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Abstract

For many assets, traders favor either over-the-counter (OTC) or centralized markets.
This paper examines how traders’ choice between these trading venues depends on asset
and trader characteristics. Market structures are endogenously determined by traders’
individual choices of market and counterparty. Traders choose OTC markets over cen-
tralized exchanges when the idiosyncratic component dominates in their individual asset
valuations and their private information is sufficiently inaccurate. It is due to the benefit
of learning the asset value from the price and lowering the price impact. Endogenizing
traders choices on the trading venues derives rich market structures: either only OTC or
centralized market, or both. The OTC and centralized markets coexist only when traders’
asset values are heterogeneously correlated and when the centralized market is imperfectly

competitive.
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1 Introduction

Over-the-counter markets have been an essential alternative trading venue in financial markets.
In over-the-counter markets, buyers and sellers are paired and privately choose their own trading
terms, while public exchanges use a centralized trading mechanism such as uniform-price auc-
tions. Certain types of assets appear to be traded mostly in over-the-counter markets, whereas
others have been traded in centralized exchanges. Corporate bonds, interest rate swaps, index
derivatives, and many liquid financial products are traded in over-the-counter markets despite
their high volumes of trade. Furthermore, the over-the-counter and centralized markets coexist
for some assets. For instance, foreign exchange is traded in both over-the-counter spot markets
and centralized futures markets.! The goal of this paper is to examine traders’ incentives to
enter different trading venues and explains why some assets are traded in the over-the-counter
markets, centralized markets, or both.

The main finding of this paper is that heterogeneity in trader and asset characteristics matter
for understanding traders’ market choice and endogenous market structure. Heterogeneity in
characteristics affects liquidity and learning for traders. Liquidity is measured by the price
impact, which is endogenously defined in equilibrium as the change in price with respect to
a one-unit increase in trader’s demand.? Larger price impacts, i.e., lower liquidity, reduce
traders’ demands and lower their utilities. Also, traders choose trading strategies based on
their private information on assets and market prices, so the demand schedule incorporates
inference about the asset values. Heterogeneity in traders’ asset valuation and the precision
of private information incorporated in this paper jointly affect the liquidity and learning, and
thus, determine the incentives for traders to choose different trading venues.

This paper endogenizes the market structure in a two-period model. In the first period
t = 0, each trader chooses to enter either a centralized market or an over-the-counter market
that opens at t = 1. In the centralized market, all traders’ demand and supply schedules
determine the single market price. In the over-the-counter market, traders trade bilaterally
at a pair-specific price after forming a pairwise stable matching. Traders are uncertain about
the value of a risky asset but receive a private signal about the value. Signal precision can be
heterogeneous among traders. The individual asset valuations are interdependent and consist of
two components: a common component, which is the same for all traders, and an idiosyncratic
component, which can be heterogeneously correlated across traders. In both the centralized

market and over-the-counter bilateral trades, traders play a Bayesian Nash equilibrium in the

L A good portion of over-the-counter FOREX trading is in fast venues, such as Currenex, EBS, and Reuters,
in which the foreign exchange spot price is generally the same as the price in centralized futures markets.

2 The model can incorporate the frictions considered in literature (e.g., search costs, a chance that bilat-
eral trades fail, bid-ask spreads by dealers, etc.). Such frictions would increase traders’ incentives to choose
centralized markets over over-the-counter markets, but the effects studied in this paper would still be present.



uniform-price double auction: all traders simultaneously submit their (net) demand schedules
¢(-) : p = ¢;(p). The trades clear at price p* such that ) . ¢;(p*) = 0. The endogenous market
structure is immune to an individual or pairwise deviation from equilibrium market choices.

The uniform-price double auction is the canonical model for non-competitive markets for
divisible goods (e.g., Kyle (1989), Vives (2011), and Rostek and Weretka (2012)). This trading
mechanism allows an explicit treatment of price impacts, which are the equilibrium objects that
determine traders’ trading behaviors as well as the market choices. The literature based on the
uniform-price mechanism so far has maintained a joint symmetry assumption on traders risk
aversions, the correlation in traders’ asset values, and variance of the values and uncertainty.
Rostek and Yoon (2018) dispense with any symmetry restrictions to allow heterogeneity in all
characteristics and primitives. This paper follows the model of asymmetric markets in Rostek
and Yoon (2018).

The results in this paper help explain which traders choose the over-the-counter or central-
ized markets, which assets are traded in either type of trading venues, and when centralized
and over-the-counter markets can coexist.

First, over-the-counter markets are more attractive to traders in both learning and liquidity
when the idiosyncratic component dominates the common value, in the sense that the dispersion
of correlations between traders’ asset valuation is larger than the average level of correlations
with the large idiosyncratic component.® In centralized markets, equilibrium price is a weighted
average of traders’ signals and thus aggregates out the idiosyncratic components. An over-the-
counter market can improve his learning about this idiosyncratic component of the asset value.
In addition, the over-the-counter market allows the trader to choose a counterparty who would
more likely have the opposite trading needs (i.e., more negatively correlated asset values). Such
counterparty provides the trader a lower price impact and a larger trading amounts in the
over-the-counter market. On the other hand, the centralized price is an average of asset values
of both buyers and sellers and thus mitigates trading surplus. These effects on learning and
price impact do not necessarily create a trade-off and encourage traders to trade in the over-
the-counter market when a trader’s value relies more on the idiosyncratic value compared to
the common component.

The incentives to choose over-the-counter versus centralized markets differ between informed
and uninformed traders. Traders with low information precision (i.e., uninformed traders)
benefit from an over-the-counter market because it helps them learn counterparties’ information.
On the other hand, the over-the-counter market discourages those whose asset values are less

idiosyncratic or those with high information precision (i.e., informed traders) to participate

3 Suppose that pi,; denotes the correlation between individual asset values of two traders 4,j. A trader i’s
value is correlated with all other traders. The heterogeneity in {p; ;};x; represents the idiosyncratic component
in trader i’s asset value, while the average of correlations represents the common component. See Section 2.



since it decreases the likelihood of meeting a counterparty to trade with and also may increase
price impact. The trade-off between information and liquidity incentives in over-the-counter
markets creates a cutoff level of information precision. If a trader’s information precision is
higher than this cutoff level, the liquidity incentive dominates and he chooses to trade in the
centralized market. Likewise, with a precision lower than the cutoff, the learning incentive
dominates and traders enter the over-the-counter market. Hence, the over-the-counter trading
occurs between traders who have relatively larger idiosyncratic value components or lower
information precisions.

Second, endogenizing market structure is determined by a fixed point problem between
traders’ incentives in market choices and the distribution of traders in two trading venues. This
paper shows that heterogeneity is crucial for understanding the endogenous market structure.
When traders’ asset values are interdependent with the same correlations* and their information
precisions are the same, the trading strategies and incentives in the market choices are sym-
metric for all traders. With these symmetric incentives, the endogenous distribution of traders
in two trading venues has a corner solution in the sense that all traders choose the centralized
market or the over-the-counter market. Equivalently, the centralized and over-the-counter mar-
ket can coexit only when traders are asymmetric in how their asset values are correlated or in
information precision.

The over-the-counter market can exist through traders’ trading venue choices, even when
there is no difference in prices between an over-the-counter trade and centralized market. This
is because despite the lack of a difference in prices, for certain trader and asset characteristics,
trading over-the-counter offers the benefit of improving learning and lowering price impacts.
Moreover, traders can choose the over-the-counter market when the centralized exchange is
competitive and traders’ trading needs can be fully exhausted. These results, based on en-
dogenous price impact and learning in trades of divisible assets, complement the literature on
traders’ incentives to trade a single unit of assets in the over-the-counter market.”

Lastly, this paper identifies the types of over-the-counter market matching in equilibrium,
taking into account traders’ choice of market. In the over-the-counter market, there are two
types of matching structure depending on a dominant incentive: When the information precision
is sufficiently heterogenous for all traders, the dominant incentive, learning or liquidity, differs
between informed and uninformed. It creates a cross-type (i.e., negative assortative) matching

occurs. With symmetric information precision, a same-type (i.e., positive assortative) match-

4 Rostek and Weretka (2012) define a symmetric interdependence in traders’ asset valuation by an equicom-
monal model: Ifll > j2iPij =D for all 4. The symmetry condition in this paper is stronger than the equicom-
monal model. The correlations p;; are the same for all pairs (z, 7).

® Babus and Palatore (2018) and Babus and Hachem (2022) study over-the-counter trades for divisible assets
among symmetric traders and analyze the role of price impact in the efficiency of market and security design.

The heterogeneity of traders in this paper creates asymmetric learning incentives in over-the-counter markets.



ing occurs. With an available centralized market, however, the cross-type matching does not
occur in equilibrium. When an informed trader values low price impact more than improving
learning, he is better off trading in the centralized market than in the over-the-counter trading
with uninformed counterparties. Hence, taking into account the endogenized market choices,
the over-the-counter market will attract uninformed traders or both informed and uninformed
traders.

The predictions in this paper are consistent with empirical results: Biais and Green (2019)
show that transaction costs and liquidity are vital determinants on why most trades for bonds
are held in over-the-counter markets, while Attanasi, Centorrino, and Moscati (2016) explore the
effects of lack of information in the over-the-counter market on efficiency. Forward contracts,
interest rate swaps, or credit linked securities are traded in over-the-counter markets, even
though their trading volumes (liquidity) are substantial. The purpose of trading these financial
products is often to hedge traders’ outside portfolios so that they are idiosyncratically valued.
On the other hand, centralized markets attract assets traded by many arbitrageurs or short-
term investors, such as stocks or bonds with short maturity. These assets are valued at the
future prices that are common to all traders. High-yield bonds that have low credit ranking can
be traded in the over-the-counter markets (e.g., Hendershott and Madhavan (2015)) because
low past trading volume and volatile return prevent the traders’ access to quality information
(i.e., low information precision) and increase the heterogeneity in information precision between
insiders and other traders.

RELATED LITERATURE: A growing theoretical literature has studied over-the-counter trad-
ing in several aspects. Assuming a fixed market structure, a strand of literature on over-the-
counter markets look at how liquidity affects traders’ behavior and efficiency (Duffie, Garleanu,
and Pedersen (2005), Vayanos and Weill (2008), Weill (2008), Atkeson, Eisfeldt, and Weill
(2015)). Other studies show how over-the-counter markets aggregate private information (Duffie,
Malamud, and Manso (2014), Back, Liu, and Teguia (2017), Babus and Kondor (2018), Maurin
(2022)). In addition, observing that over-the-counter markets can dominate centralized markets
in welfare terms, several authors have explored possible determinants: such as default, search
friction, price impacts, and information asymmetry between sellers and buyers (Acharya and
Bisin (2010), Malamud and Rostek (2014), Glode and Opp (2016), Duffie and Wang (2017)).
Praz (2015) and Zhu (2014) studies how the presence of an alternating trading venue affect
equilibrium in centralized markets.

The objective of this paper is to understand endogenous market structures when centralized
and over-the-counter markets are both available. Kirilenko (2000), Viswanathan and Wang
(2002), Bolton, Santos, and Scheinkman (2016), Lee and Wang (2019) have explored the choice
of some traders between centralized and over-the-counter markets. In this paper, all buyers and

sellers, informed and uninformed, strategically choose a trading venue. Endogenizing the market
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choices of all traders lets the incentives of trading in over-the-counter markets to be functions of
endogenized participation rather than functions of fixed market structures. Dugast, Uslii, and
Weill (2019) studies endogenous market structures for traders who are heterogeneous in their
trading needs and capacity to take large positions, while this paper focus on the heterogeneity
is in traders’ asset valuations and information precision.

Another strand of literature endogenizes the over-the-counter structure itself by studying
incentives to choose a counterparty in over-the-counter markets (Duffie, Garleanu, and Ped-
ersen (2005), Zhu (2012), Golosov, Lorenzoni, and Tsyvinski (2014), Farboodi (2021)). This
paper shows that an available centralized market can change predictions in the over-the-counter
markets studied in the literature. In addition to the literature for the counterparty choices,
Babus and Parlatore (2021) endogenize over-the-counter networks when trading is based on a
uniform-price double auction as in this paper. While they study traders’ choice of a dealer, this

paper explores financial markets where there is no explicit notion of dealers.

2 Model

This paper considers a static economy where two trading venues open simultaneously for the
same assets: a centralized market where all traders’ bids are cleared at a single market price and
an over-the-counter market where a pair of traders are matched and they trade bilaterally at
a pair-specific price. Figure 1 summarizes the economy. Before the markets are open (¢ = 0),
traders choose which market they would trade in. If a trader chooses the over-the-counter
market, then he also chooses a counterparty with whom he would like to trade. The market
choice and bilateral over-the-counter matching occur once and for all in that traders can trade
only once in one market and with one counterparty if they are in the over-the-counter market.
At trading period t = 1, two assets — a risky asset (asset) and a riskfree asset (numeraire) —
are traded in both markets. The assets are perfectly divisible. Traders submit their demands
to the market they chose at the entering period, and each market clears independently. The
details are described below including (1) traders and payoffs, (2) information, (3) markets, (4)
strategies, and (5) equilibrium.

STRATEGIC TRADERS: There are I < oo strategic traders. Each trader has a quadratic
utility on quantity traded ¢; of the risky asset net of payment —pg; where p is the price in the

market he participates in.°

1
1M%m=@%—§ﬁ—m@ (1)

6 The quadratic utility (mean-variance utility) is the standard of the non-competitive market literature (see
Kyle (1989), Vives (2011), and Rostek and Weretka (2012)). The quadratic utility is equivalent to the constant
absolute risk-aversion (CARA) utility v;(¢;, p) = — exp(—u(0:g; — pgi)): The results on trading behavior and
market choices carry over in the model with CARA utilities. See Section 6 for more discussion.
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Figure 1: Timing of economy. ¢;(p) is his quantity demand at a market price p. Trader i has a private
information s; before trading. Their individual asset value 6; is realized at the end of economy and so
does the utility u; evaluated at the realization of #; and equilibrium outcomes ¢/ = ¢;(p*) and p*.

Here, pt > 0 is the risk-aversion that is common for all traders, and 6; is the individual valuation
of the risky asset for trader ¢. The value of numeraire is normalized by one. The individual
asset value 6; is uncertain and is randomly drawn from 8; ~ N (E[f], ¢3). The prior distribution
of asset values {él}l is the same for all 7. The homogeneous mean and variance of asset value
across traders captures that the ex-ante trading needs for all traders are the same.”

Traders’ individual asset values (;);c; are interdependent. The model allows an arbitrary
Gaussian structure for traders’ asset values. The correlation matrix for (;); is denoted by
Yo = (Pij)ijer with p;; = Corr(éi,éj). The interdependence of (él)l is decomposed into a
common value component, which is attributed to the future asset return in the market, and
an idiosyncratic value component, which comes from individual portfolio return consisting of
other assets that are correlated to the trading asset in the market. The idiosyncratic value
component is independent to the common value component, but it is correlated to other traders’

idiosyncratic value components.

The decomposition of asset value 6; is formalized as follows:

91’ = wi,cve + wi,iv5i7 Vie Ia (2)

where # is the common value component, and ¢; is the idiosyncratic value component. The
common and idiosyncratic value components are independent and drawn from normal distri-
bution, § ~ N(E[f],02) and (8;); ~ N(0,02%;). The interdependence of idiosyncratic values

7 The flexibility of this model can allow traders to have ex-ante different trading needs by introducing

the heterogeneous mean and variance. The heterogeneity in ex-ante trading needs strengthens the benefits of
trading in over-the-counter markets for some traders.



(0;); is captured by the correlation matrix,

I pi2 - pir
1 ...
25 = (COTT((;% 6]))1] = p12 p2[
pir par 1

The correlations p;; are heterogeneous across pairs of traders (i,7), which is the key hetero-
geneity in this paper. The model imposes an assumption that the sum of correlations in a row
> i Pij 1 normalized to zero for all i, without loss of generality. This is in order to prevent the
heterogeneity from being additional source of common value and thus allows a clear separation
of information aggregation. Lastly, (w;e,w;w) € [0,1]% are weights of his valuation on the
common and idiosyncratic value components, respectively, such that w7 ., + w?;, = 1.

The model incorporates a wide range of the heterogeneous interdependence in asset values:
the common value §; = @ for all traders i (Kyle (1989)), fundamental value in which the
correlations are homogeneous p;; = p for all (¢,7) (Vives (2011)), independent private value
with p;; = 0 for all (7, j), and equicommonal models in which (w; ¢, w;») are homogeneous for
all 7 (Rostek and Weretka (2012)). This paper and Rostek and Yoon (2018) relax the symmetry
assumptions and incorporate arbitrary interdependence of traders’ asset valuations.

Example 1 shows how the common and idiosyncratic value components determine ¥ in a

simplest and intuitive setting.

Example 1 (Symmetric Interdependence in Asset Values) There are two groups of traders
— buyers and sellers — with equal group sizes.® Each trader has individual asset value that is

decomposed into two independent random variables:

éi - wcve + Wiv(si = { wcve ’ wiv5 ifiis a buyer’

Wepd — wipd  if 7 1s a seller.

Here, w? + w2, = 1. Then, the correlation matrix of idiosyncratic values (6;); is

5o 1 |-1
6 — 1 1 )

where each block represents (é X %) matrix. From the distributions of common and idiosyncratic

8 Buyers and sellers are not explicitly determined in this model. Because two groups in this example have
negatively correlated idiosyncratic asset values, it is without loss of generality to call two groups buyers and
sellers.



components, the correlation matrix of total asset values (6;); is

wgv - wz'Qv 1 ‘ Wey — wi2v (3)

2 2
1 wcv + wiv

2 2 2 2
Wey + Wiv Wey — Wiy

S =

2 2
wg, + wi, wo — W;

The interdependence of traders asset values is symmetric in this example, in the sense that the
set of correlations in each row is the same, {pix}rzi = {pjr}rz; for any ¢ # j. However, the
correlations (p;;);; are still heterogeneous across pairs of traders (7, 7). Section 4 will consider
this example for further analysis and show the effects of the heterogeneous correlations across

pairs and asymmetric interdependence across traders on endogenous market structures. 0

INFORMATION: Each strategic trader receives a private signal on his own asset value: s; =
0} + &; with an independent noise ¢; ~ N (0, Uia). The information precision ¢; := Tl/a;’ can
differ across traders. The private signal s; is realized at the beginning of trading period ¢t = 1
and privately observed by trader ¢. The realizations of other traders’ signals (s;),; and prices
in all markets, including the market where trader ¢ participates in, cannot be observed by trader
¢ until all trades are done.

Heterogeneity across traders, which is the critical component in the model, is in both the
correlation structure ¥y and information precision (¢;);. Throughout this paper, this pair of
asset and trader characteristics is called a type. Each trader’s type represents his identity,
such as buyers or sellers in Example 1.7 It is worth remarking that the type defined in this
paper does not represent the realization of private signal s;, and thus, this definition of type is
different from the conventional definition in incomplete information games. Traders’ types and

prior distribution of asset values and signals are common knowledge.'

2.1 Centralized Market (CM) Mechanism

The centralized market is a large market where many buyers and sellers trade at a single
price. This paper designs the centralized market as a canonical uniform-price double auction
with divisible goods. A strategic trader ¢ who enters the centralized exchange submits his net

demand schedule ¢;(p) : R — R (i.e., a combination of limit orders) as a continuous function of

9 The types of traders are more general than their identity. Traders are indifferent between the identity of
other traders j # ¢ who are with the same type. For instance, in Example 1, each trader’s counterparty choice
in the over-the-counter market depends on other traders’ types, i.e., buyers or sellers, rather than their identity,
i.e., a particular trader j # 4 in one group.

10" Tn non-competitive markets, trades are dominated by large institutions, who have a better knowledge on
the market and other agents; often the number of relevant agent is indeed small, as Oehmke and Zawadowski
(2017) and Avellaneda and Cont (2010) report for CDS dealer markets. Perfect information on the other traders’
types is useful for tractability but not critical to the results. With some uncertainty, the results carry over.



price.

_ I
max Elu;(gi,p)|si) = max {E 0;s:, plgi — pgi — = Z} 4
¢:(-) R—R [eale Pl {qi(p);¥peR} (Oilsi- plai = pa 2(1 (4)

There are L > 2 traders, called liquidity traders in the centralized market who are not given a
choice to enter the over-the-counter market. The presence of two or more liquidity traders in the
centralized market ensures that a trader ¢ € I who is currently in the over-the-counter market
can consider a non-cooperative deviation to the centralized market. Each liquidity trader [ € L
is strategic and submits a demand schedule ¢;(p) that maximizes the utility (4). The precision
of private information for [ € L is equal to the least informed traders: qu’s = maX;ecs Uga,
and he values the risky asset by 0, = wiy o0 + wigiv0; With an independent idiosyncratic value
component: Corr(d;,0;) =0 for any j #1e€ IUL.

After demands of all traders i € I and [ € L are submitted, the centralized market is cleared
at a price of which the total demand of traders is equal to zero; p* such that ) ._, ¢;(p*) +
Y e @(p*) = 0. The equilibrium allocation is determined by the demand schedule traders
submitted, ¢f = ¢;(p*) for any i € I and ¢ = ¢ (p*) for any [ € L.

2.2  Over-the-Counter Market (OTC) Mechanism

An over-the-counter market is an off-exchange trading venue in which bilateral trades occur
between large institutions. The over-the-counter matching is pairwise stable, in the sense that
no pair of traders have a positive incentive to leave their current matches and create a new
match. Each trader has an individual ranking on other traders based on their types: information
precision and correlations. Traders’ ranking determines a pairwise stable matching by the
algorithm of Irving (1985). If two traders are matched, they trade and leave the market. The
over-the-counter market ends when all traders participate in exactly one bilateral trade or when
only a single trader is left.

Once the matching occurs, each bilateral trade is operated by the uniform price double
auction. Two traders simultaneously submit their demand schedules ¢;(p) as functions of price
p by solving the optimization problem (4). The equilibrium price p;; is determined by the market
clearing condition: ¢;(pj;) + ¢;(p;;) = 0. The price pj; is pair-specific in the over-the-counter
market. If an equilibrium price does not exist, then there is no trade and the over-the-counter
market ends without any further trade. The utility of traders in such a case are set to be the

autarky utility u;(¢; = 0) = 0.

2.3 Market Choice and Trading

Based on the trading mechanisms in two markets described in Section 2.1 and 2.2, the strategies

of traders and equilibrium are defined in this section.



STRATEGIES: At t = 0, each trader ¢ € I chooses a market where he enters, m; €
{OTC,CM} and a type of counterparty 7; upon his entering to the over-the-counter exchange
m; = OT'C. When the market choice of a trader is m; = C'M, his counterparty choice is notated
by 7; = () for the convenience. At ¢ = 1, the trader chooses his demand function ¢;(- : m;, 7;) in
market (m;, 7;). Therefore, the strategy profile of trader i is {(m;, 7;), ¢;(- : m;, ;) }. A liquidity
trader [ € L in the centralized market has a strategy {(CM, (), q,(-; CM,()} since he cannot
enter the over-the-counter market.

EQuILIBRIUM: Definition 1 provides three conditions for equilibrium: (i) Bayesian Nash
equilibrium in the double auction in each market, (ii) no incentive to deviate from the over-the-
counter market to the centralized market, and (iii) pairwise stable market structure including
a pairwise deviation from the centralized to over-the-counter market and from one over-the-
counter matching to another. For each trader i € I, E[u;(m;, ;)] denotes the expected utility

with (m;, 7;) for given equilibrium distribution of traders in both markets.

Definition 1 (Equilibrium) An equilibrium is defined by the profile of schedules of all traders
{(miaTi)aqi(' : mi,ﬂ;)}z’e] such that

(i) traders’ optimal bid schedules {q;(- : m;, 7;)}; solving the optimization problem (4) char-

acterize a Bayesian Nash equilibrium in each market,

(ii) no trader in the over-the-counter market has a strictly positive incentive to deviate to the
centralized market: i.e., if (m},7}) = (OTC,7}) for trader i, then
Elui(m?,77)] > Elu;(CM,0)], Yiel; and
(7ii) the market structure is pairwise stable: i.e., there exists no pair of traders (i,7) such that
both traders i and j strictly benefit from deviating from their current market or match
and creating a new over-the-counter match between them: i.e.,
Elu;(m;, 7)) > Elu,(OTC, §)] or Elu;(m},7})] > E[u;(OTC,i)], Vi#jel

The inequalities in Definition 1 (iii) include the case where either trader i or j (or both) choose

the centralized market, m = C'M or m}; = C'M, in equilibrium. This condition ensures that the

j
over-the-counter matching is immune to an entry of a trader from the centralized market as well
as counterparty choices within the over-the-counter market. Furthermore, with this pairwise
deviation from the centralized market to the over-the-counter market, a market structure where

all traders choose the centralized market, m; = C'M for all 4, is not a trivial equilibrium.
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The following sections characterize equilibrium defined in Definition 1: Equilibrium bid
strategies and outcomes in Bayesian Nash equilibrium for a given market - part (i) - is charac-
terized in Section 3. The characterization allows us to develop comparative statics on traders’
expected utilities over the market, asset, or traders characteristics. Section 4 and 5 show en-
dogenous market structures that are formed by traders’ market and counterparty choice - part
(ii) and (iii) - and analyze influences of the characteristics in traders’ market choices and thus

in endogenous market structures.

3 Equilibrium in Double Auctions

This section shows traders’ bidding strategies in a given market. Suppose that there are N
traders in a market. This includes N = 2 in an over-the-counter bilateral trade. In a centralized
market, N > 3, including N = I + L when all traders participate in the centralized market.
The number of traders N* in equilibrium will be endogenously determined by traders’ market
choices in Section 4, while this section takes N as exogenously given. A correlation structure
of asset values is ¥y € RV*Y and information precision is {¢; }ien-

Each trader i chooses his demand schedule ¢;(p) : R — R to maximize his expected utility
Elu;|s;] as in equation (1) for given private information s;. The point-wise optimization for

each realization of price p € R characterizes the first order condition as follows:

E[éi|3i7p] —ug =p+Ng, VpeR, (5)

ap.
dqt

his demand by one unit. A larger price impact implies that each unit of a trader’s demand

where \; := is the price impact that represents the change in price when trader ¢ increases
leads to a further increase in price so that the trader’s demand is reduced more by higher price
impact. This demand reduction due to the price impact represents market illiquidity that is
endogenously determined by the traders’ strategies. A competitive market with infinitely many
traders is perfectly liquid, and the price impact is zero.

In the first-order condition (5), trader i takes an expectation of his asset value 0; conditioning
on price to-be-realized p as well as on his private information s;. The trader chooses a bid at
each potential realization of price, and thus, his behavior incorporates the information revealed
by the price as if he observed the price. Therefore, even in the static model, traders make
inference about their asset values by the schedule bidding. The benefit or cost of learning
information from the market price is valued in terms of equilibrium utility change.

Endogenizing price impact (illiquidity) and inference (learning) in this model allows us to

consider a market choice without exogenous frictions.!* Proposition 1 shows the equilibrium

11 The model does not contain a search friction or transaction cost, and thus, the price impact is the only
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conditions, including the price impact and inference, for a given market with N traders whose
asset values are correlated by ¥y and whose information precisions are {¢;};. The characteri-
zation consists of three conditions: (i) a trader’ strategy optimizes his utility for a given price
impact and inference on asset values; (ii) the price impact is correct; and (iii) the inference

t.12

is correc The model imposes the positive price impacts for all traders, equivalently, the

submitted bidding function should be strictly decreasing in price.

Proposition 1 (Equilibrium Representation in a Market) In a market, a profile of de-

mand schedules {q;(-)}; is a linear Bayesian Nash equilibrium (hereafter, equilibrium) if
(i) a demand schedule q;(- : \;) mazimizing trader i’s utility is

_ E[éifsi,p] —p_ CG,iE[é] +csisi— (1 —cpi)p
o+ A p+ A

, (6)

qi

where E[9~1-|si,p] = ¢ E[0;] + 5.8 + ¢pip,
(i) price impacts satisfy the consistency condition

Ve (2 = (D) e v "

J#i JF#i
(iii) inference coefficients {co;, Csi,Cpi} in Elfi|si,p] are determined by the Projection Theo-

rem, with equilibrium price distribution following

p= () 2 Pl (8)

Bt A Bt A

7

In equilibrium, a trader’ indirect utility is written as a function of his price impact \; and

expected asset value [9~¢|8¢, p] conditioning on (s;,p). The ex-ante expected utility of trader i

is
L op(p+2X) i :
Elu] = — BT 22 o (BI6,si, 0] — p), Vi 9
) =5, gy Yor(EBlsop —p), v )
— learning effect

liquidity effect

Equation (9) decomposes the trader i’s utility E[u;] into two parts: the liquidity effect

and the learning effect. The [liquidity effect “((::/\22 ’)\3) =1- (ﬁ)2 is defined by the benefit

source of illiquidity in both centralized and over-the-counter markets. Incorporating a friction would not change
the qualitative results.

12 A linear Bayesian Nash equilibrium uniquely exists under conditions. In general, there is no closed-form
characterization for equilibrium, outside of models with symmetric correlation and symmetric precision.
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of improving liquidity in the utility term. Recall that trader i’s demand is reduced from the

Ai .
[

demand in the perfectly liquid (competitive) market by the fraction

= (1= 25 ) S Elllsenl ) = (1= 2 )ar )
where ¢*(p) is the demand of trader ¢ in a competitive market for a given price p. The demand
reduction lowers the equilibrium utility following this fraction, and thus, the liquidity effect
increases as the price impact ); decreases. The learning effect is captured by Var(E[6;|s;, p]—p)
in the expected utility (9), i.e., the variance of the marginal revenue of buying a unit of the risky
asset, F [§i|si, p|] — p. Equilibrium price aggregates all market participants’ private information
on asset values. Traders learn the aggregated information from conditioning on price. Such

information on the marginal revenue F [él-|si, p|] — p influences the trader’s expected utility.

3.1 Learning and Price Impact

This section develops a comparative statics for the liquidity effect and learning effect in equi-
librium utilities with respect to three characteristics: market size (market characteristic), in-
terdependence of traders’ asset values (asset), and precision of private information (traders).
For illustrative purposes, this section focuses on symmetric traders. Asymmetric traders with

asymmetric correlations and information precision will be considered in Section 5.'3

Definition 2 (Symmetric Traders) Traders are symmetric, if
(1) the weights (wj v, wiiw) on two components in asset values are the same for all i;
(i1) the profile of correlations {p;;};zi is the same for all i; and

(7i) the information precision ¢; is the same for all i.

With the symmetric traders defined in Definition 2, traders submit symmetric strategies in
each market, but Corr(d;,9;) = p;; differ for each pair (¢, j). Example 2 and Proposition 2 show

how the three key characteristics affect the ex-ante utility of each trader in symmetric markets.

Example 2 (Symmetric Interdependence and Precision) Consider a market with N traders.

All traders have a symmetric information precision ¢; = 02/02 = ¢ and a symmetric average

13" In asymmetric markets, in the sense that the profiles of correlations {p;;};«; are heterogeneous across
traders and /or that information precision ¢; are heterogeneous, traders’ optimal trading strategies are asymmet-
ric. The effects of characteristics on traders’ behavior in this section and the comparative statics on endogenous
market structures in Section 4 are also applied to asymmetric markets.
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correlation to the residual market p; := ﬁ > i Pij = p for all i. Each trader’s optimal

schedule and equilibrium price are

cEé—l—cssi— 1—c ) 1 ~ 1
¢ = oE16] ( p)p’ Vi p = (CeE[HH‘CsNZSi)-

A 1—c¢

Here, trader i gets the ex-ante utility E[u;] as in equation (9). With the closed form of inference
parameters and price impact in the proof of Proposition 2 in Appendix A, the liquidity effect
on utility is

Npgp~*
I+ (N=1Dp)(1 =p+o7t)

plp+2N) ( 1 >2
(b+X)? (N =1L =)/’

where c¢,; =

The liquidity term increases as N increases or p decreases. When the information precision ¢
increases, the liquidity increases if p > 0, and decreases if p < 0. The effect of learning from

the price on utility is measured by

N-1 (1-p?* ,
— -0y.
N 1+¢t—p

Var(E[éAsi,p] —p) = cg,iVar(si —3) =

which is increasing in information precision ¢ and in the number of traders N; and decreasing

with respect to p. O

Proposition 2 characterizes the effects of each characteristic - market size, correlations, and
information precision - on traders’ expected utilities through learning and liquidity, when the

other characteristics are fixed.

Proposition 2 (Liquidity and Learning Effects) In a sufficiently symmetric market, the

equilibrium utility Elu;| of a trader i increases as

(i) the number of traders in market N increases; or

(i1) asset value is more negatively correlated to price, i.e., Corr(6;,p) is more negative.
(111) information precision ¢*, € [0,00) of other traders mazimizes trader i’s utility.

In a sufficiently symmetric market, with more traders participating in the market (part (i)),
price reveals more accurate information and price impact is small in large markets. When
the market size and information precision are fixed, Proposition 2 (ii) suggests that if the
equilibrium price exhibits greater negative correlations with trader i’s asset valuation, then it
provides new information that is not captured in trader i’s private information. The correlation

structure also affects the liquidity through the endogenous price impacts ;. With more negative
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correlations, other traders j # ¢ would rely more on the price for his inference (i.e., ¢, ; is more
negative). These more elastic demands reduce trader i’s price impact. Hence, his equilibrium
utility increases due to both learning and liquidity as the correlation between his asset values

and price is more negative.'*

price impact effect learning effect
0.82 2.4
22}
0.8
ol
0.78 | 1 1.8
161
0.76 |
1.4
0.74 | 1 121
s
0.72
0.8
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@ = 1/aJ2 ¢ = 1/{7]2
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Figure 2: Liquidity and learning effects with respect to other traders’ information precision ¢_;. A
trader ¢ has a information precision ¢; = / UZ-Q = 1. Two effects are monotone over the other traders’
information precision ¢_; = 1/02, := avg(l/ajz)j#.

Information precision has an ambiguous effect on traders’ expected utilities (part (iii)).
The learning effect increases when the trader’s own information precision is lower or when the
(weighted) average of other traders’ information precision is higher. At the same time, the price
impact increases, and thus, the liquidity decreases. It creates a trade-off between learning and
liquidity when the precision of information from the price changes. This trade-off is shown in
Figure 2. If his precision is sufficiently low, the learning effect dominates the liquidity effect,

so that his utility is monotonically increasing in others’ precision.

4 Endogenous Market Structure

This section characterizes endogenous market structures by using the comparative statics devel-
oped in the previous section. First, Section 4.1 considers individual market choices for markets
and counterparties for a given residual market. In Section 4.2, traders’ individual choice forms
a market structure, which is defined by a distribution of traders’ types in centralized and over-
the-counter markets and also an over-the-counter matching. The number of traders who choose
the centralized market will be denoted by N.,. For convenience, a market structure where

traders I who have a choice of markets and counterparties choose the over-the-counter is called

14 The joint effects of the number of traders and aggregate correlation on learning and price impact have
been studied in the literature of centralized market trading. Rostek and Weretka (2012) show that the benefits

of large markets in learning and liquidity are not necessarily true, when the correlation corr(6;, p) between price
and asset values depends on the market size N.
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a structure with only the over-the-counter market, even though liquidity traders L still trade in

the centralized market.

4.1 Individual Choice of Market

Expected equilibrium utility of a trader is larger when more traders participate in the market
or as the correlation between his asset value and the market price is more negative (Proposition
2). With the presence of L > 2 liquidity traders in the centralized market, the market size is
larger in the centralized market, which encourages traders to enter into the centralized market.
The effect of correlation Corr(éi, p) between asset value and price supports traders choosing
the over-the-counter market by improving both learning and liquidity. In the over-the-counter
market, a trader can target a counterparty who has the most negative correlation, while the
correlation with the centralized market price is determined by the average correlation over all

participants.

OTC CM

number of traders 2 < Nep + L

Corr(0;,p) minjz; Corr(0;,0;) < I—ilz#iC’orr(éi,éj)

Table 1: Traders’ market choices and trade-off between market sizes and correlations

The effects of market size and correlation create a trade-off in the traders’ choice of market.
Theorem 1 examines when the correlation effect would dominate and provides a sufficient and

necessary condition such that the trader prefers to trade in the over-the-counter market.

Theorem 1 (When A Trader Chooses OTC Markets) Suppose that the correlations be-
tween traders’ asset valuations are heterogeneous across pairs of traders, i.e., there exists j # k
who are not i such that Corr(8;,0;) # Corr(0;,0;). The over-the-counter market opens in

equilibrium by some traders entering into the market, if and only if
w?v > /%({¢Z}Z,E,Ncm+[1) and ¢Z 203/0'7;275 < qgi(wcv,ww,Z,NcmjLL) (10)

for some bounds & < oo and ¢; > 0.

The first inequality in Theorem 1 implies that traders choose the over-the-counter market

when their asset values are sufficiently heterogeneous by depending more on idiosyncratic value
2

2 is sufficiently large. Under this inequality condition on w?, the targeted

)

component, i.e., w
bilateral trades in the over-the-counter market improve both learning and liquidity. The domi-

nance of correlation effect is strengthened by low information precision, as the second inequality
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condition in Theorem 1 shows. This is because the trader’s inference depends more on the price,
so the difference between correlations is emphasized more in the trade-off between the effects of
market size and correlations. The low information precision, a characteristic of traders, creates
a joint condition with the sufficiently heterogeneous asset valuation, a characteristic of assets,
for the over-the-counter market to be chosen by traders in endogenous market structure.

The predictions in Theorem 1 are consistent with financial markets. Many over-the-counter
products, such as forward contracts or corporate bonds, are traded for hedging. The portfolio
they need to diversify is idiosyncratic so that asset values are valued by idiosyncratic value
components. On the other hand, stocks or options are often traded by speculators. The
speculators value these assets by the common values, which are the future prices in the market.
It should be noted that the condition for over-the-counter markets to exist is a joint condition on
asset valuation and information precision. Bonds with low credit rating, which traders would
not have precise information due to its volatile value, are often traded in over-the-counter
markets. Alternatively, treasuries and high ranked bonds are also traded in centralized futures

markets, even though they are valued idiosyncratically.

Literature has shown that the over-the-counter markets can be beneficial for (i) providing
an additional trading opportunity to traders who could not entirely clear their trading needs
in centralized markets (e.g., Bessembinder and Venkataraman (2014), Ready (2014), Degryse,
Jong, and Kervel (2015)); and for (ii) allowing traders to search for better prices than the
centralized market price (e.g., Zhu (2013), Vayanos and Wang (2007), Vayanos and Weill (2008),
Lee and Wang (2019)). Despite these benefits of trading in over-the-counter markets being
present in this model, Corollary 1 and 2 show that improved learning and lower price impacts

also motivate traders to choose the over-the-counter market.

Corollary 1 (OTC with a Competitive CM) Suppose that the centralized market is com-
petitive, i.e., the number of liquidity traders is large, L — oo. There exists a set of correlation
Y and precision ¢, satisfying the inequalities (10), such that some traders choose the over-the-

counter market over the competitive centralized market.

Traders may prefer to trade in the over-the-counter market even when the centralized market is
perfectly liquid (Corollary 1). This is because, traders’ improved learning about heterogeneous
asset values can favor the choice of an over-the-counter market, even when entering to the
centralized market is a dominant strategy in the aspect of liquidity. Under a condition on
primitives, in equilibrium all [ traders choose to trade over-the-counter and only liquidity
traders participate in the competitive centralized market. See Example 3 in Section 4.2.
Second, Corollary 2 shows that traders may choose the over-the-counter market even when

the prices in two markets are the same.
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Corollary 2 (No Price Difference in OTC and CM) There exists a set of primitives such
that the expected prices are the same in two markets and traders choose the over-the-counter

market.

Even when traders cannot find any better price in the over-the-counter markets, by which
the literature motivates the over-the-counter markets so far, the over-the-counter market can
open due to the endogenized learning and liquidity within trades. In particular, for certain
traders and asset characteristics, trading in the over-the-counter market offers a lower price
impact and thus a larger trading amount at the same price relative to trading in the centralized
market. The results of a larger trading volume in the over-the-counter market in Corollary 2 is
complementary to the literature on the over-the-counter trading mechanism for a unit demand

for the risky asset.'

4.2 Endogenous Market Structure in Equilibrium

For some intuition on endogenous market structures, Example 3 examines considers a perfectly
competitive centralized market with L — oo. When the centralized exchange is competitive,
the liquidity incentive strongly derives traders to avoid higher price impacts in over-the-counter
bilateral trades. Hence, participation to the over-the-counter market occurs only when the
benefit of learning from the market is high enough to dominate the loss from illiquidity. Example

3 examines when the benefit of learning is sufficiently stronger in the over-the-counter market.

Example 3 (Competitive Symmetric Centralized Market) Example 2 characterizes the
expected utility in a closed-form when there are N symmetric traders. The utility in the com-
petitive centralized trading is derived by taking N = N, + L — oo, while the one from a
bilateral trades in the over-the-counter market is by setting N = 2. From the expected utilities

in two markets, trader ¢ enters the over-the-counter exchange if and only if

(1 _ ﬁcm)z _2¢71potc(1 + ¢71 - pgtc) 1 0
(1 + ¢—1 — ﬁc’m) (]. + ¢_1 + ,Ootc)2(1 + ¢—1 _ poto) {potc< }

Elui™ < Bu?] <
where 1y is the indicator function. Here, pe, = w?, is the average correlation in the centralized
market and po. = w2, +w? pi; is the correlation between two traders (i, j) who are matched in
the over-the-counter market.

Let us consider the following canonical assumptions on traders’ asset valuation:
e Fundamental Value (Vives (2011)): we, = /1 — w2, wiy € (0,1), and py; = 0 for all i # 5.

The fundamental value model includes common values by taking w;, = 0, i.e., 6; = 6 for

all 7, and independent private values by taking w;, = 1, i.e., 6; = ¢&; for all i.

!> Babus and Palatore (2018) and Babus and Hachem (2022) consider the over-the-counter trades for divisible
assets when the correlations of traders’ asset values are symmetric, i.e., Corr(6;,6;) = p for all (4, j).
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The over-the-counter trade provides no gain-to-trade since p,¢. = w?, > 0, while traders

get a strictly positive expected utility Elu§™] = w?:f;* > 0. Only the centralized mar-
ket opens in equilibrium. Fundamental value model does not incorporate heterogeneous
correlations across pairs of traders, in the sense that Corr(6;, ;) = w?, for any pair (i, §).
This concludes that the heterogeneous correlation is necessary for a trader to choose the

over-the-counter market.

e Two-Sided Market with Buyers and Sellers (Example 1): w., = /1 —w?, w; € (0,1),

and p;; = +1. Traders choose the over-the-counter market if and only if

w; —2¢7 (1 — 2wp ) (971 + dwj, — dwjy)

v

1 .
wp, + ¢! 2+ 0L —2w2)2(p L +2w2)  iwhowh<0

(11)

The inequality holds if and only if

w? > 2-+2 and ¢ < o(wi) (12)
N———— ————
iv is sufficiently large precision is sufficiently low

where gzg(ww) is the unique positive solution that equates (11):
(w?v - 4w12v + 2) + 20‘}@21)(1 - wi})(‘!a - 7(,&)121})@5 + 120‘};11)(1 - w?v)2¢2 + 8w16v(]' - wz?v>2¢3 = 0.

The over-the-counter market opens if the idiosyncratic value component in asset values

is sufficiently large and the information precision is sufficiently low.

The inequality (11) is independent of other traders’ market choices. The market size of the
centralized market is independent of traders’ market choices and fixed by N+ L — oco. Further-
more, the correlation between asset values and centralized market price is symmetric for all i,
ie., Corr(éi,p) = C’orr(éi, 5r) when 5, = limy_,o % > e si- Thus, the utility benefit of trad-
ing in the centralized or over-the-counter market is symmetric to all traders and independent
of other traders’ market choices. In equilibrium, all traders ¢ € I choose the centralized market
(N, = I) or the over-the-counter market (N}, = 0), and the equilibrium market structure

consists of only one market. [

When the centralized market is imperfectly competitive (L < 00), a trader’s choice of market
and counterparty depend on other traders’ choices which affects the market size and correlation
between asset value and price in the centralized market. The equilibrium market structure is
determined as a fixed point. There are three types of endogenous market structure: (a) only the
over-the-counter market opens (i.e., only liquidity traders trade in the centralized market), (b)

only the centralized market opens, and (c) the over-the-counter and centralized market coexist.

19



The heterogeneity among traders is crucial for understanding the endogenous market struc-
ture. Theorem 2 show that two dimensions of trader heterogeneity are important. First, their
trading needs differ. This is captured by traders’ individual asset values are heterogeneously
correlated. Second, not all traders are equally informed about the asset value, which is rep-
resented as heterogeneous precision in signals about values. Without such heterogeneity, the

centralized and over-the-counter markets cannot coexist.

Theorem 2 (Coexistence of OTC and CM) FEquilibrium market structure consists of only
one market, either the over-the-counter market (N, = 0) or the competitive centralized market
(N: =1), if one of the following conditions holds:

(i) the centralized market is competitive, i.e., L — 0o; or

(i) traders’ asset values are homogeneously correlated, i.e., Corr(éi, 5]) = p for all (i,7), and

their information precision is the same, i.e., ¢; = ¢ for all i.

When the correlations of asset values and the information precision are symmetric across traders
(Theorem 2 (ii)), the price informativeness is the same in the centralized and over-the-counter
market: pen = pote = P, independently of traders’ choices of market and counterparty. Suppose
that a trader gains from deviating from the over-the-counter to centralized market. His devi-
ation increases the market size in the centralized market. With the equivalent learning effect,
the incentive to deviate from the over-the-counter market to the centralized market for the
next trader is even stronger. Recursively, all traders end up choosing the centralized market.
The deviation from the centralized market to the over-the-counter market follows the similar
argument, by recursively increasing incentives to deviate due to decreasing market size in the
centralized market. It concludes that the endogenous distribution of traders in two trading
venues has a corner solution when traders’ asset values are homogeneously correlated. Equiv-
alently, the over-the-counter and centralized markets can coexist in equilibrium only if traders
are asymmetric: in the sense that either (a) the correlations {p;;};» is heterogeneous among
pairs (i,7) or (b) the information precision ¢; is asymmetric across traders.

The predictions in Example 3 can be generally extended to the model outside of Theorem 2,
i.e., the model with the heterogeneity on correlations or information precision. Traders choose
the over-the-counter market over the centralized market if the idiosyncratic value component
in asset values is sufficiently large and the information precision is sufficiently small. Unlike in
Theorem 2, however, traders’ market choice and endogenous market structure create a fixed
point problem in equilibrium. The incentives of traders in the choice of the market are func-
tions of distribution of traders in two markets as well as of endogenized market structure. In

particular, both the liquidity and learning effects depend on who chooses the centralized mar-
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ket, which is captured by pe, = m Zj LieN,uL Pij>» and how many traders are in the

centralized market, captured by N, + L.

Proposition 3 (Endogenous Market Structure) Suppose that all players are symmetric
and there is a finite number of liquidity providers L < co. When the idiosyncratic value compo-
nent is sufficiently large, i.e., w2 > k, there exists Pmar and Gmin such that only over-the-counter

market opens if ¢ < ¢™™ and only the centralized market opens if ¢ > ¢™®,

When the information precision ¢ of traders are between the two bounds, i.e., ¢pin <
¢ < Omaz, the equilibrium market structure is determined by the interdependence of p.,, and
Iim = Nen + L. Recall the sufficient and necessary condition (10) for a trader to choose

the over-the-counter market. Suppose that the idiosyncratic component is sufficiently large:

— Ncm+L_2 2
2(Nem+L—1) minjz; pij

for a marginal trader to choose the over-the-counter market. The cutoff point 6% depends on

2 ~2
w3, > >0

The information precision should be small enough, i.e., o

the number of traders in the centralized market and the aggregate correlation p.,,, which are
962

v v > 0 when p,,, is fixed, and

functions of other traders’ market choices. In particular
052

Opem

> 0 when N, is fixed.

Example 1 - cont’d (Joint Effect of N, and p., in Choice of Markets) Suppose that
two groups of symmetric traders - buyers and sellers - have the interdependent asset values with
correlation matrix (3). When % pairs of a buyer and a seller enter the over-the-counter
market, and N, traders enter the centralized market, the average correlation in the centralized

market is characterized as a function of N,,,:

1

- 1
Ay Z Corr(6;,0;) = w? 2

Dem Ncm B —
Y ( ) » cv Wiy Ncm +L—1
JF#IENem UL

(13)

Hence, the average correlation in the centralized market decreases as the centralized market
size increases. The equation (13) shows that the interdependence of average correlation p.,, and
the market size N, based on other traders’ market choices can create a trade-off in a trader
7’s individual decision of which market he participates in. When more traders enter the over-
the-counter market, the precision cutoff qg increases if the effect of the market size dominates,

while it decreases if the effect of average correlation dominates. O

Figure 3 shows the trade-off between % and B%i when 62 = ¢!, In the left panel, the

52 . . . 52
8‘?\‘,’ dominates the effect of change in average correlation 8‘9; , and thus,

the cutoff 62 = ¢! of the marginal trader’s market choice increases when more traders choose

effect of market size

the centralized market. The marginal trader i choose the over-the-counter market if his noise

variance o7 is higher than the cutoff 62(N,,), and he choose the centralize market if o7 is lower
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Figure 3: Endogenous Market Structure. w? = 0.7 (left) w2, = 0.9 (right), p;; = £0.8, L = 4,1 = 36.
For the left panel, only corner solution exists, i.e., OTC only or CM only is stable. In the right panel,
for the middle 62(N = I) < 02 < 62(N = L), OTC and CM coexists: In particular, the endogenous
market structure is in the shaded region.

than the cutoff 62(N,, + 1). Due to 6%(N.,) increasing in N, if the marginal trader i chose
the centralized market, the next trader who has the symmetric noise variance has even stronger
incentive to enter the centralized market. Similarly, when ¢ chose the over-the-counter market,
the next trader also chooses the over-the-counter market. Hence, the market structure with
the over-the-counter market only and the one with the centralized market only are both stable
equilibrium structure.

The right panel of Figure 3 shows that the over-the-counter market and centralized market
can coexist when 6%(N,,,) is decreasing in the number of traders N, in the centralized market.
When a marginal trader chooses the centralized market, the next trader’s incentive to enter
the centralized market is weaker than his. This implies that there exists N € (0,I) such
that 6%(Ney, + 1) < 02 < 6*(N,p) and thus the marginal trader does not have an incentive to
deviate in his market choice.

In an endogenous market structure in which both trading venues coexist, some strategic
traders choose the over-the-counter market while other traders choose the centralized market.
The next sections examine which types of traders are more attracted to the over-the-counter
market versus which are more attracted to the centralized market. Section 5.1 explores the effect
of heterogeneous correlation profiles and Section 5.2 examines the heterogeneous information

precision in both endogenous over-the-counter matching and market structure.'

16 Since the incentives to enter each market are functions of endogenized market structure, traders’ market
choice and endogenous market structure create a fixed point problem in equilibrium. Due to complexity in
the fixed point problem, the two-dimensional asymmetry - heterogeneous correlation profiles and heterogeneous
information precision - will be considered separately. The results from each heterogeneity can be jointly studied
in a model with an heterogeneous correlation structure and information precisions.
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Figure 4: Endogenous Market Structure. w? = 0.732,p;; = +0.9,L = 4,1 = 36. There can be

v
multiple equilibria, depending on how I and p move together. In particular, region (C) shows two
corner solutions, i.e., OTC only and CM only are both stable market structures, and region (D) shows

that OTC only and a market structure with coexisting OTC and CM are stable.

4.3 Welfare Implications of Introducing OTC Markets

An important implication related to the over-the-counter market is whether introducing an
over-the-counter market is beneficial to total welfare. The model in this paper provides a
flexible framework within which one could determine an appropriate policy intervention, such
as the effects of closing or opening over-the-counter markets and transparency regulation. In
particular, the policy perspective often promotes efficiency. One would want to know whether
the market structure we observe is indeed efficient or whether some and if so which type of
regulation would be welcome.

The welfare is defined as the sum of expected utility of all traders, including the liquidity

traders in the endogenous market structure:

W= > Eu+ > B+ Elu).

1€I\N,, €N, leL

Allowing traders to choose with whom they want to trade and in which market, the resulting
market structure is not necessarily efficient. The inefficiency arises due to the trade-off between
traders who choose the over-the-counter market and those who stay in the centralized market:
introducing an over-the-counter market reduces the trading volume of those who choose to
trade in an exchange, although the traders who choose the over-the-counter market can trade

more. This can lead to allocative inefficiency.
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The trade-off between traders in different markets implies that introducing an over-the-
counter market weakly improves the total welfare when the endogenous market structure is
unique and consists of only only market, either centralized or over-the-counter markets (see
Proposition 3). As an example, Figure 4 examines the trade-off in welfare depending on the

information precision of traders’ signals, 02. = 1/¢;. There are four regions:

e The over-the-counter market only (A) or the centralized market only (D): allowing traders

to enter an over-the-counter market weakly improves the welfare.'”

e Two corner solution in equilibrium (C): The market structure with only the over-the-
counter market is a stable equilibrium but Pareto dominated by the market structure with
only the centralized market. Allowing an over-the-counter trading (weakly) decreases the

welfare.

e Coexisting over-the-counter and centralized markets (B): welfare implication of introduc-
ing an over-the-counter market is ambiguous: the welfare improves when the utility gains
of traders who enter the over-the-counter market dominate the utility loss of traders who

stay in the centralized market.

Section 5.2 will discuss another source of inefficiency: an informational inefficiency can arise
when an over-the-counter market is introduced, because private information is shared only

between informed traders in OTC markets.

5 Market Structure with Asymmetric Traders

Theorem 1 examined a trader’s choice between the over-the-counter and centralized markets
and the resulting endogenous market structures. The key characteristics are the heterogeneous
correlations in asset valuation Corr(éi, é]) across pairs of traders (7, ). This section considers
the effects of other types of heterogeneities: namely, heterogeneous correlations across traders,
not only across pairs, and heterogeneous information precision. A model with such hetero-
geneities across traders is called an asymmetric model, and a model without the heterogeneities
is called a symmetric model (See Definition 2).

In a symmetric market, all strategic traders are symmetric in the market choice. On the

other hand, the incentives to choose either market can differ by traders in asymmetric markets,

17 Lee and Wang (2017) study welfare implications of closing an over-the-counter market in a model with en-
dogenized bid-ask spreads. They show that closing the over-the-counter market increases welfare if uninformed
hedgers dominate informed speculator in the population, due to dealers’ screening against speculators. On the
other hand, in this paper, closing the over-the-counter market can decrease the welfare with more uninformed
traders, because they learn less in the exchange and may face higher price impact. The joint effects of endo-
genized bid-ask spreads and learning and price impacts will determine the benefits of introducing or closing
over-the-counter markets.
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and thus, who enters to the over-the-counter market matters in addition to how many traders

are in the market.

5.1 Asymmetric Interdependence of Asset Valuations

Suppose that traders are asymmetric in the sense that their profiles of correlation {p;;};; differ.
In the over-the-counter market, each trader can choose his counterparty based on the type, i.e.,
correlation structure. The matching fails if the choice of the counterparty is not mutual. In
addition, even when two traders are matched, the trade does not occur if the traders have
positively correlated asset values. In that, if Corr(6;,0;) = po > 0, traders optimal bid function
becomes inelastic so that there is no trade. No trader chooses a counterparty whose values are
positively correlated with his. Consequently, if a trader ¢’s asset value satisfies C’orr(éi, éj) >0
for any j # 1, i.e., his asset valuations are positively correlated with all other traders, then he
gets zero gains-to-trade in the over-the-counter market which makes him enter the centralized
market.

Recall that the over-the-counter matching is determined by traders’ ranking on counterpar-
ties and that a trader prefers to trade with the one whose value is more negatively correlated
with his. Traders who have relatively less negative correlations may not be matched with whom
he wants, or he may not be matched with anyone. These traders will not be chosen by the ones
that they want to be matched with. This lowers the benefit of the over-the-counter market and

makes them choose the centralized market.

Proposition 4 (OTC Matching with Heterogeneous Correlations) Suppose that traders
are asymmetric in correlation structures but symmetric in information precision. There exists a

pairwise stable over-the-counter matching determined by the ranking in the negative correlations
(=Corr(6;,6;)) of pairs of traders.

The pair-wise stable over-the-counter matching is determined by the following algorithm:

STEP-1. Two traders, who have the most negative correlation among all pairs, are matched
and the matching is denoted by (i1,71). If there are multiple pairs that have the most

negative correlation, select one pair randomly.

STEP-2. Eliminating the selected traders, select the most negative correlation among the

remaining paper and create another pair: called (i, j2).

STEP-3. Repeating this procedure until there is at most one remaining trader in the over-the-

counter market, and then the over-the-counter matching is determined { (i, ji) }r=12...-
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In general, a stable equilibrium may fail to exist in one-sided matching problems. However,
if traders are asymmetric only in correlations, a pairwise stable over-the-counter matching
always exists in endogenous market structure with the endogenized choice of market and coun-
terparty. First, the ranking based on negative correlations in Proposition 4 guarantees the
transitive property on ranking. It is shown by the fact that the rankings of traders do not
create any circular preferences. Suppose that there exists traders 7,75, and k& whose rank-
ings are circular: ¢ prefers j to k, j prefers k to i, and k prefers ¢ to j. By Proposition
4, it implies that C’or'r(éi,éj) < C’orr(éi,ék) < 0, Corr(éj,ék) < C’orr(éj,éi) < 0, and
Corr(0y,0;) < Corr(f;,0;) < 0. Hence, the correlations between the three traders satisfy
Corr(6;,0;) = Corr(8;,6;) = Corr(fy,6;), and thus, each trader is indifferent between the
other traders in his counterparty choice. In addition to the stability, the individual market
choice keeps a trader from not being matched in the over-the-counter market. A trader who
fails to find a counterparty in the over-the-counter market deviates to the centralized mar-
ket. Therefore, a stable over-the-counter matching exists in equilibrium due to the ranking
mechanism in Proposition 4 and the endogenized market choice between over-the-counter and

centralized markets.

5.2 Asymmetric Information Precision

Suppose that traders are asymmetric only in information precisions but symmetric in the cor-
relation structure, i.e., ¢; is different across ¢ but the profile {p;;};+; is the same for all .
Proposition 2 (iii) shows that a trader’s equilibrium utility is non-monotone over other traders’
information precision. A trader prefers an informed counterparty to improve learning, but he
would prefer an uninformed counterparty to have a lower price impact. In the trade-off be-
tween learning and price impact, which effect dominates depends on the trader’s precision. If
trader ¢’s information precision is already high, lower price impact is more valuable than better
learning so that he chooses a relatively less informed counterparty. On the other hand, if his
precision is low he prefers a more informed counterparty for better learning. This asymmetric
ranking of traders on counterparty’s information precision leads to a potential over-the-counter
trading between traders who informed unequally. With a sufficient heterogeneity of information
precision, an informed trader prefers an uninformed counterparty for lower price impact while
an uninformed trader prefers an informed counterparty for higher learning benefit.

It is useful to consider a model with two types of information precisions, informed and
uninformed types. The information precisions of two types are assumed by ¢y = 1/07 <
¢; = 1/0?. With two informational types, the over-the-counter matching is either positive

assortative matching (i.e., same-type matching) or negative assortative matching (i.e., cross-
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type matching).'® The same-type matching is when traders are matched with other traders with
the same type, and cross-type matching is when informed and uninformed traders are matched
to each other. Proposition 5 and Figure 5 show endogenous choice of counterparty when all

traders are in the over-the-counter market.

Proposition 5 (OTC Matching with Heterogeneous Information Precision) Suppose
that all traders © € I enters the over-the-counter markets. The pair-wise stable matching in the
over-the-counter market is negative assortative (i.e., the cross-type matching), if and only if ¢;

18 sufficiently high and sufficiently larger than ¢y .

Equilibrium OTC matching
45°

0.8
Same-type matching (PAM)
0.6 informed preferred

0.4

noise variance of informed: o N

0.2r Same-type Cross-type matching (NAM)
uninformed preferred

L L L L L )
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

noise variance of uninformed: %in

Figure 5: Equilibrium matching in OTC subgame. Each region shows an endogenous over-the-
counter matching, either same-type matching or cross-type matching between informed and unin-
formed traders. All traders are assumed to be in the over-the-counter market. The z-axis is the noise
variance of uninformed traders while the y-axis is of informed traders.

With the presence of the centralized market, however, an over-the-counter market in which
two informational types match does not exist. When the informed type follows lower price
impact rather than better learning, he can be better off trading in the centralized market than

in the over-the-counter trading with uninformed counterparties.

Theorem 3 (Non-Existence of Cross-Type OTC Matching) Suppose that there are two
precision types {¢r, ou}. With a sufficiently large common value component we, and a suffi-
ciently many liquidity players L, there is no over-the-counter trade between informed and un-

informed traders (i.e., cross-type matching).

Figure 6 presents an example of endogenous market structures through traders’ market and
counterparty choice. The left panel shows threpes of equilibrium: all traders choose the cen-

tralized market (when both o; and oy are small, and learning is not sufficiently valuable to

18 The non-monotone ranking on counterparty’s precision may prevent an assortative matching in over-the-
counter markets with more than two types of heterogeneous information precisions. However, I am expecting
that there exists an endogenous statistics in which the matching is assortative.

27



either of them); only uninformed traders choose to trade in the over-the-counter market (large
oy but small o7); and all traders enter the over the counter market (both types of traders
have inaccurate information). Since learning incentive is a dominant incentive for uninformed

traders, there is no equilibrium where only informed traders enter the over-the-counter market.

Market Structure in Equilibrium Market Structure in Equilibrium
167 450 18 45°
14 1.4
12+ 1.2
OTC only
c 1 e 1
IS b
g g
2 o8t g 08 cross-type OTC
2 2 but both in CM
o6y Uninformed in OTC 06
Informed in CM
0.4 0.4 R e N
CM only cross-type OTC
02 0.2 but informed in CM
0

o

. . . . . . . . . . . . L L L )
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 0 0.2 0.4 0.6 0.8 1 1.2 1.4 16
uninformed: o, uninformed: o,

n n

Figure 6: Endogenous Market Structure. The z-axis is the noise variance of uninformed traders while
the y-axis is of informed traders.

Endogenizing the market choice, the over-the-counter market will attract either the unin-
formed or both.' Furthermore, traders in the over-the-counter market always trade with the
same-type counterparty. The non-existence of matching between informed and uninformed at-
tributes to aggravating information asymmetry in the over-the-counter markets. With a random
match mechanism, information can be transmitted from the informed to the uninformed trader
when they met, and thus information asymmetry disappears or diminishes over time. How-
ever, when traders choose their own counterparty based on information precision, the informed
traders do not want to be matched with uninformed traders. Information is shared only within
each type, and the asymmetry between types increases after trades take place. Consequently,

the informational inefficiency by allowing an over-the-counter market into the economy.

6 Discussion

CONNECTION TO MARKETS. I show that an over-the-counter market opens when the size
of the centralized market is small, the asset values are closer to idiosyncratic than common,

and private information of traders is less precise. Many financial derivatives such as forward

19 A conventional wisdom that informed traders are more likely to trade in the over-the-counter market

for keeping their private information from the public. Since this model considers only a static trading, such
privacy incentive does not exist. The incentives to trade in the over-the-counter market due to the heterogeneity
across traders is a separate effect. In dynamic models, the privacy incentives would interact with the effects of
heterogeneities.
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contracts, interest rate swaps, or equity or credit linked securities are traded in over-the-counter
markets, even though their trading volumes (liquidity) are substantial. When these products are
required to be held by traders until the maturity, it suggests that the purpose of trading can be
hedging of traders’ outside portfolios. This paper suggests that idiosyncratically valued assets
tend to be traded in the over-the-counter markets. On the other hand, centralized markets
attract assets traded mostly by speculators, such as stocks or bonds with short maturity, which
are valued by future prices that are common to all traders. High-yield bonds that have low credit
ranking are often traded in the over-the-counter markets (e.g., Hendershott and Madhavan
(2015)). The volatile return prevents the traders’ access to quality information, and hence the
information precision is low. This is consistent with this paper’s prediction that low information

precision encourages traders to choose over-the-counter markets.

CARA UrtiLiTy. The utility with constant absolute risk aversion (CARA utility) is often

assumed as traders’ preferences in non-competitive trading literature:

E[Uz(%p)’] = —€exp ( - M(E[QZH%‘ — Dq; — gvar(§i|')qz'2))- (14)

Under the CARA-Gaussian setting, the conditional variance V(6;]-) is a non-random constant
independent of ¢; or any realizations in the market. Therefore, the expected utility (14) is

equivalent to a quadratic utility with the endogenously determined quadratic coefficient:
= Liog(-E — E[f EVar(i])q?
vi(gi,p) == 2 0g(—Elui(¢:)]) = El0illg; — pgi — 5 Var(0il-)q;.

As same as with the mean-variance utility (1), the CARA utility provides linear equilibrium.
However, the endogenous quadratic coefficient V(§Z|) for CARA utility, instead of the constant
coefficient X in (1), provides a different prediction on traders’ incentives in the choice of market

and counterparty. In particular, a trader i’s expected CARA utility is decomposed into three

effects:
1 1 142\ _ -1/2
Elu;) = —(1—|—— - ( Jr,\ ) Var(E[@As,-,p] —p)) , Vi (15)
2/~L Var(ﬁi\si,p) (1 + )\1)2 ~~ 4
N ~~ - < learning effect

~~
risk-reduction liquidity effect

where \; = \;/Var(0;|s;, p) is the normalized price impact. The additional term Var(6;]s;, p) =,
which is called a risk-reduction effect, captures a utility benefit of reducing the risk in uncertain

asset value 6; by conditioning on the price to-be-realized.

Proposition 6 (Dominance of Learning over Price Impact with CARA Utilities) In

a bilateral matching between traders i and j, the equilibrium utility (9) of trader i increases in
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®j, t.e., the learning incentive dominates the liquidity effect for all players i.

For traders who has the constant-absolute-risk-aversion utility (14), the risk-reduction and
learning incentive unambiguously dominate the liquidity effect in traders’ expected utilities.
When the counterparty j’s information precision ¢; = 1/ O'JQ» decreases, the risk Var(6;]s;,p) of
trader ¢ in the bilateral trade or in a market becomes higher. This inherently leads the trader
to have a higher effective risk aversion uVar(6;|s;, p), and thus, his demand g;,(p) is reduced.

The dominance of learning effect provides that traders have the same preference over coun-
terparty’s information precision: a trader prefers a counterparty who has the highest informa-
tion precision ¢*, = max;x; ¢;, independently of his own precision ¢;. As a result, only the
same-type matching occurs in equilibrium, and, with the presence of the centralized market,
less informed traders may move to the centralized market. This concludes that the results in
Theorem 1-3 still hold in the CARA setting.

ALTERNATIVE OVER-THE-COUNTER DESIGNS. I have endogenized centralized and over-
the-counter markets assuming their prices and allocations based on an uniform-price double
auction. This allows us to understand the implications of price impact without having to
incorporate search frictions and to analyze traders’ incentives in static markets. This allows
me to explicitly analyze equilibrium price impact in the over-the-counter market as well as
centralized markets, and consider traders’ learning about asset values even with static trading.
In particular, I allow but do not assume competitive markets or efficient surplus division. That
is another innovation relative to the literature.

One might consider an alternative mechanism for the determination of over-the-counter
prices and trades. However, what matters for the results is that the allocation is not fully effi-
cient due to either market noncompetitiveness or two-sided private information. In particular,
with random matching, searching with frictions, or other mechanisms in literature introduced in
over-the-counter markets, the effects in this paper continue to be present. Introducing random
matching mechanism in the over-the-counter market does not affect the endogenous market
structure qualitatively, but it can increase traders’ incentive to enter the over-the-counter mar-
ket when the heterogeneity across traders is present. Exogenous frictions in the over-the-counter
markets - a probability that a trader does not trade, cost of waiting, etc. - can decrease traders’

incentive to trade in over-the-counter markets.

EXTENSION TO DyYNAMIC MARKETS. Traders’ individual asset values #; can be inter-
preted as future returns of the asset in the markets and/or future returns of traders’ individual
portfolios. This provides a natural extension of the results in the static model in this paper
to dynamic trading and market choice problem. Dynamics itself creates new effects in both
the analysis of the choice of the trading venue and design. First, traders who have better

information have an incentive to maintain their information advantage for future trades. This
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incentive favors the over-the-counter market. On the other hand, the idiosyncratic value com-
ponent would be less significant in value functions (compared to its significance in the primitive
asset valuations), so traders’ asset valuation and dynamic inference might create a trade-off

that is not present in static trading.
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A Proofs

Proof of Proposition 1 (Equilibrium Representation in a Market). See Appendix B.1 and
Rostek and Yoon (2018). m

Proof of Proposition 2 (Benefits of Learning and Liquidity). In equilibrium for a given

market, subject to existence, the ex-ante indirect utility of a trader ¢ is

1 142X\
Elu) = ——"“Var(E[b;|si, p] — p).
[ui] 2ﬂ(1+Ai)2Va7"( [0:]si, p] — p)

Here, 5\1 = \;/u is the normalized price impact. Suppose that the correlation of traders’ asset values
and information precision is symmetric across traders. We show that more negative asset correlation
increases the variance of difference between individual asset value and price, Var(E[6;|s;, p] — p), the

larger market size decreases price impact ;.
ntA

Cs,i

Let us define a weighted average of correlation: p; := I%l Zj 4 %plj for each 7. In sym-
J

metric market, p; = IT11 ;i Pij for each . For each i,
1—p Ipo?
Ce s = PE—— Cp s = — — y
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Furthermore, the inference coefficients characterize the learning effect in expected utility.

I-1 1-p? ,

-1
2 2
I 1—1—02—,509'

Var(E[0;]s;,p] — p) = ojc; 7

(1+0*—p) =

The above characterization for the symmetric markets provides the following comparative statics of the
three characteristics (i) the market size, (ii) the average correlation p, and (iii) information precision
¢; = 1/0?: The liquidity effect on utility is captured by the term 12X With this closed-form

(1+X:)2
solution of inference parameters and price impact,
1+2) _1¢ Xi )2_1_( (1+02—p)(1+(I-1)p) )2
(1+X)2 1+ A I-1D1=-p)(1+o>+(-1)p)/

By taking a derivative with respect to o2, p, and I,

(1+0*=p)(1+ (I - 1)p)? Ip

i —1)2(1—;7)2(1+02+(I—1)ﬁ)>(1+a2+(1—1)ﬁ)2

: —2(
w.rt. o (I

>0, iff p <O,
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(14+02=p)(1+(I—-1)p) )(1 Io*(1+ 0%+ (I —1)p?) <0,

“DA-pI+?+T-Dp)) =D+ 02+ (L - 1)p)

(1+0°=p)(1+ (I -1)p) ) o® + (1+ (I -1)p)?
DA -0+ + T - 1)) T- 12 +02+ (I - 1)p)?

Larger market size and/or more negative correlation with others on average results in more liquidity,

w.rt. p: _2((.7

w.r.t. I : 2(([ > 0.

and thus higher utility for traders. When the information precision ¢ = 1/0? increases, the endogenous
liquidity of the market increases if p > 0, and decreases if p < 0.

The effect of learning from the price on utility is measured by

I-1 (1-p)?
I 1+02-p’

1 -
72VQT(E[9i‘8i7p} - p) =
T

which is increasing in information precision ¢ = 1/0? and the number of traders I, and decreasing

with respect to p.

I-1 (1-p)p?

rtoo?s = 0
w.r.t. o 7 (1+0’2*ﬁ)2< )

_ I-1(1-p)(1+20°—p)
rt.p:r — 0
w.r.t. p 7 (1 +02 =) <0,

1 (1-p)

rt. [ ————>0.
wr 121+02—,5>

Expected utility Efu;] increases as the number of traders in market increases (I increases) and the
correlation between asset values decreases (p decreases). When p > 0, the expected utility increases

as traders’ information precision increases (¢ := 1/0? increases). When p < 0, as the precision ¢ in-

1423, Var(E[6s]s:,p]—p)
) decreases but Var(@ils.p)

creases, two components in the expected utility change differently:

increases. m

Proof of Theorem 1 (When A Trader Chooses OTC Markets). This proof is under the
condition that equilibrium exists. Suppose that only a centralized market opens in equilibrium but
no over-the-counter market does. Since no pair of traders have an incentive to switch their market
choices to the over-the-counter market, his expected utilities E[u$™;all in CM], when all traders are
in the centralized market, is higher than a potential utility in the over-the-counter market. The
potential utility in the over-the-counter market E[u;; OT'C(i,j)] is pair-specific, i.e., it depends on
the pair (i,7). A sufficient and necessary condition on the endogenous market structure consists of
only the centralized market is that there is no trader who has a positive incentive to deviate to the
over-the-counter market with his best counterparty. This condition is equivalent to that the utility in

centralized market is higher than the maximum utility trader ¢ would get in over-the-counter market:

E[ufM;all in CM] > mQXE[Uﬂ orc(, ), Wi
JF#i

Under the symmetry assumption, 1711 djzipij=pand ¢ =¢=1/ o? for all i, the equilibrium utility

in each market is characterized as follows. Suppose that ¢ = o./0g. In the centralized market, the
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equilibrium utility is characterized by

Elus™] o ([ -1)*1-pP*(A+o*+ (I -1)p)* — (1+0°—p)*(1+ (I - 1)p)?
! w IIT-1)(1+02+(I—-1)p)2(1+0%2—p)
_ (=240 + T =2)p— (I -1)p*) —2(I = 1)o?p)(1+0* + (I - 2)p — (I - 1)7?)
o (I-1)(1+0*+ (I -1)p3*(1+0*—p) '

On the other hand, the over-the-counter market provides the equilibrium utility:

o} —20%p(1+ 0% = pf)
p(1+ 0%+ pij)2(1+ 0% = pij)

Comparing the equilibrium utility in two markets,

1+ 2)em 1+ 2)0te
E[us™ > Elu?] & — 2 Var(EBi]si,p) —p) > — 0 Var(E[8i|s:, 5;] —p), (16)
(1372 (132

which is equivalent to the following inequality:

(I-1(A=p) 1+ + (T -1)p)* — (1 +0* - p)*(1+ (T = 1)p)* —20°pij(1+ 0% — pj})
II-1)(1+0?+ I —-1)p)*(1+0>—p) (1+0%+pij)>(1+ 0% = pij)

Under the positive definiteness of correlation matrices, the above inequality is simplified into an
inequality:

f(e?) >0, (17)

when f(0?) is a fifth-order polynomial,

flo?) == (I-2)A+0°+ (I -2)p— (I - 1)p") =2 - 1)o*p) (18)
X(1+0?+ (I =2)p— (I - 1)p*)(1+ 0% + pij)* (1 + 0 = pij)
+(I =11+ 0>+ (I -1)p)*(1+0* — p)20%pij(1 + 0% — p?j).

In order to solve the inequality (17), let us first denote the coefficients of function f(o?) by f(0?) :=
a50'0 + a408 + az0® +aso* +a10? + ag. Lemma 1 shows a property of coefficients (ag, a1, as, a3, as, as)

of function f(0?), that is useful to decide the number of positive solution for f(o?) = 0:

Lemma 1 For any I > 3 and p > 0 > p;j, if a, > 0 then ap—1 > 0 for anyn =1,---,5. In addition,
ag > 0 always holds.

Proof. See Appendix B.2 m

From Lemma 1, if the highest-power coefficient a5 = (I—2—2(1—1)(p—psj)) is positive, the coefficients

of all powers (ag, a1, az,as, as,as) in f(o?) are positive. In this case, Descartes’ Sign Rule implies that
there is no positive solution o2 > 0 for f(0?) = 0, i.e., the inequality f(c?) > 0 holds for all o2 > 0.

¢OM 5 (OTC
(2 (2

Since this inequality (17) is equivalent to , a trader prefers to trade in the centralized
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market than in the over-the-counter market, independent of his information precision ¢ = 1/0% > 0.
Ifas = (I —2—-2(I —1)(p— pij)) <0, Lemma 1 shows that there exists only one sign change in the
sequence of coefficients (ag, a1, as, as, aq, as). From Descartes’ Sign Rule, there exists a unique positive
solution 62 > 0 such that f(62) = 0. Hence, when (I —2 —2(I —1)(p — pij)) < 0, EM > ¢97C if and
only if 02 < 62.

This shows that the sufficient and necessary condition for fic M < inTC is

I-2
— < p, and o2 > 62
p(f—1) TPasP o -7
~ 2
Without loss of generality, we denote the correlations between asset values (0;); by p = UZUJC:U 5 and
o 2 _ 2 v v
Pij = minj# COTT(@i, QJ) = Z?:Jr??v'
2 2 2 2 2
Tiv -2 2 1 Oy + 05 Ocy + 05 10 2 2
> =k and ¢, = — = < — = P05, 05, 2);
o2, +02 = 2(I-1) 2 o2 o2 02 KO 70, %)

when 62 is the unique positive solution of f(0?) =0 in (18). m

Proof of Corollary 1 (OTC Existence with a Competitive CM). From the proof of Theorem
1, the inequality (16) is a sufficient and necessary condition for a trader to prefer the centralized
market to the over-the-counter market. Taking the number of traders in the centralized market I to

infinity, the inequality is written as

(1-p)? —20%pij(1+0° — p3;)
(1+02=p) " (L+0%+pij)*(1+0%—pij)

and it is simplified into

0 < (1= +20)0° + (1= )*(3+ piy) + (2= p — 4)20)0" (19)
H(1= 93+ 2015 — ) + (1= D)1= p3)2pi5)0" + (1= 9)*(1 = pig) (1 + piy)*.

Because Lemma 1 is applied to any number of traders I, if ((1 — p)? + 2p;;) > 0 then all coefficients
are positive. In that case, the inequality (19) holds for any 02 >, and thus, all traders choose to enter
the centralized market over the over-the-counter market. If ((1—p)? +2p;;) < 0, Lemma 1 shows that
there is one sign change in the r.h.s of inequality (19). Hence, there exists a unique positive solution
62 > 0 such that the equality of (19) holds. The trader choose to enter to the over-the-counter market

rather than to the centralized market, if and only if

(1-p)2+2p;j <0 and %> 62
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Without loss of generality, the above joint condition can be rewritten by

2 2 2
o; 1 o5, + 07
Osy + 05 oz o

. . 55 02,—0? _
by using p;; = minjx; Corr(0;,0;) = 5% =2p—1. =

2 2
Oy +Uiv

Proof of Corollary 2 (No Price Difference in OTC and CM). Suppose that traders’ asset values

~ 1 | -1
(0; = 0+ §;) follow the distributions § ~ N(E[f],02,) and & ~ N(0,02 ) with ¥ = [ T3 ]

where 1 = (1)7/2x7/2 is a (é X %)—matrix with all elements being one, as in Example 1. In this

model, the equilibrium price in the centralized market with a sufficiently large number of traders is
Dem = % Yoicr B0+ dilsi,p) = 6929#, since the average correlation of the idiosyncratic component
(6;) is zero. On the other hand, the equilibrium price is determined in each over-the-counter matching

between two traders whose correlation is Corr(d;,d;) = —1.

coBl0:)] + cs5 (040 +ei+0+0;+¢5)  coE[6)] +650+ cs

S8V (e )) — -
l=¢ co + s o+ Ca ((0:405)+(ci+ej)) = Pem+(noise)

DPote =
Hence, the price pyt. in each over-the-counter market follows a normal distribution with the mean
equal to the centralized market price p.,,. It shows that there exists a model where the over-the-
counter and centralized market prices are same in expectation. Even in this case, a trader choose to

2

trade in the over-the-counter market if the relative variance of idiosyncratic value component, ﬁ,
cv v

satisfies the inequality (19). m

Proof of Theorem 2 (Endogenous Market Structure with Competitive Exchange). Sup-
pose that traders are symmetric in the sense that the profile of correlation in each row is same and
that the information precision is same across traders (See Definition 2). The centralized market is
competitive with infinitely many liquidity providers L — oo.

(i) First, we show that with the symmetric correlation structure, a trader is matched with the
counterparty whose asset valuations has the minimum correlation: i.e., the over-the-counter matching
(4,7) occurs such that Corr(6;, QNJ) = ming; Corr(0;,04) = pmin, upon traders i and j’s participation
in the over-the-counter market.

It can be shown as a contradiction. Suppose that there is an over-the-counter matching (4, 7)
such that Corr(éi, é]) > Pmin- Since the profile of correlations are same across traders, there exists
another trader k # 4,7 who has the minimum correlation with trader ¢, Corr(éi,ék) = Pmin. If
trader k’s current matching in the over-the-counter market is not with the minimum correlation,
traders 7 and k have a positive incentive to deviate from their current matchings, and thus the current
matchings are not pair-wise stable.Therefore, trader k’s current matching (k,l) has to be such that
Corr(ék, él) = pmin. It implies that trader k has two other traders i and [ that provides the minimum
correlation pmi,. By the symmetry, the profile of correlations of trader 7, {Corr(éi, ém)}lm, contains
twWo or more ppin, in that there exists another trader m # ¢, j, k such that Corr(éi, ém) = Pmin- With

the same argument, the current matching for trader m has the minimum correlation, while implies
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that there are three or more pn,;, in the correlation profile. Recursively, the symmetricity of traders
and pair-wise stable matching concludes that all pairs of traders have Corr(éi, 0~]) = Pmin, Which is a
contradiction to the assumption that there exists (7, j)-match with Corr(6;, éj) > Pmin- Therefore, all
over-the-counter matching in equilibrium satisfies Corr(éi, 0~]) = ming; C’orr(éi, ék) = Pmin, ¥(1,7).
(ii) By the part (i) and by the competitiveness of the centralized market, the utility comparison
between centralized and over-the-counter market is same for all traders. More formally, pffc and p“" in
two markets, and thus, the difference of these two correlations are fixed and symmetric for all traders.
In addition, the individual trader’s choice of market does not change the market size in the centralized
market Ny, + L — oo for any N, > |1\ L|. With the fixed correlation difference and market size,
symmetric traders’ incentive to enter either market is symmetric independently of other traders’ choice
of markets. Therefore, the endogenous distribution of traders in the over-the-counter and centralized
market has a corner solution. Equivalently, it concludes that two trading venues coexist only if traders
are asymmetric or the centralized market is not competitive L < co. m
Proof of Proposition 3 (Endogenous Market Structure). There are three types of endogenous
market structure: (i) only OTC market opens, (ii) only CM opens, (iii) OTC and CM coexists. The

ey 52 52 . :
equilibrium market structure depends on 8?\6,’ and 88; . In particular, how the number of traders in

the centralized market N, and the average correlation in p., co-move based on the given traders’
types 3, {07, }i.
From the proof of Theorem 1, for given (p, pi;, Nem), a trader i prefers the over-the-counter market

to the centralized market, if and only if,

I—-2
<P d o?>6%(p, pij, N,
2(Ncm_1)+sz<P7 an o" >0 (papljv CM)a

where 62 is the unique positive solution of equation (17), or equivalently, a trader who has the noise

2 is indifferent between two markets:

variance &
E[u§"™(6%; p, Nem)] = E[ug"“(6”; pij)] (20)

for given (p, pij, Nem) such that (Nem — 2) — 2(Nem — 1)(p — pij) < 0. By implicitly differentiating
equation (20) with respect to Ney,, while (p, p;;) are fixed, we get

OE[us™] +8E[u§m] 06  OB[ud] 062 . <aE[ugm] aE[ugtC]> 062 OE[us™]
B o ; ONgn  ONem

ON., 962 N 902 9N’ D02 Do -

From Proposition 2, the expected utility F[u™] in the centralized market is increasing in N, and

3
thus, 65}[\2 im] > 0. From the uniqueness of 62 and the the proof of Theorem 1, the difference in

ey . . . . . OFE [us™ oFE otc
expected utilities in the two markets is decreasing in o2, i.e., a[gé I _ a[gé }

8‘(])\‘;’; > 0. Similarly, by implicitly differentiating equation (20) with respect to p, while (Nep,, pij) are

fixed,

< 0. This proves that

2

Oc? Oc?

op p

(3E[ui’”] i 8E[u«°“]> 06> _ _OEu™]

38



From Proposition 2, %ugm] < 0, and thus, a{% < 0. The over-the-counter market and centralized
952 952

market can coexist when 77— and 7 makes a trade-off so that 62 is decreasing in the number of

traders in the centralized market. m

Proof of Proposition 4 (OTC Matching with Heterogeneous Correlations). The pair-wise
stable over-the-counter matching is determined by the following algorithm: (i) Upon traders’ entry
to the over-the-counter market, two traders, who have the most negative correlation among all pairs,
are matched: we call this pair (i1,7j1). (ii) If there are multiple pairs that have the most negative
correlation, select one pair randomly. (iii) Eliminating the selected traders, select the most negative
correlation among the remaining paper and create another pair: called (ig,j2). (iv) Repeating this
procedure until there is at most one remaining trader in the over-the-counter market, and then the
over-the-counter matching is determined { (i, j¢) }t=1,2,....

It suffices to show that the matching { (i, j¢) }¢+=1,2,... from this algorithm is pairwise stable. Suppose
that there exists two traders who have a strictly positive incentive to deviate from their current
matching and create their own matching. Formally, there exists ¢; and js, for some t < s, such
that Elu;,; OTC, (it js)] > Elui,; OTC, (it ji)] and Elu; ; OTC, (it, js)] > Elu;,; OTC, (is, js)]. From
Proposition 2, it implies that Corr(it, js) < Corr(it, ji) and Corr(ig, js) < Corr(is, js), since traders
are symmetric in information precision and any bilateral trade has the equal market size N = 2. It
is a contradiction to the algorithm: at the step (i) for ¢, the matching at ¢ is created between (i, ji),
and hence, Corr(it, j:) < Corr(it, js) for any s > ¢. It is contradicted to the assumption that trader
i; has a profitable deviation by having another counterparty js, Corr(iy, js) < Corr(it, ji). The proof

is complete. =

Proof of Proposition 5 (OTC Matching with Heterogeneous Information Precision).
First, we characterize the equilibrium in a given over-the-counter bilateral matching between two
traders ¢ and j who have heterogeneous information precision. The correlation between two traders’
asset values are p := p;; < 0 and information precision is ¢; = 1/0? and ¢; = 1/ 0]2-.

In the bilateral trades, the equilibrium inference coefficients {cs;,cp i}, price impacts {\;}, and

Cs,j Cs,i

AN A

residual uncertainty in asset values {Var(6;|s;,p)} are characterized as follows: when I'; :=
and I'; := 1/T';, and thus p; := T'ip,

G e el VN LN RS VI p2—cpi)
8,0 — ’ 2 - ’
(1+o3)(1+ 0]2) — p? l—cpj (=)l —cpy) —1
1—cp i — 1—cp ; —
LG S (1) T e )
p7l_

L+l +) =2 L+ +oD)(1+02)— )

We remark that

(40 +p)(1+07—p* =T '07p) (1402 +p)es,

e T T (A = A (+p)

By plugging {c; i, ¢pi, Ai }i into the definition of T';, we get a closed-form solution of the unique solution
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_— (I+02+4p)2—cp; (14024 p)2((1L+07) (1 +07) = p?) + p(of — o)
’ (I+a?+p)2—cpi  (L+024p)2((1L+07)(1+07) = p?) + p(oF —a7)

For given T';, the price impact is

N — (I+p)((1+0))(A+07) = p*)p
’ Li(1+ 07 +p)(1+ 05 —p?) = (1407 + p)oip— (1+p)((1+07)(1 +0F) — p?)

Furthermore, for future analysis, we have

)\7; . 2—Cp7l' B 1+0i2—l—p . 1+P
pt+Ai (T=ci)2—cpy) Ti(l+05+p)(1—cpi) (1407 +p)Tics;

U7z Var((1 4 0F + p)si — (1 + a7 + p)s;)

lS’L

Var(E[0;|s;,p] — p) = (1+ Jl,? +p)+ (1+ sz + p)T;)?

The equilibrium utility is derived as follows:

1 op(p+2X)

Z % (a2 Var(E[0i|si, p] — p),

where

st 2 (OO )y

(1 + Ai)? (Ti(L+ 07— p?) —afp)(L+ a3 +p)/
(Ti(1+ 07 = p?) —0ip)* (1 + 07 +p) + (1 + 07 +p))
Var(EBdsrl =p) = o0 T ) = A+ o7+ )+ T T o A

By plugging the closed form solution of I'; into the two components in the utility, we get

pli+2X) _ ~( (L+p) (A +07)(1 +07) — p*) + plof — 07)) )2
TERNE 21— )L+ o)L+ %) — )+ 4p(L— p)(1 + 02 4 ) 4 (3~ P —?))
(A+02+p)+ (1407 +p))
Var(Elbds:p) =) = 00 T 3 7)1+ 02) = A1 + o7 + R+ o7 4 o
<21~ (L + 0D +02) — p2) +4p(L ~ )L+ 7 + ) + p(3— )7 — 02)"

Let us take derivatives of liquidity and learning effect with respect to the counterparty j’s noise

variance 2. The liquidity component in player i’s utility increases as O'JQ' increases:

o N _ dp(1+p) (1 + a7 + p)((1 = p)(1 + 07 + p) — po?) “0
doF p+ i (200 = p)((1+07)(1+07) = p?) +4p(1 = p)(1 + 07 +p) + p(3—p)(0] —07))*>
and thus, %“&“jﬁ;‘;) = —HQJ:‘;'\Z_ 62] <u v ) > 0. The learning component in player i’s utility decreases
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as 0]2 increases:

Var(E[0i]si,p] —p) _ —(1+ 07 + p)*Var(E[b:]si, p| — p)
00} (At o)+ (Lt + ) (L +07)(1+07) — p?)
N 2p(1+ p)(1 + 07 +p)
(1405 4+ )20 = p)(1 + 7)1+ 0%) = p?) +4p(1 = p)(1 + 07 + p) + p(3 — p) (0 — 7))

< 0.

This proves the trade-off between liquidity and learning effects with respect to the counterparty j’s
information precision ¢; =1/ 0]2.
Lastly, by multiplying the two components, the equilibrium utility Efu;] is
2—p(1+07+p)+ 1 +07+p)A+0 —p*)(1+05+pof + (1407 +p)o?)
09 P ) P 7 P P i P [ 7 P 7

Blui] = 2 20+ 07 +p) (1 +07)(1 +07) — p?)(1 + 05 + p)? -2

By taking a derivative of E[u;| with respect to 0]2-, we get

OF[u;] 1 —2(070% — (L +p)*)(0] + 1+ p)
do? Blu] <<1+2a$+p>oj+(1+p> o7)(0% + (07 +2+2p))(0F +1+p)
U?p2

A+ ool + (o2~ )2+ (- )

When the noise variance of the counterparty’s signal 02 is small such that 02 2 — (14 p)? <0, the

expected utility F[u;] increases as sz- increases, i.e., 3E[ul] > 0. When O'J is sufﬁmently large, Elu;]
decreases as JJ2» increases, i.e., 850[_1;’] < 0. More premsely, a [ul] < 0 if and only if g(o ) < 0, when
J
g(ajz) is defined as follows for given o2 and p:
9(07) = =2(0jo] — (14 p)*) (07 + 1+ p)(1+ 07)o] + (1+ 07 = p"))(0] + (1 = p*)
+02p*((1 + 207 + p)ojz + (1 + p)o? )(O'j + (o2 +2+ 2p))(0j +1+4p). (22)

From the definition of g(a?)7

9(0) = 2(1+p°(L=p)(of + 1+ p)(L+07 = p*) + (L + p)*p°oi (0] + 2+ 2p) > 0;
_glod)
lim =% = —207(1+ 07 +p)(1+ 07 — p*) — o7 p*(1+ p) <O.
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In addition, let us denote the coefficients for the cubic function g(o ) by {bs, b2, b1,bp}:

g(o;) = bgo'? + bQU;-1 + 61032- + bo
= 200 +07+p)(1+0] —p°) +p°(1+p)loia}

—(1+ p)[4(1 = p)of +2(3 = 3p — 5p*)af — 3p(1+ p)(2+ p)o} — 2(1 + p)°]oj

+(1+p)[(=2+2p+3p%)0f +2(1 4 p)p(3+ 2p)ai +2(1+ p)*(3 — p*)o7 +4(1+ p)*(1 — p)lo

+2(1+ p)’ (1= p) (L + 07 + p) (L + 07 = p?) + p* (1 + p)*(07 + 2+ 2p)o}.

Then, by > 0 implies b; > 0, because

—b
m = 4(1—p)od+2(3-3p—5pH)c} —3p(1+p)(2+p)o? —2(1+p)*> <0
J
b
Trger = (C2F20+30)00 4+ 2014 0)p(3 420008 +2(1+ p)’(3 = p*)o7 +4(1+ p)*(1 - p).
J

This shows that there exists a unique positive solution & 2(62,p) > 0 such that g(o ) = 0 holds for
BE[uz]

given o2 > 0 and p < 0. Hence, > 0 if and only if

o} < 55 (07,p)-

When the information precision of the counterparty is large, the expected utility E[u] increases as
o;j =1/ 0]2 increases (i.e., UJZ decreases). If ¢; =1/ 0]2 is small, the expected utility E|u;| decreases as
¢; increases. ®

Proof of Theorem 3 (Market Structure with Heterogeneous Precision).  Suppose that
there are two groups of traders in the market: buyers and sellers. The correlation between two
traders is Corr(éi,éj) = po > 0 if traders i and j are both buyers or both sellers. The correlation
C’orr(éi,é-) = p < 0 if one trader is a buyer and the other trader is a seller. I parameterize these
correlations pp = w?, and p = w?, w = 2w?, — 1, as described in Example 1.

The proof consists of two steps: (i ) there exists a unique 6%(p;;) such that 6% = = 0; 2(52, pij), (i)
there exists I and we,(I) such that 5%(p;;) < 62(I,p, pij) for any we, > Wep(I) and I > 1. By (i)
and (ii), an informed trader who would prefer an less informed traders in the over-the-counter market,
i.e., ¢ > 1/52, chooses to enter the centralized market rather than the over-the-counter market, i.e.,
¢r >1/5% > 1/6% (iii) Lastly, @ey(I) € [0, 3) is decreasing in I, which implies that the condition on
(I, p, pij) to satisty 52(p;;) < 62(1, p, pij) is general.

(i) 5]2-(012,p) is the unique solution of g(a?) = 0, where g(-) is defined by (22). Plugging 02 = o

2 _ =2

into g(a]z) = 0 shows that the solution 52 of equation 52 = 07 (02, p) must satisfy

0=0"+(1=3p)(1+p)o’* — (1= p*)(1+2p)0” — (1 - p*)*. (23)

Since (1 — 3p)(1 + p) > 0, by the Descartes’ Sign Rule, the above equation has a unique positive
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solution 2 > 0.

(ii) Now, let us a find a sufficient and necessary condition for 5%(p) < 62(I, p, pi;). By the definition
of 62(I, p, pij) in equation (17) and the monotonicity of f(-), it is sufficient to find a sufficient and
necessary condition for f(#2) > 0. The implicit equation (23) of 52 simplifies f(52) into a quadratic
formula: f(52) = c26* + 162 + ¢o. If there is no solution of cox? + ¢jz 4+ ¢ = 0 and ¢ > 0, then
f(5%) > 0 is satisfied. When there exist two solutions of the quadratic equation cox? 4 c12 + ¢ = 0
and they are denoted by z1 < z2, f(62) > 0 is satisfied if and only if

cs < 0 and x1<62<x2; or co >0 and 6’2<1:1; or ¢o >0 and 52> zo.

By plugging two solution z; and zy into equation (23), the sufficient and necessary condition on
f(5%) > 0 is characterized.

With the market choice between the centralized and over-the-counter markets is endogenized, any
trader who cannot be matched in the over-the-counter market chooses the centralized markets. Hence,
the number of buyers and sellers in the over-the-counter market is the same in equilibrium. From
Theorem 1, a sufficiently less informed traders choose the over-the-counter market while a sufficiently

more informed traders choose the centralized market. m
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B Additional Materials

B.1 Equilibrium Representation in a Market
For a given price impact A; > 0 and inference F [§i|si, Pl =coiE [él] + ¢s,i8i + Cpip, trader ¢’s first order
condition gives his best response, i.e. demand schedule.

_ E[fi|si,p) —p  coiEl0i] + csisi — (1= cpi)p

Bt A o+ A

4q;
With positive price impacts, the second order condition holds for all 4:
—u—2X; <O0.

The market clearing condition ), ¢;(-) = 0 determines equilibrium price from the demand function.

L —cpiy1 co,iE[0;] + cs,i5i
O D D v

7 i

Since the price is a linear function of traders’ private information {s; }, it follows a normal distribution
as well as the signals. This Gaussian-linear structure allows us to use the Projection Theorem in order
to derive traders’ conditional expectation on asset value. First, the unconditional expectation of price

is equal to E[f;] = E[é] which is same across traders. It results in cp; + ¢ + ¢p; = 1 for any i. The

inference coefficient {cs;,cp;} is

Cs,i .
Cp,i

We denote aiz = 012 </ O'g, the relative variance of noise in private information compared to variance of
k)

(24)

Var(s;) Cov(s;,p) ]_1
Cov(0;,p)

Cov(si,p)  Var(p)

Cov(6;, s;) ]

asset values. By plugging the following variance and covariance of (s;,p) into equation (24),

Var(p) = (3 - 2072 (L0 (05 4 diag(o?.)) (-2 |

—~ uE N B+ A o+ A
Cov(si,p) = () - C”’j)*l( — ) : (ngij + 01'2513‘:1) ,
r p+ A A Aj/j ’ j

we get a fixed point problem for the inference coefficients {cs;, ¢p.i}i,

Z ¢s,jCs k(Pjr o3 Limg)—Cs j¢5 1pij(Pik+0o7 Liy)
5k

(+2) (p+Ar) .
Csi = (1+07)cs,jcs,k(pjntoili=r) —cs i,k (pij+07 Li=j) (Pin+07 Lizk) ’ Ve, (25)
2k (ESwIEsYy
S l—cp,; ) (t0?)es jpij—cs j(pij+oiliz;)
Cpi = I pthy e Vi. (26)
’ (1+02)cs, jcs k(pjpt071j—k)—Cs,i¢s k(Pij+07 Liz;) (pir+07 Lizk)
2k G20 ()
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In addition, the price impacts are characterized by
1—c¢pN\1
A= ( 7”) - 27
=25 1)

for a given inference coefficients {c, ;};. Equations (25) - (27) solves {csi, ¢pi, Ai }i, and thus, charac-
terizes equilibrium.
With the equilibrium characterization, a trader’s indirect interim utility is
Ko B2 2

Elui|si,p] = —pq; + E[0:]s:, plg; — 5% = W(E[§i|sivp] -p)°,

and his ex-ante utility is

H+2)‘Z A 2 /‘L+2)‘Z ~
Elui| = c—— 35 E|(E|bi]si, p] — =53 El0i]si, p] — p).
[l = 5 [(E0i]si,p] — p)°] 2t a2 O (Blbilsi Pl =)
The last inequality holds because E[E[6;]s;,p] — p] = 0 when E[6;] = E[f] for all i.
B.2 Proofs of Lemmas
Lemma 1 For any I >3 and p > 0 > p;;, if ap, > 0 then ap—1 >0 for anyn =1,---,5. In addition,

ag > 0 always holds.

Proof of Lemma 1. From the definition of function f(0?) := a50'® 4+ a40® +a30% +aso* +a10% +ag

in equation (18), each coefficient is characterized by

as = X+Y;
ar = X(A+I=Dp)A—p)+2(1+piy) + (1 - pij))
+Y (1= pf; +2(1+ (I = 1)p) + (1 = )
(I = 2)(1+ (I - 1)p)(1 — p);
az = X((1+ (T =1)p)1 = p)2(1 + pij) + (1= pij)) + (1 + piy)* +2(1 = p}))
FY (1= p3) (L + (T~ 1)p) + (1= p)) + (1+ (T~ 1)p)* + 2(1 + (I — Dp)(1 - p))
(I =21+ (I = 1)p)(1 = p)((1+ (I = 1)p)(L = p) +2(1 + pij) + (1 — pij));
ag = X((1+ (I —=1)p)1 = p)((1+pij)* +2(1 = pi)) + (1 + pig) (1 = p)))
Y (1 - p3) 0L+ (T~ 1)p)(1— p) + (1+ (I = 1)p)®) + (1 + (I~ 1)p)*(L - p))

HI=2)(1+ (I = 1p)(L = p) (L + T = 1)p) (L = p)(2(L + pij) + (L = pij)) + (L + pij)* +2(1 — piy));

ar = X1+ =1)p)(L—p) L+ pij)(L —p}y)
+Y (1= p3)(L+ (I = 1)p)*(1 — p)

HI=2)(1+ (I = 1p)(1 = p) (L + T = 1)) (L = p)((L+ pij)* +2(1 = piy)) + (L + pij) (L = pF));

a0 = ([—=2)(1=p)2(1+ (I = 1521 — pi)(1+ piy)* > 0.
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where X := (I -1)(1-p)—(1+ (I —1)p)) and Y := (I —1)((1 + pij) — (1 — pij)). Each coefficient a,
is a linear function of (X,Y"). It is worth to remark that X and Y are the determinants of the sign of
ay,, for each n, because X and Y can be positive or negative while all other terms (weights on X and
Y and the constant term) are always positive. In particular, -7 < X <I—-2and —-2(/-1) <Y <0
since p > 0 and p;; < 0. The coefficient of zero power ag does not contain X or Y and it is always
positive.

We now show that as = X +Y > 0 implies a4 > 0. The weights on (X,Y) in a4 are positive and

the weight on X is smaller than the one on Y:

(L+ (I =1)p) (A = p) +2(1+ pij) + (1 = pij)) — (1 = pf; + 21+ (I = 1)p) + (1 - p))
= —(I=1)p(1+p)+ pi;(1+ pij) <O0.

This implies that a boundary line (X,Y’) such that a5 = 0 has a more negative slope § ﬂ than the
slope of a boundary line (X,Y’) such that a4 = 0%":

ay
dX

ay

_ < & O+ T =Dp)(A = p) + 20 + pig) + (1 = pij))
as=0 dX '

a1=0 (1—p%+20+ T -1)p) +(1-p))

(28)

Furthermore, the boundary point (p = 0, p;; = —ﬁ) such that as = 0 and p > 0 satisfies

I-2 I-2 I-2

T A Ts s y R 7y o 1))2> > 0

as(p=0,pij = —

This implies that the intersection of two lines (X,Y’) such that a5 = 0 and a4 = 0 is unique and it is
outside of support p;; < 0. Hence, as > 0 implies a4 > 0.
Similarly, we show that the ratio of the weight on X relative to the weight on Y in ag is smaller

than the ratio in a4:
ay _ (+U- 1)5)(1—ﬁ)+2(1+pij)+(1 Pij))
dX las=0 (1— pZJ +2(1+ (I -1p)+(1—p))

_Av| (U= 02 = )L i)+ (1= pi)) + (L4 piy)? +2(1 = )
dXlu=o = (= Z)RA+ (- D7)+ 1-p) + 1+ T - D + 20+ T - D)1 - )’

or equivalently,

(L=pf)B+RI=3)p)+ A+ -1)p)B+ (I =3)p)((1+ (I —1)p)(1 = p) + 3+ pij)
(1= p% +3+@2I=3)p)((1+ (I —1)p)(1 = p)(3+ pij) + (1 + pij) (3 — pij)) '

20 The boundary of a,, > 0, i.e., {(X,Y);a, = 0} is not a straight line on the two-dimensional plane of (X, Y):
(X,Y) are the functions of (p, p;;) that also determines the weights on (X,Y) and the constant term in each
coefficient a,. However, the non-linearity of {(X,Y); a,, = 0} does not affect the argument in the proof, because
the non-constant slope dX| Satlsﬁes the inequality (28) for any (X,Y) in the support, or equivalently, for
any p > 0 and p;; < 0.

1<

(29)
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When p;; = 0, this inequality (29) holds for any p > 0 and for any I.

PRI Gl )/ Gl )] € (I -3)p* +3((1+ (I —1)p)* — 1)
344+ RI=3)p)((1+ I =1)p)(1=p)+1) '

Since the right-hand-side of inequality (29) is decreasing in p;; < 0, for given p > 0 and I:

Orhs —2pij —2pij

x
. + 2 )
Opij 1_p7,2j+(1+(1 1)p )% 1 pl-j+3+(2[ 3)p

B (I+ I =1)p)(1 —p) —1—3pj
(I+ (I =1)p)(1 = p)B+ pis) + (14 pij) (3 — pij)
. 1 - 1 0.

(A+T-DAA =P +3+05)  (1+ (= 1)1 =)+ (1+ pig) 5752

the inequality (29) holds for any p;; > 0, p > 0, and for any I. Thus, the boundary line (X,Y") such
that a4 = 0 has a slope g—}; more negative than the slope of the boundary line (X,Y") for ag = 0.
Furthermore, at a point (p, p;;) on the boundary of as > 0 and p > 0, the value of az evaluated at
such (p, pi;) is positive: with p;; such that as(p =0, pi;) = (I —2)(5+ pij) +2(L — 1)pi;(4 — pfj) =0,

I—2 1512 — 121 — 4
5=0,pi) = —pii{2(I —1)(p;; 2 0.
az(p  Pij) p]{( )(PJ+4(I_1)) * 8(I —1) } ~

Hence, a4 > 0 implies a3 > 0.

The similar argument shows that az > 0 implies ag > 0. The boundary for az > 0, i.e., the line
(X,Y) such that as = 0, has a more negative slope than the slope of the boundary for as > 0, if
and only if (p;;, p) satisfies the following inequality for given [I:

(AT =D - PR pi) + (1 pig)) + (14 i) +2(1 = )
(=) A+ T - D)+ 1 -p) + 1+ T - Dp)? +2(1+ I - Dp)(1 - )
(T DA - (i) 20— ) + (L pi) (1= )

(1= p) A+ T - D)L —p) + (L+ (- Dp)2) + (1 + (I - Dp)P(1— )’

or equivalently,

(A+ I =1)p)A =p)B+pij) + (1 + piz) (B — pij))
(L=pf)B+@2I=3)p)+ 1+ =1)p)(3+ (I - 3)p))
(T=p)B+UT=3)p)+ 1+ =1)p)(1=p) 14+ (I —1)p
(T+ (I =1)p)(1 = p)3 — pig) + (1= p5;)) 1+pij

(30)
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The right-hand-side of inequality (30) is decreasing in p;; < 0, for given p > 0 and I,

Orhs ~ —2pij n —2pij 1
y Bl — —3)7 15 -
Opij (1—P?j)+(1+(1—1)ﬁ’)% (1_P?j)+(1+(1_1)/7)w,@,)p L+ pij
N (L+ (= 1)p) (1= p) +2— 20y (14 (1= Dp)(1 = p) + 2y

— ~ + — - :
I+ =1)p)(L=p)B+piy) + (L +pis)(3 = piz)  (1+ T =1)p)(1 —p)(3 — pij) + (1 = p;)
When p = 0, the inequality (30) holds for any p;; < 0,

—pij (6 — 1dpiy — 15p7; + 3p%, (1 + pij)?)
3((1—p3;) + 1)((B = pig) + (1= p3;)) (1 + pi)

1 < 1+

Suppose that p;; is the solution that satisfies a3 = 0 and p = 0. With p;; such that as(p = 0, p;;) =
(I —2)(10+4ps5 — pij) +6(1 —1)pi;(2 — pij) = 0, the coefficient ay is positive.

ay = —pij(I—2)(pij +1)>+T+2) > 0.
In addition, when p is the solution that satisfies a3 = 0 and p;; = 0, i.e.,
az = (I-2)(A1+(I=1)p)*(1=p)* +6((1 ~2) — (I -1)p)(1+(I = 1)p) (1~ p) +3(( ~2) = 2(I ~1)p) = 0,
then, with such p, we get
as = 20 -2)(1+ I - 1)p)?*(A—p)2 —1)+4(I — 1) > 0.

This concludes that if ag > 0 then as > 0.
Lastly, suppose that ag > 0. The slope of boundary for as > 0 is more negative than the slope of
boundary for a; > 0, if and only if

(DDA p) + 21— ) L= (1t py)
(—A)EE -+ A+ T D)+ 1+ -Dp-p) 1+~ 1)p)
OHT-0A0 =D )= /) (1+py)

(1=p3)(A+ (I =1)p)*1~-p) 1+ -1)p)

The above inequality is equivalent to

5 < (I =1) = pig) + /(T = 1) — pij)? =4I — 1)(2 — pij)pij (1 — 2pyj)
2(I = 1)(2 - piy) ’

or equivalently,

1+ -1)p)(1-p) —/A+T-1)p)?(1—p)?—42+ I -3)p)(I —1)p(1 — 2p)
224+ (I —-3)p) '

pij <
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The slope %|a2=0 is more negative than %|a1=0 if and only if X is larger and Y is smaller than
the cutoffs, and thus, the boundary {(X,Y’) : a; = 0} for a; > 0 is more convex than the boundary
{(X,Y) : ag = 0} for ap > 0. Furthermore, at another boundary condition p = 0, if p;; satisfies
az = (I —2)(10 + 6p;; — 3pz2j — pf’j) +2(I —1)pi;(4 — 3p12j) = 0, then

2a1 = —pi;(21 +3(I = 2)pi; + (I —4)p};) > 0.

Also, at the boundary condition p;; = 0, if p satisfies a1 o< 2((/ —2) — (I —1)p) + 3L —2)(1 + ({ —
1)5)(1 ~ 7) = 0, then

3(1—2)as = —8((I—-1)p—

This concludes that {(X,Y) : ag > 0,p > 0, p;; < 0} is a subset of {(X,Y) :a1 > 0,p > 0,p;; < 0},

i.e., ag > 0 implies a; > 0.

Taking I — co: Similarly to Lemma 1, we can be proved that if the coefficient of o*" is positive,

(n—1)

the coefficient of o2 is positive in the r.h.s. of inequality (19) for any n = 1,2, 3.

When (1 —p)% + 2p;; > 0,
\2 _ 9 3 Lo
(1 =0+ pij) +(2—p— p;;)2pij > _(Z +p+ (pij + 5) )2pij > 0.
When (1 —p)?(3 + pij) + (1 — p)2pij + (1 = p};)2pij > 0,
(1= p)(B+2pij — pij) + (1 = p};)2pi5 > (1 = p)(P(3+ pij) — pij (1 + pij)) > 0.

The last coefficient (1 — p)?(1 — p;;)(1 + pi;)? is always positive. ®
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