoffs by firms. Following such an adjustment, the economy
converges back to the previous steady state, with nominal wage growth compensating for the one-off
increase in the aggregate price level.

We quantify the effect of a monetary shock on aggregate employment and real wages, relative to their
steady-state values, by computing the cumulative impulse response (CIR) as the area under the respective
impulse response function, building on the seminal work of Alvarez et al. (2016) and Alvarez et al. (2021)
in the product pricing literature. With flexible wages among new hires, the CIR of wages is linked to
the variance of cumulative productivity shocks during employment and the covariance of cumulative
productivity shocks with the tenure of employed workers. These two moments reflect both the response of
employed workers to idiosyncratic productivity shocks in the steady state and also the response of average
wages to an aggregate shock. The CIR of employment depends on the steady-state unemployment rate,
the average of cumulative productivity shocks in employment, and the average drift of productivity in
employment—three objects that with the help of our theory can be inferred from the data. We provide
economic intuition behind these results and explore special cases of the model that shed light on the
different mechanisms at play. Finally, we highlight the importance of combining theory and microdata to
tease out the prevalence of inefficient job separations under non-Coasean labor contracts, which could go

undetected in aggregate time series data.



Related Literature. We highlight three contributions. Our first contribution is to embed a richer notion
of a labor market into a framework of aggregate fluctuations in the Keynesian tradition. This allows us to
study how inflation “greases the wheels of the labor market” (Keynes, 1936; Tobin, 1972). Previous work
by Card and Hyslop (1997) has taken a purely reduced-form approach to measuring the effects of inflation
on labor market adjustments to negative shocks. In contrast, our framework features wage setting,
hiring, quitting, and firing decisions all as equilibrium outcomes. On the other hand, Keynesian models
traditionally feature much simpler labor markets and often rely on the assumption of representative
workers (Erceg et al., 2000; Blanchard and Gali, 2010; Christiano et al., 2016; Schmitt-Grohé and Uribe,
2016). In comparison, our framework features worker productivity differences, wage inequality, and un-
employment risk. Our work complements the analysis in Hall (2005) and Shimer (2005a) by emphasizing
endogenous fluctuations in the job separation margin as a consequence of wage rigidity and aggregate
productivity shocks. In our framework, inefficient job separations arise as a result of both idiosyncratic
and aggregate shocks. In the models of staggered Nash wage bargaining by Gertler and Trigari (2009) and
Gertler et al. (2020), inefficient job separations may also occur whenever large enough aggregate shocks
take a worker-firm match’s wage out of the bargaining set. In practice, however, these papers ignore the
possibility of inefficient separations as they feature only aggregate (i.e., not idiosyncratic) shocks. In our
setting, the interaction between idiosyncratic worker productivity shocks, wage rigidity, and two-sided
lack of commitment gives rise to inefficient job separations and thus a role for monetary policy. We
show that such a framework has very different implications for the employment and output response to
aggregate shocks, compared to alternative frameworks in which all job separations are efficient.

Our second contribution is to analytically characterize the equilibrium of a frictional labor market
with aggregate and idiosyncratic shocks subject to wage rigidity. A technical challenge posed by this
environment concerns the discontinuities in agents” value functions, and thus the inapplicability of
standard dynamic programming results such as the contraction mapping theorem, due to dynamic
strategic considerations in discrete time. To overcome this challenge, we leverage the powerful tools of
optimal control in continuous time by casting the problem as a nonzero-sum stochastic differential game
with stopping times (Bensoussan and Friedman, 1977).! Similar continuous-time methods have recently
been employed by Bilal et al. (2021a,b) to tractably study firm dynamics with random matching and on-
the-job search. A distinguishing feature of our analysis is that it allows for the possibility of inefficient job
separations, which have been absent in previous work assuming full commitment (Moen, 1997; Acemoglu

and Shimer, 1999a,b) or one-sided lack of commitment (Shi, 2009; Menzio and Shi, 2010a,b, 2011; Schaal,

IRelated models of inaction are studied by Dixit (1991) and Sheshinski and Weiss (1977) in the context of price setting and by
Bloom (2009) in the context of investment. See also the overviews contained in Dixit (2001) and Stokey (2008).



2017; Herkenhoff, 2019; Balke and Lamadon, 2020; Fukui, 2020). While Sigouin (2004), Rudanko (2009,
2021), and Bilal ef al. (2021a,b) also study environments with two-sided lack of commitment, their analysis
remains tractable precisely because their assumptions lead to a privately efficient solution (i.e., all agents’
decisions maximize the joint value of a match) of the game between workers and firms. In contrast, our
focus explicitly lies on the privately inefficient solution (i.e., some of agents” decisions lower the joint
value of a match) under sticky wages.

Our third contribution is to import and extend the methods of sufficient statistics from heterogeneous-
agent models of inaction to a labor market setting. In the context of the product pricing literature, Alvarez
et al. (2016) link the CIR of output to monetary shocks to the ratio of the kurtosis and the frequency of price
changes. In related work, Baley and Blanco (2021a) characterize the CIR of output in terms of unobserved
steady-state objects, which they map to data on price changes. Alvarez et al. (2021) and ? extend this
theoretical result to general hazard models and multiple reset points, respectively. Before the current
paper, these tools have not been imported to the labor literature. To make this possible, we extend these
methods to tractably incorporate workers” endogenous transitions between employment states, which are

a central feature of our labor market model.?

Outline. The rest of the paper is organized as follows. Section 2 lays out the model environment, defines
an equilibrium, and characterizes equilibrium policies. Section 3 establishes the one-to-one mapping
between the model’s unobservable state variable and data. Section 4 describes the dynamic response of

aggregate employment and real wages to a monetary shock. Finally, Section 5 concludes.

2 A Model of Non-Coasean Labor Contracts

We develop a labor market model with search and matching in the spirit of Mortensen and Pissarides
(1994) with non-Coasean labor contracts in the form of sticky wages within a job spell and two-sided
lack of commitment—i.e., neither workers nor firms can commit to future actions. Our goal is to build
a framework of non-Coasen labor markets that can be used to study the two-way interaction between

monetary policy and labor market inequality.

2While our theory is developed in the context of labor markets, our methods are generalizable to alternative settings with
endogenous transitions between a discrete set of states, including firms’ entry and exit decisions, traders sorting across segmented
asset markets, and individual mobility decisions across geographic locations.



2.1 Environment

The economy is populated by a unit mass of workers and an endogenously determined mass of firms

who meet in a frictional labor market. Time is continuous and indexed by t.

Preferences and Technology. Both workers and firms discount the future at a common rate p > 0. Firms

are simply profit maximizers. Workers value an expected discounted consumption stream {C; }3° , with

E |:/ e_PtCt dt:| .
0

Without loss of generality, we assume that workers consume their flow income Y;. A worker’s flow

risk-neutral preferences:

income depends on her employment state E;, which can be either employed (/) or unemployed (u), and
the worker’s productivity level Z;. While employed, a worker produces an amount of a homogeneous
good equal to the worker’s productivity and receives flow income equal to a real wage W;, which we
assume is constant within a job spell. While unemployed, a worker receives flow income B(Z;) from
home production.

Henceforth, we use lower-case letters to denote the natural logarithm of variables in upper-case letters.

For example, z; denotes the log of the worker’s productivity and w; denotes the log wage.

Stochastic Process for Worker Productivity. A worker’s idiosyncratic productivity follows a Brownian

motion in logs and can be written as
dz; = ydt + o dWy,

where 7 is the drift, ¢ is the volatility, and WV} is a Wiener process. For the time being, we focus on
a stationary environment in which the only shocks are to idiosyncratic worker productivity, but we

introduce aggregate shocks in Section 4.

Search Frictions. Unemployed workers search for jobs in a frictional labor market. Search is directed,
as in Moen (1997) and Menzio and Shi (2010a), and segmented across submarkets according to the log
wage w and the worker’s log productivity z. In each submarket (w, z), firms post vacancies V at cost
K(Z;). Given U unemployed workers and V vacancies in a submarket, a Cobb-Douglas matching function
with constant returns produces m(U, V) = U apl-a matches, where « is the elasticity of matches to the

1—a

unemployment rate. Thus, a worker’s job finding rate is f(w,z) = m(w,z)/U(w,z) = 6(w,z)' " and a



firm'’s job filling rate is q(w, z) = m(w,z)/V(w,z) = 0(w,z) ", where 8(w,z) = V(w, z)/U(w, z) denotes
the market tightness in submarket (w, z). Existing matches can get exogenously dissolved according to a
Poisson process with arrival rate §,° or they can be endogenously and unilaterally dissolved by either the

worker or the firm.

Wage Determination. We assume that entry wages are competitively set, as in Moen (1997) and Menzio

and Shi (2010a), and constant throughout a match.

Agents’ Choices. An unemployed worker’s choice of a submarket (w, z) induces a stopping time 7",
which is distributed according to a Poisson process with arrival rate f(w,z). Once matched, the worker
chooses the duration of the match before quitting, summarized by the stopping time 7", while the firm
chooses the duration of the match before firing the worker, summarized by the stopping time 7/. Given
these two choices and the exogenous stopping time 7°, the actual duration of a match is determined by

the minimum stopping time in the vector " = (7", 7/, %), which we denote by " = min{t", v/, 7°}.

Value Functions. In what follows, we describe agents’ value functions, which depend on the worker’s
productivity z and, if matched, the match-specific wage rate w. In theory, value functions may also
depend on the aggregate state, which consists of the joint distribution of workers” productivity, wages,
and employment states. However, we show below that our model features a unique block recursive
equilibrium, as in Shi (2009) and Menzio and Shi (2010a,b, 2011)—i.e., equilibrium objects do not depend
on the distribution of workers’ idiosyncratic states. Thus, we omit the aggregate state in all notations.

The value of an unemployed worker with productivity z is

U(z) = max [y

{wf}ZO

Tll
/ e P'B(e*) dt + e’pTuH(wTu,zTu, ’?m(wTu,zTu))] ) (1)
0
That is, an unemployed worker searches for a job in submarket (w;, z¢) at time t < 7%, after which she

becomes employed at wage w« and receives the value of employment H(wx«, z¢,, T" (W, Z7u) ).

Given a vector of stopping times 7", the value of a worker employed at wage w with productivity z is

H(w,z, ") = Ey

/ e Ple® dt + ePT'”u(sz)] . (2)
0

That is, an employed worker consumes a constant wage w until time 7" when she either endogenously or

3This exogenous separation shock can be interpreted as a permanent shock to the productivity of the match that renders the
match unproductive forever.



exogenously transitions to unemployment. Similarly, given a vector of stopping times 7", the value of a

firm matched with a worker with wage w and productivity z is

/T e P [e* — "] dt] . (3)
0

That is, the match produces ¢, of which e® is paid to the worker until it gets dissolved at time 7.

J(w,z,T") = Ey

Free Entry. Firms, in choosing the number of vacancies to post in each submarket, trade off the benefit
of posting a vacancy—i.e., the product of the vacancy filling rate q(w, z) and the value of a filled vacancy
J(w, z, T"(w, z) )—with the vacancy posting cost. In each submarket, firms post vacancies up to the point

at which the marginal vacancy posting cost exceeds its expected benefits. Thus, free entry requires that
K(e*) —q(w,z)](w,z, 7" (w,z)) >0 V(w,z) (4)
and 0(w, z) > 0, with complementary slackness, for all (w, z).

Equilibrium Definition. Having described the agents’” problems, we are now ready to define an equi-
librium. Let 7 be the set of stopping times for a match with initial condition (z, w). We say that staying in
the match is a weakly dominating strategy for the worker given the state (z, w) if there exists a stopping

time T (z,w) € T such that Pr(t"*(z,w) > 0) = 1 and
H(w, z, Th*(w,z),rf, T‘S) > H(w,z, 1, T‘S), vttt e T,

with strict inequality for some /. Similarly, staying in the match is a weakly dominating strategy for the

firm given the state (z, w) if there exists a stopping time T/*(z,w) € T such that Pr(t/*(z,w) > 0) = 1 and

J(w,z, Th,Tj*(w,Z),T(S) > J(w,z, ™, 1'5), vt e T,

with a strict inequality for some Th.

Definition 1. An equilibrium consists of a set of value functions {H(w,z,T"), J(w,z,T"),U(z)}, a market

tightness function 0(w, z), and policy functions {t"* (w, z), U (w, z), w*(z:) } , such that:

1. Given U(z), (t"*(w, z), T/* (w, z)) is a non-trivial Nash equilibrium with stopping times (t", /) satisfying
H(w,z, Th*(w,z),rf*(w,z),r‘s) > H(w,z, Th,Tj*(w,Z),T(s), V(w,z) (5)

10



](w,z,rh*(w,z),rj*(w,z),75) > ](w,z,rh*(w,z),rf,r‘s), V(w,z) (6)

and Pr(t"*(z,w) > 0) = 1 (resp. Pr(t*(z,w) > 0) = 1) whenever staying in the match is a weakly

dominating strategy for the worker (resp. firm) given the state (z,w).
2. Given H(w,z, 7" (w,z)), U(z), and 6(w, z), {w* (zt)}tT:O solves equation (1).
3. Given J(w,z, T (w, z)), 6(w, z) solves the free entry condition (4).

Part 1 of Definition 1 requires that agents’ strategies form a Nash equilibrium in weakly dominating
strategies (see below the discussion of the equilibrium refinement). That is, the worker’s optimal quitting
strategy T/ is the best response to the firm’s firing strategy 7/*, and vice versa—see equations (5) and (6).
Our equilibrium definition rules out the trivial Nash equilibrium, in which both the worker and the firm
choose to dissolve the match immediately. Part 2 requires that unemployed workers” search strategies are

optimal. Finally, Part 3 requires that free entry holds.

Allocative Wages and Inefficient Job Separations. Here, we define two key concepts that play an
important role in our analysis. We refer to wages as ex-post allocative whenever they affect the expected
duration of the match, that is, whenever there exist w, w’ € R such that E[7"(w, z)] # E[T" (v, z)].
Relatedly, we refer to a job separation as inefficient whenever a match is dissolved in spite of a
positive joint match surplus S(w, z, T") := H(w,z,T") — U(z) + J(w,z,T"). In our setting, inefficient
job separations will be a consequence of non-Coasean labor contracts, which arise due to the interaction
between idiosyncratic worker productivity shocks, wage rigidity, and the two-sided lack of commitment.
The latter is reflected by the equilibrium definition: the stopping times depend on the history of shocks
and (7/, ") are optimal for every history. It is important to highlight that the ex-post inefficiencies (i.e.,
once the match is formed) generated by lack of commitment end up affecting the unemployed worker’s

FMm*

policies through H(w,z, T"*(w, z)) as well as the market tightness through J(w, z, T"*(w, z) ). Therefore,

lack of commitment affects both job-finding and job separation rates in the economy.

Homotheticity. Shocks to worker productivity affect agents” choices because they change the relative
values of three margins: wages while employed, w, home production while unemployed, B(Z;), and
vacancy posting costs, K(Z;), all relative to a worker’s productivity level Z;. In order to focus on the

margin pertaining to the relative value of wages, which is the main focus of this paper, we assume the

“Naturally, we require an agent’s stopping times to be measurable with respect to the agent’s information set (including the
entire history of shocks).
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search cost and unemployment income are homothetic in workers” productivity (thereby abstracting from

the other two margins). That is, B(Z;) = BZ, for B € (0,1) and K(Z;) = KZ; for K > 0.

Equilibrium Refinement. To intuitively explain the need for an equilibrium refinement, we temporarily
assume that time is discrete and that, with probability one, the match will be dissolved in the following
period. In any period of length dt, the game’s payoff is described in Table 1. Assume that current
productivity z is such that flow payoffs in the match exceed flow payoffs from the outside options—i.e.,
(¢ —e¥)dt > 0 and e“ dt + E,[eP4U(z')|z] > U(z). Under these assumptions, there are two Nash
equilibria: (i) one in which both agents choose to dissolve the match and (ii) one in which both players
decide to stay in the match. The first equilibrium does not survive the iterated elimination of weakly
dominated strategies: Independently of what the other agent does, it is weakly better to continue in the
match.

TABLE 1. PERIOD GAME

Worker stops Worker continues
Firm stops (0,U(z)) (0,U(z))
Firm continues (0,U(z)) ((e# —ev)dt, (e dt + E[e P U(Z)|z])

Notes: Discrete-time approximation of the game played between the worker and the firm under the assumption that in the next
period the probability of an exogenous separation is 1.

Finally, observe that, if we take the limit as dt — 0, we obtain the continuous-time versions of the

conditions that make continuing in the match a weakly dominating strategy. That is, if (e* —e”)dt > 0

and e dt + E,[e ?4U(2)|z] > U(z), then, as dt — 0, e? —e¥ > 0 and pu(z) < e¥ + 'yalé—(z) + %zazg;(zz)’

Z

respectively.

Discussion of Assumptions. With the goal of giving a clear exposition of the core mechanisms at play
in models with non-Coasean labor contracts, we make several simplifying assumptions that are not
essential for our undertaking but that would matter in quantitative work: full wage rigidity within the
match, homotheticity, and the lack of richer shocks and frictions. Regarding wage rigidity, for ease of
exposition, we completely abstract from wage adjustment within the job. An extension with infrequent
wage adjustments a la Calvo (1983) would be straight-forward and preserve the main insights from our
analysis. Regarding the hometheticity assumption, a worker’s wage and productivity could in principle
affect equilibrium outcomes in each submarket (e.g., job-finding and separation rates). This assumption
implies that equilibrium outcomes depend only on the wage-to-productivity ratio and. Therefore, we

abstract away from ex-ante heterogeneity in workers’ productivity. Finally, we omit several other relevant
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features such as match-specific shocks, firm heterogeneity, and on-the-job search, among others. Our goal
is to provide the first foundational framework upon which future work can build on and incorporate

these important extensions.

2.2 Equilibrium Characterization

Let u(z), h(z;w), j(z;w), and 6(z; w) denote the values of an unemployed worker, an employed worker,
a filled vacancy, and the market tightness function evaluated at equilibrium policies, where the index
w references the constant (log) wage. We now derive necessary and sufficient conditions for a block
recursive equilibrium. Our equilibrium characterization proceeds in two steps. In the first step, which
is standard in search-and-matching models, firms post vacancies to attract workers and workers search
for jobs. This problem is characterized by the Hamilton-Jacobi-Bellman (HJB) equation for unemployed
workers,

ou(z)

2 32
pu(z) = Ber o4 | T L)

Z +7 0z2

+max f(w, z)[h(z;w) —u(z)], )

and the free entry condition for firms, which requires that the equilibrium market tightness satisfies
K(e®) — q(w,2)j(z:0) > 0 V(w,2)

and 0(w, z) > 0, with complementary slackness, for all (w, z).

In the second step, which is the novel focus of this paper, a matched worker-firm pair plays a game
that determines the duration of the match before the worker quits and the firm lays the worker off. The
strategic interaction between workers and firms has three features. First, agents play a nonzero-sum game
since the value of a match e* exceeds the value of unemployment Be? for B < 1. Second, agents’ payoffs
are stochastic and move with productivity, which follows a Wiener process. Third, agents’ strategies
consist of stopping times. Thus, the strategic interaction between workers and firms can be formulated as
a nonzero-sum stochastic differential game with stopping times (Bensoussan and Friedman, 1977). To
characterize the equilibrium, we make use of quasi-variational inequalities—a methodological approach
that we import from the calculus of variations literature. We highlight that the application of these
state-of-the-art tools in the economics literature and the illustration of their broader value is an important
contribution of this paper.

Before stating the quasi-variational inequalities that characterize this problem, we describe the equilib-
rium conditions for a worker-firm match with the aid of Figure 1, which illustrates the equilibrium values,

outside options, and optimal policies for both agents.
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FIGURE 1. EQUILIBRIUM VALUES AND OPTIMAL POLICIES

‘_ h(zw) = jlzw) - u(z) - O‘ /
0<e?— 0 < e—o®
Cl (w)
Cl(w) >
z= (w) 2 () 2l () 2 (w)

Productivity, z

Notes: The figure plots the value functions of workers and firms for a given log wage w as a function of log productivity z.
The blue and red solid lines show the value functions for the worker and the firm, respectively. The blue and red dashed lines
show the opportunity costs for the worker and the firm, respectively. The firm’s optimal job separation trigger based on weakly
dominant strategies is % (w) := w. The worker’s optimal job separation trigger under weak dominant strategies is z*+% (w*)
and satisfies ¢ = Be? ™ (@) 4 f(ztd (w*); w*) [h(zt4; w*) — u(zT®?)]. The optimal job separation triggers for the worker
and the firm are z* (w) := sup,{z : h(z;w) > u(z)} and z~ (w) := inf;{z : j(z;w) > 0}, respectively. We use the following
illustrative parameter values: (7, , 0, %,K, 5, B) = (0,0.005,0.04,0.5,1,0.021,0.55).

The possibility that both the worker and the firm can unilaterally walk away from a match at any point
in time imposes lower bounds on the agents’ values h(z; w) and j(z; w). Formally, individual rationality of

the worker and the firm requires that

h(z;w) > u(z) Vz,
j(z;w) >0 Vz.

Let C"(w) denote the interior of the set of productivities for which the worker prefers to stay in the
match with wage w under our equilibrium definition. Importantly, this set is made up of two productivity
ranges: one in which both the firm and the worker opt to continue the match and one in which only the
worker prefers to continue the match (and, thus, the equilibrium refinement based on weak dominance

applies). Let C/(w) denote the analogous object for the firm.
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Agents’ Optimality Conditions. We now state the variational inequalities that characterize the worker’s
and the firm’s optimal policies for productivity levels inside and outside the other agent’s continuation
set. The HJB equation of a worker employed at log wage w with log productivity z € C/(w), for which the
tirm prefers to continue, is given by

. 2 32 .
o) = max for 4 2MEL) | FIMED) o g1u(z) (), pute)

This value satisfies i(-;w) € C!(C/(w)) N C(R); i.e., it needs to be continuously once-differentiable on the
continuation set and continuous everywhere. These continuity and differentiability conditions correspond
to the value matching condition and the smooth pasting condition, respectively, in the worker’s best response.
Importantly, the smooth pasting condition needs to hold whenever the worker has the choice between
staying or leaving the match (i.e., in the firm’s continuation set). Similarly, the H]JB equation of a firm
employing a worker at log wage w with log productivity z € C"(w), for which the worker prefers to

continue, is given by

9j(z;w) 2

o
0z 2

2500
j(zw) = max { — ety TR sjzru), o}.

Again, this value must be continuous and differentiable within the worker’s continuation set: j(-;w) €
C'(C"(w)) NC(R).

On the other hand, if any one agent chooses to dissolve the match, then the other agent receives the
value of the corresponding outside option. Therefore, the worker’s and the firm’s values of a match with

log productivity z and log wage w satisfy the following conditions:

h(z;w) =u(z) Vz e (Cl(w))S, (8)
j(z:w) =0 Vz € (C"(w))", )

where X¢ := R\X. Equations (8)-(9) define the game’s value matching conditions, which imply the

continuity of one agent’s value function at the boundary of the other agent’s continuation set.

Agents’ Continuation Sets. We now characterize the continuation set of each agent. Two conditions

characterize these sets. First, the match continues whenever both agents find it strictly optimal to continue
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in the match; i.e., whenever

h(z;w) > u(z) Vz,,
j(zzw) >0 Vz.

Second, each agent prefers to continue whenever staying in the match is a weakly dominant strategy. To
explain this last condition, note that, for any worker’s policy, the firm would weakly prefer to continue
the match if flow profits are positive (i.e., & —e” > 0). This preference results from the fact that, in this
scenario, current profits are positive and the firm’s continuation value is non-negative (because the firm

always has the option to fire the worker in the future). Therefore, the continuation set for the firm is
Cl(w) :=int{z € R: j(z;w) > 0ore* —e” >0}. (10)

Similarly, the worker’s weakly dominant continuation set includes all productivity levels for which the

sum of the current wage and the capital gains from unemployment is positive—i.e.,

. ou(z) = o?d%u(z)
h - . . w_ —
C"(w) := int {z €R:h(z;w) > u(z)or0 < e’ —pu(z) + v . + > 32 (- (11)
To provide the intuition behind this set, observe that from the HJB equation of the unemployed worker in
(7), we have that
du(z) = o?d%u(z) <
(U v (A Z . . -
0<e”—pu(z)+v 5 T 0<e (Be +m£xf(z,w)[h(z,w) u(z)]) :

flow opportunity cost

That is, if the current wage is larger than the flow value of quitting to look for a new match, then staying
in the current match strictly dominates quitting the job.”

Figure 1 describes the continuation set of each agent. The firm’s continuation set is given by C/(w) =
{z € (z7(w), c0)}. This set includes the range of productivities for which the firm makes positive flow
profits—z > z=wd .— w— and, therefore, it is weakly dominant to choose to retain the worker. Moreover,
the set C/(w) also includes the range of productivities for which both the firm and the worker find it
optimal to remain in the match despite flow profits being negative; i.e., z € (z~, z—wd ). Forz € (z7, z—wd ),

the firm’s continuation value is positive and large enough to compensate for current loses. A similar

intuition applies to the worker’s continuation set C" (w). We remark that the existence and uniqueness of

5Gee Chapter 10.1 and 10.3. in 2.
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such a threshold that characterizes the separation policy is a result that we formally show below, and not

an assumption.

Equilibrium Policies. The worker quits and the firm fires the worker at times 7" and 7/, respectively.
These stopping times denote the stochastic time at which productivity falls outside of the worker’s and

the firm’s respective continuation sets. Thus, agents” optimal stopping times are given by

T (w,z) = inf{t >0:z € Cl(w),z) = z},

" (w,z) = inf{t >0:z €CMw),zg = z} )
The optimality of workers’ search decisions implies that the competitive entry wage satisfies

w*(z) = argmax 0(z;w) % [h(z; w) — u(z)]. (12)

w

The following lemma shows that these conditions are necessary and sufficient to characterize a block
recursive equilibrium. We relegate all proofs to the Online Appendix.
Lemma 1. The policy functions {t"*, T/*,w*(z) } together with the value functions {U(z), H(w,z,T"), ] (w,z, T")}
given by (1), (2) and (3), and the market tightness function 6(w, z) form a block recursive equilibrium if and only if
{u(z),h(z;w), j(z;w)} satisfy equations (7)—(12) and

h(z;w) = H(w,z, ™ (w,z), 7*(w,z), T°),
j(zw) = J(w,z, ™ (w,z), 7" (w,z), T°).

Finding the State. To understand the dependence of equilibrium outcomes on the state variables, we
first note that we can recast the equilibrium conditions in terms of a reduced state space. Since the flow
income of unemployed workers and firms” vacancy costs are both proportional to productivity, Z, it
turns out that the relevant state variable for both workers and firms is the log wage-to-productivity ratio,
W := w — z. This result allows us to express agents’ values and policies as functions of the scalar @
instead of the duplet (w, z). To simplify notation, we define the transformed drift 4 := 7 + 02 and the
transformed discount factor p := p — v — 0?/2. The equilibrium characterization is summarized in the
following Lemma.

Lemma 2. Suppose that the functions (u(z), h(z;w), j(z; w),0(w,z)) satisfy the equilibrium conditions in (7)—
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(9), given the continuation sets C"(w) and C/(w) defined in (10)—(11). Then, the transformed value and market

tightness functions are given by

(U, J(w—2z), W(w —z),0(w—2z)) = <u(z) j(zw) , hzw) - u<z>,9(w,z)>

ez eF e?
equivalently characterize the equilibrium if the following conditions are satisfied:

1. The transformed value function of an unemployed worker, U, satisfies

pU = B + max 8(d) W (w), (13)

w
where the optimal choice of submarket for an unemployed worker to search in is * = w*(z) — z.
2. The lower bounds of the game’s values for workers and firms are: W() > 0 and J(%) > 0.

3. The variational inequalities for workers and firms are satisfied: Given
Ch:=int{weR: W(®) >00r0<e?—pU} and ¢ :=int{®w eR:J(®) >00r0<1—e"},

the transformed value function of an employed worker, W (), and that of a filled vacancy, [ (), satisfy

2 .
(b +8)W(®) = max { — ot~ AW (@) + LW (@), o} v e d, 14)
2
(0 +0)J () = max {1 —e? — 4] (@) + %f’/(w), 0} Yo e ¢ (15)

with W € C*(C/(w)) NC(R) and | € C'(C"(w)) NC(R), T* = inf{t > 0: @ ¢ CJ,wy = @*}. The
optimal stopping time are given by T = inf{t > 0: @; ¢ C",wy = &*}.

A

4. The value matching conditions are satisfied: W (@) = 0 Vo € (C/)¢, and J() =0 Vo € (C")°.

5. The free entry condition for O(t) is satisfied: K — 0()~*J () > 0 and §(@) > 0, with complementary

slackness.

The equilibrium conditions in Lemma 2 are transformed versions of those stated above and follow
similar intuitions. Equation (13) of Part 1 of the lemma encodes the payoff under the optimal log wage-to-
productivity ratio of newly employed workers. For an unemployed worker, the optimal wage w* trades
off the job finding rate §(@*)'~* with the value of employment W (z*). Part 2 describes the lower bounds

on agents’ transformed values. From equations (14)—(15) of Part 3, we can infer the thresholds that render
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the worker’s and the firm’s respective transformed flow payoffs negative. If ¢@ < pU then the worker’s
wage is below the flow value of unemployment. Similarly, if ¥ > 1, then the firm’s flow profits are
negative. Part 4 states the transformed value matching conditions. Finally, Part 5 states the transformed

free entry condition.

Equilibrium Existence and Uniqueness. Equipped with the equilibrium conditions summarized in
Lemma 2, we now demonstrate the existence and uniqueness of a block recursive equilibrium.
Proposition 1. There exists a unique block recursive equilibrium.

While the result stated in Proposition 1 is essential for any model with sticky wages and non-Coasean
labor contracts, it does not follow from existing results.Theorems for the existence of a block recursive
equilibrium with exogenous job separations in discrete time rely on Schauder’s fixed point theorem—
see, for instance, Menzio and Shi (2010a,b) or Schaal (2017). Two conditions are critical for Schauder’s
fixed point theorem to apply: continuity in the value functions and continuity in the mapping between
value functions characterizing the block recursive equilibrium. In the discrete-time version of our
model, idiosyncratic worker productivity shocks, wage rigidity, and two-sided lack of commitment
jointly generate endogenous job separations, which break the regularity conditions on which traditional
arguments rely. In contrast, our continuous-time setup gets around this technical challenge (e.g., value
functions are now continuous). Thus, we proceed with a new approach that leverages techniques from
the variational inequalities literature, which allows us to prove the existence and uniqueness of a block
recursive equilibrium. This is where the payoff of our continuous-time methods based on variational

inequalities lies.

2.3 Understanding the Mechanisms

Having described the equilibrium conditions, we proceed to characterize the mechanisms that drive

workers” and firms” equilibrium behavior.

Equilibrium Policies. Based on the transformed state variable @ and equilibrium conditions in Lemma
2, we can characterize agents’ equilibrium policies. Recalling the definition of the transformed state
variable @ := w — z, we postulate that there are exist optimal policies #~ < @* < @, where @™ is the
worker’s optimal job separation threshold, @* is the optimal search strategy at match formation, and
@7 is the firm’s optimal job separation threshold. We define the transformed surplus of the match as

S(w) := J(@) + W(#) and the worker’s share of the transformed surplus as 7 (®) := W(@)/S(@). The
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following proposition characterizes the properties of the block recursive equilibrium in its transformed
notation.

Proposition 2. The block recursive equilibrium has the following properties:

1. The joint match surplus satisfies
S(@) = (1-p)T (@,p), (16)

where

T??’l*
/ e Ptdt|wy = w] (17)
0

is the expected discounted match duration and 1 > pU > B.
2. The competitive entry wage W* coincides with the Nash bargaining solution with worker’s weight w:

= arg max {W(w)“i(w)l—“} = argmax {17(@)"‘(1 — 77(@?)))1_“7'(1?},(3)} , (18)

w

with optimality condition

N 1—u«a 7;?)(7’?)*/‘6)

’w*<"ﬁ - A):—AA. (19)
T G~ 1=w@) T 7w
Share channel Surplus channel

3. Given n(@*) and T (@*, p), the equilibrium job finding rate f(@*) and the flow opportunity cost of employ-

ment pU are given by
f@*) = [(1—n(@"))1-p)T(@",6)/K] *, (20)

pU =B+ (R (1 — (@)™ y(@)* (1 - pl1) T (2*,))". 1)

4. Assume v # 0 or o # 0. Given U, the worker’s and the firm’s continuation sets are connected, and the

game’s continuation set is bounded; i.e.

A

Ch={w: 0>} andl ={w:d <"}, (22)
with —co < W~ < log(pU) < 0 < @+ < co. The worker’s and firm's value functions satisfy smooth
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pasting conditions at @~ and @, respectively: W' (@) = (") = 0.

Starting with Part 1 of Proposition 2, equation (16) states that the surplus of the match is equal to
the product between the transformed flow surplus 1 — pU and the expected discounted match duration
T (@, p) defined in equation (17), which depends on the entry wage @* and the width of the match’s
continuation set (@, @"). Additionally, the flow opportunity cost of employment pU is bounded between
one (i.e., the transformed value of flow output in the match) and B (i.e., the transformed value of home
production). As 1 > pU, the joint match surplus is always strictly positive—thus, all endogenous job
separations are inefficient.

Equations (18)—(19) of Part 2 show that the competitive entry wage @* balances a share channel
and a surplus channel. Unemployed workers search for wages that are competitively set in a way that
coincides with the Nash bargaining solution with worker’s weight «, thereby satisfying the well-known
efficiency condition due to Hosios (1990). This result obtains due to the free entry condition, which
implies that a worker’s job-finding rate is proportional to the value of a firm. A larger initial wage
increases the worker’s share by n'(@*)a /7 (©®*) but at the same time reduces the job finding probability
by 1’ (@*)(1 — a) /(1 — y(@*)). This trade-off is reflected in the share channel and is standard in models
with directed search (e.g., Moen, 1997; Menzio and Shi, 2010a).

With allocative wages, a novel surplus channel arises. Intuitively, the surplus channel captures
the fact that the wage set at match formation affects the expected match duration and therefore the
expected surplus. The higher the entry wage, the sooner the firm will dissolve the match in expectation.
Conversely, the lower the entry wage, the sooner the worker will dissolve the match in expectation. Only
if To(0*,p) = 0 will the worker’s share of the surplus equal #(®*) = «a, as in efficient models with
nonallocative wages. These considerations are unique to our environment with allocative wages.

Part 3 characterizes the unemployed worker’s job finding rate (20) and the flow opportunity cost of
employment (21) as functions of the worker’s surplus share and the expected discounted match duration.

Part 4 shows that the continuation set of the worker and that of the firm (22) follow threshold rules
in the log wage-to-productivity ratio @. Workers refrain from quitting as long as @ > @~, while firms
refrain from firing the worker as long as @ < @*. Thus, the continuation set for the match is given by
("Nl = (®~,®F). These thresholds satisfy @~ < log(pU) and & > 0, reflecting the fact that both
parties are willing to accept flow payoffs below that from their respective outside option. Finally, the
smooth pasting conditions apply at the worker’s quitting trigger @~ and at the firm’s firing trigger @,

reflecting the optimality of agents’ continuation thresholds.
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Static Considerations. Before further characterizing the original dynamic problem, it is instructive to
consider equilibrium policies when productivity is fixed—i.e., v = ¢ = 0.° The following proposition
characterizes the static considerations in this case.

Proposition 3. Assume v = o = 0. Then, optimal policies are given by
(o, o, &) = log(pU, & + (1 — a)pU, 1),

with n(0*) = aand T (D*,0) =1/(p + 9).

Note that @~ < @* < @+ and @ = @* for the duration of the match, absent productivity fluctuations,
so there are no endogenous job separations. From this result, we see that lack of commitment and wage
rigidity by themselves do not generate any inefficient job separations. Absent productivity fluctuations,
agents’ behavior is privately efficient in that it maximizes the joint match surplus.

In addition to the forces outlined in this static example, two important dynamic incentives guide

workers” and firms’ choices, namely the option value effect and the anticipatory effect.

Dynamic Considerations I: The Option Value Effect. To understand the role of productivity fluctua-
tions in creating the option value effect, we assume away, for now, the drift of worker productivity—i.e.,
4 = 0. The following proposition characterizes the option value effect in this case.
Proposition 4. Assume § = 0 and o = 1/2. Then, to a first-order approximation, the optimal entry wage is given
by &* = log ((1+ pU)/2) and the job separation triggers satisfy &= = ©* + h(¢, ®) for some function h(p, P)
with ¢ := \/2(0 +0) /0 and ® := (1 — pU) /(1 + pU). The following properties apply:

1. h(e, ®) is decreasing in ¢ and increasing in P.
2. limgy 0 h(@, @) = 3P and limy .o h(p, P) = .
3. ¢h(g,®) is increasing in ¢.

Furthermore, the equilibrium surplus share is 5(@) = a« = 1/2 and the expected discounted match duration

1-2 (eqvh((m) + e—fph(fp@)) !

T (@, p) = P , (23)

is increasing in ¢ and ® and satisfies Ty (D%, p) = 0.
Proposition 4 demonstrates that idiosyncratic volatility, by itself, does not affect the split of the match

surplus between the worker and the firm. Such an economy is symmetric in the sense that 7 (%0, p) =0

®Observe that if ¥ = ¢ = 0, then the smooth pasting conditions do not apply.
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and (@) = a. Thus, a larger @* reduces the match duration by increasing the likelihood of a layoff
but increases the match duration by reducing the likelihood of a quit. Weighing both forces, 7 (-, p) is
maximized at @* = (1 + pU)/2 and 5(?*) = 1/2.

This result provides a tight characterization of the worker’s and the firm’s optimal policy functions,
which result in the continuation region of the match (@~, @) being symmetrically centered around
the optimal entry wage ©@*. Second, the width of the continuation region is increasing in the volatility ¢
and decreasing in pU (Part 1). The width of the inaction region increases with o due to the option value
effect: Although the worker’s productivity might be low today, the firm is willing to wait before firing the
worker in case productivity improves in the future. The width of the inaction region decreases with pU
because a higher opportunity cost of employment makes it less attractive to delay job separations.

The option value effect naturally arises in models of inaction. However, our model features a departure
from canonical models of inaction (e.g., Dixit, 1991). In those models, the width of the continuation region
typically grows unboundedly with the level of volatility . Instead, in our model, the width of the
continuation region has an upper bound (Part 2). To see the intuition behind this result, consider the
problem of a firm that finds itself in a match with negative flow profits. The marginal benefit from
remaining in a currently unprofitable match is that, with some probability in the future, productivity
increases enough to make the match profitable by rendering the wage-to-productivity ratio less than
unity. At the same time, inaction on part of the firm is risky: productivity may increase by a large enough
amount for the worker to choose to quit. Given the two job separation triggers, as the volatility goes
to infinity, the probability of remaining in the profitable part of the inaction region approaches zero.
Thus, the two-sided lack of commitment imposes an upper bound on the option value associated with
remaining in a match with negative flow profits.

The inefficiency generated by the lack of commitment also manifests itself in the expected duration
of the match given by equation (23). It is easy to see that a bounded option value effect (i.e., bounded
separation thresholds), as indexed by h(¢, @), implies a lower expected duration as the volatility of

productivity shocks increases (Part 3).

Dynamic Considerations II: The Anticipatory Effect. To understand the role of a nonzero productivity
drift in generating the anticipatory effect, we assume away, for now, the volatility of worker productivity—
i.e., 0 = 0—and focus on the case with weakly positive drift—i.e., ¥ > 0. The following proposition

characterizes the anticipatory effect in this case.
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Proposition 5. Assume o = 0and 4 > 0. Then, &~ = log (pU) and

w*:z?)_—l—T(

a+ (1—w)pl p+4 (1—04)(1—;3&))

U Y ou
where T(-) is increasing in the first arqument and decreasing in the second argument—see equation (B.36) in the

Online Appendix for its definition. Moreover,

1. If 4 = 0, then (T(), T(@*,p), (7)) — (log (L), 715 a).

2. If§ — oo, then T(-) — TH™mit, T(@*,p) — 0, and y(%*) — '™, where TH™* and y'™* are implicitly

defined as
R limit (1—«)(1—pEI) Flimit
o+ (1 — DC)pAu . e —1- ‘[)H (1 - ef'l"”“‘tfl)
pa - Tlimit ’

(24)

When productivity grows at a constant rate, the job separation trigger @~ equals the static opportunity
cost of employment since there is no value for the worker to further delay the separation. A novel
mechanism is embedded in the entry wage @* and, therefore, in the function T() From Proposition 5,
we can see that @* is increasing in the Nash bargaining target and also in the drift. We refer to the latter as
the anticipatory effect: Workers anticipate higher future productivity and modify their search strategy
accordingly. Two limiting cases illustrate this point.

As v — 0 (Part 1), the equilibrium entry wage @* is the same as in the case without drift; thus,
n(@*) = «. As the drift increases, the workers partially compensate for it by searching for a job with a
higher entry wage. Therefore, the average wage in the economy increases above the Nash bargaining
target—recall that @~ remains fixed. This results from the worker internalizing the trade-off that a higher
wage implies (i) a reduced job-finding rate and (ii) a lower frequency of inefficient job separations and,
thus, a longer expected match duration. As the drift increases unboundedly (Part 2), the entry wage w*
becomes unresponsive to the drift because the job-finding rate becomes so small that it starts to dominate
the trade-off. Finally, as we can see in (24), the anticipatory effect makes the worker’s share of the surplus
increase in the drift.

Relative to the case with no drift, the worker’s lack of commitment decreases the value of searching
for a job, which is captured by the null response of @w~ to changes in the drift. To understand this

result, assume that the worker commits to any given @~ and  — 0. Under these assumptions, the job
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separation rate is given by s = 4/ (w* — @~ ). Thus, the worker minimizes the frequency of inefficient
job separations by increasing the size of w* — @™, which is captured by the surplus channel. At the same
time, workers choose an entry wage that takes into account the trade-off captured by the share channel.
For a given @™, the worker has only the choice of @* to achieve two opposing objectives: increase @* to
avoid inefficient job separations (i.e., the surplus channel) or keep @* close to the Nash bargaining target
(i.e., the share channel). Thus, the lack of commitment distorts both the expected duration of the match

and the equilibrium job-finding rates.

3 Identifying the Microeconomic Implications of Allocative Wages

This section proceeds in two steps. First, we show that the prevalence of inefficient job separations in our
model critically depends on moments of the distribution of wage-to-productivity ratios @. Second, we
demonstrate how to use microdata on wage changes and worker transitions between jobs to recover the

unobserved distribution of wage-to-productivity ratios.

Notation. Our model has a set of testable implications. First, agents” policies imply transitions from
employment to unemployment at rate s, from unemployment to employment at rate f(®%*), and a
level of aggregate employment £. Second, the model predicts a joint distribution over the duration
of completed employment spells 7", the duration of completed unemployment spells ", and the log
wage change between consecutive job spells Aw. We denote the joint distribution of (™, 7%, Aw) with
I(t", T, Aw) and the marginal distribution of each variable with I"(t™), I*(t"), and I’ (Aw). Let D :=
{&€, s, f(@*), I(T", T, Aw)} summarize the model’s observable implications in the data. Finally, we
define T := 7" + 7" as the time elapsed between the starting dates of two consecutive jobs, and we use
Ep[-] to denote the expectation operator under the distribution (7", t, Aw) € D.

Before proceeding, it will be useful to find the minimum model ingredients needed to characterize
D. In principle, we could characterize D as a function of the joint distribution of workers” employment
states, wages, and productivities. In practice, given the parameters guiding the stochastic process of
a worker’s productivity, all that is needed to characterize D is the distribution of the negative sum of
worker productivity shocks since the beginning of a spell of employment or unemployment. We denote
this variable by Az and refer to it as cumulative productivity shocks. 7 Using cuamulative productivity shocks

as the state variable has three advantages: (i) it is unidimensional; (ii) it is well-defined during spells of

"Formally, the negative of cumulative productivity shocks of worker i at time t are Az;; := zit, — Zit, Where tg denotes the
beginning of the current spell of employment or unemployment. Note that this reflects the negative sum of productivity changes
since t.
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employment and unemployment; (iii) it follows a stationary distribution. By definition of Az, its law of
motion is given by dAz = —y dt + o dW}.

Let ¢"(Az) and g"(Az) be the distributions of Az across employed and unemployed workers, respec-
tively. The support of ¢"(Az) is given by [-A~,A*], where A~ := @&* — @~ and AT := & — @*. We
denote by [E;[-] and E,,[-] the expectation operators under the distributions g (Az) and g*(Az), respec-
tively. Let M = {¢"(Az),¢"(Az),y,c} denote the set of model objects sufficient to characterize D. Online
Appendix C provides the analytical mapping from model objects M to D in the data. Here, our goal is to
link M to the prevalence of inefficient job separations and to deduce the elements in M from objects D

that are measurable in labor market microdata.

Characterizing the Equilibrium Distributions of Cumulative Productivity Shocks g"(Az) and g*(Az).
The equilibrium policies (@, @*, @ ") together with the stochastic process guiding Az and the exogenous
job separation rate, determine the equilibrium distributions of cumulative productivity shocks g’ (Az)
and ¢"(Az). Due to the law of motion for Az being independent of the worker’s employment state, the

Kolmogorov forward equations (KFEs) for employed and unemployed workers are

08" (8z) = v(g")' (82) + U;(gh)”(AZ) YAz € (A7, AT)\{0}, (25)
f(@%)g" (Az) = 7v(g")'(Az) + (Tzz(g“)”(AZ) VAz € R\{0}. (26)

Here, ¢ is the exogenous exit rate of employed workers and f(@*) the job finding rate of unemployed
workers. Since the entry state for a newly employed or unemployed worker is Az = 0, the KFEs (25)—(26)
do not hold at this point, but ¢"(-) and g*(-) must be continuous there.

The boundary conditions impose a zero measure of workers at the borders of the support,

g'(-a7) =g"a") =0,
lim g¢"(Az) = lim g"(Az) =0.

Az——o0 Az—00

These distributions must also be consistent with (i) a unit measure of workers, and (ii) a flow balance

equation implying constant steady-state employment:

o0 AT
1= / " (Az)dAz + ¢"(Az) dAz, (27)
—0 —A~
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2
A\ (1 O} — A Iy T Iy

J@H(A-8) =0+ Azljrjg_(g)(AZ) Allergg(g)(AZ) : (28)
u-to-h flows

h-to-u flows

In equation (27), the unit measure of workers is composed of [ ¢"(Az) dAz = 1 — € unemployed and
[ _AZ, ¢"(Az) dAz = € employed workers. In equation (28), the mass of u-toh flows is f(@*)(1 — &), while
the mass of h-to-u flows is 6€ + ‘772 [lima,;a-(g")'(Az) — limp,4a+ (§")'(Az)]—i.e., the sum of exogenous
and endogenous job separations.

To summarize, equations (25)—(28), together with continuity of ¢*(Az) and g (Az) at Az = 0, constitute
the equilibrium conditions for the steady-state distributions of cumulative productivity shocks. Next, we
show that ¢ (Az) incorporates all the relevant information needed to quantify the prevalence of inefficient

job separations in the economy.

The Distribution of Cumulative Productivity Shocks in Employment ¢ (Az) is a Sufficient Statistic
for the Prevalence of Inefficient Job Separations. In our model, the ratio of the measure of endogenous
job separations s to the measure of all job separations s is given by
2 . .
s Fp [limazya-(8")(Az) — limaa+ (87)'(Az)]

= : . (29)

The numerator on the right-hand side of equation (29) is the share of employment resulting in endogenous
job separations, which are triggered by cumulative productivity shocks hitting the boundary —A~ from
above or the boundary A™ from below. Recall that, by Proposition 2, the match surplus is always strictly
positive in equilibrium, which implies that all endogenous job separations are inefficient. Therefore,
this ratio summarizes the prevalence of inefficient job separations in the economy. A challenge in
operationalizing equation (29) is that the distribution of cumulative productivity shocks in employment

¢ (Az) is unobserved. Next, we show how to recover this distribution from labor market microdata.

Inferring the Distribution of Cumulative Productivity Shocks in Employment ¢ (Az). A key insight
is that, given the parameters of the stochastic process guiding worker productivity, the distribution of
wage changes between jobs contains sufficient information to recover ¢" (Az) and therefore the prevalence
of endogenous job separations. We guide the discussion with the aid of Figure 2, which shows the
marginal distribution of wage changes between jobs I (Aw) (left panel) and the marginal distribution of
cumulative productivity changes in employment g (Az) (right panel). Each panel plots the respective

distribution for two extreme calibrations, one that renders almost all job separations endogenous (blue
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solid line) and one that renders almost all job separations exogenous (red dashed line).

If, on the one hand, most job separations are endogenous, then most separated workers experienced
cumulative productivity shocks during employment of either —A~ or A*. As a result, the probability mass
associated with positive wage changes between jobs is concentrated around —A~, and the probability
mass associated with negative wage changes is concentrated around A*. This results in a bimodal
distribution of wage changes between jobs, with additional dispersion around the two modes caused by
cumulative productivity shocks in unemployment.

If, on the other hand, most job separations are exogenous, then most separated workers experienced
cumulative productivity shocks in employment close to zero. Because the probability of finding a job
is independent of the shocks experienced during unemployment, the shape of the distribution of wage
changes between jobs mimics the distribution of cumulative productivity shocks in employment, being

symmetric and single peaked at zero.

FIGURE 2. DISTRIBUTIONS OF WAGE CHANGES BETWEEN JOBS
AND CUMULATIVE PRODUCTIVITY SHOCKS IN EMPLOYMENT

A. Distribution of wage changes between jobs, Aw B. Distribution of cumulative productivity shocks in employment, Az

— send/szl
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Notes: The figure plots the distribution of wage changes between jobs I (Aw) and the distribution of cumulative worker shocks
in employment gh (Az) for two calibrations. In the first calibration, we set (A, A%, v, 0,4, p(@*)) = (0.05,0.05,0,0.02,0,0.5)
so that s /s ~ 1 (blue solid line). In the second calibration, we set (A=,AT,y,0,6,p(@*)) = (0.2,0.2,0,0.1,0.04,0.05) so that
s /5 &~ 0 (red dashed line).

With this intuition in mind, we formalize the argument for the identification of ¢ (Az) in three steps.
First, we infer the drift v and volatility o of worker productivity from microdata on wage changes and
worker transitions between jobs. Second, we measure the job finding rate f(@*) and marginal distribution

of wage changes between jobs I”’(Aw) in order to deduce the CDF of cumulative productivity shocks
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conditional on a job separation event G (Az). Third, we recover ¢"(Az) along with g*(Az).

Step 1: Identifying the Parameters of the Stochastic Process Guiding Worker Productivity. A chal-
lenge in recovering the drift v and volatility o of the stochastic process guiding worker productivity lies
in the endogenous job separation of workers into unemployment. The following lemma shows how to
recover 7y and ¢ from observables D by use of Doob’s Optional Stopping Theorem.

Lemma 3. The drift oy and volatility o of the stochastic process guiding cumulative productivity shocks can be

recovered from D with

o IED[AZU]
~ Epl[t] ’ G0
0,2 — ]ED[(Aw — ,)/T)z] ) (31)

]ED [T]

Lemma 3 provides a mapping between the drift v and volatility ¢ of worker productivity and
measurable labor market objects. Equation (30) states that the drift of productivity 7 simply equals the
mean wage change between jobs Ep[Aw] divided by the mean time elapsed between the starting dates of
two consecutive jobs Ep[T]. Equation (31) shows that the volatility of productivity o equals the dispersion
of wage changes around the expected wage change between jobs Ep[(Aw — 7)?] divided by the mean

time elapsed between the starting dates of two consecutive jobs Ep[t].

Step 2: Identifying the Distribution of Cumulative Productivity Shocks Conditional on Job Transi-
tions. Having identified (v, o), we next characterize the distribution of cumulative productivity shocks
conditional on a job separation event G (Az). To understand how to identify this distribution, we first
turn to the dynamics of h-to-u and u-to-h worker flows. Consider a worker who at time ¢ty starts a job
with wage wy,, at time ty 4+ 7" separates, and at time tg + 7" + 7" finds a new job with wage w4 ¢m7u.

This worker’s wage change between jobs is given by

Aw = Wt0+~['ﬂ+-[“ — ZUtO, (32)
= wt0+T"’+T“ - Zto-i—Tm-i-T“ - (wto - Zto) + Zt0+Tm+T” - Zt()/ (33)
= 0* = o* = Az after h-u-h transition
= Zf)* — ZD* + Zt0+T'" —_ ZtO —|— Zt0+TI)l+Tll — Zt0+th. (34)
——— N ),
=0

Az|h-u transition starting from z;;  Az|u-h transition starting from Zig o

Equation (32) applies the definition of Aw. Equation (33) adds and subtracts z; , u .« — ¢, before

grouping terms into the wage-to-productivity ratio in the old job, the wage-to-productivity ratio in the
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new job, and the cumulative productivity shocks between the starting dates of the old and new jobs.
Finally, equation (34) adds and subtracts z;, = before applying the definition of @%* and that of Az. In
summary, equations (32)—(34) show that the wage change across jobs is equal to the sum of three random
variables: (i) the difference of entry wage-to-productivity ratios across jobs, which equals zero, (ii) Az
conditional on a job separation starting from productivity z;,, and (iii) Az conditional on finding a new
job, which is independent of the productivity z; for t in(to + t™,to + 7" + T"). Based on these arguments,
we derive the following proposition.

Proposition 6. The distribution of Az conditional on a job separation is given by

o2 dI®(—Az) v

S (AzZ) = — Y(—=Az) = [1—-LY(—Az
Gh(a2) = T B Ty - - 19 a2), )

where L™ (Aw) denotes the cumulative distribution function (CDF) corresponding to the marginal distribution

I (Aw).

Step 3: Identifying the Distribution of Cumulative Productivity Shocks in Employment. Given the
distribution of cumulative productivity shocks conditional on a job separation event G(Az) and " (Az),
we can recover the steady-state cross-sectional distribution of wage-to-productivity ratios in employment.

Proposition 7. Assume 7y # 0. The distribution of cumulative productivity shocks ¢"(Az) is given by

g'(Az) = f [ / (1-eH09) h(y)dy + G(-a7) 1 - e—?@”“}] . (36)

Proposition 7 provides the functional equation (36) that, when combined with equation (35), maps
I“(Aw) into ¢"(Az). Depending on the application, one needs to compute specific moments of the
distribution ¢" (Az). For example, the next section shows that the response of aggregate job separations
after a monetary shocks depends only on average tenure—which is directly measurable in the data—and
[E;,[Az]. Online Appendix D.5 shows how to recover the required moments of the distribution ¢"(Az)
using moments of the observed distribution of Aw.

We conclude this section with a brief discussion of the assumptions underlying the method described
in Propositions 6 and 7. The first assumption is the threshold nature of job separation policies, according
to which the job separation rate is equal to ¢ for Az € [-A~, A"] and infinite for Az € {—A~, A" }. This
assumption is not crucial, and it can be replaced with a general job separation hazard as in Alvarez et al.
(2020). The second assumption is the lack of other types of wage adjustments, such as those arising from

job-to-job transitions or wage adjustments within a job spell. This assumption could be relaxed following
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the methodology in Baley and Blanco (2021b). Finally, while we assume a particular stochastic process
for dAz;, this assumption can be empirically tested and adjusted if deemed necessary, as in Baley and
Blanco (2021a). For example, it would be straightforward to make the parameters of the productivity
process depend on the worker’s employment state. The critical assumption behind Propositions 6 and
7 is that we have sufficient information about g"(Az), the distribution of productivity changes during
unemployment. Given our model assumptions, this is indeed the case, as the lack of selection in job

finding and the pre-identified stochastic process for Az together yield the strong identification result.

4 Analyzing the Macroeconomic Consequences of Allocative Wages

How does the interaction between productivity shocks, wage rigidity, and two-sided lack of commitment—
which gives rise to inefficient job separations—matter for the transmission of monetary shocks? To answer

this question, we add money as a numeraire to the economic environment.

4.1 A Monetary Economy

We modify the baseline model in four dimensions. First, we introduce preferences over real money

holdings:

A

h M;
7pt . it
Eo [/t_oe <clt + pulog ( B, )) dt} , (37)

where M;; denotes a worker’s money holdings, P; is the relative price of the good in terms of money, and

u is a preference weight on real money holdings.

Second, workers face a budget constraint that reflects access to complete financial markets and
ownership of firms’ profits. Given a history of labor market decisions regarding job search, acceptance,
and dissolution, Im! := {Im;y},_,, a worker’s private income is y(Im!), which equals the nominal value
of the wage while employed and the nominal value of home production while unemployed. In addition,
each worker receives transfers of Tj; from the government and profits of a fully diversified portfolio claims
on the individual firms. On the spending side, a worker pays for consumption expenditures P;c;; and
the opportunity cost of holding money i; M;; at a given interest rate i; > 0. Letting Q; denote the time-0

Arrow-Debreu price under complete markets, the worker’s budget constraint is

Eo [/ . Qt (Preir + My — y(Im}) — Ty ) dt| < M. (38)
t

The worker’s problem is to choose a consumption stream {c; }{ , labor market decisions {Im;}{ , and
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money holdings { M;;}%, to maximize utility (37) subject to the budget constraint (38) at time 0.
Third, the economy is subject to shocks to the aggregate money supply M;. We assume that the log of

the aggregate money supply m; follows a Brownian motion with drift 7 and volatility {:
dmy = wdt + AW,

where W/" is a Wiener process. Because the aggregate money supply moves stochastically over time,
fluctuations in m; constitute aggregate shocks to the economy.

Fourth and finally, we assume that the vacancy posting cost K(Z;) and the value of home production
B(Zr) are both denominated in real terms.

Given these modifications, the market-clearing conditions for goods and money, respectively, are

1

1
/ cit + 0y 1[Ejy = u]K(Zy) di = /

= i=

Zit]l[Eit == h] + B(Zit)]l[Eit — l/l] dl, (39)
0
1 A
| dndi=m, (40)
i=0

where 1[-] is an indicator function that takes a logical expression as its argument. Equation (39) states that
the sum of real consumption and recruiting expenses must equal the total market and home production
of the good. Equation (40) states that the total demand of nominal money holdings across workers equals
the aggregate money supply.

The following proposition characterizes the worker’s problem in this monetary economy.
Proposition 8. Let Qy = 1 be the numéraire and assume y = p + 7w — {>/2. Then, Py = M; and the value of a

worker at time Q is

(o] l t
Vo = max Eg [/ e_pty(ml)dt] +k,
{Ima}i2, 0 Py

where k is a constant independent of the worker’s choices and the present discounted value of financial wealth.

Proposition 8 shows that the price level is equal to the aggregate money supply and that maximizing
(37) subject to (38) is equivalent to maximizing expected discounted real income. The result relies
on the following assumptions: (i) markets are complete, (ii) workers have quasi-linear preferences in
consumption, and (iii) the log of aggregate money supply follows a random walk with drift. The first
two assumptions imply a constant marginal value of nominal wealth, which combined with the last
assumption leads to a constant real interest rate and a one-for-one pass-through of money shocks to
inflation.

The introduction of a monetary economy requires minor adjustments to our previous solution ap-
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proach. Given fluctuations in the log price level p, the relevant state variable becomes the real wage-to-
productivity ratio @ := w — z — p. Similarly, we keep track of the negative of a worker’s cumulative shocks
to revenue productivity z 4 p since the beginning of the current employment or unemployment spell, which

we denote by Az.® By definition, @ = @* + Az and the law of motion for Az is

Az = — (y+ ) dt + o dWE + ¢ AW
All policies (@™, w*, ™) are expressed in real terms. Since productivity growth v and trend inflation 7t
symmetrically affect revenue productivity, without loss of generality, we set 7= = 0. Finally, let G(z, a)

denote the steady-state joint distribution of cumulative revenue productivity shocks z and tenure a of a

job spell. For any integers k,I € IN, we define the moments of this distribution as

E,(AZFa) E/ /Azkal dG"(Az,a).
Az Ja

4.2 Monetary Multipliers for Aggregate Employment and Real Wages

Starting from the steady state without aggregate shocks, so that { = 0, we consider a small, unantici-
pated, one-standard-deviation shock > 0 to aggregate money supply at time t = 0—i.e., log(My) =
lim4 log(M;) + . The shock leads to a one-for-one increase in the price level. We are interested in the
economy’s impulse response function (IRF) and cumulative impulse response (CIR) of aggregate employment

and real wages to such a monetary shock.’

An Illustration. Figure 3 shows the distribution of real wage-to-productivity ratios @ before and after
the monetary shock together with the IRFs of average real per capita wages w; := fol (L[E; = h]wi —
E;[@* 4+ Az]) di, the job-finding rate f; — fss, and aggregate employment & — &s;.

After the initial increase in the price level, the distribution of real wage-to-productivity ratios shifts to
the left (Panel A), leading to a sudden decrease in the aggregate log real wage (Panel B). Consequently,
the monetary shock affects both the endogenous job separation rate and aggregate employment (Panel
D). Given that the wages of new matches are critical for the job-finding rate (Pissarides, 2009), we study
two separate cases: flexible entry wages and sticky entry wages. With flexible entry wages, we assume

that unemployed workers fully adjust their search behavior to incorporate the higher price level, so that

8We choose this notation to avoid defining new objects. Below, we set 77 = 0; thus, steady-state moments of cumulative
productivity shocks are equal to the corresponding moments of revenue productivity.

9By the certainty equivalence principle, the impulse response function following a money shock departing from the steady-
state with steady-state policies is equivalent to the solution based on a first-order perturbation of the model with business cycles
fluctuations.
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FIGURE 3. IMPULSE RESPONSE FUNCTIONS OF LABOR MARKET VARIABLES

A. Dist'n of real wage-to-productivity ratios, @ B. Real wages per capita , @

— steady state -+ after C—shock‘ |

® @t | Time
C. Job finding rate, f; — f (") D. Aggregate employment, & — &,

Flexible Entry Wage | |

— Sticky Entry Wage

Time Time

Notes: Panel A shows the distribution of real wage-to-productivity ratios @ := log(W;;/(Z;;P})) in the steady state and after a
monetary shock of size {. Panels B, C, and D show the impulse response functions of the average log real per capita wage @, the
job-finding rate f; — fss, and aggregate employment & — &g, respectively. We use the following illustrative parameter values:
(v, 7,0,p,4,K,8, B) = (0,0.001,0.007,0.03,0.5,1,0.005,0.4).

©W* remains at its steady-state level. Thus, the real entry wage and the job-finding probability remain
constant (Panel C). The aggregate log real wage is affected by the shock only because the nominal wages
of workers already employed at t = 0 are rigid. Since entry wages adjust one-for-one with the price level,
the firm’s real value of a filled vacancy is unaffected, so that both vacancy-filling and job-finding rates
remain at their steady-state levels. Therefore, the employment effects are only driven by the effects of the
aggregate shock on endogenous job separations.

In the sticky entry wage case, we assume that unemployed workers do not adjust their search behavior
to incorporate the higher price level. In this case, the real entry wage reverts to its steady-state level
following the worker’s first job separation after the shock. Thus, after the shock, the real entry wage also
decreases, which induces firms to post more vacancies and the job-finding rate to increase (Panel C). As a
consequence, employment dynamics are driven by both the job-separation and job-finding rates. The
assumption of sticky entry wages is motivated by the empirical evidence in Grigsby et al. (2021), which

documents that new hire wages evolve similarly to incumbent workers within a firm at business cycle
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frequencies, and Hazell and Taska (2020), which shows that wages for new hires rarely change between
successive vacancies at the same job. Micro-founding this assumption is outside the scope of this paper.
Nevertheless, observe that since the steady-state entry wage is optimal, any perturbation around that level
has a second-order welfare effect on the worker. Thus, any first-order cost of wage adjustment would
replace this assumption as a result. There is abundant literature that provides a plethora of alternative
models to think about imperfect knowledge about aggregate shocks—we chose a simple one to focus on

our contribution.!” For alternative models of rigid entry wages, see Fukui (2020) and Menzio (2022).

Defining IRFs and CIRs. Our goal is to characterize the effects of a monetary shock on aggregate
employment £ and aggregate real wages @. To this end, we denote by IRF,(, t) the IRF for variable
x € {€,w} at time ¢ relative to its steady-state value, following a monetary shock ¢ at time 0. The IRF for
aggregate employment is

IRFg (g, t) == (‘:t - gss,
where & is the steady-state employment rate. Analogously, the IRF for aggregate real wages is

ot

IRF(C, t) = / Z?)[th(ZT)) - dGss(w)]f (41)

-

where G;(®) is the CDF of real log wage-to-productivity ratios at time t and G (@) is its steady-state
counterpart. It is worth noting that equation (41) implicitly makes use of the fact that the IRF of the
mean log real wage @ is identical to that of the mean log real wage-to-productivity ratio @, given that the
process governing a worker’s productivity is unresponsive to the monetary shock.

Following Alvarez et al. (2016), we define the CIR of a variable x € {&,®@} to a monetary shock  as

CIRL(7) = /0 " IRE(Z, 1) dt,

which measures the area under the IRF,({,t) curve for t € [0,00). The CIR summarizes the response
on impact and the persistence of the response of the labor market to the monetary shock in a single
scalar. Therefore, the CIR can be interpreted as a monetary multiplier. To illustrate the logic behind the CIR,
suppose that there are no nominal rigidities so that nominal wages of both newly hired and incumbent
workers respond one-for-one to the price level. In this case, IRFy({,t) = 0 for all t and thus CIR,({) =0

for x € {&€, W}, reflecting the fact that there are no real consequences of inflation. With nominal rigidities,

10A few examples are sticky information in Mankiw and Reis (2002), rational inattention in Woodford (2009) and Mackowiak
and Wiederholt (2009), dispersed knowledge in Hellwig et al. (2014), level-k reasoning in Farhi and Werning (2017), among many
others.
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an inflationary shock affects both employment and wages, the magnitude of which is reflected in the CIR.

Characterizing the CIR of employment. Now, we characterize the CIR of aggregate employment. The
tirst proposition relates the CIR to a perturbation of two Bellman equations describing future employment
fluctuations for initially employed and unemployed workers. The idea behind the proof is to exchange
the order of integration; we first integrate over time for a given worker and then integrate across workers.

Proposition 9. Given steady-state policies (0~ ,®*, ") and distributions (g"(Az), g"(Az)), the CIR is given by

CIR(() = / mep(A2)g" (Az +7) dAz + / e (Az,0)g" (Az + ) dAz,
CIR¢ of initially employed workers CIRg ofinitially unemployed workers

where the value functions mg ,(Az) and mg ,,(Az, () are defined as:

Tﬂl
me u(Az) = E / (1 — Es) dt + me ,,(Az,0)| Az = Az] , (42)
0
™(g)
e, (82,8) =E | [ (<80 di+ mey(-0)| Az =z @3)
0= / me n(Az)g" (Az) dAz +/ me ,(Az,0)8" (Az) dAz. (44)

with T (Q) being distributed according to a Poisson process with arrival rate f(d* — ().

The proposition shows that to characterize the CIR, we need to keep track of future employment
dynamics of initially employed and unemployed workers. When the shock arrives, the real wages of
initially employed workers decrease (since Azg = limyyg Az; — ¢, we have that the starting point is given
by the distribution g (Az + {)) affecting their future employment spells, which is captured by mg¢ ;,(Az).
During employment, the employed worker’s value function accumulates positive deviations from the
steady-state level (1 — &), and the unemployed worker’s value function accumulates negative deviations
from the steady-state level (—&). Thus, mg ;(Az) measures the cumulative deviations of employment
from its steady-state level conditional on being initially employed at revenue productivity Az. Similarly,
meg ,,(Az, ) measures the cumulative employment deviations from the steady-state level conditional
on being initially unemployed at revenue productivity Az and search for a job in submarket @* — .
Searching in submarket @* —  increases the job-finding probability f(@* — ¢) and also changes the wages
of new hires. Finally, since the Bellman equations (42) and (43) lack discounting (i.e., they simply count
non-discounted deviations), it is easy to show that they have infinitely many solutions. The unique

relevant solution is pinned down by equation (44), which requires that an economy that departs from the

36



steady-state and experiences no shock must have a null CIRg¢—i.e., CIR¢(0) = 0.

Next, we characterize up to first order the CIR of aggregate employment as a set of measurable objects
in labor market microdata. Specifically, we argue that certain moments of the joint distribution of tenure
and wages in steady-state are informative of the CIR. The key insight below is that the CIR of aggregate
employment, which is a summary statistic of its dynamic response, can be characterized only in terms
of steady-state cross-sectional moments. The intuition behind this result is that changes in a worker’s
idiosyncratic productivity and changes in the aggregate price level affect the real wage-to-productivity
ratio W /(Z;P;) of a match in symmetric ways. Therefore, the response of a match to productivity

changes in the steady-state is informative of the aggregate effects of changes in the price level.

CIR of employment with flexible entry wages. To facilitate the exposition of the analysis, we first
present the case with flexible entry wages. Proposition 10 characterizes the CIR up to first order.!!

Proposition 10. Assume flexible entry wages. Up to first order, the CIR of employment is given by:

CIRg(0)

YEp[a] + Ej[Az]
7 +

= —(1- &) M

0(g)- (45)

The conventional wisdom in macroeconomics is that fluctuations in the job separation rate are not the
main driver of aggregate employment dynamics (e.g., Shimer, 2005b). In the context of a monetary shock,
equation (45) points to conditions under which aggregate employment fluctuations due to endogenous
job separations can be small. More importantly, it also highlights the conditions for these effects to be
large. This new result, combined with Corollary 1 below, provides a guide to verify those conditions in
the data.

In light of this conventional wisdom, one might also be tempted to conclude that sticky wages cannot
lead to inefficiencies at the micro-level. However, equation (45) allows for a small CIR of aggregate
employment to a monetary shock despite the presence of allocative wages and inefficient job separations.
Thus, aggregate time-series data on job flows cannot be used as model discrimination devices between
theories of the allocativeness of wages or in assessing the prevalence of inefficient job separations at the
micro-level.

To build the intuition behind this result, we first consider the implications of equation (45) under
zero productivity drift, ¥ = 0. In two cases do the job separation rate and aggregate employment not
respond to aggregate shocks. In the first case, all job separations are exogenous and, therefore, the IRF

of the job separation rate is zero. In the second case, all job separations are endogenous but the mass of

UThat is, CIR(Z) = CIR.(0) + (CIRy)(0)Z + 0(Z2), where CIR,(0) = 0.
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additional worker quits due to lower real wages is exactly compensated by the mass of workers who
would have been fired by firms in the absence of the monetary shock. In both cases, the key sufficient
statistic referenced by equation (45) is E;[Az] = 0.

Importantly, the sufficient statistic in equation (45) captures more than the on-impact response of
endogenous quits and layoffs. Rather, it measures the response at all times along the IRF. Therefore, the
relative mass of workers near the two job separation triggers is not a sufficient statistic for characterizing
the CIR of aggregate employment. To illustrate this, consider the following example in which all endoge-
nous separations are quits, but nevertheless, the CIR is zero. Suppose v > 0 and ¢ | 0 in this environment.
The equilibrium approaches a situation in which workers quit because wages lag behind productivity
growth, and firms do not have incentives to fire any worker. Then, Az;; + ya;; = cW; — 0 and, therefore,
YE[a] + Ej[Az] = 0. Intuitively, the increase in worker quits on impact is exactly offset by a reduction in
future worker quits, resulting in a null net effect as captured by the CIR.

The sufficient statistic in equation (45) also points to scenarios in which inefficient job separations
matter for aggregate employment dynamics. For example, if trend inflation 77 is large in magnitude,
then—all else equal—the rate of inefficient job separations will be more responsive to an inflationary
shock. Alternatively, following an unexpected sequence of negative productivity shocks, an inflationary
shock reduces the incidence of inefficient job separations due to firings.!> Furthermore, if it is easy for
workers to quit but costly for firms to fire workers or vice versa—for example, due to the presence of
mandatory severance pay or unemployment insurance programs—then inflationary shocks can interact
with such asymmetries in job separation policies leading to inefficient job separations.

Finally, notice that the CIR is scaled by the steady-state unemployment rate, 1 — &;. This is because
the steady-state unemployment rate is informative of workers’ steady-state job finding rate f(@*). When
this rate is high, relative to the separation rate, then a monetary shock causes temporary unemployment
fluctuations but those workers quickly become matched again with new firms. Consequently, aggregate
employment remains relatively stable, resulting in a relatively small CIR of aggregate employment to an
inflationary shock.

Next, we leverage the mapping from the data to the model provided in Section 3 to express the response
of aggregate employment to an inflation shock in terms of observable moments of the distribution of wage
changes and tenure. Here, we focus and explain the case with no drift, i.e., ¥ = 0. See Online Appendix
Section E.4 for the case with non-zero drift, i.e., y # 0. While the required moments to measure the CIR

are different in the case with non-zero drift, they reflect similar economic mechanisms.

12Gee also Blanco et al. (2022b) for empirical evidence consistent with this theoretical result.
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Corollary 1. Assume v = 0. Up to first order, the CIR¢ () can be expressed in terms of data moments as follows:

CIR¢(Q) 1 1 1 Aw?
= SEp | AW =7 . 4
Z F@) Varp[aa] | 307 AV, aar | | TO0) (46)
—
avg. u dur.  dispersion asymmetries

Equation (46) shows that, for zero drift, the effect of an inflationary shock on aggregate employment is
determined by three statistics: (i) the average duration of unemployment spells, (ii) the inverse of the
dispersion of wage changes, and (iii) a measure of the asymmetry of the wage change distribution. Each
statistic in turn determines the persistence, initial absolute size, and sign of the effect.

The steady-state average duration of unemployment spells naturally amplifies the CIR as it captures
how quickly a separated worker recovers from unemployment. Larger unemployment duration is
indicative of larger search frictions, which makes the on-impact effect on employment more persistent. A
similar result has been found in price-setting models (Alvarez et al., 2016) and investment models with
inaction (Baley and Blanco, 2021a).

In an environment with zero drift, a larger dispersion of wage changes is indicative of a wider inaction
region and the presence of more resilient matches to idiosyncratic shocks. A large dispersion arises when
the pool of workers experiencing wage changes not only includes previously endogenously separated
workers (with large but similar absolute wage changes) but also many exogenously separated ones (with
smaller but more dispersed absolute wage changes). Thus, the larger this dispersion, the smaller the share
of endogenous separations and the smaller the propagation of shocks.

Finally, the CIR is also affected by the degree of asymmetry of the distribution of wage changes, as
captured by the last term in brackets in (46), which is a weighted average of wage changes that puts more
weight on larger changes. When the drift is zero, this term captures how asymmetric the policies @~ and
w* are around the entry wage ©@*. While the previous two statistics capture the degree of amplification
of the monetary shock, the asymmetry of the distribution will determine the direction of the effect. A
negatively skewed distribution has a longer left tail and the mass concentrated on the right, which
reflects a larger fraction of workers quitting to obtain a wage increase relative to the number of workers
experiencing a wage cut due to layoffs. Thus, the increase in the price level and the fall in real wages
make a large mass of workers quit and the CIR is negative. The opposite holds when the distribution of

wage changes is positively skewed.!® Instead, a symmetric distribution of wages chances is indicative of

13When the distribution is positively skewed (i.e., with a longer right tail and the mass concentrated on the left), there is a
large mass of workers experiencing wage cuts, which signals a relatively high layoff risk. Thus, higher inflation reduces real
wages and increases the firms’ incentives to keep their workers; as a result, aggregate employment increases.
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symmetric policies when the drift is zero, and monetary shocks do not affect employment.

CIR of employment with sticky entry wages. With the understanding of employment dynamics when
entry wages are flexible, we now characterize the case with sticky entry wages.

Proposition 11. Assume sticky entry wages. Up to first order, the CIR of employment is given by:

CIR¢ () [vEy[a) + Ey[Az]] 1 0 (@) Th(d*,p) T2 (@*,0)

=(1-&s) |— ~ A —— — . .
¢ s 7 @t @) 7@ - T ||V
job finding effect on £ separation effect on £

Proposition 11 characterizes the new mechanisms affecting employment dynamics when entry
wages are sticky. The elasticity of the worker’s share of the surplus with respect to the entry wage
(i.e., ' (@*)/n(@*)) together with the elasticity of the expected discounted duration of the match (i.e.,
TL(@*, p)/ T (@*,p)) captures the effect of the increase in the job-finding probability following the de-
crease in the real entry wage. A drop in the real entry wage increases the firm’s share and their incentive
to post vacancies. On top of this standard mechanism in search and matching models, a drop in the real
entry wage could also change the expected duration and, therefore, the total surplus of the match. This
new effect also shapes firms’ incentives to post vacancies for a given share. These first two mechanisms
affect aggregate employment through changes in the job-finding rate. The last term, which is also new,
captures the effect of a lower real entry wage on aggregate employment that arises from fluctuations in
the job separation rate of initially unemployed workers.

We now characterize the elasticity of the discounted duration of the match to an increase in the entry
wage by focusing on two dimensions: (i) how the equilibrium policies determine this elasticity and (ii)
how we can discipline this elasticity with data on ¢"(Az).

Proposition 12. The following properties hold for T} (®*, p) /T (@*, p).

1. Assume that A~ = A" and iy = 0. Then, T}(®*,p) = 0 and, up to a 3rd order approximation of T (D, p)

*

around = 0%,

1
T(@",p) = .
@%p) 0+6+ (0/A+)
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2. Up to a 2nd order approximation of T (W, p) around ® = 0*,

Ty(@,p) _ AT ="
T(@p)  ATA-

= O) [send (555 - 2Gh(0)> _}_022 (Alzigh(gh)'(Az) +A21¢imA_(gh)/(AZ)>] L @)

[T (@" + bz, p)g" (62)]

o(@,p) T (@, L Eula] + Bz AT A2
T@.p)  T@.pe | © @ 4 A daz? ol
with

[T (2" +Az,p)g" (Az)] : (") (A2)* i A
AIZI&‘, dAZ = AzljﬂnA, ZWH (8" 0, T (%, p), T (2%,0))

- E[T(@ +4z,0)8"(Az)] (& (B2 s
AE%/@ IAZ2 = AE%% ZWH (&0, T(@%,p), T (2%,0))

where H™(+) and H™ () are described equation (E.41) of the Online Appendix.

Items 1 and 2 of Proposition 12 characterize an approximation of the elasticity of the discounted
duration with respect to the entry wage as a function of the separation triggers (—A~, A™) and model
parameters. The proof is based on a Taylor approximation of 7 (@, ) around @* and the HJB equation
and border conditions that characterize 7 (@, p). In symmetric economies—i.e., zero drift and symmetric
separation triggers—the elasticity of the expected duration with respect to the entry wage is zero. In-
tuitively, an increase in the entry wage lowers the probability of a quit but increases the probability of
a layoff in a similar proportion. Surprisingly, in asymmetric economies, the only mechanism affecting
the elasticity of expected duration is the asymmetry of the separation triggers; thus, it is independent
of (p,6,7,0) conditional on A~ and A™. For example, a higher discount factor ¢ decreases the expected
discounted duration and, at the same time, it decreases the effect of the initial wage @* on the expected
duration. Thus, the ratio T/ (®@*, p) /T (@*, p) is independent of p.

While items 1 and 2 show the elasticity of the expected duration with respect to the entry wage and
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the mechanisms that shape it, items 3 and 4 show how to discipline these mechanisms with information
about the distribution of Az for the cases with 0 = 0 and p > 0. Mechanically, the steady-state distribution
of Az is proportional to the time workers spend at productivity Az; thus, up to a normalization, 7 (@*,0)
could be obtained from g¢"(Az). Equation (47) shows the two conditions that generate a positive effect
on duration. If the quit rate (‘772 limy,; - (g")'(Az)) is larger than the firing rate (— ‘772 limp, o+ (8")'(A2)),
then a higher entry wage increases expected match duration; if these rates are equal, then this term is zero.
Similarly, the product between endogenous separations and the CDF of Az evaluated at 0 also determines
the duration elasticity since it measures the asymmetries of the distribution within the separation triggers.
While these two statistics measure the effect of asymmetries in the distribution of Az among employed
workers, its effect on expected duration at the entry wage is obtained by re-scaling the statistic by
1/(0%"(0)).

Finally, when p > 0, the elasticity of expected duration with respect to the entry wage depends on: (i)
the product between p and the negative of the CIR with flexible entry wages and, (ii) the product between
the curvature of the expected discounted duration and the mass of workers at the separation triggers. The
main reason the CIR shows up in the elasticity of discounted duration is that a marginal increase in the
entry wage has a similar effect on quits and layoffs, and therefore on marginal duration, as a lower price
level (once the effect of discounting is properly accounted for).

To finish understanding the role of allocative wages for aggregate fluctuations, we characterize their
effect on the elasticity of a worker’s share of the surplus. The worker’s share is given by the ratio of two
Bellman equations—one for the worker’s value and the other for the surplus of the match. The first step
is to show that their ratio also satisfies a Bellman equation, once properly adjusted due to the endogenous
duration of the match. Proposition 13 shows this result.

Proposition 13. Define
4 —inf{t >0:T; ¢ (@, 0")}

where (W~ ,w™) is a Nash equilibrium. Then, the worker’s share n(W) satisfies the following Bellman equation

Tend

(@) =E / e 00 (5 4+ 8) P At 4 e (T [Az oy = ATy = @ (48)
0

with

dry = (p+ 8)(—4T (Tu, ) + T4 (Ts, ) dt + 04/ T (T1, p)(p + 6) AWF
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Before discussing this proposition, some properties are important to mention.'* First, observe that
limg - 7(@) = 0 and limg4+ (@) = 1. In other words, if the wage is close to the quitting trigger,

then the worker’s share of the surplus is zero; if the wage is close to the firing trigger, then the worker’s
share is one. Second, the flow payoff (p + J) ei;ﬁ; is equal to the ratio between the flow value of being

employed at the option value-adjusted wage I't and the annuity value of the surplus when all separations

are exogenous. Therefore, I'; and its law of motion encode both the share channel and the surplus channel
of a higher @ on the worker’s share 7().

To understand the new state variable I';, suppose that the inaction region is infinitely large so that all
separations are exogenous. Then, 7 (I, p) = 1/(p + ¢) and T} (T't, p) = 0. Because the law of motion of T;
simplifies to dT; = d@y = —y dt + o dW;, we have that I’y = @; and #(®) is the average share of the flow
surplus. In the other extreme scenario, when the inaction region is bounded and I'y = @ is sufficiently
close to a separation trigger, then the law of motion for I'; incorporates the net effect of a higher @: It
redistributes part of the surplus to the worker, but also changes the expected duration of the match. To
illustrate the relative strength of these forces, suppose that I'y = @ is very close to the upper Ss band @™.
Then, 7 (T, p) ~ 0and 7(T, p) < 0—the expected duration is small and a higher wage further reduces
it. Therefore, dI'y < 0 and the marginal increase in the worker’s share is decreasing in w—i.e., the share is
concave in @ because a higher @ increases the layoff risk. Alternatively, suppose that I'y = @ is very close
to the lower Ss band @~. Then, T (I, p) ~ 0, but now 7/ (T, p) > 0 and dI'y > 0—i.e., the share is convex
in @ because a higher @ reduces the likelihood of quits.

From Proposition 13, we can characterize the elasticity of the share in symmetric economies.

Proposition 14. The following properties hold:

1. If (0~, @) — (—o0,00), then

dog(y(@))| _ [a+ (1= )pl )
do |,y a(l—pU)
2. Assume that y = 0, At = A~, and A" is small enough, then
dlog(n(®)) B 1 _ V/semd (50)
do e W(ATHAT) 200

We explain Proposition 14 with the help of Figure 4, which is computed in two steps. First, we setd = 0

and calibrate the model to match the average job-finding and separation rates in the US economy, together

4For the Bellman equation (48) to describe the worker’s share, (0, %) must be a Nash equilibrium of the game between the
firm and the worker. This guarantees that (48) properly characterizes a share 1(@) € [0,1].
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with a replacement ratio for new employed workers of 0.46. We choose « such that 7. (@%*, p) = 0. Second,
we compute the function o (9) that keeps 7 (@, p), and therefore the aggregate separation rate, constant.
What the function ¢(5) does is to keep, by construction, the opportunity cost pU and the duration of the
match constant, but change the share of endogenous separations from 0 to 1. Figure 4-Panels A and B

show ¢(4) and dlog(y(®))/ d@

a—q+ » Tespectively.

As a starting point, assume the case with § = sd1te and ¢ /s = 0. Equation (49) characterize this
limit. In this case, all separations are exogenous, and a marginal increase in the entry wage increases the
worker’s share since wages during the match are higher. Equation (49) also shows the well-known result
that, in this limiting case, the elasticity of the share is proportional to the inverse of flow surplus 1 — pU
(Shimer, 2005a).

When the share of inefficient separations increases, the elasticity of the worker’s share to the entry
wage decreases. In this case, a new mechanism that reduces the elasticity arises. With a higher entry
wage, the probability that the worker gets fired increases, and the probability that the worker chooses to
quit decreases. By construction, the expected duration of the match does not change; thus, the match’s
joint surplus—i.e., the denominator in the worker’s share—does not change. In addition, by the envelope
condition, the change in the probability of quitting does not affect the worker’s value. Nevertheless, up to
a first-order approximation, the increase in the probability of being laid off reduces the worker’s value
since she did not choose this separation trigger. This mechanism reduces the elasticity of the worker’s
share to the entry wage whenever the ratio of endogenous to total separation increases. In the limit,

equation (50) disciplines this elasticity as a function of observables.

FIGURE 4. dlog(n(®))/ dw

FOR DIFFERENT (d,0) AND CONSTANT 7 (@*, p)

W=w*

A. Level set T (@*,p) for (o,0)
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Notes: Panel A shows the level set of T (@*,p) for different values of (4,c). Panels B shows the elasticity of the worker’s
share with the entry wage and two theoretical limits when 6 = s and § = 0, respectively. The parameter values for 6 = 0
are (v, m,0,0,4,K,6,B) = (0,0,0.02,0.0033,0.45,2.2,0,0.45). The steady-state targets for this calibration are: (f(@*),s) =
(0.45,0.032) with a replacement ratio of 0.46 and 7 (@*, p) = 0.
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Discussion. We relegate several additional results to the Online Appendix F. There, we present the CIR
for large shocks by characterizing the CIR of employment up to a second-order approximation. We also

characterize the CIR for average real per capita wages when entry wages are flexible.

5 Conclusion

There is mounting empirical evidence of wages being less than fully flexible. To understand the conse-
quences of wage rigidity at the micro and macro levels, we developed a theory of labor markets with
allocative wages. The realistic ingredients of this theory included fluctuations in individual output (i.e.,
productivity shocks), fixed pay within jobs (i.e., wage rigidity), and the possibility that workers can quit
and firms can dissolve jobs at any point in time (i.e., two-sided lack of commitment). Our theory embed-
ded these ingredients in an environment with search frictions, which are central to many macroeconomic
analyses of labor markets.

We demonstrated that this theory is useful because it enables us to study the prevalence of inefficient
job separations by first identifying the microeconomic implications and then analyzing the macroeconomic
consequences of allocative wages. Our study remains analytically tractable by leveraging the powerful
tools of optimal control in continuous time. We establish that both a worker’s decision to quit and a
firm’s decision to dissolve a job can be formulated as a nonzero-sum stochastic differential game with
stopping times. This formulation allows us to prove the existence of a unique block recursive equilibrium
and provide a sharp characterization of agents” equilibrium policies. We show that our theory also has
empirical content, as it can be inverted to identify the unobserved distribution of an appropriately defined
state variable from microdata on wage changes and worker flows between jobs. The identified model
allows us to study the monetary multipliers for aggregate employment and real wages through the use of
sufficient statistics, which we show are closely linked to the prevalence of inefficient job separations.

Our work points to several interesting avenues for future research. Possible extensions to our frame-
work include the introduction of on-the-job search, wage renegotiations subject to adjustment frictions a la
Rotemberg (1982) or Calvo (1983), a notion of a firm, and alternative types of idiosyncratic and aggregate
shocks. While we have abstracted from these features, integrating them into a unified model would make

possible a rich, quantitative analysis of labor markets and the macroeconomy.
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A Auxiliary Theorems

We use the following mathematical notation in this appendix.

1. H'(R): Sobolev space; i.e., H'(R) C L?>(R) and its weak derivatives up to order I have a finite L” norm.

2. Characteristic operator A: Given a function f : R — R and a diffusion process {x;}, the characteristic operator of X is

given by

i Elf (Xey[xo = x] — f(x)]
Af = ltllrira} E[Tuolxo = x]

3. Letu,v: R = R, (1,0) = [pu(x)o(x)dxand ||u|| = ([ u(x)? dx)l/z.

4. a(u,v) is a bilinear continuous form. We say a(u, v) is coercive if a(u,u) > a||u||>.

Proposition A.1. Let A be the characteristic operator of {X;} with Xy € R". Let f : R" — R be a twice differentiable function with
compact (i.e., bounded and closed in R) support (support(f) = {x: f(x) # 0}). If T is a stopping time with Ex[T] < co, then

T
Exlf(r0)] = £0) + B | [ AfCX) ] (A1)
Moreover, if T is the first exit time of a bounded set, then (A.1) holds for any twice differentiable function.
Proof. This is Dynkin’s formula, the proof of which can be found in ?. O

Proposition A.2. Let x; be a strong Markov process, T be a stopping time measurable with the filtration generated by x;, and T° a
exponential random variable independent of T. Then
E

TAT 5
[T et et gt x0 =2

—F [/ e~ W f(xr) + 8g ()] dt + e Tg ()
0

Xg = x} .
Proposition A.3. Let V be a Hilbert space and P a closed convex cone of V satisfying
P={xeV:(x,y) >0y € P}.
Let T be an increasing map from V to itself such that there exists a x,x € V
x<% x<T(x), T(x) <%
Then, the subset of fixed points x* of T satisfying x < x* < X is non-empty and has a larger and smallest element.

Proof. See the proof of Proposition 2 of Chapter 15 on page 539 of Aubin (2007). O

Proposition A.4. Let V be a Hilbert space and P a closed convex set. Assume that a(u,v) with u,v € V is a coercive bilinear continuous

form. Then, there exists a unique solution to
a(u,o—u) > (f,o—u),Yo e P,ueP,

where f belongs to the dual of V.

Proof. See Lions and Stampacchia (1967). O
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B Proofs for Section 2: A Model of Non-Coasean Labor Contracts

B.1 Proof of Lemmal

To simplify the exposition, we divide the proof into a sequence of lemmas. Define the equilibrium conditions

2 32
28+ Z ) b max (w2 h(zw) — u(z)), ¥z € R

0 = [Ke? — q(w,2)j(zw)] " 0(w,2) Y(w,z) € R

pu(z) = Be* +

0 = max{u(z) — h(z;w), A"h(z;w) + ¥}, Vz € Cl(w), h(-;w) € C1(C/(w)) NC(R),
0 = max{—j(z;w), Aj(z;w) + & — ¥}, Vz € C"(w), j(-;w) € C}(C"(w)) NC(R),
CM(w) := int {z € R: h(z;w) > u(z) or Au(z) +e¥ > 0} ,

Cl(w) :=int{z € R: j(z;w) > 0oré® —e¥ >0},

- 3f(z) | O Pf(2)
A (f(2) = —pf +8(u(z) - f(2) +9 L + T

j 2 32
A(f(2) = —pf+5(0—f(z))+731’a(zz) +%36J;(22)

(B.1)

(B2)
(B.3)
(B.4)
(B.5)
(B.6)
(B.7)
(B.8)
(B.9)

(B.10)

Proposition B.1. Let x := (w, z). If there exist two functions h(z;w), j(z; w) satisfying (B.3), (B.4), (B.5), (B.6), (B.7) and (B.8) given

the continuation sets (B.9) and (B.10), then

o (x) = inf{t >0:z ¢ Ch(w)}

T (x) = inf{t >0:2z ¢ Cj(w)}
form a non-trivial Nash equilibrium and
h(z;w) = H(x, T'l*(x),Tj*(x),'r‘s),j(z;w) = J(x, Th*(x),rj*(x),r‘s).
Moreover, if (t"*(x), T/*(x)) is a non-trivial Nash equilibrium, then
h(z;w) = H(x,Th*(x),rf*(x),*rd),j(z;w) = ](x,*ch*(x),rj*(x),r‘s).

satisfy (B.3) to (B.8).
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Proof. Quasi-variational inequalities as sufficient conditions. First, we prove that if h(z; w), j(z; w) satisfy (B.3) to (B.8), then

h(z;w) = H(x, ™ (x), U*(x), %) > H(x, t"(x), 7" (x), %)

for any ™ e T.The proof of the statement
iz w) = J (6,7 (x), 77 (2),7) 2 J(x, 7 (), 7 (2), 70,

for any v/ € T, follows the same arguments.

Step 1: Here, we show that (z;w) > H(x, t"(x), 7/*(x),7°). Let T be any stopping time (not necessarily the optimal).
Without loss of generality, we restrict the attention to T < T(—co,a), Where T_o, o) = inf{t > 0: 2y ¢ (—o0,a)}. Intuitively,
it is never optimal for the worker to stay in the job at wage w when productivity is sufficiently large. Let Uy C R be an
increasing sequence of bounded sets s.t. U® ;U = R. Let 7 = inf{(z) : z; ¢ Uy }. Since each Uy is bounded, we do not
need to assume compact support of the function to apply Proposition A.1. Applying Dynkin’s Lemma to the stopping time
T,i’ =t AT AT AT,

"
]E[e*PTI?h(kap,HzO =z|=h(z;w) +E / ‘ Alh(z4;w) dt|zg = z} .
0

Using condition (B.3), since h(z; w) > u(z) for all z, we have that ]E[e‘PTI?h(szh; w)|zg = z] > ]E[e‘PTI?u(szz,) |zo = z]. Thus,

.lJz
IE[e_PTixu(szhﬂzo =z|]—-E / ‘ Ah(zi;w) dt|zg = z| < h(zw).
0

From condition (B.7) , we have Ahh(z,' w) 4+ ¥ < 0 for all z. Thus,

Th
E / ’ Alh(z;w) dt|zg = z} .
0

T
/ e Ptew dt|zg =z| < —-E
0

Using this result

W
E e_pTI?u(zT:,) —l—/ e Ple? dt|zg = z| < h(z;w)
0

h j* 5
Now, we take the limit k — co. It is easy to see that fOT NATAT o —pttw gy <

. I A7 ATO _ N N
theorem limy_,, E [fOT NTNTNT p=ptt |79 = z] =E UOT NIAT p=ptt gf|zg = z].

As we show below, u(z) « e* and since e* < e? for all + < ™ < T(—co,a)s WE have that 0 < e Pfu(z;) < €. Applying the

%ew a.e., so using the dominated convergence

monotone convergence theorem again, we have that
. (A% A S (AR A
kh—)nolo]E |:€ penenT ATk)u(ZT7’/\Tf*/\T<5/\Tk)|ZO = Z} =E |:€ pT AT AT )u(z‘[h/\Tj*/\T‘j)|ZO = Z:| .
Therefore, taking the limit k — oo, we finally obtain

h(z;w) > H(x, ™ (x), 7* (x), T°).

Step 2: Now, we show that h(z;w) = H(x, T"*(x), 7/* (x), %). Applying Lemma A.1 to the stopping time T,f’* = AT A
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Tk/\‘r‘S

]E[e””kh*h(zdﬁ;w)|zo =zl =h(z;w)+E

,l.h*
/k Alh(z4;w) dt|zg —z} .
0

Forallt < T]il*, we have that u(z) < h(z;w). Therefore, by (B.7), A"h(z;w) + e¥ = 0 for all z. Thus,

h*

X k
E |e P h(zge;w) + / e Ple dt|zg = Z} = h(z;w).
Jo

Taking the limit k — oo and following similar arguments as above, we obtain

E

b i n B AT AT
e P(TATIAT >h(ZTh*/\Tj*/\TA‘,'W) +/ e Ple® dt|zg = z| = h(z;w).
0
which, given Proposition A.2, is equivalent to

E

) Th*/\Tj*
e TNz ) +/0 e PO (Su(zs) + V) dt|zg = z] = h(z;w).
Since z i i+ € I(C"(w*(2)) NC/(w*(z))) and h(-;w) is continuous, we have that

E

T AT .
ef(P”)(T]l*/\T/*)u(zrh*/\ri*;w) + /0 e~ T (Su(z) + V) dt|zg = z] = h(z;w).

and h(z;w) = H(x, T (x), T*(x), T°).
Quasi-variational inequalities as necessary conditions. Now, we prove that if 7/*(x) and 7/*(x) is a Non-trivial Nash
equilibrium, then h(z;w), j(z; w) satisfy (B.3) to (B.10). It is easy to show that in a Nash equilibrium, the stopping time is

Markovian—if any agent chooses to stop, then the game finishes. By definition, we have that

h(z;w) = maxE
Th

AT AT hrje
/ e PP At 4o TN AT ) (5 s w) dE|zg = 2| (B.11)
0
e Condition (B.3): We show it by contradiction. Assume that 1(z;w) < u(z). Then 7" (x) = 0, implies

u(z) > h(z;w) > H(w,z0,7* (x),7°) = Eg

0
/ e Pt dt 4 e P u(zg) |20 = z} = u(z),
0

so we have a contradiction.

e Condition (B.6): If z € (C/(w))¢, then T/*(x) = 0 and Pr[min{t"*(x), T/*(x), t°(x)} < U*(x)] = 1, and h(z;w) = u(z).

e Condition (B.7): Observe that this condition is the best response of the worker, given that the firm continues. See ? and
Brekke and @ksendal (1990) for a discussion of the necessity of the smooth pasting condition.

e Condition (B.9): To show this, we need to characterize the continuation set in the Nash equilibrium that survives
the iterated elimination of weakly dominated strategies. First, from the problem (B.11), if Pr(t/*(x) > 0) = 1, then
Pr(7"*(x) > 0) = 1if and only if

int{z € R:h(z;w) >u(z)}.
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Second, we show that staying in the match weakly dominates leaving it if
0<e @+ Au(z), (B.12)

for all z. Take any stopping time 7 such that Pr(t > 0|zp = z) = 1. Then, applying Dynkin’s Lemma (and using similar

arguments as in Step 1), we obtain
T
E [e "Tu(z¢)|zo =z] = u(z) + E {/ Au(zy) dt|zg = z} .
0
Using the inequality in (B.12),
T T
u(z) =E [e PTu(zr)|z0 = z] = E {/ Au(zs) dt|zg = z] <E [e P u(zc)|zo = z] + E {/ e P dt|zg = z| .
0 0

Thus, staying in the match strictly dominates dissolving the match.

Proposition B.2. Define

w*(z) = argr%?xe(x)l_“(h(z;w) —u(z)).
and ™ = inf{t > 0: ANtf(w* (@) _ 1} where N{(w*(m"z‘) is a Poisson counter with arrival rate f(w*(z¢),z¢). The function u(z)

satisfies u(z) € C2(R) and (B.1) if and only if

u(z) = max E
{wi iz,

TLL
/ e P'B(z;) dt + e T h(zp; w)] .
0

Proof. The proof is the standard optimality conditions in the HJB (see ?). O

Lemma 1. Assume u(z), h(z;w), j(z;w), 0(z; w) satisfy (B.2)—(B.8) given the continuation sets (B.9). Then {Th*,Tf*, {w}f flo}

constructed with

" (x) = inf{t >0:z ¢ Ch(w)}
o (x) :inf{t >0:2 ¢ C(w)}

w*(z) = argr%?xe(x)l_“(h(z;w) —u(z)).

is a block recursive equilibrium with

If {H(w,z, @), J(w,z,T"),U(z) }, market tightness 6(w, z), and policy functions {Th*(w,z),rj*(w,z),w* (zt)} is a block recursive

equilibrium with

h(z;w) = H(x, ™ (x), 7*(x), ),
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then u(z), h(z;w), j(z;w), 6(z; w) satisfy (B.2)—(B.8) given the continuation sets (B.9).

Proof. The proof is a combination of Results B.1 and B.2.

B.2 Proof of Lemma 2

For the next proof, it will be useful to define the normalized equilibrium conditions

0 = max{—W (@), AW () + ¢? — pU}, Voo € ¢/, W € C'(¢/) N C(R)
0 = max{—J(®), Af (@) + 1 —¢®}, Vo € C", ] € C'(C") NC(R)

él:znt{zf;e]R:f(w) ( ) }
A(f):—(pw)f_ﬁf;w) %zaf(z@)

Whered}:w—Z,pA:p—f)/_g’z/zand/)):,),_i_U_z'
Lemma 2. Assume that (h(z;w), j(z;w), u(z),0(x), w*(z)) satisfy conditions (B.1) to (B.10), then

u(z) j(zw) h(zwo) -

’

(U, f(w—2z), W(w—z2),0(w—2z),d*) = ( u(z),Q(w,z),w*(z) — z) )

ez ' e e?

satisfy (B.13) to (B.22). Moreover, if (U, J(w — z), W(w — z),0(w — z)) satisfy (B.13) to (B.22), then
(u(z), j(z;w), h(z;w),0(w, z), w*(z)) = (Ue*, J(w — z)e*, (W(w — z) + U)e?, 0(w — z), d* + z)
satisfy (B.1) to (B.10).

Proof. The general idea for the proof is to use a guess-and-verify strategy for each equilibrium condition.
Condition (B.1) holds if and only if (B.13) is satisfied: Using (0 = “2) e have that

ez 7

Ue* = u'(z) and Ue* = u" (z).
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Using this result and the fact that 6(w,z) = 8(w — z), and W(w — z) = h(z"z"gi;“(z),

2
ou(z) = Be* +yu'(z) + %u”(z) + m<a;<9(x)1_"‘[h(z;w) —u(z)] <=
w(z
2
pUe* = Be* + yUe* + %ﬁez + m(a>><é (w—2)""* [W(w —z)¢f] <
w(z
2
(p — - %) Ue? = Be* + ¢* max 0 () " * W (@) <= pU = B+ max8 (@) * W (@).
w

Condition (B.2) holds if and only if (B.14) is satisfied: Using that [(w — z) = Gw), 8(w,z) = O(w — z), and the assumption
K(z) = Ke?, we have that

[Re* — q(0(x))j(zw)] " 6(x) =0

Since q(0(x)) = q(0()), we have the result.
Condition (B.7) holds if and only if (B.19) is satisfied: Assume (z; w) satisfies (B.7). Then, for all z € C/(w)

oh(z;w) N 02 3%h(z;w)

0 = max{u(z) — h(z;w), —ph(z; w) + 7y e 5 o

+6(u(z) — h(z;w)) + €V}

Using that U = <Z) and W(w —z) = Mzw)—u) e have that h(z;w) = W(w — z)e? + Ue?, ah(a w) — = W(w —z)e* — W' (w

e

2)e? + Ue?, and & h(z ©) = W(w — z)e? — 2W (w — 2)é* + W (w — z)e? + Ue?. Thus, since & > 0

0 = max {u(z) — h(z;w), —ph(z; w) +’yah(§7iw) % 8( w) +6(u(z) — h(z;w)) +ew}
= max{—W(w — z)e?, = (W(w — z)é* + Ue?) + y(W(w — z)e* — W' (w — z)e* + Ue?) ...
. .

(W(w — z)é* —2W' (w — z)e* + W (w — z)e? + Ue?) — W (w — z)e* + e¥}

2
=max{-W(w —z),— (o — 7 — ?/2+ 6 W(w —z) — (v + > )W (w — z) + %W”(w —z)— (p - 7—02/2> U+ e* %}

The equivalence between (B.8) and (B.20) can be established following similar steps.

Condition (B.9) holds if and only if (B.21) is satisfied: Assume z € C"(w). Then,

2

h(z;w) > u(z) or — pu(z) +yu'(z) + %u”(z) +e¥ >0

Using that U = 42) and W(w —z) = Mzw) —uE) | with e* > 0

e* e*

2
W(w—2z)>0 or —pﬁez+wﬁez+%ﬁez+ew>0 =

W(w—2z)>0o0re’ ?—(p—y—0?/2) >0 <

W(@) >0 ore? — pl > 0

Thus, z € C"(w) if and only if w — z € C". The equivalence between (B.10) and (B.22) can be established following similar steps.
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Remaining conditions: The equivalence between equations (B.3), (B.4), (B.5), (B.6) and equations (B.15), (B.16), (B.17), and
(B.18) is trivially established. O

B.3 Proof of Proposition 1

Proposition 1. Let W(w), [ (), () be bounded functions with compact support. Then, there exists a unique solution to

0= [R—d(@)*](w)] " b(w),

W(@) >0, (B.23)
f(w) >0, (B.24)
if e (CM° = j(w) =0, (B.25)
if we (G = W(w) =0, (B.26)
0 = max{—pW(d), AW () 4 e — pU}, Voo € ¢/, W € C*(¢/) N C(R) (B.27)
0 = max{—pf (@), Aj(@) + 1 — €}, vao € ¢", ] € C'(C") NC(R) (B.28)
e mt{welR W@ )>Oor(ew7ﬁU)>0}, (B.29)
Ol = int {w R : () ( ) } (B.30)

Ay = —(p+ 07 — 4250 | C @)

o 2 aa?
The proof uses results from the mathematics literature that, in general, a well-trained economist has not used or seen before.
For this reason, before going over the proof, we provide some intuition about the steps we show below. In a nutshell, there
are two steps in the proof. First, we need to show that, for a given value of unemployment U, there is a unique non-trivial
Nash equilibrium of the game played by the matched worker-firm pair. To understand the intuition behind this step, define
@F (b~ ; pU) as the best response function of the firm in terms of its layoff threshold, and @~ (¢; pU) as the best response
function of the worker in terms of her quit threshold. It is easy to show that optimal policies are given by wage-to-productivity

thresholds. @ (~; pU) is the solution to the differential equation

with border conditions J(#+) = J(#™)

J'() = 0. In the same way, @~ (@ ™; pU) is the solution to the differential equation

with border conditions W(@*) = W(@~) = W/ () = 0. Let W(;pU) and J(@;pU) be the values associated with the
non-trivial equilibrium policies.

Second, we need to find a solution to the unemployment value. The equilibrium value of unemployment satisfies

P(pU) = B+ max;f(zf);ﬁa)TW(zf);ﬁlAl).

Figure B1-Panel A shows the composition of Q(®) := @™ (@~ (@; pU)) and Figure B1-Panel B shows IP(pU). As we can see in
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the figure, the composition of the best responses shows two properties: (i) monotonicity (i.e., Q' (@) > 0) and (ii) concavity (i.e.,
Q" (@) < 0). Intuitively, the monotonicity property arises from the fact that if one agent prefers to wait more, then the other
agent also prefers to wait more. Concavity arises from the fact that there is a decreasing value of waiting. As the figure clearly
shows, a unique non-trivial Nash Equilibrium exists under these two properties. Equipped with the values of the non-trivial
Nash Equilibrium as a function of U, we can then characterize the decision problem of the unemployed worker. The mapping
IP(pU) satisfies three properties: (i) P(B) > B with IP(1) = B, (ii) it is continuous and (iii) it is decreasing. Intuitively, if the flow
value of unemployment is equal to B, then the surplus of the match is positive, and the unemployed worker obtains a positive
continuation value from searching for a job. If, instead, the flow value of unemployment equals the value of (normalized) output,
then the surplus is zero, and the unemployed worker does not benefit from finding a job. Also, the larger the unemployment
value, the lower the value of the match, and, therefore, the value of searching for a job. As the figure clearly shows, a unique

equilibrium exists under these three properties of P(pU).

FIGURE B1. INTUITION

A- Best response function

B- Unemployment flow value

e 17t (2 (15 PUT)) P (pU)
= = 45 degree line = = 45 degree line
4 4
4 4
4
4 /7
4 4
/ /
/ /
/7 /
/ /
Y4 /
4 4
4 4
4 4
/
4 4
/ /
/ /
/ /
4 4
4 4
/ /
/ /7
/ /
4 4
4 4
4 4
4 4
4 4
/ /
Vi
W pU

Notes: The figure illustrates the properties of the policy and value functions. Panel A shows the composition of Q(w) :=
@ (@~ (@; pU)) and the 45 degree line. The non-trivial Nash Equilibrium is given by the intersection between these two lines.
Panel B shows the composition of the individual best response and the fixed point in the equilibrium P (pU).

Proof. We divide the proof into four steps.

Step 1 shows the existence of a non-trivial Nash equilibrium for a given U. In this step, we show the existence of a solution
to conditions (B.23) to (B.30). To simplify the exposure, we divide step 1 into three propositions. Proposition B.3 shows the
equivalence between the equilibrium conditions and the quasi-variational inequalities. Proposition B.4 shows the existence

and uniqueness of the agents’ best responses. Proposition B.5 shows the existence of equilibrium by invoking Proposition A.3
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(Tartar’s fixed point theorem). Observe that we restrict the functions W () and () to have bounded support. This property is
without loss of generality since it is a result of Proposition 2—i.e., the match’s continuation region is bounded.

Step 2 shows the uniqueness of the solution to conditions (B.23) to (B.30). We divide this proof into two propositions.
Proposition B.6 shows that the operator defined in step 1 is strong order concave. Using concavity and techniques in the spirit of
Marinacci and Montrucchio (2019) applied to our own problem, we show uniqueness in proposition B.7.

Step 3 shows that value functions are continuous and decreasing. We divide this step into two propositions. First, we show
in proposition B.8 that the value associated with the worker’s “best response” is continuous and decreasing in U. Proposition B.9
shows these properties for the non-trivial Nash equilibrium. Finally, step 4 proves the uniqueness of the equilibrium by showing

the existence of the unique fixed point in the unemployed worker’s value u.

Step 1. We start by defining a continuous bilinear form in a more general space of functions. Let V = H} (R)—where H}(R)

is a Sobolev space of order 1—be a Hilbert space and define the bilinear continuous forma: V x V. — R

d

2
C [ dodoe Lop() o+ (p+0) [ o1(@)or(0)dd
dw R

_ d" Y
2 Jg d& dw w+7/R

Proposition B.3. Define K (]) and KI(W) as

a(vy,vp) 1=

>

K"(J) -

KI(W) :

{(WeV: W) >0&if f(®) =0and® > 0= W(®) =0},

{JeV:j(®)>0&if W) =0an

Then (i) W(@) € C'(C) NC(R) and J(w) € C1(C") N C(R) bounded with compact support, where C" and CJ are constructed with W
d (@

and | following (B.29) and (B.30); (i) W(w) and [ () solve

W e K'()), JeK (W)
ﬂ(f,"(']*f) Z A

a(W,v—W) > / (e? — pll) (v—W)dw, VoeK'()).
R

(1—ed’> (v—J)dw, Vove K (W)

if and only if W() and J(d) solve (B.23), (B.24), (B.25), (B.26), (B.27), and (B.28).

Proof of Step 1 - Proposition B.3. We verify conditions (B.23), (B.24), (B.25), (B.26), (B.27), and (B.28) focusing on the firm (the
worker’s conditions are verified following similar steps). It is easy to show the converse.

Conditions (B.23) and (B.24) are satisfied. Since | € K/(W), we have that f(@) > 0.

Conditions (B.25) and (B.26) are satisfied. Define (" with W. Then, (C")° is equal to

(CM¢ = cl{w e R : W(d) < 0and (e — pU) < 0}.

Since W(zi}) > (0, we have that

(CM° = cl{w € R : W(d) = 0 and & < log(pUl)}.

Since | € KI(W), if @ € (C")¢, then J(@) = 0.
Conditions (B.27) and (B.28) are satisfied. Take any v € K/(W). Then, if @ € (C"")¢, we have that f(@) = 0. Therefore, we
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have that for every v € K/(W)

/@h(l —e?) (0() — [(®)) dab.

Using integration by parts, we obtain

2 [ 2j(@)

seacer 2 Jen Al (o(@) — f()) d.
weaeCh h

In (1), there could be two cases. The first case is a finite limit of integration. In this case, we use continuity and the fact that if
W — aC (C is open) , then & — (éh)c and, therefore, | (@) = 0. The second case is an infinite limit of integration. In this case,
the assumption of bounded support implies f(@) = 0 for sufficiently large or small @, thus [’ (@) = 0.

In conclusion,
L (@) + (1= 0) (v() - (@) deo <0

Before continue, we remark that the previous equality holds for all v(@) € K/(W). Let O be an open ball in C" that cover an
arbitrary point @ € C". Then, we can find a family of smooth functions index by 1 with 04 (1) € [0,1], s.t. 05(n) = 0 outside C",
0p(n) — 1in O, and 0y(n) — 0 outside O. Since J(®) + 05(n) > 0, J(@) + 05 (n) € KI(W) and

/ (AT@) + (1~ %)) 0a(n) did + / (AF@) + (1)) 0(n) do> < 0.
(@]

ch/o

Taking the limit n# — oo, we have that
/ (Af(w) +(1- ew)> do < 0.
O

Since O is arbitrary, AJ(@) +1 —e? < 0 ae. in C". Since f(@) € C'(C"), then AJ(®) +1 —¢? < 0 for all & whenever the
second derivative is defined. To obtain the other inequality, take J(#)(1 — 04 (1)) + 0og(n) € K/ (W) and we have that

— [ (@) +1=e) J@poam o= [ (Af@)+(1 =) f@)oa(n) dio < 0

Taking the limit 1 — oo, we have that [, (Af(@) 4+ (1 —€?)) (—](®)) d@ < 0 a.e.. Since f(®) € CY(C"), we have that for all
w e Ch
(A7@) + (1-e")) (=] (@) <o.

Since f(®) > 0and (Af(®) + (1 —e?)) < 0, wehave that (Af(d) + (1 —e?)) (—f(@)) > 0. Thus, (Af(D) + 1 —e?) (—f(D)) =



0 or written more Compactly
0 = max{—J(®@), Af (@) + 1 —e®}, Voo € C",

with J(#) € C1(C") N C(R). O

Proposition B.4. Define the value functions that are obtained from the best responses as BR" : H'(R) — H'(R) and BR/ : H'(R) —
H'(R) such that

§>
vV

BR'(J) = {W € H'(R) : a(W, 0~ W) > (¥ — pll,0 — W), Vv € K'(]), W € K" (])},

BRI(W) = {] 6Hl( ):a(fo—]) = (1—e®v—]), Voe K(W), JeK(W)}.
Then, BR"(J) and BRI (W) exist and unique.

Proof of Step 1 - Proposition B.4. Here, we show that the value functions that are obtained from the best responses are well-defined.
For this, we need to verify the conditions in Proposition A.4. Basically, we need to show that K/ (W) is closed and convex, and
that a(-, -) is coercive.
KI (W) is closed and convex. First, we show that K/ (W) is closed. Take a sequence J" € K/(W) s.t. [ converges to some [*.

Since J" € KI(W),

J* > 0,if W(@) = 0and @ < log(pU), then J" =0
for all n. Taking the limit,

J* > 0,if W(d) = 0and & < log(pUl), then J* =0

where we use the fixed domain in the second limit. Thus, K/ (W) is closed.
To show that K/ (W) is convex, take f!, > € K/(W), then

J'>0,if W() = 0 and & < log(pU), then ' =0,
J? > 0,if W() = 0and & < log(pU), then 2 =0.

Taking the convex combination with A € [0,1]
AP+ (1 =M)J2>0,if W(@) = 0and @ > 0, then AJ' + (1 —A)f? =0.

Thus, K/ (W) is convex.

a(u, v) is coercive. Operating over the bilinear operator

_ o [ do@)do(@) .. [ do(@) o / N2 g
a(v,v) = 7)o Ao do do + 4 o v(w)dd + (b +9) IRv(w) dw
2 7 2 oo
_) ‘L/ (dv(f")> dd +4 v(w)z‘ +(p+5)/v(w)2dw
2 R do —_ —00 R
_— ~—
>0 =0
>® (54 6) / o)t
R
= (p+0)lfolf?

Step (1) integrates [ dg(g) o() dd = v(uﬁ)z‘o_ow and uses compact support. Step (2) uses the non-negativity of the squared
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derivative term.

With the properties verified, we can apply Proposition A.4. Thus, the best response exists, and it is unique. O

Proposition B.5. Define Q(W) = (BR" o BRI)(W), then there exists a fixed point Q(W*) = W* and J* = BRI (W*). The set of fixed

points is bounded above and below by

o<J<j <],
where
a(ﬂ’U_W) > (ew —ﬁl:[ ﬂ) Voe Ksmall W c Ksmall
”(LU_D > (1 P j) Voe gsmall ]E Ksmall
a(W,v ,W) > (e? —pU, W), Vo e KV, W e K,
u(j,v —f) >(1- ew,f), Voe Kbig,f € Kbis,
with

Kmall .= {v e Vio(d) > 0&if @ ¢ (—log(pU),0) = v(d) =0},
KY8 .= {v e V:o(d) >0},
with a maximum and minimum element.

Proof of Step 1 - Proposition B.5. The first step consists in showing that the function Q(W) is monotonically increasing—i.e., if
Wy > Wy, then Q(Wl) > Q(Wz). To show this result, first, we need to prove that K/ (W) is increasing—i.e., if W; > W, then
KI(W,) € KI(Wy). Take f, € KI (W), then

Since W, (@) > 0, we have that
J2 >0, & () = 0V € {@: Wa() < 0&d < log(pUl)}.

Now, we show that {@ : Wy () < 0 & @ < log(pU)} C {@ : Wa(d) < 0 & @ < log(pU)}. Take & € {@ : Wi (@) <
log( l:l)} Then Wy (@) < 0 and since Wy (@) > W, (), we have that W (@) < 0. Since {@ : W; (@) < 0 & @ < log(pU)
)

Wa (@

-

< 0& @ < log(pU)}, the previous condition holds for the larger set, so it will also hold for the smaller set
fo >0, & Jo(@) =0, € {: Wy (@) < 0 & @ < log(pU)}.
Thus, J, € K/(W;) and K/ (W,) C K/(W).

Now, let W; > W,. We need to show that J; = BR/(W;) > BR/(W,) = J,. Since K/(W) is increasing—i.e., K/(W,) C
KI(Wy)—J1, J» € KI(W;) and the envelope max{ /i, /,} € K/(W;). Now, we show that min{J, /,} € K/(W>). Since f;, f» > 0,

B12



we have that min{J}, [} > 0. Moreover, take a @ s.t. Wa(®) < 0 and @ < log(pU), then 0 = J, = min{fp, J;}. Thus,
min{Jf;, f,} € K/(W,). In conclusion, we can use max{Jj, Jo} as a test function for K/(W;) and min{Jj, J»} as a test function for

K](Wz)

min{f;, f,} = f, — max{J, — J1,0} for test function for K/ (W,)

max{f, o} = Ji + max{J, — J1,0} for test function for K/ (W)
Using the quasi-variational inequality

a(fo, —max{f, — f1,0}) > (1 — ¢, —max{J> — J1,0})
a(fy, max{f> — J1,0}) > (1 —e®, max{f> — J1,0}).

Thus,

—a(Jp,max{f, — J1,0}) > —(1 — €%, max{f> — J;,0})
a(fl/max{fz - fl/o}) 2 (1 - ewlmax{fz - fllo})

Summing these two equalities, we obtain
a(Ji,max{J> — J1,0}) — a(f2, max{J — J1,0}) > 0

or equivalently,
a(fo, max{J, — J1,0}) — a(J;, max{J> — f1,0}) <0

Next, we show that the previous inequality implies a(max{J, — 1,0}, max{f, — fi,0}) < 0. Define the set X = {x: [, > J;}.
Then,

a(Jo, max{f, — fl/o}) - “(fl,max{fz - fl/o})

(S b
..+§(/X%(fz—fl)dw /Xd]é(ﬂ )U ])dw+//x0dx)

(o) (/ - Ida— [ il hdas [ oac)
(A fl)dﬂ+¢AQQ¥%—i%h—hmw+@+&(Agﬁ—ﬁfmﬁ

= a(max{f, — f1,0}, max{f> — f1,0}).

In conclusion, since a(-,-) is a coercive bilinear form, 0 > a(max{f, — J;,0},max{f, — J;,0}) > K||max{J, — J1,0}||?. Thus,
Ji > J» ae, and by continuity f; > f, for all &. Applying similar arguments to BR"(]), we have that if W; > W, then
Q(W;) > Q(W,), so by Proposition A.3, there exists a fixed point. Moreover, the set of fixed points has a maximum and a
minimum, i.e.,

{W e Hy(R) : W = Q(W)}
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has a Wmin gnd Wmax g ¢ Wmin < A+ < Wmax for o]l W* € {W € Hj 1 W= Q . To find the upper and lower bound,
pp

observe that we can write the non-trivial Nash equilibrium policies as

*(w) = max E
I ) {teTi<th}

T ) .
/ e~ 0TI — o) dt|wy = w} .
0

Since oo > T/* > T(og(pUL O))/15 we have that

0< max E

{Tf ET:TjST(IDg(ﬁU/U)) }

\\o

© A .
/ e (PHOL(1 — o) dt|wy = w}
0

i
< max E / e~ (0T (1 — o) dt|g = w}
{teTti<th} 0
=J"(w)
Tl . )
< max E / e~ 0TI — o) dt|wg = B
{UeT} 0
= f.

O

Step 2. This step proves the uniqueness of the fixed point. The first proposition shows that Q : H} (R) — H}(R) is concave.
Since the Q operator is only defined for non-negative functions, we assume that the domain is restricted to non-negative
functions without loss of generality. Since the game’s continuation region is bounded, flow payoffs are bounded. Therefore, the
equilibrium value functions are also bounded. For these reasons, without loss of generality, we restrict the Q : A — A operator
in

A= {ve H}(R) : v(d) € [0,7], Vib}
Observe that A order convex; i.e., ifa,b € Awitha <c¢ < b, thenc € A.

Define the operator « : A x A — A, where
a(W,W") = a(d)W' (@) + (1 — a(d)) W (@),

with a(@) € [0,1].

Proposition B.6. Q : A — A is strongly order concave; i.e.,

forall W' < W'

Proof of Step 2 - Proposition B.6. Take W < W”'. The proof has three arguments. First, we show that K/ (a (W', W")) = (W )
Then, with this result in hand, we show that the BR/ («(W’/, W")) > a(BR/(W'), BRI(W")). Finally, we show that Q(a(W’, W'")) >
a(Q(W'), Q(W")).

A

To see that K/ (a(W', W")) = K/(W"), observe that since a(W', W) < W” and since K(W’) is increasing, we have that

BT ogptr0) = nf{t >0t & (log(pU,0))}.
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Ki(aW' 4 (1 — a)W") C KI(W"). Now, we show that K/ (W") C K/ (a(W’, W")). Take any | € K/(W"). Then,

J>0, &if W(@) = 0and & < log(pU) = J(#) = 0.

1SS

If W (@) = 0, then W () > W' () = 0, which is then also true for any convex combination. Thus, a(W’, W) < W” = 0 and
J>0, &if a(W,W") =0and @ < log(pU) = J(i) = 0.

In conclusion, | € K/ (a(W', W")) and K/ (W") C KI(a(W’', W")). Therefore, we have that K/ (a (W', W")) = K/ (W").

Since the constraint set—i.e., W and any test function v in K/(-)—is the same for a(W’, W") and W”, we have that

BRj(DC(W/, W//)) _ BRj(W"),
= tX(BRj(WN)/ BR](W”))’
> «(BR/(W'), BRI(W")),

where we used the monotonicity of BR/(W) in the last inequality. A similar property holds for BR"(}). In conclusion, BRI (W)

and BR"(}) are increasing and strongly order concave. Using this result, for W' < W”, we have

Qa(W',W")) = BR'(BR/ (a(W', "))
>(1) BRI (w(BRI(W'), BRI(W"))
> () a(BRY(BRI(W')), BR(BRI(W")))

= a(Q(W'), QW")).

Step (1) uses the monotonicity of BR"(J) and the strongly order concavity of BR/(W). Step (2) uses the strongly order concavity
of BR"(J). O

Proposition B.7. Q : A — A has a unique fixed point.

Proof of Step 2 - Proposition B.7. We have shown that Q(W) is monotone and order concave defined in an order convex set. Now,

we prove the result by contradiction. Let W be the minimum fixed point and let W* be another fixed point with W* > W. Then,

we can write W = a* (0, W*) for some a* () function, where zero is the lower bound in the domain. Importantly, it is easy to see
).

that a* (@) € (0,1) for all @ € (log(pU,0)). Thus,

Step (1) uses the fact that W is a fixed point and step (2) uses the fact that W = a*(0, WH). Step (3) uses the strongly order

w
concavity of Q. Step (4) uses the fact that W* is a fixed point. Step (5) uses that Q(0) > 0 for all & € (log(pU),0). Since it cannot
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be that W > W, we have a contradiction. O

Step 3. Let W*(; pU) and J*(; pU) be the value functions from the unique non-trivial Nash equilibrium. We now show
that they are continuous and decreasing in U.

Proposition B.8. Fix [. Let W(w; pU) = BR"(J; pU) be the solution of

a(W,o—W) > (1-pl,0—W), Vo e K'(J), W € K'(])
Then, W (; pU) is continuous and decreasing in pU.

Proof of Step 3 - Proposition B.8. First, we prove continuity. Take [} and U, and define Wy = BR"(; pUl;) and W, = BR"(J; pU,).
Then,

a(Wy, 0 — W) > (1—ply, 0 — Wy), (B.31)
a(Wy, v —Wy) > (1 —plp, v — Ws). (B.32)

Let W, be the test function for (B.31) and let W; be the test function for (B.32). Summing both equations
a(Wy, Wy — Wh) + a(Wa, Wy — Wa) > (1= pUy, W — Wi) + (1 — pllp, Wy — W)

or equivalently
a(Wy = Wo, Wy — W) > (p(Tp — Uy), Wp — W),

Multiplying by -1 on both sides and under the observation that (§(U — Uy), Wo — Wy) = p(Up — Uy) (1, W, — W), we obtain
a(Wa — Wy, Wy — Wn) < p(Uh — U2)(1, Wa — W),
Given that the operator is coercive and that

1/2
P oA A . A A N2
(1,W27W1):/ (W(w; ply) — W(w; pU4)) db < (/IR (W(; pUy) — W(w; pU1)) dw) ,

R
we have that
BlIW2 — Wi |[? < a(Wa — Wi, W — Wn) < p(Uh — Ua)(1, Wa — W) < p|Uy — U |[Wa — Wi |
for some 8 > 0. Thus,
W = Wl < 10 - )
With this inequality, we can verify the continuity of W(; pU). Let e > 0 and choose |U; — U | < 6%. Then

[[W, — Wy || <e.

Thus, W(@; pU) is continuous.

Now, we prove that W(w@; pUl) is decreasing in the second argument. Let (I; > U, and define W; = BR"(J;pU;) and
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W, = BR"(J;pU,). Observe that Wy, W, € K"(J). Thus, min{W;, W,} and max{W;, W} € K’(J). Therefore, we can use
min{W;, Wo} = W; — max{W; — W5,0} as a test function with U; and max{W;, W,} = W, + max{W; — W>,0} as a test

function with Ul;. Therefore,

—a(Wy, max{W; — W,,0}) > —(1 — ﬁl:ll,max{Wl —W,,0}),
a(Wy, max{W; — W,,0}) > (1 — ﬁﬁz,max{Wl —W,,0}).

Adding both inequalities, we obtain
a(W2 — Wl,max{Wl — Wz,()}) 2 p (Hl — l:[z) (1, max{Wl — Wz,O}).

Multiplying by -1 and under the observation that a(W! — W2, max{W! — W?,0}) = a(max{W! — W?,0}, max{W! — W?,0}) >
B|| max{W! — W2,0}||? for some B > 0, we have that

|| max{W; — W»,0}|> < % (U — U) (1, max{W; — W,,0}).
Since U; > U,, we have that U, — U; < 0. Assume, by contradiction, that Wy > W,, then(1, max{W; — W,,0}) > 0. Operating,
0 < || max{ Wy — Wy, 0}|]% < % (T — T) (1, max{W; — Wa, 0}) < 0.
Thus, we have a contradiction. In conclusion, W (@; pU) is decreasing in the second argument. Observe that f(@) = BR/(W) is

independent of pU. O
Proposition B.9. Let W* (; pU) be the non-trivial Nash Equilibrium, then it is continuous and decreasing in the second argument.

Proof of Step 3 - Proposition B.9. First, we show that the value function from the non-trivial Nash equilibrium is decreasing in U.

If ﬁl > Hz, we have, by the previous step, that
QW, plh) < Q(W, plly).
Define recursively Q" (W, pU;) = Q o Q"~1(W, pU; ). By monotonicity,
Q"(W,pll) < Q"(W, plp)

also holds for all n. By Theorem 18 of Marinacci and Montrucchio (2019)

Thus,

In conclusion, the non-trivial Nash equilibrium is decreasing in U.
Now, we show continuity. Take u, + u* (resp. U, | U*). Then, it is easy to see that W (w;ﬁﬁ") is monotonic, and by

completeness, it is easy to see that W* (; pU") is a convergent series. Thus, W*(; pU) is continuous in the second element. []
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Step 4. We now show the existence of the unique fixed point in ﬁﬁ. Using the free entry condition, we can define the value of

the unemployed worker as

o Y S0 5 W 60
P(pU) := B + max 7 J(d; )= W(w; pUl).
We now show two propositions: (i) we show some properties of P(pU), (ii) we use these properties to show the existence of
a unique fixed point P(pU*) = pU*.
Proposition B.10. The following properties hold for P(pU):
P(pU) exists and is unique.
P(pU) is continuous.

e P:[B,P] — [B, P] and it is decreasing.

Proof of Step 4 - Proposition B.10. From Proposition 2, we have that " N ¢/ is bounded, thus

J(@; pU) = W (w; pU).

max ~1 J(; ﬁl:l) C
w

K1/« W(?f] pﬁ)

max = ———
wecl{CINC"} K1/«
Since J(+;pU) and W(-; pU) are continuous and the optimization is conducted over a compact support, by the extreme value
theorem there exists a maximum and, clearly, is unique. By Proposition 2, we have that P =: P(B) > B. Since J(; pU) and
W (w; pU) are continuous in both arguments, by the maximum theorem, the maximal value is continuous. Let @* (pU) be the

solution to the optimization problem. Then, if U < U’,

Step (1) uses the optimality of &* (9UI) and step (2) uses the fact that [ and W are decreasing in the second argument. Thus,
P(pU) is decreasing. Since P(pU) > B ( J(-) and W(-) are non-negative), we have that P : [B, P] — [B, P]. O

Proposition B.11. P(pU) has a unique fixed point.

Proof of Step 4 - Proposition B.11. The existence of the fixed point follows directly from Brouwer’s fixed point theorem. To show

uniqueness, observe that if there were two fixed points U; < U,, by definition, we would have that P(pU;) = pU; < pU, =

O

P(pU,) and P(pU) would be strictly increasing. By Step 4-Proposition B.10, this is a contradiction.

B.4 Proof of Proposition 2

Proposition 2. The recursive block equilibrium has the following properties:

1. The joint match surplus satisfies

where
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Proof.

is the expected discounted match duration and 1 > pU > B.
The competitive entry wage W* coincides with the Nash bargaining solution with worker’s weight :
Ak AT (N T oA\ 1I—a | A\ ~A\\1—a PPN
" = argmax {W(@)*[(@)' ™ } = argmax {y(@)*(1 - 5 (@))'*T(@,) },
w w

with optimality condition

R 1—a T (D*,0)
"(* ( Dﬁ - Y ) = - % .

T\ T @) T 7@
Share channel Surplus channel

Given 1(*) and T (*, p), the equilibrium job finding rate f(*) and the flow opportunity cost of employment pU are given by

1-a

f@) = [(1 @)1 -pU)T (@",p)/K] =,

pU =B+ (R (1—y(@)' " p(@)* (1-p0) T(@",4)) "

Given U, the worker’s and the firm’s continuation sets are connected, and the game’s continuation set is bounded, i.e.

{Z{A)Z{AJ>ZT17}:CAh/
{w:2 <t} =0

with —co < W~ <log(pU) < 0 << b+ < c0if p+0+4 —02/2 > 0.

Now, we prove each equilibrium property.

Using free entry condition and By the equilibrium conditions, for all @& we have that i (@) > 0and W(d;) > 0; thus, the

product is also non-negative in @*

pU = B + maxd(@*) *W(2*) > B < pU > B

w*
Using the recursive definition of the value function, we have that

%

Tm
W(d) = Egy [ /0 e Pt(e® — pUl) dt

T”T* N N
/ e PH(1 —e®) dt}
0

where 7" is the Nash equilibrium in the math with the exogenous separations. Summing up the previous two equations

TYY[* N
/ e Ptat| .
0

J(@) = Eqg

= (1 - ﬁa)]Ew

TW[* N .
/ e PH(1—pU) dt
0

Since W (), () > 0, S(@) > 0 and

0<S(@*) =(1-pU) T (0", p) <= 0<1-pU <= 1>pU
0
>
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So, 1> pU > B.

Now, we show the strict inequality by contradiction. Assume that pU = B. Then V@, we have that 0 = () = W(0) =
S(@) = (1 —B)T (@,p). Thus, Vb, T (@, p) = 0 which breaks the non-trivial Nash equilibrium. Assume that pU = 1.
Then B 4 maxy: 8(*)1~*W(#*) = B < 1, and we have the contradiction.

. To show this property, first we show that f(@) > 0 for all @ € (pU,0). Define
T(w’,O) = II;If{t . Z’Dt é (ﬁH,O)}
By optimality of the firm,
f(w) =Ey

T’”* . R
/ e~ 0TI — oy dt| > Ey
0

min{r-;, T} ~ R
/ (pU1,0) e7<p+5)t(1 i ewt) dt:| > 0.
0

Thus, there is an open set s.t. J(@) > 0, 8(@) > 0, and J(@) — Kd(#)* = 0. Therefore,

arg max {p(B(0))W (@)} = argmax { <](zi)) ) N W(ZI))} = argmax {f(w)l—“W(w)“} .
Since W (@) = 5(@)S(@) and J(#) = (1 — 5(®))S(#) and S(@) = (1 — pU)T (@, p),

argmax { p(0(@))W(@) } = arg max { J(@)!“W(@)" | = argmax { (1 —(@))! 5 (@)*T(@,) }

Taking first order conditions

1 (A% x _ 1—a 777;4”/;(72)*"5)
v )(n<w*> i —17(@*)) =TT @)

. This step comes directly from the optimality conditions.

. Now, we show the property. To show that C" and €/ are connected, assume they are not. Without loss of generality,
assume that (C")¢ = {@ : & > @~} U (a,b) witha < b < w™. Then, since &~ < gl it must be the case that for all
@ € (a,b) , we have (e? — pll) < 0 for all @ € (a,b), and W(x) = Ey [f;“’”cﬁ(y)c e~ (POt (g _ 51T) dt] < 0 for all
x € (a,b) due to continuity of Brownian motions. Since W(x) > 0, we have a contradiction. A similar argument holds for

the firm’s continuation set.

We prove that —oco < @™ by contradiction. Assume that —co = @, then

Then, since ﬁﬁ < e’w, it is easy to show s

W(®) = E

_ et B ol
Cp+e+g—02/2 P46

Thus, there exists a small enough @y s.t. W(zi)) < 0 and we have a contradiction. A similar argument holds for the firm’s
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separation threshold.

O
B.5 Proof of Propositions 3, 4, and 5
Define C = (&~ , @™ ). From proposition 2 and , we can work with the following HJB conditions
- N _ - o2 . _
(p+0)W(D) =¥ — pl — 4W' () + 7W”(w) Vi e R (B.33)
2
(B+0)]@) =1—e? — 4] (@) + ‘%f”(w) Vi € R (B.34)
pU = B+ (@) & W(@")
dlog J(&*) dlog W(d*)
== =@
with the value matching
W(@™) =J(@") =W(@") = J@") =0;
and smooth pasting conditions
W) = J'@*) =0
Proposition 3. Assume § = o = 0. Then, the optimal policies are given by
(b, &, &) = log(pU, & + (1 —a)pU,1),
with () = a and To (D%, p) = (p+ ).
Proof. If 4 = o = 0, conditions (B.33) and (B.34) imply
. o _ oW . et _ o
W(w) = EY R J(@) = WETE
The variation inequalities imply
(04 6)W(d) = max{0,e? — pU}, Yo € CJ,
(04 6)J(@) = max{0,1 —e®}, v € C",.
Thus, W(@~) = J(@*) = 0 and
ot =0 ; @ =log(pl)
Since
o (p+0)"1 ifwe b, bt
T(w,p) = { .
0 Otherwise
Since Ty (@*, p) = 0, we have that () = a. O
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Proposition 4. Assume 4 = 0, « = 1/2 and a first-order approximation of the flow payoffs around @*. Then ®F = ®* & h(p, D)

eV = ! +2pll and k(@, @) = w(2pP)d

with g = \/2(p+6)/0,® = i;ﬁg The following properties hold for w: (i) w(z) decreases for all z € (0, c0), (ii) lim,_,o w(z) = 3, (iii)

lim; o w(z) = 1, (iv) w(29D) P is increasing in P, and (v) pw (29P) increasing. (W) = a and

_1- sech(pk(p, D))

T(@",0) s
increasing in ¢ and .
Proof. Let us guess and verify the following solution w* = log (#) and @~ = ®* — kand @ = @* + k for a given k. Using
a Taylor approximation over the flow profits around w*
e? —pU ~ e (1+ (0 —@*)) — pU = 1_2‘3& + e (W — B*),
1—e® m1—e® (14 (0 —d%)) = 1—2p~a & (b — %)
We can write the optimality conditions as
(5+6)W(@) = 1 _Zﬁa + e (B — ") + ‘T;W"(w), Vb € (w* —k,w* +K)
(p+0)](@) = ! _2ﬁa — e (0 — %) + %2]”’(@), Yo € (w* —k,w* 4 k)

Jle+ i) — 5tk

Now, we show that we can transform J(x) = i 2079 A similar argument applies to the value function of the worker.
Making the following transformation J(x) = %, and using (B.34)
- (f(x +0) = 55 )
(6+8)](x) = (p+ — ,
=—x+ %2830* J' (x + %),
=—x+ ?J”(x)

Thus,
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Defining

1-pU
d=-—2_ = ~
ev’ 1+ﬁu>0'
it is easy to show
P !/ !/
W(k):I(k)—W(—k):I(—k):—ﬁM ;o Wik =T(k) =0

Thus, W(x) = J(—x). Given that this problem symmetric, we verify the guess of symmetry of the Ss bands and JW'(0) =
- %](70). The latter property, implies that w* satisfies the Nash bargaining solution.

Now, we show that k = w(¢)® with ¢ = /20 + 6/0. Note that W(x) = J(—x). Thus, we can only focus on W(x) using the

smooth pasting condition over —k. The solution to this system of differential equations is given by

W(x) = Ae? + Be™ " + -

p+o
W(k) = W(—k) = ——2— and W (=h) =0
= =553 =
with ¢ = \/2(p + 6)/0?. Writing the value matching conditions
k (o
Pk —¢k = _
Ae?™ + Be” %" + R )
k (o
—gk ok _ -
Ae %" + Be 5o PR

Taking the difference and the sum

Therefore

—Zﬁ% (e*‘Pk - e(”k) —I—Zﬁié (e’qpk +e‘Pk>

T (e + e 9k) (e~ 9K — e9K) — (e~ K 4 o9K) (e9k — e oK)
e <7ﬁ$5 + p”-hHS) + et (pflra + pf&)
(e &) (7 — o)
1 e (D k) etk (k+ @)
ﬁ +0 eZ({)k _ 372(pk
—25 <e‘Vk +e—¢’<) +2:2; (e‘/’k _ e—fpk)
(ePk 4 e=k) (e~ 9k — ePk) — (e~ Pk 4 oK) (ePk — o= 9k)
B (E‘Vk + e~ Pk) (e= Mk — oAk

1 e (—D k) + e (k+ D)
- o+ 5 20k _ o—2¢k

Therefore y 8 . §
Pk (— P P -9 —
Wix) = — 1 e (—D+k)+e (k+q))€AX+~1 e (P +k)+e P (k CID)E,AX+~x
g+ ) 290k _ o—2¢k 0+ ) 29k _ o—2¢k 0+ 0
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Taking the derivative and evaluating in x = —k

e (=D + k) et (k+ D) po e (—D +k) +e 9 (k+ D)

! —
Wi(=h) = 220k _ =29k 20k _ =29k

(pe"’k—i-lz()

or equivalently

— (20K 4 20k _ ) = %(ehﬂk —e 20Ky — izq;k (eZ(Pk 4 e720k 4 2) (B.35)

It would be useful to express equation (B.35) using sinh(x) = =~ and cosh(x) = ©5*—. Using the hyperbolic functions

2sinh(2¢k)

—®2 (cosh(2¢k) — 1) = — 2k (cosh(2¢k) + 1)

Multiplying both sides by ¢
—®2¢ (cosh(2¢k) — 1) = 2sinh(2¢k) — ¢2k (cosh(2¢k) + 1)

While in principle k(¢, @), we can change variables with x = 2¢k and x as the implicit solution of
—®2¢ (cosh(x) — 1) + x (cosh(x) + 1) = 2sinh(x).

Thus, k = x(cz}%;q’). Let b = ®2¢ > 0, then we can express the function x(-) as the solution of

b _ 2sinh(x(b)) — x(b) (cosh(x(b)) +1)
(cosh(x(b)) — 1)
Notice that if we define (x) (x) )
_ 2sinh(x) — x (cosh(x) 41
flx) = - (cosh(x) — 1)

The following properties hold over f(x)
1. limy_ f(x) = 0 and limy_s f(x) = 0.

2. f(x) is increasing and convex, with lim,_,o f'(x) = 1/3 and limy_,e f(x) = 1.

dlo )
5 dogtiol

Given these properties, we can write k(¢, ®) = %ﬁfp@ and show the following properties over k(¢, D)
1. k(¢@,®) is increasing in ®: Since f~1(-) is increasing ,we have the result.

2. k(¢,®) is decreasing in ¢: Taking derivative of k(¢, ®) = %%;@) with ¢ and operating

k(e ®) _ df '(x) 20 f'(29®)
dp  dx 20 2¢ 2¢?
_ [T129®) | df T (x) 200
297 dr | g0 /T (209)
_ f1(2¢®) | dlog(x) 200
2¢? dlog(f(x)) [y=29e f ' (2¢®)

<0.
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3. limy o k(¢, @) = 3® and limy—,c0 k(¢, @) = ® : Applying L'hospital and using the derivative of the inverse property

. o [T 1 _
oK ) = e e T ) T

. @) . 1

limk(p,®) = lim = lim b =3P

10 (9.®) pl0 2¢ pl0 f'(29®)

4. k(p,®) = w(2¢pP)d: Define w(z) = fﬁ;(z) , then it is easy to see that (¢, @) = w(2¢P)P. Moreover, from property 2
and 3, w(z) is decreasing with lim, |y w(z) = 3 and lim; .« w(z) = 1. Moreover, with similar argument, it is easy to show

that w(2¢®P)d is increasing in ® and w(2¢P)¢ increasing in ¢.

Now, we can compute 1(@*) and 7 (@*, p). Note that we can define T(x) = T (& — @, p), which solves

(p+8T(x) =1+ U;T”(x), with T(+k(g, ®)) = 0.

The solution to this differential equation is given by

— e +1
T(x) = .
p+6

Thus, T'(0) = 0 and (@*) = &

Using the property that sech(x) = ef-s—%’ we have

A
TP = p+o
O
Proposition 5. Assume ¢ = 0and 7 > 0. Then ®~ = log (pUl) and
o :w,+T<a+(1—a)pa p+9o (1—a)(1—pa)) .
ol 7 ol

T (-) is defined as

 JTabo 1 — e~ (14D T(abe) . e—bT(abe) b+l 1- a~bT(abc) (B.36)

1— ebe(u,b,c) b+1 1— Ebe(a,b,c) b eT(u,b,C) _ ebe(a,b,c) .

where T(-) is increasing in the first argument and decreasing in the second argument. The expected discounted duration and worker’s share

satisfies:

—EET)
1—e 7
T A*/A - A
(@"p) p+9
g1 U ps
- 1_67%;‘)7-(.) 0+o+5 Aa
n(@*) = 1 —‘ﬁl:l 1Y

Moreover,
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1. If§ =0, then

B Tlimiti B (l—oc)(l—pfl)( . Flimit )
)p'\u 1 pa 1 STt

ol Tlimit

T (0%, p) — 0and y(@*) — ylimit
1—u ( ) limit
lemzt limit + pU(l lzmit)

limit _

U

Proof. Now, we take the ¢ | 0. The equilibrium conditions in this case are

(f+OW(@) =e® —pll — W' () Vel
(p+0)J(@)=1—€"—4](d) Vel
1—a) dlog J(&*) dlog W (&™)
(1= do da

with VM and SP

W@ )=J@ )=W@")=]@")=0 ; W@ )=T]@")=

Without idiosyncratic shocks and 7y > 0 the upper Ss band is not active. Thus, we discard the optimality condition for this

™. The stopping time is a deterministic function in this case, hence, it is easier to work in the sequential formulation.

~\ —(p =5 _ 5
W(D) m_.;lx/o ( pU) ds

B T(w) R o
J(@) = / e~ (PH)s (1 —ew%) ds.
0

In equation (B.37), T(®) is the optimal policy of the worker. Taking the first order conditions with T()

Solving the previous equation

Thus, if @ = ©* we have that &* — §T(*) = @~ satisfies
= log(pUl).

Taking the derivatives of W(@) and J(@), and using the envelope condition for W’ (), we have that

T
W' () = / ) e~ (Pto)s (ewf'?s> ds,
0

7'(®) = — /T(w) o~ (+0)s ( o 'ys) ds + ¢~ P+ T(®@) (1 _ ewwm@) T ().
0

[
=1/%
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From equations (B.38) and (B.39), we get the Nash bargaining solution

fOT* ef(p”+§)s ( w* 'ys) [— f()T* e*(lj+5)s (ew**'?s) ds + e*(ﬁ+5)T* @}

— =(1- B.40
e o (@ plyds Y e @ (1= e 1) ds oA
Define
" 1—e T
Oa, T) := —
. f(p+5) “(1-p0)
’Yf —(p+6)s ew**'?s)ds
Operating
T A Y ) A Ak A ~
oc/ e~ (pH0)s (1 —e? _75) ds=(1- oc)/ e~ (H0)s (ew - —ﬁU) ds[l1— 2] <~
0 0
« [Q(p—i—(S,T*) —ew*n(pr,T*)] =(1—a)le [ DOp+6+4,T) — pHQ(p+5,T*)] x
TN Ul 1) B RN
' Y€ QP + 0+ 4,T*)
(a+(1—a)pl) Q(p+6,T") =¥ Qp+6+9,T) +
. i T (1 o)
o W A &Ry A A *
L (1—a) [e Q(p+6+4,T) — plQ(p+6,T )] TG 5T
R R W DA ey (1—&)3*@*‘5”*(1—‘6&) o~ Qp+6,T)
(a4+1—a)pl) Q(P+6,T) =" Q(p+5+4,T) p puew*Q(ﬁ+5+'7,T*)

N o 1—a)e”0HIT" (1 — (1) -~ Q(p+6,T)
\A A *\ LW A 5 TFY — ( A ’
(a+ (1 —a)pl) Qp+6,T) =" Q(p+5+9,T) % { puew*ﬂ(ﬁ+(5+'?,T*)}
* % —aT* o— 7
Define T = 4T* and O(a, T*) := 45— =% 1Q(%,T).Then
VT = plr
5 e T s Qe T
(e -wpr) 70 (20,7) =5t (P20 4 r) - Bt Ol i gn (1)
7 7 7 e (£ 4+1,7)
7
Therefore, the optimal stopping is given by
1 (8T (1-—a)1-p0) |[1-E2a (2, 7)] [ (e, 1) ]
a+ (1—a)pl 5 7 P 7 7 7
60 p+5 . ¢ Ty [P0 N D Y =
pu Q(PT+1,T> PO (P? +1,T) e (Pﬁ +1,T)_
or 5 $ s s
N )15 L 1 7 50} procy (046 7] T 8 7\ ]
a+(1fa)ﬁU_ng(pT+1'T> (e -p) [1- B0 (52,7 - (5.1
oU B 0+ 5000 (P2 7 T (016 )
p Q(TT> plIQ< + ,T) e Q( + +1,T)_

B27



Now, we show the property over the T <“+(1ﬁ_a“)p a, %, (l_“)ﬁ%_p a) ) . Let us define the following function
_ (14D _pl=et _ b
f(ﬂbC)::e”1 e 00 b —c 1-075 1—71 c” brl
T 1—e b b+1 1*;’“ 1 — e~ (1+Db)a pen

:eal—e*“*b)‘Z b . b _b b(e®* —e 0y — (1—e ) (b+1)
l—e b2 p+1 1—eba b(et — e—ba)

_ 1—e(tb)a g b e=ba [pet — (b+1)+e b £ peba

o 1—etm b+1 1—eba b(e® — e~ba)

Ll p et et — et — (b 1)+ (14 b)e

T 1—etr b+1 1—¢ba b(e? — e—ba)

_ . 1— 67(1+b)a b o efbu -1 B b+11— afba

B 1—e b2 b+1 1—eba b et —eba|’

Observe that with this function:

oc—i—(lpgla)ﬁljl :f(T(DH_(l

The following properties are easy to show:
1. f(a,b,c) is increasing in 4.

2. Ifa,c > 0,b — oo, then f(a,b,c) — e : To see this property, taking the limit

|:ell 1— e—(1+b)u b o e—ba |: B b+11-— e—ba :|:|

ST -
e 1_ebn b+l 1 ¢t

a>0,b—00,cxb

_(14b _ _
V— 1—e (b b . ebe . b+1 1—ebn
=€ lim T e lim _ lim cb b 1— lim —— lim i
a>0b—0 1—e P 50bsc0b+1  a>0ps00 1—e b2 b b a>0b—c0 e —eba
———— ,
=1 =1 =0 = —ea
=¢.

#o1-c1- )
a

3. Ifa,c >0and b — O then f(a,b,c) — : To see this property, taking the limit

. 1— e (+b)a e~ ba b+11—¢ba

= lim |[é° —cb —

a>0,b—0 1l—eba p+1 1—eba b et —eba
=e"(1—¢e™") lim b —c lim b 1- ! lim Loerl

a>0—01—e b T 450b—01 —eba e —1ps0 b
=1/a =1/a =a

B e”—l—c(l—ﬁ)
— . .

4 &> f(abc) > ch(+—71)

5. Duration of the match: It is simple to show that

where the upper bound is reach when b — o and the lower bound when b | 0.



6. Worker’s share:

eV (-)+Hog(pUl) fo e (P+o+)t g4 _puf —(p+o)t g¢

@) =
v (1—-pU) fy e 0rorar

(14850 7.
eT(.)lfg <HT)T() p+0 1
F’*‘s T() o+o+5
_ 1-e ﬁl:[
1-pU

With these properties, we can proof the equilibrium policies:

a+(1—a)pl p+o (1—a)(1-p0)
1. T( ou 7T U

) is increasing in the first argument.

2. 14 — 0, then 22 — oo

lim T(:) =log ((X + (1A_~ a)pU)
(p+0)/§—o0 ou
The expected discounted duration in the limit is equal to
1
1 =
'ylgb T(@"P) p+o
The worker’s share in the limit is equal to
. S G S LOR i
eT()1=e MZ pﬁ}i’? -1 ) at(1—a)pl 1
A% 1—e Te) AT e 1 AT ou N
n(@*) = o} pU = ——pU = i
1-pU 1-pU 1-pU

3. If § — oo, then 21° W ’ _5 0, which provides the same T(-) as p + § — 0. As we have shown before, under this limit, T(-)

converges to the implicit solution given by

. T(- (1-)(1-pl) ()
a+(1- )ﬁu el —1- ol (1_ gﬂ')—l)
pu ()

Given the converge, we now show the limit for 5 (") since clearly 7 (@*, p) — 0. Let us depart from equation (B.40)

_ fOT* o~ (p10)s (e =75) ds + e~ (00T (17913)}

T —(p+6)s (0" —4s
fO e (e )ds _(1—06)[ r

T e (pH0)s (e =45 — pil) ds ST e=(p+0)s (1 — gt"~45) ds

Taking the limitp +6 — 0

T enydi= 0w [ (e piy - (R0 =P (= p) de
a/o (1—e")dt = (1 )/O (e — pUT) dt

7 fo ewr dt
Operating and using the occupancy measure
i T eVt dt AT T*
(s Q0 gl B g e s
§T* i e dt T*

It is easy to check that




E[e?]—p0
1-pU

Since whenever p + 6 — 0, we have that 5(®*) = . Using this result

T (1 - Uy (o°) + 7l

I T LIy o HEPAU P
el ()
M) = T @) - (@)
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C Proofs for Section 3: Identifying the Microeconomic Implications of Al-

locative Wages

C.1 Proof of Lemma 3
Lemma 3. The drift -y and volatility o of the stochastic process guiding cumulative productivity shocks can be recovered from D with

_ Ep[Aw]

T Ep[t] ’

2 _ Ep[(Aw— 1)
Ep[7]
Proof. From the law of motion dz; = 7y dt + o dW} and the fact that at the beginning of a new job spell w;, — z;, = @*, we have
that
Aw = —Azr = yT+ oWE. (C.1)

Drift: Taking expectation on both sides conditional on a hi-to-u-to-h transition, we have that ¢lE[W?| = Ep[Aw] — yEp|t].
Since WY is a martingale, by Doob’s Optional Stopping Theorem (OST), W7 is a martingale, and E[W%] = E[W}] = 0. Thus,

_Ep [Aw]
Ep|7]

Idiosyncratic volatility: Let us define Y; = (Az; + 'yt)z. We apply Itd’s Lemma to Y; and obtain
dY; = 2 (Az¢ + ) (dAzs + ydt) + %Z(dAzt)z =20 (Azp +yt) dW? + 0% dt
Integrating the previous equation between 0 and T and using condition (C.1), we obtain
(Aw —y7)? =20 /OT (Azs 4 yt) AWF + 0?1
Since [y (Az¢ + yt) dW? is a martingale, by the OST, [ (Az; + ) AW is a martingale and E[[f (Az; + ) dW7] = 0. Thus,
Ep|(Aw — v7)?] = 20E {/OT (Azy + 7t) thZ,] + 0?Ep[t] = e?Ep[1]
which completes the proof of Lemma 3. O
C.2 Proof of Proposition 6

Proposition 6. The distribution of Az conditional on a job separation is given by

2 W(_Az
Gh(Az) = Zf‘(fw*)dl EiZA ) ff(;*)lw(fAz)f M- L9(—Az)]. (C2)

where LY (Aw) denotes the cumulative distribution function (CDF) corresponding to the marginal distribution I“ (Aw).

Proof. The objective in this proof is to use the non-differentiability of the distribution of gs(Az) for s = {h,u} at Az = 0 to

C1



express the distribution of Az conditional on a separation. Observe that

L%(a) = Pr" (Aw < a)
=0 Prch'Gl‘(—(Azh +AzZ") <a)
=@ GG (AL 4 AZM > —a)

=) 1 - Pr(AZ" + Az* < —a)
)1— / Gh —1)3"(y) dy.

Here, in step (1) we use the definition of Aw, and steps (2) to (4) operate and use the independence of Gh(~) and g“(-). From

Proposition D.1, we have

" (A2) = G { cRIVTNE 82 € (~o0,0
Z) = Yu

¢ FIU@NA if Az € [0,00)
and
LY (Aw) =1 - C(Aw) — Co(Aw), (C3)
where
Cy (Aw) = / Gl (= Aw — w)ePUF@ D gy
Co(Aw) = / G (= A — )P U@ D gy

Departing from LY (Aw) = 1 — [*_G"(—Aw — y)g"(y) dy and doing the change of variable x = —Aw — y with dx = —dy, we
obtain

LY(Aw) =1 — /jo G (x)g" (—Aw — x) dx.
Taking the derivative on both sides with respect to Aw we obtain
(Aw) / Gh(x —Aw — x) dx.
Reverting the change of variables and using the fact that §* (—Aw — x) is non-differentiable at 0, we obtain
*(Aw) = /oo GH(—Aw — 1) (2" () du
/ G (—dw — u)Gupa (f(@"))eP V@) du + / G (—dw — u)Gupy (f (7)) V@) du
= P1(f(@"))C1 (Dw) + B (f(@")) Ca (Aw).

Thus,
19(Aw) = B1(f(@"))C1(Aw) + B2 (f (@) Co(Aw). (C4)

To obtain the last condition, observe that

C1(Aw) = /0 G (—Aw — 1) GueP P gy
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— G, [ b s gy,

—Aw
~ G, / Gl ()P /@) (~8w-y) g
and
0 = Ak
Ca(Aw) = / Gl (— A — 1) GyeP2U @ D gy,

—Aw
-G, / Gl ()P @) (~8w-1) gy

—g, [T Ghy)eP @ u-y) gy
J—Aw
Taking the derivative with respect to Aw and using the Leibniz rule, we obtain

—Aw

C(Aw) = —Gu G (—Aw) — By (F (")) G / Gl (y)eP @) (~8w—y) g
= —GuG"(—Aw) — p1 (f(@*))C1(dw) (C5)
Cy(bw) = GuG" (—bw) — Ba(f (")) Ca(Bw). (C.6)

Taking derivative of (C.4),
(1) (Aw) = B (f(@"))C1(Aw) + Bo(f (@) C3(Aw)

and using conditions (C.5) and (C.6),
(1) (dw) = G"(=Aw)Gu[B2(f(@*)) = Pr(f(@))] = B1 (f(@*))*C1(dw) — Bo(f(@"))*Ca(Aw). (C7)
Equations (C.3), (C.4), and (C.7) provide the following system of three functional equations with three unknowns

1-— Lw(Aw) =C (Aw) + Cz(Aw),
19 (Aw) = B1(f(@7))Cr(dw) + Ba(f(@7)) Ca(Aw),
(1) (Aw) = G"(=8w)Gu[B2(f(@*)) = B1(f(@"))] = B1 (f(@*))*Cr(Aw) — Ba(f(@"))*Ca(Aw).

Operating over the system of functional equations

(1) (8w) + [B2(f (@")) + B (f (@) I (Aw) + Br (f(@")) B2 (f(@7)) [L — L” (Aw)] = G (—Aw)Gu[Ba(f(@*)) — b1 (f(@*))],

with

Gu = (Ba(F@) = pr(f@) )
= = V?+ 20 (%)

:Bl(f(w*)) = 2 ’
palf(a) = TEVT 2@
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(777\/’yz+202f(u‘1*)7’y+\/'yz+2¢72f(u‘;*))
0—2
- 2f (@)
UZ
___
f(@*)

P1(f (@) B (f (@)
GuB2(f (@*)) — Pr(f(@*))]

Therefore the differential equation is given by (C.2).

C.3 Proof of Proposition 7

Proposition 7. Assume y # 0. The distribution of cumulative productivity shocks g (Az) is given by
Az _
¢"(Az) = % V (1 7e%<y—AZ>) 3"(y)dy + G(—A7) {1 _ e Abzta >H .
—A-

Proof. During employment, the distribution of cumulative productivity shocks satisfies the following KFE and the boundary

conditions

68" (8z) = 1(g")'(Az) + %z(gh)”(AZ) YAz € (A7, AT)/{0}
g'(-a7)=g'ar)=06Mar) =¢,

¢'(Az) e C.

The distribution of cumulative productivity shocks conditional on a job separation satisfies

1 if Az € [Ay,0)
Ghiazy =10 L |2y Y (A 52 ol d A A At
(Az) o | T limazya-(8")(Az) +6 [T5 g"(x)dx| ifAze [-AT,AT)
0 if Az € (—o0, —A7).

Combining these two conditions, we obtain

s€g"(Az) = (") (Az) + %2(8'1)"(&) VAz € (—A7,AT)/{0}

g'(-a7)=g'ar) =06 =¢.
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2
Multiplying both sides of the first equation by et we get

2
sCent?

g

(Az)

2 2 2y
7ert (g (82) + e () (82) WAz € (—87,8%)/{0}

Integrating both sides from —A~ to Az, we obtain

Az,
SE/ e gl (x) dx
—A—

o d(e*™ (8" (Az))
2 dAz
[ 2pz gy i By
=5 | (8 (82) = lim e?7(g") (x) |,
o2

T (ghy (8z) - s AV Gh(-a),

where the last equation uses the value of G (Az) evaluated at Az = —A~. Solving for (g")'(Az),

2sE
o2

Az
/ e
—A—

2y

3 (x—=Az) 5h

8

(x) dx + e~ (A A Gh(_p-)

(") (A2).

Integrating this equation from —A~ to Az, we obtain

Az
[ @@ =ghan - g'(-a7)
—A— \?T)—/
Az X _
- 2%5 e U,Afe‘z’%(y_x)g‘h(y) dy+e A4 +")Gh(—A’)} dx
25 | (B2 ¥ 2 (y— a? . _ 2 -
e 2 (y=x) 5h TG — _ o BzAT)
= _/A/Ae g(y)dydx—i—zryG( A ){1 e H
[ oz Az 2 -
2;—5 / / et V¥ gh(y) dx dy + g—G_ (—A )[1—e_%(AZ+A >H
/-8y
_ 20-575 /AZ |:/AZ e%(y,x) dx] g_h(]/) dy+ %Gh(—Ai) |:1 _67%(A2+A7):|
—A— y
—_—
= %(176%(%&))
= % [/AZ (1 —e%(y_Az)) $"y)dy + G'(—A7) [1 e—i}(AZ-ﬁ-A)H
—A—
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D Additional Results for Section 3: Identifying the Microeconomic Impli-

cations of Allocative Wages

D.1 Characterization of ¢"(Az) and g*(Az)

Proposition D.1. Assume § > 0. Then, g"(Az) and g" (Az) are given by

ifAz € (—A,0]
if Az € [0,AT)

)
h _ B1(0)A™ _pBa(8)A
g (Az) = £G, { eﬁl(ﬁ)e(Az—A+)7g/32(6) Azt
e PLOBT Pl
gﬁz(f(@*))AZ lfAZ c (_oo’ O]

Y(AzZ) = (1—E)G, b
g'(bz) = (1-8) { ePIU@)Dzif Az € [0, 00)

where
—y — V7% +20%x —7+ /7?4 20%x
,Bl(x) = o2 rﬁZ(x) = 2 ’
e f(@)
. 2 5)—p2(9) §)—p2(0 ’
f(w ) +6+ %gh [epf;)(r)ifﬂzz((a)r - e—ﬁf;)(AJr 75,2;32()5)A+:|

Bi2) RO B0 5:00)
BB _ B0d o Bi0A _ g pal0)hT |

FIOAT 1 DT 1 _ePidt  q_ppat 7L
Gy =

Gu = [~Br(F@ )+ ol @) "]

Proof. Let us write the KFE and border conditions:

6 (82) = 7("Y (82) + S (8)"(82) ¥z € (~-,a%)/{0) 1)

g'(-a7)=¢"(a") =0, (D.2)

)" (82) = 1(8")/(42) + - (8°)"(82) ¥z & (~o0,9)/{0), 03)

limg4(Az) = lim g"(Az) =0, (D4)
. "

1- [ Cgtaz)dazt /ﬂf ¢"(Az)dAz, (D5)

f@) ) =ag+ G [ im (682 - im @(82)]. D)

g"(Az),8"(Az) € C.

We guess and verify the proposed solution. Substituting the guess for g (Az) in (D.1) for Az < 0, we have

. o oB1(0)(Az+A") . P1(8)(Az+A") c o2 e oP1(8)(Az+A")
- ghe/slwmf P (0)B +1B1(0)EG FOA (A Gn P1(9) FIOA _ p0h

mutatis mutandis for the terms that include f,(6). Given the definition of 31(d), the guess satisfies (D.1). A similar argument
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applies when (D.1) is evaluated at Az > 0. It is easy to verify that the boundary conditions (D.2) are satisfied and that g" (Az)
is continuous at Az = 0. Following the same steps for g"(Az), we verify conditions (D.3) and (D.4). Next, we verify condition
(D.5):

o AT
/ ¢4 (Az)dAz + ¢"(Az)dAz
A=

—0 —

0 00
= (1- )Gy / eﬁz(f(w*)>Aszz+/ @Az gAL| 1
—00 0

0 Bi(O)(Az A7) _ oPa(0)(Bz+A7) AT oP1(0)(A2=A") _ gBa(6)(Az—4")
...EG, /—A* GG dAz +/0 e P1O)DT _ o Pa(0)AT Az

1—limp, o eP2Uf@NBz  Jim,  oP1(f(@)Az _q

Ba(f (@*)) Pr(f(@*))

P10 _q _ o0 _q 1—e—P1AT _ 1—e—B2AT
.G, { 10 RO HO) P20) ]

:(1_5)gu|: +...

eb1(0)A7 _ of2(0)A" e=P1(0)AY _ o=B2(0)AF

=(1-&)+&=1

Finally, combining condition (D.6) with the definition of g (Az), the employment rate is

- f(@)
A 2 . . 7
f(@*) + 0+ gz [limaz —a- (") (82) — limazta+ (8")'(Az)]
_ f (@)
e 2 5)—pa(6 5)—Pa(6 :
f(w ) To+ %gh Lﬁf(%;)(ﬂ’)_f;z(@))A’ - 3*51/(3;)&2_5*2152()5%*}
O
D.2 Characterization of the job finding rate f(:*) and job separation rate s
Proposition D.2. The job finding rate f(@*) and the job separating rate s are given by
2
F) = g gy | (6" (82) ~ lim(s")'(82)]
2(1-¢&) |azt0 Az0
o2
= — |l W (AZ) — i (A )
= 5 |im(s)(82) ~ fim(s")' (82|
The ratio of endogenous s to total job separations s is given by
2 |l (g (Az) —1i (A
gend 2F [Maz)-a (8") (Az) —limp,1p+ (") (A2)
s s
and § = s — s,
Proof. The proof comes directly from the equilibrium conditions described in Section 3.
O
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D.3 Characterization of [“(t") and I"(T™)

Proposition D.3. Let Ay_ := AT + A™. The distributions of T and " are given by

[e9)

—B(n)™" _ 5 _ ,—Bmn)™
an A(n) (e B (1 e B( ))] (D7)

lm(,rm) _ 6751'"‘
=1

with

A(n) = M {sin (nn AA

2
A%
1 { 2202 2
B(n) == —+ 7—2 .
2 AL o

Proof. The distribution [*(7") is the exponential distribution that arises from a Poisson process with arrival rate f (™). Next, we
derive the formula for [" (™). Since ™" = min{t?, T"*, T/*}, we have that
Pr(t" < T) = Pr(min{t"*, /*} < T|7° > T)Pr(’ > T) + Pr(z° < T)
= Pr(min{t",7*} < T|t° > T)[1 = Pr(z° < T)] + Pr(7° < T)

= Pr(min{t", 7*} < T)[e7T] 4 [1 —7?T],

where the last equation uses the fact that 72 is distributed according to an exponential distribution with rate 6. Taking the

derivative with respect to T, we obtain

dPr(min{t",t/*} < T)

I"(T) = e °T T — 6Pr(min{", T*} < T) + 4] . (D.8)
From Kolkiewicz (2002), we have that
dIPr(min{Th*,Tf*} <T)
dT
2 00 _ n2 g2 Nk T N . e A o
_ (w+7'i(7d]7)2 V; i’l(—l)n71€ 2T —a )2 I:Sil'l (7'[7’1 ;U+ 72{]_) e—ﬁ(Z(uﬁ_w )+T) +sin (7'[7’[ ;f;+ ;f;_) 3_272 2(~ —*)++T)
o § n(-1y! ~(sE i) { (””A*) " <HW> %Af}
= n(— e - sin e + sin ev
Ai* n=1 Ay Ay
=) A(n)e BT (D.9)
n=1
Combining (D.8) and (D.9), we obtain (D.7). O

D.4 Characterization of [ (Aw)

Proposition D.4. The distribution of log nominal wage changes satisfies

1(Aw) = Gu [Ba(f(@*))e P @D, (Aw) + By (f (@) )e P DA, ()]
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with
—C (o)
([ (c), Ta(c)) = ( / e FIU@NXGh(x) dx, / e—ﬁz<f<w*>>xc§h(x)dx).

—o0 —c

Proof. Fix a date ty and focus on a newly hired worker. Then, the distribution of wage changes between two new jobs is given by

Pr(Aw < ¢) = Pr(wiyqonyrn — W < c)
:(1> PT(ZUt0+-L—m+TM — Zt0+-[m+-fu — (ZUtO — Ztg) —+ (Zt0+-l—m+-[u — ZtO) S C)
:(2> Pr(ZIJ* - Z?}* + (Zt0+T”Z+T“ - Zt[)) S C)

=0 pr(—(AZ" + Az") < ¢),

where Az and Az* denote cumulative productivity shocks during completed employment and unemployment spells, respec-
tively. Here, step (1) adds and subtracts productivity at the beggining of both job spells. In step (2), we use the result that @™ is
constant across jobs. Steps 3 uses the facts that 7# and the Brownian motion increments are independent of the filtration =, .

Therefore, the distributions of cumulative productivity shocks for completed employment and unemployment spells are given

by
1 if Az € [AT, 00)
Ghazy={ L [‘772 limp,, o (87)(B2) +6 [ g"(x) dx] if Az € [-A—,AT)
0 if Az € (—o0, —A7)
P (f(@))Bz if Az € (—00,0
§"(Az) =Gy o 1 (=e0,0)
g.Bl(f(w ))Az if Az € [0/ oo)
Thus,

Pr(Aw < ¢)
= Pr(—(Az" + AZ") < ¢)
=1—Pr(Az" + Az < —¢)

_(1)q _/_w GH(—(c + Az))g" (Az) dAz

0 )
=@1-g, / eﬂz(f(w*))AZGh(f(c+Az))dAz+/ PLF@)AZGH (¢4 Az))dAz

—co 0

_®14g,| / P U@) e+ G () d + / - e*ﬁl(f(w*))(ﬁx}(‘;h(x)dx}
—C

L/ CO

_@) 1 _ g, [e-ptr@ne / " B0 )3 Gh () dy 4 ¢~ (F0))e / - e*ﬁl(f(w*))xGh(x)dx} ,

—c —o0

In step (1), we use the independence of Az* and Az". In step (2), we use the definition of §“(Az). In step (3), we integrate by

substituting x = —c — Az and in step (4), we use the properties of an integral. The last step involves defining

—C o0
(T1(c), Ta(c)) = < / e B @)XGh(x) dx, / e—ﬁz<f<w*)>xch(x)dx>.

—c0 —c
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D.5 Characterization of E;,[Az"]

We denote by [Ej,[-] and [E, [-] the expectation operators under the distributions g (Az) and §*(Az), respectively.

Proposition D.5. Define the weights «w"" (Az) = % with the property that
E;, [wh"(Az)} =1
If v =0, then E,[(Az)"] can be recovered from
28 _
ny _ n, h2
Bl = oy B [(Az) w (Az)] . (D.10)
If v # 0, then [}, [(Az)"] can be recovered recursively from
Byl(82)"] = 5By (82)"0 (A2)] + T (A2 D11)
h nt1 " 2y " ' '
= n+k
The moments By, | (Az)"w"* (Az)| = lf[(Aiz)k can be recovered from the following linear system of equations:
]Eh[(AZ) ] 8 Y q

s

EplAw"] = (-1)" ( n ) Ej[AZ]E, [A2" 7],
o\ i

 (m=0 £on=it1) e (=it
Rl (£ (~£2)04D),

1

Eu[(A2)"] =

where

L1 = Zf(w*) and Lr = Y+ V ')/2+2g'2f(727*)
1 o? ? —y+ V2 + 202 f (%)

Proof. We divide the proof into 3 steps.
Step 1. We first show that

n & = n, hl o*n n—1
Ep[(A2)"] = -~ Ea[(82)" @™ (Az)] _W]Eh[(AZ) I

when 7 # 0. For the case with y = 0, see Baley and Blanco (2021a).
Let us define Y; = (Az;)". The law of motion for Az; is given by dAz; = —y dt + o dW7. Applying Itd’s Lemma, we obtain

dY; = n(Az)" ' dAz + %n(n —1)(Az)"2(dAz)

2
= |:—'yn(AZt)”_l + %n(n - 1)(Azt)”_2} dt 4+ no(Azy)" "1 dWF

Thus,

m

" 2 T "
(Azen) — 7771/0 (Azt)”_ldtJr%n(nfl)/ (Azt)”_zdtJrn/O (Azg)" Lo dWE.

0
Following the same arguments as in the proof of Lemma 3 and using the Renewal Principle to have Ep[7™] = 1/s, we obtain

Ej[(A2)"71] | o?n(n —1) Ej[(Az)""]

Ej[(Az)"] = —ynEp[t™] < 25 £
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or equivalentl
! ’ E  Eu[(az)™1]  o?n

ny _ _ vor n—1
By{(a2)") = £ BT g ey
From Lemma 3, we have that yEp[t"] = —E;[(Az)] and E%}fﬁiz;] = Ej[(82)"w" (Az)]. Thus,
Bil(82)] = 51 Byl(a2) o (82)] + S (82"
h T 2y " ’

Step 2. Here we show that
n n _ _ .
Ep[aw'] = (-1)" ). ( | ) B[ B[]
i=0 \ i

Using the independence of cumulative productivity shocks during employment and unemployment, we obtain

Step 3. Here we show that

E n—i :% —(n=i+1) _ (_ p \(n—i+1)
E,[(Az)" ] (e ) (£ (L)),

Let us depart from the definition of §*(Az), which is given by

eP2f(@ Az §f Az € (—o0,0]

3" (Az) = [_ﬁl(f(w*))fl +ﬁ2(f(w*))71}71 { B f@)Dzif Az € [0, 00)

where py(x) = LV TTT V(;YZZHVZX and Bp(x) = VAl i V;Y;HUZX This step consist of showing that §*(Az) is an asymmetric Laplace

distribution with parameters

oo JH@) e v E V200 (@)
1 o? ’ —7 + /7 + 207 f(00%)

The ratio between £ and L, is

. fﬂw*)wm

i 2 /A2 @)

_ Zf(?f?*)(i,y%» /’}’2+20'2f(’(1>*)) —r+ vV ’Yz‘l‘z{fzf(w*)

o* ( 72+2a2f(w*))2—72

(v 2 [0
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_ vtV 200 (@)
_ —

= Ba(f(@%)).

The product between £ and £, is

o = @) v+ 207 (@)
- 02—+ + 207 (@)

T Zfl(y?*)(vﬂ/v%zazf(w*)) 120

-+ < 72 +2(72f(u”;*)>2

= _('7+ \/')/2 —|—2(72f(di*)) 2fc(rzzb*) 202}3(@*)

R (NS

o2

Therefore, we can write §*(Az)
L
§(Az) = L1 BN ifAze (—00,0]
Ly+ L0 | e bbbz ifaz € [0,00),

which is the probability distribution function of an asymmetric Laplace distribution. It is a standard result that the n-th moment

for an asymmetric Laplace distribution is given by

E,[(Az)"] = q(ﬁ:_’im <£2—(n+1) _ (_CZ)(VI-H)) '
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E Proofs for Section 4: Analyzing the Macroeconomic Consequences of Al-
locative Wages

E.1 Proof of Proposition 8

Proposition 8. Let Qg = 1 be the numéraire and assume p = p + 7w — % Then, Py = M; and the worker’s optimal value solves

* _py(imy)
e Pt gy
./o Py

Vo = max Ey +k,

{lmzt }?0:0

where k is a constant independent of a worker’s policy.

Proof. Let V be the present discounted value of the optimal plan. The worker’s value is given by

A~

Vo = max Eo {/ et (cit + ulog (Mit)) dt} ,
L M, Imis ¥ t=0 by

Ey [/ Qr (Pecit + it My — y(Im}) — Ty) dt} < Mjo. (E.1)
t

subject to

The first-order conditions for consumption and money holdings, combined with the definition of the nominal interest rate,

are given by

e Pt = A QiP;, (E2)

Vejl = A;Qti, (E3)
My

E[dQ:] = —i;Q; dt. (E.4)

Here, A; is the Lagrange multiplier of (E.1) for each worker. Equation (E.2) shows that A; = A for all i. Taking integrals over

(E.3), we can replace M,; = M;. With these results, we guess and verify the following equilibrium outcomes

Py = APM;,
iy = Al (E5)
AQe—rt
Q= YT
t

given a set of constants A?, A’, and A9. Using the guess in (E.2) and (E.3)

1=AAQAP, (E.6)
u=AARA (E7)

Equations (E.6) and (E.7) provide the equilibrium values for AQ and A" given A’. Applying Ito’s lemma and using the guess
over (E.4)

—pt
_a0q ("
dQ; = A%d (elog(Mt>>/

El



o " Q" q_e” 2

0g
€2
= —pQrdt = Qrdt — CQrdWY" + Z-Qr dt.
Thus, using the guess (E.5) and E[dW}"] = 0
éZ
]E[th} =— <p + 7T — 7) Q dt.
—
—Ai
If we take as numéraire Qy = 1, then we verify the guess with y = p + 77 — %:
AR = M,,
. 72
t— _— =
Al=p+m 5 =M
_ H -
Mo(p+m—(2/2) My’
_2
U S

I3

Using the budget constraint (E.1)

Eoy M) Qt (Prci + 1My — y(Im}) — T; )dt} =M,y =

® Moe Pt
Eg {/0 ?\/It (Mici + uMy —y(Im!) — T; )df} =M,y =

°  y(Imt) {/0" ot Tit } My
e PP 2| 4 MyE e P g — 28y —
/0 th 00 0 M 1Y K

t
o0 o Im?)
E “feydt| = B / —pr i)
° {/0 co } "o € M;
where k; is a constant independent of the worker’s policies. Thus,
o Y .
Vo= max [y {/ e Pt <c,-t + plog (%>) dt} ,
{C”,M[[,lmi[}'oczo 0 Pt
= max E e Pt (C‘ +ulo (#)) dt} ,
{citdmi }2, 0 |:/0 it THEO8 p+mT— €2/2
= max [ {/ e Pley dt} ,
{Cihlmit}?ozg 0

/oo e—pty(lmf)
0 M;

MolEg {/ efptcit dt:| = Mjo + MyEy
0

+k;

= max [
{Ima}iz,

+k;.
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E.2 Proof of Proposition 9: CIR of employment

A,

Proposition 9. Given steady-state policies (W~ ,w*, ") and distributions (g"(Az), g*(Az)), the CIR is given by

CIRe(@) = [ mes(82)g" (82 + D)z + [ me(82, 0" (82 + ) da,
where the value functions mg j,(Az) and mg ,,(Az, ) are defined as:
TWI
mep(Az) = E / (1= &) dt+mg,(0,0)| Azg = Az|, (E.8)
0
()
meu(02,0) =B | [ (<)t +mgp(<0)| 820 = 2| (E9)
0= / mglh(Az)gh(Az) dAz +/ me ,(Az,0)g" (Az) dAz.

with T({) being distributed according to a Poisson process with arrival rate f(d* — ().

Proof. We define the cumulative impulse response of aggregate employment to a monetary shock as
CIR¢ (¢ / / "(Az,,t) - g"(A z)> dAzdt

Note that & = [ jooo gh (Az,Z,t) dAz is a function of { since aggregate shocks affect the entry rate to employment. The proof
proceeds in three steps. Step 1 rewrites the CIR as the integral over time of two value functions, one for employed and
unemployed workers, up to a finite time 7. Step 2 expresses the CIR as 7 — co. Step 3 uses the equivalence of the combined
Dirichlet-Poisson problem (i.e., the mapping from the sequential problem and the corresponding HJB equations and boundary

conditions).

Step 1. Here, we follow a recursive representation for the CIR. The CIR satisfies

CIR¢ () = [ fim [me(a2, T)gh(az +0) + m (82, T)g" (42 + 0)| daz
where we defined
T )
mep(Dzo, T) = / {/ [(1 - Sss)gh(Az,t\Azo,h) + (—Sss)g”(Az,t|Azo,h))} dAz dt} (E.10)
0 —0o0
T )
e (820,8,T) = [ { [ [0 ) g0z 1020, + (~E)g" (82, g tlazo )] dAzdt] (E11)

Proof of Step 1. Starting from the definition of the CIR, (1) adds and subtracts employment in ¢; (2) operates over the integral; (3)
and (4) use the fact that the integral operator is a linear operator; (5) applies the definition of a conditional expectation, where
¢"(Az,t|Azg, h) dAz is the probability of a worker being in the state Az at time t when the initial productivity is Azy and the
initial employment state is & (mutatis mutandis if the initial employment state is u); (5) uses the fact that conditional on being
initially employed, the transition probabilities are independent of ; (6), (7) and (8) apply Fubini’s theorem and the definition of

the limit of an integral, (8) relabels the resulting terms.

CIRg (¢ / / h(Az, g, t) — g"(A z)) dAzdt
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_) /Ow/_ ("(82,0,1) — g"(A2)(& +1 - £)) dazdt
{ oog(Azgt)dAz—gss(/ (02,0t dAz+/ g (Az, g,)dAz)}d
_0) /Ow/_ (1- &) (82,0, 1) dAzdt+/ / ~Es5)8" (A2, 7, 1) dAzdt
_ /000/_00 (1= £4) " (82,0,1) + (~E)8" (82,2, 1) dazdt
/

_(5) / / (1 - Ei) 8 (B2, {Az0,h) + (—Ei5)g" (A2, 1|z, 1) | gh(Azo,O)dAzodAzdt}...
0 —

T
S A TN
UL
SN /w[

=) / lim [/ (1— &) §"(Az,t|Azp, h) + (—Ess)g“(Az,t\Azo,h))} dAz dt} §"(Azg+7)dAz. ..

88

— &) & (D2, T, t|Azg, u) + (—Ess)g”(Az,g,t\Azo,u)] ¢*(Azg,0) dAzg dAzdt}

88

— ) §"(Dz, t|Azo, h) + (—5ss)g“(Az,t\Azo,h))]dAzdt} ¢"(Azg + ) dAzg ...

88

— &) & (A2, T, t|Azg, u) + (—Sss)g”(Az,C,t\Azo,u)} dAzdt] " (Azp + ) dAzy

T—e0 )
mep(Azo,T)
..+/ 7111?00 {/ — &) & (A2, T, t|Azg, u) + (fgss)g”(Az,g,t\AzO,u)] dAzdt] " (Azp + ) dAzg
meu(Bz0,,T)
—() / Z Jim g (Az, T)g" (82 +7) daz + /_ Z Jim g, (82,8, T)g" (A= + ) disz (E.12)

where we define

\]
—
2 3

=
I
n

me p(Azo, T) = /0 ) §"(8z, tAz0, 1) + (~Ess)g" (A2, t]Azo, )| dirz dt}

\‘
—
2 3

=
I
N

mg ,(Azo, 0, T) = / )gh(Az, 0, HAzp,u) + (—E€ss)8" (Az, g,t\Azo,u)] dAz dt} .
0
Step 2. The CIR satisfies

CIR¢(7) = /jo mg,h(Az)gh(Az+C) dAz—l—/ioo mey(Az,0)g" (Az+ ) dAz

and the value functions mg ;,(Azg) and mg ,,(Azg, {) satisfy the following HJB and border conditions:

d‘rH&h(AZ) 0'2 dsz,h(AZ)

=1=&s =1 4n, 5 anz T Omeu(0,0) —me(Az)), (E.13)
d u A 7 2 dz u A 4 A~k
0= s — o EnB2) | CEMEMEE) 4 i g (mep(~0) — mea(82,0)) ©14)

me ,,(0,0) = mg (Az), forall Az ¢ (—A~,AT)
de,u (AZ, g) — lim dmf,',u(AZr é)

0= Azlglloo dAz a Az—00 dAz (E.15)
0= / me (Az)g" (Az) dAz + / me ,(Az,0)g" (Az) dAz. (E.16)

Proof of Step 2. We divide this proof in steps a to d.
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a. We show that limy_,o mg ;(Az, T) = mg j(Az) and imy_,o Mg, (Az,{,T) = mg ,(Az,{): This property holds due to the

convergence of the distribution of Az over time to its ergodic distribution for any initial condition (Stokey, 1989).

b. We show that 0 = [* mg j,(Az, T)g"(Az) dAz + [, me ,(Az,0,T)g" (Az) dAz: The logic of the proof is to repeat the steps
behind (E.12) in the reverse order. Departing from the definition,

/ me j,(Azo, T)g" (Azg) dAzg + / me ,(Az9,0,T)g" (Azp) dAzg

:<1)// / [1—555 (Az, t|Azo, ) + (—555)g“(Az,t|Azo,h))}dAzdt}gh(Azo)dAzo
—o0 J0

N
s TN

T
+/ / / [ — &) §"(Az,0,t| Az, u) + (—555)g”(Az,O,t|Azo,u)} " (Azg) dAzg dAz} dt
0 — )

8

3

[ — &) §(Az,0,t|Azg, u) + (—Sss)g“(Az,O,ﬂAzO,u)} dAzdt} g% (Azg) dAzg

8

3

3

(1
(1— &) §"(Az,t|Azg, h) + (—555)g“(Az,t|AZO,h))} gh(Azo)dzodAz} dt
(1

:3)/ / (1—555)/ gh(Az,O,t|Azo)g(Azo)dAzodAz+(—555)/ 24 (Az,0,t|Az0)g(Azo) dAzo dAz | dt

L = g"(Az) =8"(Az)
T T
—®) / (1— Eue) Exdi + / (—E) (1— E) dt
0 0
=0
In (1), we apply the definitions (E.10) and (E.11); (2) applies Fubini’s theorem; (3) uses the steady-state conditions for gh ()

and g"(-), and the definition g(Az) = g (Az) + g"(Az); and (4) computes the integral using the definitions of aggregate

employment and unemployment.
c. We show that0 = ‘LAX, me ,(Az)g" (Az) dAz + ffg, meg ,(Az,0)g" (Az) dAz: See 2.
d. We show that the CIR satisfies (E.12) with m ;, (Azg) and mg¢ ,,(Azg, {) satisfying (E.13)—(E.16): Writing the HJB for m¢ j,(Azo, T')

and mg ,(Azo,, T), we have that

_ dTHg,h(AZ, T) dm(g,h(AZ, T) 0’2 dzm(c/',h(AZ, T)

=1-& a7 — e > ) +8(mg (0,0, T) —mgj(Az,T)),
o dmg ,, (Az,C,T) dmg (Az,L,T) o2 dsz,u (Az,L,T) A~k
0 —g, - realbel ) nenl00T)  PAmeaBELT) L e gy gy (2, T) s, (82,8, T))

mg (0,0, T) =mg,(Az,T), forall Az ¢ (=A™, A™)

T dmg ,(Az,(,T) T dmeg (Az,,T)
0= Azhﬂn}oo dAz N Alzlinoo dAz
At At
0= / me p(Az, T)g" (Az) dAz +/ me (82,0, T)g" (Az) dAz.
—A- —A-

The border condition for mg ,,(Az,{, T) is implied from the fact that the job finding rate f(@%*) is independent of Az, so
the function mg ,(Az,{, T') is constant in the entire domain. Taking the limit 7 — oo and using point-wise convergence of

mg (Azo, T) and mg ,,(Azg, T, T), we have the desired result.
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Step 3. The solution of the differential equations (E.13) to (E.15) satisfy (E.8) and (E.9).
Proof of Step 3. This is just an application of ?, Chapter 9.

E.3 Proof of Proposition 10: Flexible Entry Wages

Proposition 10 relates the CIR to a perturbation of two Bellman equations describing future employment fluctuations for
initially employed and unemployed workers. Before starting with the proof, we summarize the conditions that characterize this

distribution.

Steady-State Cross-Sectional Distribution Az

68" (Az) = v (g") (Az) + %Z(gh)"(Az) forall Az € (-A~,A")/{0}, (E.17)
2
f(@)g"(Az) = v(g")'(Az) + %(g”)”(AZ) forall Az € (—eo,0)/{0}.
§"(Az) =0, forall Az ¢ (—A~,AY)

lim g¢"(Az) = lim g¢"(Az) =0.

Az——c0 Az—c0
oo AT
1 :/ g“(Az)dAz+/ ¢"(Az)dAz,
—o0 —A-

2
fl)(1 =€) =08+ 5 | im (g")'(82)— fim (6")/(82)],

g"(Az),¢"(Az) € C,C'({0}), C*({0})
Proposition 10. Assume flexible entry wages. Up to first order, the CIR of employment is given by:
CIR Ej|a] + Ey|Az
S(g) :_(1_555)7 h[] > h[ ]+0(€)
4 o
Proof. The proof proceeds in three steps. Step 1 computes the value function for an unemployed worker mg¢ ,, (Az) (when entry
wages are flexible, the job-finding rate and this value function are independent of the shock {, so we omit this argument). Step 2

computes the value for the employed worker at Az = 0—i.e., mg ;,(0). Step 3 characterizes the CIR as a function of steady-state

aggregate variables and moments.

Step 1. The CIRis given by

(o)

e (A2)g (82 + ) daz + (—J% + mg,h<o>> (1-£),

CRe () = [

with

dme;(Az) o d*mg ) (Dz) (5<7 Ess
f

0=1—Es—17 @) +mg(0) — ms,h(AZ)> ,

dAz 2 daz?
_f(é';*) +mg (0) = mg (Az), forall Az ¢ (—A~,AT)
0= /—0:0 mE,h(AZ)gh(AZ) dAz + (*% + mg/h(O)) (1—&s). (E.18)
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Proof of Step 1. To show this result, observe that the solution to (E.14) and (E.15) is
mg ,(Az) = mg ,,(0), for all Az

Thus,
6.SS

f(@*)

0= —&s+ f(@")(mgn(0) = me,u(0)) <= mey(0) = — + e (0). (E.19)

Replacing (E.19) into the CIR, we have the result.

Step 2. We show that mg¢ ;(0) = % — (1 — &s)Ey[a], where Ey[a] is the cross-sectional expected age of the match or the
worker’s tenure.

Proof of Step 2. Observe that m¢ j,(Az) satisfies the following recursive representation

AZO =Az

me p(Az) = E /OTm(lfé’ss)dtJr (f%+mm(0))

Define the following auxiliary function

Y(Az|p) = E

Tm m g
et (1 — &) dt + e?7 (— S +me (0 )
/(; ( SS) f(w*) g,h( )

Azp = Az:| , (E.20)

and note that ¥(Az|0) = mg ;,(Az). The auxiliary function ¥ (Az|¢) satisfies the following HJB and border conditions:

v4 292 Z
—p¥(Dz]g) +6 (‘I’(Az\(p) - <—f(‘5£*) + mg,h(O))> = (1- &) — vawgiz\(p) + %a \I;(AAZZ“”),

(E21)
Y(Az,9) = (_]% +ﬂ1£’h(0)> forall Az ¢ (—A~,A™).

Taking the derivative with respect to ¢ in (E.21), we have that

0- 92D —w(silg) = —

¥ (Az|g)
9

%Y (Az, ¢) 07283‘1’(Az|q))
dAzdg 2 9AzZ29¢ '

= Oforall Az ¢ (—A™,AT).

Using the Schwarz’s theorem to exchange partial derivatives, evaluating at ¢ = 0, and using ¥ (Az|0) = mg ;(Az), we obtain

I¥(Az]0) 9 [a¥(Az0) o2 9% [0¥(Az|0)
0 g e (52) 7oAz ( 1) 2 0AZ2 ) ’ (E22)
O¥Y(—A~[0) _ o¥(AT|0)
30 =y = 0. (E.23)

Equations (E.22) and (E.23) correspond to the HJB and border conditions of the function ot (2z[0) _ [ fOTm me p(Azy) dt ’ Azy = Az] .

99
Evaluating %@Zlo) at Az = 0, using the occupancy measure and result (E.18), we write the previous equation as:

0¥(0|0)
¢

E

TH’[
/ m(g,h(AZt) df‘AZQ = O:|
0

%o e pn(82)g" (Az) dAz
Ep ("] g
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= Eole") (70— mea®)) 5, (£.20

where Ep[] is the mean duration of completed employment spells (the subscript highlights that the moment can be easily

computed from the data). From (E.20), we also have that

Wa(go) = E /OT s(1—&s)ds+ " (—f(i;f*) +m5,h(0)) Azy = 0}
= Ep "] {(1 - Ess)IEghs[:] + (*Jcé;s*) + mg,h(O))} , (E.25)

Combining (E.24) and (E.25), and solving for m¢ ,(0) we obtain:

e (0) = 70 = (1= E) Byl

Step 3. Up to a first-order approximation, the CIR is given by:
Ejla] + E;|Az
O (0) = ~(1 - &) T T B o p2)

Proof of Step 3. To help the reader, we summarize below the conditions used in this step of the proof.

(o]

CIRs () = [

—00

mg/h(Az)gh(Az +)dAz + (—% + mgfh(O)) (1—Es) (E.26)

with

dﬂ’lg/h (AZ) 0’2 dZMg,h (AZ)

Omg p(Az) =1—Ess — v e 7 T dAZ +mg ,(0), (E.27)
me ,(0) = mg ,(Az) forall Az ¢ (—A~,AT) (E.28)
0— / e (A2)g" (8z) Az + e (0)(1 — Exs). (E.29)

1. Zero-order: If { = 0, condition (E.29) implies

CIR¢ (0) = /0; me (Az)g" (Az) dAz + (f% + mg,h(o)) (1—&s)=0.

2. First-order: Taking the derivative of (E.26) we obtain
* h
CIRE() = [ mes(82)(g") (8 + 0 dbsz,

—00

which evaluated at { = 0 becomes

A+
CIR(0) = / N me ,(Az)(g") (Az) dAz.

(8" (b2)+ % (8")"(82)

Using condition (E.17) to replace § = 1 27(B2)

into equation (E.27), we obtain

v(g") (Bz) + G (") (Az) e a2, 18 (Az) + % g (Az)
(02) me p(Az) =1~ Es — ymg ;(Az) + 5 mg ,(Az) + 2(82)

mg ,(0).
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Multiplying both sides by g"(Az)Az and integrating between —A~ and A*,

o2

0= (1 — 555)15]1 [AZ] — 9T + 3

T + mg,,(0) T3 (E.30)

T:/NA[’(A)hA Az)(g") (Az)] da
1= [ Bz (82)"(82) + me(82)(g) (42) ] dae

T, = /717 Az [mg,h(AZ)gh(Az) — g, (AZ)(gh)”(AZ)] dAz

T3

/N Az (’y(gh)/(Az) + %z(gh)”(Az)> Az,

—A—

Next, we operate on the terms Ty, T, and T3. The term T; is equal to

AT
Ty = / Az [mg,h(Az)gh(Az) + mg,h(Az)(gh)/(Az)} dAz (E.31)
—A-
0 At
=1 /_Ai Az [m%,h(Az)gh(Az) + mg,h(Az)(gh)'(Az)} dAz +/O Az [mg,h(Az)gh(Az) + mglh(Az)(gh)'(Az)} dAz
0 d(meu(a2)g"(82)) ad(mep(a2)g"(82))
=@ /7A7 Az dAz dAz + /0 Az dAz dAz

0 A*
=) Azmg/h(Az)gh(AZ)‘iAf + Azmg ;,(Az)g" (Az)

0

=0

0 AT
= {/ mg,h(Az)gh(Az) dAz +/ mg,h(Az)gh(Az) dAz}
—A- 0

AT
=4 —/ mg,h(Az)gh(Az) dAz

=0 mf,u(o)(l - gss)'

Here, (1) divides the integral at the discontinuity point of g (Az); (2) uses the property of the derivative of a product of
functions; (3) integrates and uses the border conditions for g" (Az) ; (4) uses the continuity of m en(Az) ¢"(Az); and (5)
uses (E.29).

The term T, satisfies

T, = /A+ Az {mg,h(Az)gh(Az) - mg/h(Az)(gh)”(Az)} dAz (E32)
—A-
0 A*
_ /_ LA [mg/h(Az)gh(Az) - mglh(Az)(gh)“(Az)} dAz + /0 Az [mg,h(Az)g(Az) - mg,h(Az)(gh)”(Az)] dAz
0 At

=@ Az [, (82)8"(8) = me (82) (8" (82)] |, + Bz [ (a2)g" (8) — me(82) (8" (82) |

0 A+
. {/A [mfg,h(Az)gh(Az) —mg,h(Az)(gh)/(Az)} dAz-|—/O [Mfg,h(AZ)gh(AZ) _m&h(AZ)(gh)/(Az)} dAs

=) Az [ (A2)g"(8) — me(82) (5" (82)]

= —me,(0) Az(gh) (Az)[ A

A-

0 A+
. {/ [mfg,h(Az)gh(Az)—mg,h(Az)(gh)/(Az)} dAz—i—/O [mfg,h(AZ)gh(Az)—mg,h(Az)(gh)’(Az)] dAs
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At AT At
. 7/A* mle ,(Az)g" (Az) dAZ+/A me 1, (Az)(g") (Az) dAz

A+ A+ AT AT
=0 g, (0) Az(8") (Az)|, — | me(22)g" (Az)] —/ me y(A2)(g") (bz) ddz| + N me(82)(g")' (Az) ddz

=0

A+ 'A+
= g, (0) A2(g") (A2)[ | +2 / me (D2)g (5z) dAz.
N

Here, (1) divides the integral at the discontinuity point of g" (Az); (2) uses the equality myg 1, (Az) ¢ (Az) —mg ;(Az)(gM)" (Az)

_ d[m,(82)g" (Az)—me  (Az)(8") (A2)]
- dAz

and (4)-(5) integrate by parts and operate.

and integrates by parts; (3) uses conditions (E.28) and the border conditions of gh (Az);

Finally, the term T3 is equal to

A o2
T = [ AiAz ('y(gh)’(Az) + 7(gh)”(Az)) dAz (E.33)
=1 5 _/OA Az(gM) (Az) dAz + /OA Az(g") (Az) dAz +%2 /(i Az(gM) (Az) dAz + /OA Az(g")" (Az) dAz

0 A+ A+
:(2) v Azgh (AZ)‘ N + AZgh(AZ) . _ / gh(AZ) dAz
—A— —A—
L =0 = gss
2 At ar
4+ Az(gh)/(AZ)‘ + AZ(gh)/(AZ) . _/ (gh)/(AZ) dAz
A —A~
o2 AT At
=0 _y& + 5 Az(g")'(Az) A §"(82) A
=0
2

o

=W &+ 5 [Az(gh)’(Az)

AT
Ai}

Here, (1) divides the integral at the discontinuity point of g (Az); (2) integrates by parts; and (3)-(4) use the border

conditions of ¢/ (Az).
Combining results (E.30), (E.31), (E.32), (E.33) and those in Step 2, we obtain

o2

0= (1—&ss)EylAz] =Ty + 7T2 + mE,u(O)T3

2

+ At
= (1 E)By[8z] — yme (01— &) + 5 Cor2 [ mea(an(s) (az) daz

—A —A—

~me,u(0) Az(g")'(42)
2
et (0) [+ G [aalgh) (02)

"]

= (1= &) By 8] — e, (0) % [ e (82) () (82) dosz,
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which implies

" — s 4 s — (1 Ess)Epla]) — (1 — Ess)E[Az]
/,Af me (82)(8")(Az) iz = (1o + i ) rlad
=-( —555)[7@1[“1:—;'%@2]}_

E.4 Proof of Corollary 1: Flexible entry wages

Corollary 1. Up to first order, the CIR¢ ({) can be expressed in terms of data moments as follows:

@ Ify=0,
CIRg(Q) 1 1 1 Aw?
A il |
— ————~
avg. udur.  dispersion asymmetries
(i) Ify #0,
CIRg(g) _ 1 1
D* IE'D Aw
4 f(wd) Varp {(Aw — ]ED[[T]]T>]
8 dispersion
. Varp [T] — EssVarp [17”} Varp [Aﬂfv} -1
% | Ep [Aw] | &s | Covp [Aw,Aw—T} + 5 &) | ——5— +0(2).

asymmetries

Proof. The goal is to express the sufficient statistics of the CIR, [E;[a] and [Ej,[Az], in terms of moments of the distribution of Aw
and (t#, ). We do so separately for the case with 7y = 0 and y # 0. Let £ = x/[Ep [x] denote random variable x relative to its
mean in the data.

Proposition D.5 expresses moments of the wage distribution as a linear combination of moments of the distribution of

productivity changes among completed employment an unemployment spells:
Ep [Aw] = — [E, [Az] + Ej, [Az]]
Ep [aw?| = [By [A22] + 28, [az] By [A2] + By [47%)]
Ep [8w] = - [y [a2%] +3E, [A2) By [A2%] + 3By, [A2%) Bu [A2] + By [42°]],
where Ej,[-] and [, [-] denote the expectation operators under the distributions g"(Az) and g*(Az), respectively (see Proposition

6). Using results from the same Proposition, we can express the moments of productivity changes for completed unemployment

spells in terms of model parameters:

E, [AZ} = (£21£1£2>

El1



2(£72+£3-1)
3
6(—L3+L2— L7+ £57)
3 ’

E, [a22] =

E, [87%] =

where

£ 2f(w*)and£ _ [tV 200 f (@)
! o2 2 V24202 f (%)

From these two sets of equations, we solve for the moments of productivity changes for completed employment spells and

obtain
Lyl - L
Ej [Az] = — (W) — Ep [Auw]

1
By [A22] = Ep [Aw?| + 2Bp [Aw] (W) - Ei%

E, [Az3] - Ep [Aaﬁ] ~3Ep {sz] (W) + L%IED [Aw].

The remaining steps are case-specific.

Case I: ¥ = 0. To obtain [E,[Az], evaluate (D.10) at m = 1, use the fact that £, = 1, Ep [Aw] = 0 and I%;[[T:]] = &, and
substitute ¢ from Lemma 3:

Ey [Az] = By [A2]

_ & Ep [Aw’]
=3 \ Ep [Aw?] — 02Ep[tY]

_ _Ep[Aw’]
" 3Ep [Aw?]

Finally, replace this expression into (45):

CIRg(Q) 1 o \Eu[AZ]
7€ =—(1-E&s) 2
Ep [Aw3]
w2
= (1 — 555) BH]EE;[[AAWZ]J
Eplt]
1 Ep[Aw?]
@*) 3Ep [Aw?]?
1 1 1 Aw?
W*) Varp [Aw?] g]ED [Aw]ED [sz]}

f(

f(
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Case II: v # 0. To obtain Ej[Az], evaluate (D.11) at m = 1, use the result that (E;l - ﬁz) /L1 = —y/f(@*) and

]ED[[ ]] = &ss, and substitute o and 02 from Lemma 3:

@Eh [AZZ] _ 0’72
2 E,[pd 2y

& (E (2] - i"iﬂ[ﬁé”iff[ } —UZIED[T“]) e

), [Az] =

'~|

T2 Ep| 2y

)
= ol (B [87] 2220) 1O e Bl
u 1 Ep[(Aw — y7)? e
)3 Ealea el eI~ Bl
— ko (1 (ko [8] 252000 g (1~ E2I0))

Epl[7]
= —Ep [Aw] (% (varp [ﬂ)] - 1) + Ess (1 + %UW’D[(&U - f”)) ‘

The average cross-sectional age of a job spell is obtained from from the occupancy measure:

E[fy tdt|dy = d*] & Ep[t™?]

E[t"[dg =@*] 2 Ep[t"]’

]Eh [11] = 555

where we solve the Reimann integral.

Finally, we replace these expressions into (45):

CIR;(C) C(1-&y) w
(4
__ IE [[T:]] - {(Aw%%%] 77 (_ED [Aa] (% (Varp [Aw] 1) + & (1 + % (Varp[Aw - f]))) + 'yIE[a])
Ep [Aw] 1 . 1 . 1
= F @) Varp f)(Aw _ Eglea] T)} (E (Wai”p [Aw] - 1) + & (1 +5 (Vm’p [Aw — r])) - mﬁ[a])
- (@) wffﬁfww]_ Eﬂﬁ] T>] (% (Warp [/sa,] - 1) (1= Ess + Ess) + Ess (1 + % (w@[/&a} - f])) — ﬁm[a})
£ [AW] - - ar AZ/U -7 ar
v f@w_ )] (<WD (8] ~1) (1~ &) + £ (14 (Varp[8w —7]) + Varp [80]) - 22— )
Wurff(fua:]— ]EIED ?;u T)] ((Warp [ﬂu} — 1> (1—Ess) + Ess <1 + (Varp [ﬂ; -7 ) + Varp {Aw]) ]E [T/va])
- )V ]Ef<[AAW] )] ((WWD [Aﬁz})} 1> (1—E&ss)+ Ess <1 + (Varp [Aw — T’]) + Varp [&?ﬂ] — ESSIED[F”Z]))
(@ arp w
= v Eﬁiiuw} e T)} ( (VurD [5&’] - 1) (1 £) 16 (COUD [A\&),A\ZJ(J B f] N Varp [] — %SWMD[TNmZ] )) |
D ~ Ep[]

O
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E.5 Proof of Proposition 11

Proposition 11. Assume sticky entry wages. Up to first order, the CIR of employment

CIRe@) o[ [Eda+EA] 1 [f@) | Ta@9) Ta@,0)
; ¢ 5“){ 72 +f(rf;*>+s{n<w*>+ (@) T(m*&)”*"@' (E.34)

Proof. We divide the proof in two steps. Step 1 characterizes mg¢ , (Az, {). Steps 2 uses the equilibrium conditions to show (E.34).
Let us depart from the CIR for employment given by

CIRe(0) = [ men(d2)gh(dz+ D e+ [~ meu(az0)g"(8z +8) daz

with

dmg j,(Az) o2 dzmg,h(Az)

_ - At

0=1—-Es—17 qA > T dAZ +8(mg ,(0,0) —mg (Az)), forall Az € (=A™ ,AT) (E.35)
dmeg ,,(Az,§) o2 dZmS,u (Az,) -
0= _gSS - dAz 7 dAz2 + f(w - g) (mf,h (_g) —mgy (AZ, g)) (E36)
mg 4 (0,0) = mg (Az), forall Az ¢ (—A~,AT)

_ . dmc‘:,u (AZ/ g) _ . dmg,u(AZ/ g)
0= M aas . AT dar (£37)
0= / mgfh(Az)gh(Az) dAz + / me ,(Az)g" (Az) dAz

The key differences between the CIR with flexible wages and the CIR with sticky wages are found in the HJB equation at
the moment of the shock. With sticky entry wages, the job-finding probability is given by f(@* — (), since now the real entry
wage is lower. As a consequence, we need to evaluate m¢ j, (Az) at Az = —( because conditional on finding a job, the real entry
wage is lower. Observe that following the first job separation, the monetary shock is fully absorbed (see the term mg¢ ,,(0,0) in

equation (E.35)).

Step 1. The value function mg , (Az,{) is independent of Az and satisfies

&s

mey(Bz,0) = 7}%@*75—@ +megp(=0).

Proof of Step 1. We guess and verify that mg ,,(Az, ) = mg ,(0,7) for all Az. From the equilibrium conditions (E.36) and (E.37),

0= —&s+ f(@" =) (mgn(=0) —meu(0,0)).

Thus,
mé,',u(ol g) = mg,u(Ang) = _T

Step 2. Up to a first-order approximation, the CIR is given by:

CIR¢ () = —(1—555)7“3’1[”} HEh[AZ]ng (1— &) (n’(w*)

72 F@) +s @) T Ton)  T@n0)
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Proof of Step 2. From Step 1, we have that

~ me 1, (Az)(g") (Az) dAz + (—M - m/gh(O)) (1—Ess).

CIR/S (0) = / f(@*)?

—00

Since [ mg (Az)( ¢")/(Az) dAz satisfies the same system of functional equations as the CIR with flexible entry wages charac-

terized in Online Appendix E.3,

/'oo e (82)(g") (Az) dAz = —(1 - 5@%. (E.38)

J —00

Observe that we can write

mep(Az) = E Azg = Az

7

T’”
/ (1 &) dt + mg u(Az,0)
0

= (1 - E&s)T (" + Az,0) — f(f;;) +meg (0).

Taking the derivative with respect to Az, evaluating it at Az = 0, and using s = 1/7 (@*,0) from the Renewal Principle, we have

that

I
3

mg ,(0) = (1 — Es) T (@",0) 3 (@*,0) = : (E.39)

From the free entry condition

and the definition (1 — 7 (®%*)) = J(#*)/$(%*), we can compute the elasticity of the job finding rate with respect to the entry

wage:

« (@) = T(@*,p)
Finally, combining this result with the fact that s = f@) o 1 7' (%) ( L ) = - T@P and operating
4 f(@*)+s’ T (@*,0)” (@) 1—5(d*) T (w*,p) 4
we obtain
CES@) & f(@)
f(@*)? f(@*) f(@*)
B LB )|
f(@*) +s « (1 =n(@*)) = T(@*p)
1 [ 1] g @)-a) T
= - |- ~ +(1- A
e bl e R oy
_ 1 _l [_77/(3‘7*)“_“7/(@*,@)”
f@)+s [ al @) —T@"p)
1 7 (@) T’(w*/ﬁ)}
= = — T | - E.40
F@) s Ly@) * T@",0) B4
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Combining results in equations (E.38), (E.39), and (E.40), we obtain the desired result:

CIR/g (0) _ _(1 _ gss) ['YIEh [a] +Ey [AZH 1— & ’7/(7?*)

o? f@*) +s [y(@*) — T@@*p) T(@*0)
O
E.6 Proof of Proposition 12
Proposition 12. The following properties hold for T/ (0*,p)/T (@*, p).
a. Assume that A~ = A" and v = 0. Then, T} (0*, p) = 0 and, up to a 3rd order approximation of T (®, p) around ® = o*,
1
T (@*,p) =
(@",p) 1ot (/A e
b. Up to a 2nd order approximation of T (@, p) around @ = ©*,
Ta(@%,0) _ AT —A”
T(o*,p)  ATA—
c. Ifp=0,then
Tp(@*0) 1 end h Ll Y - Iy
T@,0) ~ o%g"(0) {s <5 -2G (0)) t5 (AllerE+(g ) (Az) +Azhr7nA7(g ) (Az))] .
d. Ifp >0, then
A% A ~ 2 Ak A\
T (%, p) _ (v*,0) _ﬁ'y]Eh[a] + Ey[AzZ] n (772 { i Iim} d [T(w +Az,p)g (Az)] o)
T(@*p)  T(@*p)Es:s o2 4 [azlA- AztA dAz? '
where T (W* + Az, p) solves, up to a first-order approximation around p = 0, the 2-step procedure given by
3 h 0, B(Az=s) ps (T @ +30)8"¥) 4y qs  if Az < 0
T(@" +z,p) =& h((AOZ)) T(@",p)ed™ + 42g(77§0) fAAzz ﬁmzfs)ffﬁ (14572000 . 4D
8 fO eo? fs de’ds lfAZ >0
with
2 Ak A\ ol R .
lim ! [T(w t AP (AZ)} _ him 2682 T(0,p)e 2% + %0 /O et (-27=9) /s A+ pT(@ +x,0)8() 4, 4,
AzlA~ daz? Azl-a-" gh(0) ’ 02 Joa- A g"(s)?
2 A% A\ o h R .
i CT@ 0@ @2 [ ma | 2000 [ [ AT S g g,
AztA* dAz? azta+~ gh(0) ’ a2 Jo s gM(s)2

Proof. We proceed to prove items a-d of the Proposition. To show these properties, it would be useful to change the state variable
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of T(#,p) from @ to Az. Define T (Az,p) := T (" + Az, p). Then, applying Itd’s Lemma, we obtain

2

0T (Az,p) =1—pT (Az,0) — vTX,(Dz,0) + ‘% T2(Az,p) ¥ Az € (A7, A7), (E.42)

T(Az,p) =0V Az ¢ (A, AT). (E43)

a. Assume that A~ = AT and ¢ = 0. Then, it is easy to show that T(Az, 0) = T(—AZ, ©0), and by definition of a derivative,
F N . T(&PA) —7—(—6,@)
/ = =
Ti.(0,6) = lim - 0.
=0

T

A similar argument applies to 7,7, (0, ). Thus, T7_(0,6) = T7",(0, ) = 0. Applying a third-order Taylor approximation to
g PP A3 \U 0 az\Ys 0 A3\U P pplymg y 19

T (Az,p) around Az = 0,
1

T (Az,p) = T(0,p) + 5 705(0,0)Az% + O(Az*).

From the HJB equation in (E.42),
- L+ 5 T22(0,0)
0,0) = %_
7.0 p+o

Combining the Taylor approximation with the border conditions in (E.43), we obtain (we omit the term O(Az*) to save on

notation)

Using these results, we have that

2 = n -1
_1~// A +\2 1+U7 ANZZ(O’p) 1/ _ 1 (A+)2 ‘72
27—Az2(01p)(A ) = ﬁ+5 )

and

=
(=]
<
=
=
I
I
>
*
>
|
>
Q
—
L
=
=
I
=
—
>
*
~
=
=
I
o

pr= 2
p+o+(3F)
b. Now, we let v # 0 and AT # A~. In this case, we proceed with a second-order Taylor approximation of 7 (Az, p) around
Az =0,

N L . 1~ .
T(8z,0) = T(0,0) + Tx.(0,0) 0z + 5 T3 (0,0) A2 + O(A2°),

From the border conditions in (E.43), we obtain (we omit the term O(Az?) to save on notation)

T(0,0) + T 0PN + ST (0,9) (A7) =0, (E44)
3 5 . 1. e
T(0,8) + T3-(0,0)(=27) + 5 T3:(0,0) (A7) = 0.
Taking the difference
- _ 1. . _ ~ N 1= . _
TE(0,0) (A" +87) = =3 T1:(0,9) (A7) = (7)) = T.(0,0) = —5 T3 (0,0) (A* = A7)

Replacing this last equation into the HJB equation in (E.42) evaluated at Az = 0 and into (E.44), we obtain

_ 1+<%> ~A/;2(O’ﬁ)
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7(0,p) = —% 77,(0,0) ((A+)2 N A—)> :

Combining these equations and solving for 7 (0, p), we have

~ 1
T(O/lﬁ) = 2 AT —A 7
pHo+ i A
1 A (AT — A7)
N R T[Sy Sy o B R TS O
T2a(0.0) = :

(0+0) (A*)> = AT (AT = A7)+ o2 +y(AT = A7)

and

c. Setp = 0. Using (E.17), (E.42), and (E.43)

2
0= g"(az) — 7 (8" (82)T(A2,0) + " (842) T (82,0) ) + T (Tala(82,0)g" (82) = T(A2,0)(5")" (A2) )

Integrating between —A™ and Az < 0,

0=G"(Az) -y / - ((gh>< )T (x,0) +¢"(x)74(x,0)) dx+‘§ / AA (7302 (x, 008" (x) = T (x,0)(g")" (x) ) dlx

") ’Y/AZ d g x,O)) dx+%2/f:7 d<7—A/Z(X/O)gh(X)de(XI0)(gh)/(X)> i,
2
= G"(Az) = 1¢"(82)T (Az,0) + 02 (73:(82,0)8" (Az) = T (Az,0)(8")' (Az)).

In the last step, we use the fact that lima,| - "(Az) = limp,|_a- 7(Az,0) = 0. Applying similar steps to integrate from
Az > 0to AT, we have that

0= £us = GF(82) + 1" (82) T (82,0) — G (Tia(B2,0)g"(82) — T(82,0)(8")'(82)).

Thus, 7 (Az,0) satisfies the following first order differential equation, once we write it as a function of g" (Az):

2 G0 4 (WA L 2 T(az,0)  ifAze (—47,0)

. 2 gh(a) 8" (Az)
Tr,(Az,0) = (E.45)
_G"(Az Iy ~ .
28000 ¢ (BFE) L ) T(az,0)  ifAz € (0,0%)

Integrating the Kolmogorov forward equation (E.17) from 0 to A* and from —A~ to 0, we obtain

—; { (Sss (0)) - %2 Alzi@(gh)/(Az) +7g’1(0)} = lim (g" (az), (E.46)
2
= [5Gh(0) + % Azliif_nA,(gh)'(Az) - vgh(O)} = iiz%(gh)’(AZ), (E47)

respectively. Next, we sum the limits of (E.45) as Az — 0 from the left and right, use the continuity of G"(A), ¢"(A), T'(Az,0)

E18



together with (E.46) and (E.47) to obtain

. h\/ : hy/
27—Az(0 0) 022 Ess ghz((();)h(()) <hmAzJ,0(g ) (Azg);('ol)lmAzTO(g ) (AZ) + 47) ,7-(0,0),
2 & —2G"(0 . limy,)—a- (") (82) +limpz1a+ (8")'(A2)
= ﬁighm)( ) 11— 57(0,0)] + Mazioa 8 th) 218718 ) 1% 7 (0,0),
2 &, —2G"(0) s limazyp-(8")(A2) + limpzpa+ (8")'(82) -
N ]f $(0) 0.0,
= gend /g

where the last equation uses s = 1/7(0,0). Operating the last expression, we obtain

limazpa+ (8")'(Az) +limazy— - (8")'(Az)
g"(0)

o
2

o2 §"(0)

7~—A ( ) 7;41;* (Z@*,O) _ 1 endgss*zch(o)
70,00  T@0) 2|

. Now, we study the case with p > 0. Let ¥(Az, p) := T,,(Az, ). Differentiating the HJB in (E.42), we obtain a new HJB

B (82, 0) = ~T4e (82, 0) — ¥ (82, 9) + G ¥ies (82,0), ¥ Bz € (<47, %)

with new border conditions for ¥ (Az, p)
TRo(=07,0) =¥(=A7,p) ; Tx.(AT,p) =¥ (AT, p).
Thus,

¥(Az,p) =E

-L—UI
/O —0TA,(Azy, p) At + TR, (Azgm, 0) L[Azen = AT or Azen = —A7]|Azg = Az] .

Evaluating at zero and using the occupancy measure,

o BT (Az,0)] - il R . (8" (Az) any, (8")(A2)
¥(0,0) = *PTT(O/O)+* Azljfj}y EZ(AZ/p)T AzTA*T (Az )w
Using the fact that s = ﬁ, we have that
Tx:(0.0) _ T(O 0) A [ A o’ / / A\ (ohY
o = Famh | PR )+ | lim T (205" (82— Jim T (02, 0) (5" (89)] |

Notice that for small ), we can apply a 1st-order approximation to E,[7,,(Az, p)] around p = 0:

O Tx,(82,9)] = | E4[T3.(82,0)] + pEy, aaTgZ(Az,t)) p+0(p?) = Ey[Tx.(82,0)lp + O(p).
=0
Thus,
o 2
w0 O [Tz 0+ [ tim, T8 (82) — fim T ) (09)] | +0(2)
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Next, we show that [E,[T},(Az,0)] = w:

A+
E;,[Tx.(A2,0)] = 71 (Az,0)8" (Az) dAz,
A
+ AT

- T (Az,0)(g")(Az) dAz,

A g p(Az)  mg (0,0
) _/7A7 [ ff(gss) _ f,—(&s )} (g (Az) dAz,

=) T(Az,O)gh(Az)

A+
@) meu(0) o AT / mep(Bz)
e S, - [ S (a2)das,

_(4) [VEgla] + Ep[Az]]

R
Step (1) applies integration by parts; step (2) uses the border conditions for g"(Az); step (3) uses the recursive definition of
mg p(Az) = (1 — Ess)T (Az) + mg ,,(0,0); and step (4) uses the results in Subsection E.3. Thus,

T a v4 0'2
00 TO0) LGBl Bt DT 70006 (0) — lim T80 6 (02) | + o6

To further operate on the limits, observe that

2(F A h
AT DGIA) _ 71 (62, )5" (82) + 274 (842,9)(8")(82) + T (42, ) (6")' (42)

The limits of this expression as Az | —A™ and Az | AT are given by

. . T(A A . . = o /
|:AZILH;nA’ _AllenRJ 7 Zdz)z(2 ghes) - Lzljrfny _AllerEJ 273:(82,6)(5") (A2). (E48)

Replacing this expression into (E.48), we obtain

[T (@ +8z,p)8"(42)]
daz?

lim — lim} +0(p?).

AzJ—A~  AzPA*

0) [_ SRR I

Finally, we characterize the marginal duration at the separation triggers as a function of gh (Az). Using (E.17), (E.42), and

(E43)

2
0 = g"(Az) — pT (82,0)g" (8z) — v (&) (82) T (Bz,p) + §" (82) T3 (82,) ) + &= (T2 (B2,0)8" (Az) — T (8z,)(8")" (82)) .
2

After applying a similar first-order approximation to 7 (Az, p)g" (Az) around p = 0, we obtain

2
0 = g"(82) - pT(42,0)8" (82) = (5" (82) T (82,) + 8 (82) T3 (82,0)) + - (T (82, 0)8 (82) — T(82,p)(8")"(82)) +O(82).

To save on notation, we omit the term O(p?). Define
Az B
& (Az) = / (1— 7 (x,0))" (x) dx

A+
& (Az) :/ (1= T (x,0)¢" (x) dx.



Then, after applying similar steps as in item c, T(Az, p) satisfies a first order differential equation, once we write it as a function

of ¢"(Az):

_2 ‘1>;((AAZ)) + (g’;)(’éAZ) L
7-A/Z(AZ’0) = aq)+gA g }zgrl z
z (Az) 2
&+ (Sm + )

T(Az,0) ifAz € (—A,0)
(Az,0)  if Az € (0,AT)

Guessing and verifying the solution, it is easy to see that the solution is given by

28(Az) (0 Z(Az—s) D (s) .
T(Az,p) =T(0 A)gh(Az)e%Aer ggzz fAzeﬂ( i 7 s; ds ifAz<0
P=TOPG | e e B G a0
o 0 g (s
z - B .
_ g"(Az) 70 ﬁ)e%Aer 2(0) fgzegz (Dz—s) ?h Sg ds  ifAz<0
gh (0) 4 0’2 jAZ EJAZY (Az—s) ;I:;‘:Sg ds Az >0

Next, we characterize the marginal duration. Taking the derivative of the solution, and using L’'Hopital’s rule, limp | _ - (
(0,1), when Az | —A~

G'(Az) GM(az)\ _
§"(Az)’ g”(AZ)2> -

T(O,ﬁ) 21 Az { / 2;7 } T(O/ﬁ) A A
2(0) e g(Az)—l—Uzg(Az) — 2(0) e ¢ (=A7),
2gl(AZ) /0 %(Az—s) 'i)_(s) 2gl(7A_) /0 21 (Az—s) N (5)
2 N eo gh(s)z ds — o) e e gh )2 ds,
29(82) 27 [° 21 (azs) 8"(5) 2g(Az) 2y G"(Az)
o /Aze (s ds + 7 2 ghAz)? ds — 0.

Combining these results, we obtain

hy! h 0 —
A A ) (8")(82) |40 5y,-%a 28 (0)/ G(-n -5 P (82)
AZli1r7nA7 Tar(Az,p) = Azjl;nA* 270) T(0,p)e + =l e e FIBE
and i h AT +
o (@A) | A A 28"(0) / 4 (at—s) @ (Az)
i 2020 = G0 Ty [T e T ey
Therefore,
d?|T (" + Az, p)g" (Az) my (A2 [ . h 0 ) -
lim [ 5 ] = lim 27(5’ )h(AZ) T(O,ﬁ)(f%A + 28°(0) 50)/ et (A 7s)q)h(A§) ds
AzlA- dAz Azl-a-— gh(0) o s 8"(s)
d? | T (@* + Az, p)g" (Az) a2 [ I A +
i [ : ] ~ i 28 )h(Az) F(0,p)eka" 1 8 50)/ e%<A+,s)<1>h(Ai) ds,
AZTA* dAz azta+ gh(0) o> Jo 8"(s)
which proves the result. O

E.7 Proof of Proposition 13

Proposition 13. Define
4 —inf{t > 0:T; ¢ (@, 0")}
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where (&~ , @) is a Nash equilibrium. Then, the worker’s share n(®) satisfies the following Bellman equation

end

n(®) =E

with

e R T A ) A~ en,
/ e 0 (o4 ) TP p g o T Y (A = ATy = B
A 1-pU

dry = (p+8)(—AT (Tt p) + 0> T4(Te, p)) dt + o/ T (T4, 9) (9 + 6) AWE.

Proof. The HJB equations for the worker’s value and the surplus of the match are

respectively. Replacing the definition of the worker’s share 17(@) = W()/$ () into the worker’s value function, we obtain

(0 +8)(n(@)5()) = e — pU — 7 (()S" (@) + 7' (@)S () + % (1(@)S" (@) + 211" (@)S' (@) + 1" ()5 () Vo € (@, ).

Using the HJB equation of the surplus to replace (p + )$(

(1= pl)y(@) = ¥ = pU + 1" (@) (~45(@) + 0?8 (@) + 5" ()

Multiplying by (p + &), we arrive at

(]

) on the left hand side,

R R et —pl NN i - NP o
(p+®ﬂw%:@+5)liﬁj+¢@W@+0X—YTWW0+ﬂﬁﬂmpﬁ+nﬂw}5@+ﬁﬁTmp)Vwe(w,wﬂ
Finally, recall the value matching conditions
W(@™) =J@") =W(@") = J(@") =0,
and the smooth pasting conditions
W(-a7)=J(a%)=0
The L'Hoépital’s rule implies
- N
lim n(®) = lim I/Y(w) = lim VY (EU) =0
D alo- S(®)  ald- J(D)
NN i
lim 7(®) = lim Vy(w) =1l VAV (@) =1,
ot atot S()  atet W(d)
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which are the boundary values for the worker’s share at the separation triggers.
Finally, the equivalence of the combined Dirichlet-Poisson problem (i.e., the mapping from the corresponding HJB equations

and boundary conditions of # (@) to the sequential formulation) gives us the following Bellman equation

de A er“ - ﬁl’j A end
17(@) = /() g*(P+5)t(p _‘_5)@ dt+€7(‘0+5)T ]].[AZTend — A+Hr0 =0,
where
% —inf{t > 0:T; ¢ (o, 7))}
and

dT; = (9 + 8) (4T (T, p) + > T (T, p)) dt + o/ T (T1, ) (p + 5) dWF.

E.8 Proof of Proposition 14

Proposition 14. The following properties hold:

1. If (W=, @) — oo, then

dlog(n7(®))
dw

W=1* B “(1 - ﬁ

2. Assumey =0, A" =A™, and At small enough, then

dlog(n(®)) B 1 _ Vsend
do o A(AT+AT) T 200

Proof. Below, we prove each property.

L If (@, @) — (—o0,00), then T (@, p) = [;° e~ POt dt = plﬁ The optimality condition for @* implies

—7M: s 28 N 1—a _ .
OT T T @) "(w)(ﬂwﬂ L—ﬂwﬂ) = a=q(@).

Therefore, by definition of #(®)

T

X = 17(@?}*) = — [a + (1 — p()plfl] T(Z?),f)) —E /O P ian di’|Zf)() - o

(1= pU)T (@, p)

Since, T (@, ) is constant, the HJB equation of the worker’s share 1 (@) is given by

D AP 2
CPY @) " (@)D Vi € (—o0,00). (E.49)
1-pU 2

(0 +8)n(@) = (p+9)

Taking the derivative of (E.49) with respect to @ yields

ew

1-pU

(p+8)y' (@) = (p+9)
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This expression corresponds to the HJB of the function #’(#), which can be expressed as

E [fOTrn e,pt+w, dt‘wo — w*:|

7@ = (p+0) —

Combining all these results, we finally obtain

n'(@*) (@)

[w+ (1—a)pU] T(@,p) [a+(1—a)

£ ctosanm -]
= = (p+9)

77(717*) X a(l—pfl) = (ﬁ+§) —

a(1—pl) a(l1—p

. Ify=0and A" =A™, then T (@*,p) = 0 and 7(d*) = a (see the proof of Proposition 12, item a). If (A" + A™) is small

enough, then we can use a second order approximation of 7’ (@) around @ = @* to characterize y'(@*) only using the

border conditions. The approximation is given by

7(@) = @)+ (@)@ — %) + 50" (@)@ — 2"+ O((@ — "))

Evaluating this expression at %~ and @7, and omiting any terms of the order O((@ — ©*)3), we obtain

(@) + 5/ (@) (@~ —@*) + %n”(w*)(df — )2 =0,

§(@") o (@)@ — ) + 0" (@)@ — 0" =1,

respectively. The difference between both equations is given by

roawy
(@ )_A++A—'

From the proof of Proposition 12 item b, we know that 7(0,0) = 1/s = 1/(6 + (¢/A1)?) = s = (¢/A*)2. Replacing

this result in the previous equation, we obtain,

’(u”)*) B 1 B \/gend
T AT TA T a0
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F Additional Results for Section 4: Analyzing the Macroeconomic Conse-

quences of Allocative Wages

FE1 Characterization of CIR employment as a function of CIR job-separations and job-finding

Proposition E1. Define
IRFE(Z,t) = & — Ess, IRF*(Z,t) = s; —sss, IRFP(,t) = fi — fus

and

CIR*(7) = /oo IRF*(Z,t)dt, with x € {E,s, f},
0
£(0)

Assume that &= 0 and lim¢_y00 £4({) = Ess. Then

CIR®(7) CIRf(0) CIRs(0)
7 = (1 —855)555 <fss ac — Sss ac ) +0(€)

Proof. Since (£:(0), p¢(0),5:(0)) = (Ess, Pss, Sss) a first order Taylor approximation over {

dé&:(0)

EG) =&+ a7 7+ 0:(2?),
7@ = fet Lt w02,
st(0) = sss + dsctl(g()) 7 +01(2%).

and the law of motion

d& = (*Stgt+ft(1*gt))dt , 50(€) :gss+0(§2)-
Using the first order Taylor approximation over { in the law of motion of employment

dé&:(0)
dg

()

= (=& + fi(1-&))dt,

~ <—Sssgss + (1 - 555) +(1 - é‘ss)dﬂ(O) — Ess dSt(O) - (fss + Sss) dgt(O)) dtg.

d& ~ d(gss + g) + Ol‘(gZ)/

dz dz dg

=0

Canceling ¢ from both sizes

d (d%é()) ) - <(1 - gss) d}zé()) B gss dSCtl(gO) o (fSS + Sss) dgt (O) ) dt.

Taking the integral between 0 and T

T dgt(O) - . T dff(O) . T dSt(O) . T dét(O)
/Od( e )_(1 555)/0 e ar 555/0 e (fsersss)/O S

F1



Since fOTd(dgééO)> = d%éo) _ d%éo) = dﬁéo), we have that

dgt(O) _ (l 7 ESS) /T dft(O) df — gss /T dSt(O) df — (sz n SSS) /T d&(O) dt.
0 0 0

dg dg dg dg
Taking the limit, since lim; 0 £t({) = &5, we have that limr_, d%éo) =0and
/°° d&i(0) o (1) /°° df:(0) g s /°° dse(0) 4,
o dg (fss tsss) Jo  dg (fss t5ss) Jo  dg

Since

dCIRE(0) _ [0,

dg 0 d¢ !

A0 _ [ 9h0),

dg 0 d¢ !

dCIR*(0) _ /oo s (0) 4,

dg N 0 d :
Using the previous result and & = Sssi:'ﬁ ;
dCIRE (0)

- dCIR((0) dCIR;(0)
az = (1 - gss)gss (fss az — Sss ac ) .
dCIR¢

Since CIR? (7) = CIR¢(0) + a UF g 0(Z?), we have

CIR®(7) CIR((0) CIRs(0)
4 = (1_555)555 (fss ac — Sss az ) +0(§)

FE2 Second-Order Approximation of the CIR of Employment with Flexible Wages

Proposition E.2. Up-to-second order appromation

Ey/ ¥
(cirey (o) = L=EE o0 2 g (ao) (g (02)) [
3 (100 = (8)/(0)) (m6,4(0) ~ me(0))
Proof. Taking the second derivative of (E.26) we obtain
-
CIRY(() = — lim mep(Az)(8")(Az+Q) + lim  mey(A2)(8") (A2 +) +/ me p(82)(8")" (bz + ) dAz
z——C Az——A"—C —A—

AT
- Azgg}% me ,(82)(g") (Az+ ) + Azlim,g me (02)(g") (Az+ Q) + /—g me (02)(g")" (Az+¢) dAz,

which evaluated at { = 0 becomes

0
CIRY(0) = — e (82) (") (82) p+ [ ey (82)(8")" (M)
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A+
— e (b2) (87 (Az) 3+ /0 e p(A2)(s")" (Az)dAz.

" 172 h\ 1"
Differentiating condition (D.1) to replace § = 78" (A(Zl+7£§]) (82)

into equation (E.27) we obtain

g")(a
(8" (82) + 5 (8" (82) e ) 78" (82) + 58" (b2)
(gh)/(AZ) mg,h (AZ) - 1 SSS ,)/mc‘:,h(AZ) + 7m£,h(AZ) + (gh)/(AZ) m(‘:,u (O)
Multiplying by (g")’(Az)Az and taking the integral between —A~ and A™
0.2
0=(1-&s)T1 —vTr + 7T3 +mg ,(0)Ty (E1)
A+
T :/ Az(g") (Az)d Az
—A—
A+
_ hyn l hy/
T, = /ﬂf 0z [me (82)(8")"(A2) + i, (A2) (8" (82)] d Az
A+
Ty= [ 8z [ (82) (") (82) — me(82) (") (42)] d
AT 0.2
1= [ e (g (02) + G g (02) ) d e
—A—
T; is equal to
A+
Ti= [ s (az)d oz #2)
0 AT
:/ Az(gh)’(Az)dAz—i—/ Az(g") (Az) d Az
—A— 0
0 At At
= Azgh(Az)’ AT Azg"(Az) 0 ¢"(Az)d Az
A A
=0 :555 i
= *gss-
T, satisfies
A+
To= [ 02 e (82)(8")"(82) = i (82) (6")" (82| d 2 ©3)
1 0 AV / hy/ ar hy\n / h\/
—( /,Af Az {mg,h(Az)(g )"(Az) — il ,(A2)(8") (Az)] dAz+/O Az [m,g,,,(Az)(g )" (Az) — ml ,(Az)(g") (Az)] d Az

AT

=) Az (A)("Y (M) + Aeme(42)(5") ()

0

L [/0 [mg,h(Az)(gh)'(Az)] clAz_;_/OA+ {mglh(Az)(gh),(AZ)] dAz}

—A—

AT AT
—/ mg p(Az)g' (Az)d Az

=) g, (0) Az(g") (Az)

At

=& mg ,(0) Az(g") (Az) T CIR(0).

Here, (1) divides the integral at the discontinuity point; (2) uses the equality mg ;,(Az)(g")" (Az) + ml , (Az)(g") (Az) =
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d Az

Tj satisfies

and integrates by parts; (3) uses conditions (E.28) and (E7); and (4) uses the definition of CIR(0) .

A+
To= [ 82 [ (8)(g") (82) = e (82)(8")"(8)] d Az (E4)
0 [z g (82 (5 (02) () (02)] a dz [ e [, (82) (8 (82) = me (22) (") (A )| da
= /7A7 Z[mf,h( z)(g") (Az) —mg ,(Az)(g z] z /0 z[m&h z)(g z) —mg p(Az)(g z z
— ) Az (s (82) (6")'(82) — me(82) (6" (82) )|
[ r0 A*
= | [meaa2) () (02) — mep(ag) (82) ] d dz+ [ (825" (82) = s (82) ") '(2) | Az]

+

=) Az (i, (82)(8")'(A2) — me, (0)(8")"(A2))

= [meaaag @) -2 [ OAf [me(A2) (5" (A2)] d Az

- | mep(A2) (8" (8)

AT

2 /O g [me (82) (5" (A2)] d Az

0

Here, (1) divides the integral at the discontinuity point; (2) uses the equality m{ |, (Az)( ") (Az) — mg ,(Az) (") (Az) =

d [, (82)(g") (Az) —me,,(Az) (g")" (Az)]
d Az

and integrates by parts; and (3) uses conditions (E.28) and integrates by parts
Finally, for T

At 2
T, = /_A_ Az <'y(gh)”(Az) + %(gh)/”(Az)> d Az (F5)

0 ‘72 At 02
1 /7A7 Az ('y(gh)//(Az) + 7(gh)///(Az)) d Az +/0 Az (”r(gh)"(Az) 4 T(gh)/”(Az)) d Az

0 AT

2 2
=2 8z [yl (02 + S 02)| |+ ozt (02) + T 0]

—A 0

AT 0.2
= [ (8 (82) + 5 (") (b2)d Az
_A-
2 At +
=0 8z (g (02) + T 00| =[], + )] ]
=0

2 +

=S levea, v @yeal) |
2 At 2 n

= 8z |02 + G @) | -G [eea), e, ]

Here, (1) divides the integral at the discontinuity point; (2) integrates by parts; (3) operates the integral and uses the border
conditions.

Combining results (F.1), (F2), (E3), (F4), (F.5), we obtain

2
1%
0=(1-E&s)Th — 7T + 7T3 +mg,(0) T4

At
0= —(1 = E)éis 7 (e, (0) A2l (82)], — CIRG(0))

F4



2 +
ot T e (e (82) (8" (82) — me W (0)()"(82)) |
0
- [mg,m/xzxgh)’(m\A 2 [ [men(82)(8") (80| d a2
+ AT
- [mg,hmz)(gh)/m)j 2 [ [mea(2)(g)" (02)] d az
/ " A o2 ’ 0 ’ At
g (0) (Az e+ Feyen]| T [@r@al, + @) D
which implies
_ _ ey .
iRy (o) = 1= Eel8e “HERTO 2 (namg (a2 g (02)*
3 ((61(0) ~ (8)/(0)) (m5,4(0) — me(0))

E3 Characterizing the CIR for real wages

We define the CIR of the average wage to a monetary shock as

CIRY(Z) = /OOO /w+ @ (gh(zf),t) - g(zb)) da dt

The strategy to find the sufficient statistic is similar to the strategy used for CIR¢ ({), with few differences in the implementa-
tion of the steps. For this reason, we skip the proof of some of the similar steps. The main difference is the associated Bellman

equation that describes the total sum of the differences between average wage in period f and the steady-state average wage.

Step 1. The CIR satisfies

(o9

CIRY({) = /_oo m(Az)g" (Az + ) dAz +/ m"(Az)g" (Az + ) dAz

—00

with

T”’l
MO (Az) = / [Az; — Ep[Az]] dt + m®*(0)|Azo = Az
0

m*(Az) = E [mw’h(o)\Azo = Az}

At AT
0:/ mM (Az)g" (Az) dAz+/ mY*(Az)g"(Az) dAz,
—A- —A-

Step 2. Up to first order, the CIRY({) is the solution of
CIRu(@) = [ (82)g" (82 + £ dbz + mH(0)(1 - £x),

—00
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where

2
0= Az — By [Az] — o (m®) (A2) + T () (82) +5(m (0) ~ (MY (82)) (F6)
mw,h(o) _ mw’h(fAf) _ mw,h(A+),

AT
0= / O (Az)g" (Az) dAz + m (0)(1 = Es),
7A*

38" (Az) = 7(g") (Az) + %Z(gh)”(Az) forall Az € (—A~,A%)/{0},

g'(-a7)=g"(a") =0, (E7)
Ay
Ess = gh(Az) dAz,

§'(82) € €,C'({0}), C*({0}).

Step 3. We show that m™"(0) = %gfz].

Proof of Step 3. Define f(Az;) = Az — Ej,[Az]. Observe that m™"(Az) satisfies the following recursive representation

m(Az) = E / v f(Az¢) dt + m™"(0)
0

Azg = Az] .

Define the following auxiliary function

Tm
¥(Azlg) = E / e? f(Azp) dt + T m“M(0)| Azg = Az . (E8)
0
Then, following similar steps, we obtain
TVVI
o 0
T2 mh(Az)gh(Az) dAz
= E[t"]
855
= —]E[rm]mwfh(o)M (F9)
SSS
From (F.8), we have that
T”’
9% (0[0) = E / sf(Azs)ds + T"m " (0)| Azg = 0
o 0
=E [ {M + m©h (o)} , (F.10)
SS

Combining (E.9) and (F.10), and solving for m®/ (0) we obtain:

_ Covyla, Az

mw,h (0) 1— &
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Step 4. Up to afirst-order approximation, the CIR is given by:

Covy[Az + ya, AzZ]
_ =

CIRy (7)) = +0(Z%).

Proof of Step 4. To help the reader, we summarize below the conditions we use in this proof.

CIRy(Z) = / ” mM(Az)g" (Az + ) dAz + mP"(0)(1 — Ess), (E11)
where
0= f(Az) —y(m™") (Az) + %z(m“"h)”(AZ) +(m™"(0) — m*"(Az))
mt(0) = mOh(—AT) = m@h(AT), (F12)
0= / ’ mM (Az)g" (Az) dAz + m*"(0) (1 — Ess). (E13)
—A—

1. Zero-order: If { = 0, condition (F.13) implies

CIR,(0) = / m@" (Az)g" (Az) dAz +m®"(0)(1 — Es) = 0.

2. First-order: Taking the derivative of (F.11) we obtain
(o]

CIR,(7) = / O (Az)(g"Y (Az + ) dAz,

—00

which evaluated at { = 0 becomes

/ _ ar w,h h\/
CIR/,(0) = /7A7 m®@"(Az)(g") (Az) dAz.

i/ ﬁ "
Using condition (D.1) to replace 6 = 28" (A;?:E AZZ)(gh) (82) into the HJB equation (F.6), we obtain

708"/ (82) + 5 (61" (82) on g

v(&") (82) + G (") (B2) W\ N
i m (8z) = f(Az) =y (m") (82) + 7 (m") (Az) + ()

gh(Az)

Multiplying by ¢"(Az)Az and taking the integral between —A~ and A"

2
0 = Var[Az] — 4T + %Tz + mh(0) T,

AT
I = /;Ai Az [(mw’h)/(Az)gh(Az) + mw’h(Az)(gh)/(Az)] d Az

n- [ AA 8z [(m)(82)g" (2) — m @ (a2)(g")" (82)] d Az

- [ AA Az (wgh)’(Az) + %2<g’1>”<Az>> d Az,

Tj is equal to

A+
Ti= [ oz [nohy (82)gh(82) + m (a2 (g") (82)] d oz
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0 AT
_() / Az [(mw'h)’(Az)gh(Az) + mw'h(Az)(gh)'(Az)] dAz+ / Az [(mw'h)’(Az)gh(Az) + mw'h(Az)(gh)’(Az)] d Az
—A- 0

_ /0 Azd <mw'h(Az)gh(Az)> dae st /N Azd (mw'h(Az)gh(Az)> dA
0

_A- d Az dAz

0 At
=0 Azmw'h(Az)gh(Az)‘iAf + Azmw'h(Az)gh(Az)

0

=0
AT

0
o= {/ m"(Az)g" (Az) d Az +/ mP(Az)g" (Az) d Az
—A- 0

A+
—(4) —/ m"(Az)g" (Az)d Az
A

=0 mw'h(o)(l —&ss)

Here, (1) divides the integral at the discontinuity point of g (Az); (2) uses the property of the derivative of a product of

functions; (3) integrates and uses the border conditions (E.7); (4) uses continuity of m®" (Az)g" (Az); and (6) uses (E.13).

T, satisfies

AT
To= [ 8z [y (aa)gh(az) — o (80)(5")" (82) ] d oz

0 At
—() / Az ()" (Az)g" (Az) — m (8z) (8")" (82)] d Az + / Az [ ()" (Az)g"(Az) — m (82) (") (82)] d Az
—A- 0

=) Az [(m®h) (a2)gh () — ™ (a2)(8") (82)][ |+ Az [(m) (a2)gh(8) — O (a2) (&Y (82) f

/70A7 [(mlu,h)/(Az)gh(Az) — mw,h(Az) (gh)’(AZ)] d Az + /OA+ [(mw’h)/(AZ)gh(AZ) _ Mw’h(AZ)(gh)/(Az)] d AZ:|

— ) Az [y (a)g" (8) — m (a2 (") (82)] |

——mh(0) Az(g) (82) 3

- { / L[y (a2)g" (82) — o (a2) (8 (82)] d iz + / ® ey (az)gh a2) — P (a2) (6 (82)] @ AZ]
—A- 0

AT AT AT
=) (0) Ax(g") (a2)| | / © (Y (82)g"(8z)d Az + / C wh(Az) (") (82)d Az
n + At At
=6) —m(0) Ax(g"Y (a2)[, — | m(An)g(a2)] |~ [ mehan) @y sz dz| + [ mei (a2 (62)d oz

=0

AT AT
= —m(0) a(g") (a2)|; +2 / O (AZ) (") (Az) d Az.

Here, (1) divides the integral at the discontinuity point; (2) uses the equality (m®")" (Az)g" (Az) — m®"(Az)(g")" (Az) =
d [(m") (Az)g" (Bz)—m*" (8z)(g")' (82)]
d Az

and integrates by parts; (3) uses conditions (F.12) and (F.7); and (4)-(5) integrate by

parts and operate.

Finally, for T3

n= [ a (v (02) + G (6 (82) ) d 62

—A—
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[ ro0 At 2 [ (0 AT
=9 / Az(gh)’(Az)dAz+/ Az(g") (Az)d Az —l—% / Az(gh)”(Az)dAz—l—/
A 0 - 0
0 At AT
=7 Azgh(Az)‘ AT Azg"(Az) o —/ ¢"(Az)d Az
_A- A
- =0 :gss i
o* By 0 iy At A hy
G 82y, + ez @) - [ (@Y aadaz
et O | az(gy (a0 = am)|”
= 1gat G | dalg (8], - g
=0
o2 At
= —v&s + - {Az(gh)/(Az) A*} .
Combining all these results
o w,h
0 = Vary[Az] — yTy + 7T2 +m™“"(0)T3
0 = Vary[Az] — ym™"(0)(1 — &)
0.2 At AT
+ [ -mon0) ax(ghy (a)[ +2/ m(Az)(g") (Az)d Az
2 At
() (<a+ G [actgy@2)[) )
AT
0 = Vary[Az] — ym®"(0) + o /7 m@"(Az)(g") (Az)d Az,
which implies
AT w,h
,h N _ ym®"(0) — Vary,[Az]
[ mhan ey oz) = =
_ Coup[Az + ya, AzZ]
R
3. Second-order: Taking the second derivative of (E.26) we obtain
-
CIRY(Z) = — lim _m®"(Az) (") (Az+ Q)+ lim  m“"(Az)(g") (Az+Q) —|—/ m(Az)(g")" (Az +7) dAz
Az——( Az——A"—( A7

AT—C

Az(g")(Az)d Az

—  lim mw'h(Az)(gh)'(Az+§)+A;Lnl mP(Az)(g") (Az + ) + / mM(Az) (") (Az + ) dAz,

Az—AT—=( 4 e
which evaluated at { = 0 becomes
0
CIR (0) = — m™"(Az)(g")'(Az) |25 +/A7 m*(Az)(g")" (Az)dAz.

+

N A
— mM(Az) (g (Az) 5+ /O m“"(Az)(g")" (Az)dAz.

F9



2

AV s (ohym
Differentiating condition (D.1) to replace § = 7(g") (A@; (ZAi‘)g C)) into equation (F.6), we obtain

(8" (82) + 5 (8")"(82) )

()" (82) + 5 (8)"(82) o w1 (az) 4 O ("
m"(Az) = f(Az) —y(m™") (Az) + — (m™ Az) + 0).
e (82) = £(82) — (™Y (82) + G (" (a2) s 0
Multiplying by (g")’(Az)Az and taking the integral between —A~ and A*
o2
0=T1 -1+ 5T+ m@"(0)Ty (F.14)
AT
T, = f(Az)Az(g") (Az)d Az
—A-
At
B= [ az[mh(az)(g")" (A7) + (") (82)(g") (A7) | d Az
A

A+
Ty= [z [y (82) (Y (82) — m (a2 (g " (82)| d bz

AT 2
Ti= [ 8 (g 02) + G g (02) ) d

e

Tj is equal to

A+
T, = e f(Az)Az(g") (Az)d Az (E15)
_ /[ f(Az)Az(g") (Az)d Az + Nf(Az)Az(gh)’(Az) dAz
A— 0

0 2 A* At 2
+ Az (ATZ - ]Eh[Az}Az) ¢ (Az) —/ (Ai - lEh[AZ]AZ) g'(Az)d Az
—A- 0

= Az (ATZZ —Ey; [Az]Az) §"(Az)

a2
=0 :Ll[zmz] —IE; [Az]?
2
=- (Eh[AZ ] —]E;,[Az]z) :
2
T, satisfies
A+
T, = / Az {mw/h(Az)(gh)”(Az) - (mw'h)’(Az)(gh)”(Az)] d Az (F.16)
Y

_() 0 wh N o why N, At wh N o why N,

[ b [ az) (64 (82) = () (82) (") (8)| @ bz+ [ 8z [ az) (61" (82) = () (82) (") (8)| 4 bz
—A 0

@ Azmw'h(Az)(gh)'(A)‘O o T Az (82) (8" (A) X

0

[ ey en)] ase+ [ Y sy (an)] d a2

0

=B) m@h(0) Az(g") (Az)

At AT
o [ ey (a2 d s
At

_® mw,h(o) Az(gh)/(AZ) A

— CIR.,(0).

Here, (1) divides the integral at the discontinuity point; (2) uses the equality m™" (Az)(g")" (Az) + (m®") (Az)(g") (Az) =

w,h hyr
w and integrates by parts; (3) uses the border conditions; and (4) uses the definition of CIR],(0) .
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Tj satisfies

T; = [ AA Az [(m )" (82) (") (Az) = m (82) (8")" (A2)] d Az (F17)
0 A
= /_Ai Az [(mw'h)"(Az)(gh)’(Az) - mw'h(Az)(gh)"’(Az)] d Az +/0 Az [(mw’h)”(Az)(gh)'(Az) - mw’h(Az)(gh)’”(Az)] d Az

— @)z () (az) (5" (A2) — m (82) (") (42)) |

—A—

. N
= / [y (82)(8") (2) — mM(8z) (8 (A2)] d Az + / [y (82)(8)' (82) — i (22) (8")" (82)] d Az
L -4 0

=z (Y (a2) (8" (a2) — m " (0) (") (82))

AT

A
I 0
- mw'h(Az)(gh)’(A)‘(iAi —2/7A {mw’h(Az)(gh)”(Az)] d Az

—2/0A+ [ (82)(g")"(82)] d Az

| az) gy )]

0

Here, (1) divides the integral at the discontinuity point; (2) uses the equality (m™")" (Az)(g")' (Az) — m™" (Az)(g")" (Az) =
d [(m") (Az) (") (Az)—m™" (Az) (g")" (Az)]

1Az and integrates by parts; and (3) uses the border conditions and integrates by parts
Finally, for Ty
A* o2
T, = / Az <7(gh)“(Az) + ?(gh)’”(Az)> dAz (F.18)
_A—

0 o2 At o2
=0 [ e (2 02) + G 02 anzt [ o (5" (02) + Fg')(02) ) d oz

2 0 2 At
=2 8z [l (02 + S @) |+ a2 ey o2 + G )]
—A- 0
[ gy oe) 4 G ) a s
/ o? " A 0 At
=0 8z (g (02) + T 0] |~ |ga], + )] ]
-0
2 +
=S levea, v @real) |
At 2 0

0.2
= 8 [1() (82) + G 5" (02)] o (8(02)

T e

A+
0}'

Here, (1) divides the integral at the discontinuity point; (2) integrates by parts; (3) operates the integral and uses the

border conditions.

Combining results (F.14), (F.15), (F.16), (E.17), (E.18), we obtain

2
0=T — 9Ty + = T3 + m*H(0) T,

2
0= - (B8] gy faal?) v (w0 az(g') (89— CIRL(0))
‘72 w,hy/ h\/ w,h h\! AT
o | Az ((mh) (82)(8") (az) — m R (0) (8" (82)) |~
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0

= {mw'hmz)(gh)'m)\ —2f OAf [ (82)(g")" (A2)] d Az

—A—
+ AT
- {mw'h(Az)(gh)'(A)oA -2 /0 [ (8z)(g")" (82)] d Az
2 At 2 / At
S— (Az e+ S| - [eveal, + @real, D

which implies

EAZ] g, [Az]?) — y(CIR®)'(0)
(cmw>"<o>:< c— 3,2) e — 5 (Bz(mhy (82)(5") (42))
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