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ABSTRACT. What determines the composition of international portfolio investments remains
an open question in international finance. In this paper, I propose a theory of international
portfolio choice where trade networks play a key role. I solve in closed form for the optimal
equity and bond portfolio investments in a multi-country model with arbitrary global input -
output linkages and taste differences. I show that a measure of international demand expo-
sure, called the “International Domar Weights” (IDWs), is key in determining international
equity portfolios, and that a matrix measuring expenditure switching on network determines
the bond portfolios. The IDWs extend the closed-economy “Domar weights” to the interna-
tional setting and capture countries’ interdependence through both direct and indirect trade
linkages.

Using data from the World Input - Output Database (WIOD) and Coordinated Portfolio
Investment Survey (CPIS), I apply the framework to a network of 43 major developed and
emerging economies and obtain four main results. First, the theoretical network portfolio
is a significant predictor and explains almost half of the variation in international bilateral
portfolio investments. The significance of the network portfolio is robust to controlling for
gravity factors (market capitalization, distance, EU membership, etc.). Second, including the
network-based portfolio in a gravity model for assets resolves the puzzle of why distance mat-
ters for asset trade at all. Third, indirect trade linkages matter for portfolio determination,
highlighting the need to explicitly account for trade in intermediate inputs. Finally, the model
predicts both the levels and the changes in equity home bias that have occurred since 2000.
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1. INTRODUCTION

International portfolio investments are an important part of the global economy, yet we
know little about their determinants. To be specific, despite a large literature focusing on the
asset allocation problem between domestic versus foreign assets (the “home bias” literature,
starting with French and Poterba (1991)), far fewer papers have attempted to explain asset
allocation between multiple foreign destinations, i.e., the composition of external portfolios.
The shortage of empirical work is partly due to the lack of a theory of portfolio choice in an
N−country setting with realistic cross-country asymmetries present in the data.

This paper fills that gap by providing the first theory of international portfolio invest-
ments where trade networks play a central role in driving portfolio choices. In particular, I
solve in closed form for the optimal equity and bonds portfolio in a workhorse real business
cycle (RBC) model with an arbitrary number of countries, arbitrary taste differences, and
arbitrary international input-output linkages. In this general setting, I show that a measure
of international demand exposure, called the “International Domar Weights” (IDWs), is key
in determining international equity portfolios. The IDWs extend the closed-economy “Do-
mar weights” to the international setting and capture countries’ interdependence through
both direct and indirect trade linkages. On the other hand, the bond portfolios depend cru-
cially on a matrix capturing expenditure switching effects as well as the prevailing equity
portfolios.

Using data from the World Input-Output Database (WIOD) and Coordinated Portfolio
Investment Survey (CPIS), I apply the framework to a network of 43 major developed and
emerging economies and obtain four main results.

First, I show that the equity portfolio predicted by the trade networks (henceforth, the
network portfolio) explains equity holdings data better than other models that assume sym-
metry and models without input-output linkages. By itself, the network portfolio explains
almost half of the variation of all bilateral equity shares. A regression of data shares against
theory shares has an adjusted R2 of 0.48. This model performs better than a simple model
where investors hold the world portfolio, which predicts that the portfolio share is propor-
tional to the market capitalization of the destination country (adj. R2 = 0.41). A gravity
model with other covariates (distance, contiguity, EU membership, common language, etc.)
has more explanatory power (adj. R2 = 0.59), but also has more degrees of freedom. Im-
portantly, controlling for these bilateral gravity variables, the network portfolio is still a
significant predictor of the data portfolio, explaining 10% of the variation that bilateral
gravity variables cannot explain. Furthermore, key gravity variables such as the market
cap of the destination and distance are no longer significant predictors of portfolio shares
after controlling for the network portfolio.
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The second finding is that the network portfolio helps resolve the “distance puzzle” for
assets. In particular, a gravity equation for assets without the network portfolio yields
a large negative coefficient on distance (from -0.6 to -1). It is unclear why geographical
distance would greatly affect the trade of assets. Portes and Rey (2005) found that including
measures of informational frictions can reduce the effect of distance on asset holding, but
the effect remains significant. I show that including the network-based portfolio in a gravity
regression makes the effect of distance statistically indistinct from zero.

Third, I show that the portfolio which disregards intermediate input linkages is less suc-
cessful in explaining the data, highlighting the necessity of considering the whole trade
network structure for portfolio determination. Finally, turning focus to the diagonal ele-
ments of the portfolio matrix, I show that the model explains cross-country differences in
equity home bias, both in level and in long-run changes.

In my model, investors choose the optimal holding of international equities and bonds
to hedge against international investment and relative price risks. Such risks propagate
through the trade networks and impact country outputs (GDPs). Investors can hedge these
risks to have a stable national income and consumption by holding the appropriate hedg-
ing portfolios. I show that the effect of shocks on a country’s GDP can be decomposed into
two terms: fluctuations of aggregate expenditure (consumption and investment) and fluctu-
ations in international relative prices. This decomposition makes clear the hedging role of
equities and bonds. Equities are best used to hedge against investment risks since their div-
idend incomes correlate strongly with investments. Meanwhile, bonds have payoffs closely
related to relative prices and, therefore, should be used to hedge against relative price risks.

Several papers that jointly study international equities and bonds, such as Coeurdacier
et al. (2010) and Coeurdacier and Gourinchas (2016), performed a similar strategy of project-
ing shocks onto the space spanned by investment and relative prices. I provide a generalized
result in this framework with a full trade network structure and derive the loading matrices
of country GDPs on international investment and price fluctuations, which are important
determinants of the equity and bond portfolios.

The first key theoretical result is that the equity portfolios are determined by a matrix
of International Domar Weights (IDWs), which measures the total value-added produced
by a sector that is included in the consumption basket of each country. In equilibrium, the
IDWs capture the first-order impact of a country’s investment spending on another coun-
try’s output. If production relied only on the domestic value-added (no intermediate goods),
this exposure to investment risk would be well-captured simply by the direct trade shares.
With intermediate goods used in production, however, a country’s can be exposed to another
country’s investment fluctuations even if it does not export directly to that country. The
exposure could instead come from linkages with trade partners along the value chain. In
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a world with complicated global value chains, considering only direct bilateral trades likely
leads to mismeasurements of international income exposure. Johnson and Noguera (2012)
was the first paper to derive the expression for the IDWs (which they call “trade in value
added”) to study the variation of the value added-to-export ratios across countries. In this
paper, I incorporate the IDWs in a fully micro-founded structural macroeconomic model and
show how they capture the transmission of shocks through the trade networks.

The international Domar weights differ from their domestic counterpart in an important
way. In a closed-economy setting, the Domar weight of a sector corresponds to its sale
share and fully captures the impact of its TFP shock on aggregate output. This result is
the basis for the “network irrelevance” property of the celebrated Hulten (1978)’s theorem:
the network structure is not necessary for understanding the impact of sectoral shocks on
aggregate output or welfare.1 In an open economy setting with heterogeneous consumption
preference, however, there is no directly measured counterpart of the IDWs, and calculating
the IDWs requires knowing the full network structure.

The second result is that the bond portfolios are determined by a matrix MP that mea-
sures expenditure switching effect on network. In particular, the element MP

i j measures
the first-order impact on GDP in country i for a change of price of good j. The two-country
intuition is that if a good has become relatively more expensive and the elasticity of substi-
tution is bigger than 1, consumers will switch their expenditure away from that good. With
the presence of intermediate goods, an increase in the price of good i affects not only the
sales of sector i, but also the sales of sectors using good i as an input, for their marginal
cost and price have increased as well. These indirect (1-step, 2-step, etc.) network effects
are succintly captured by matrix MP . To the extent that bonds are used to hedge income
loss and gain due to fluctuation in relative prices, the bond portfolio is mainly determined
by matrix MP .2

The real business cycle setting here is related to the closed-economy model of Long and
Plosser (1983), extended to account for the heterogeneous consumption preference across
countries. The portfolio determination channels here are similar to those in Coeurdacier
et al. (2010) and Coeurdacier and Gourinchas (2016), with a generalization beyond the sym-
metric 2-country setting. The model features endogenous investment, as in Heathcote and
Perri (2013), but enhances the results in Heathcote and Perri (2013) by incorporating bonds
in the analysis, which helps keep the equity portfolios robust to functional specifications.

1One of the few counterarguments to the “network irrelevance” result is Baqaee and Farhi (2019), who argue
that the production network matters through large and nonlinear second-order effects.
2In addition to the relative price-hedging bond portfolio, bonds can be additionally used to hedge consumption
risk due to fluctuations in the real exchange rate. This channel is operational when the coefficient of relative
risk aversion is different from 1. I explain in full detail this exchange rate-hedging portfolio in the main text,
but do not emphasize here.
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Section 2 presents the model, introduces the IDWs, and shows the optimal portfolios. Sec-
tion 3 evaluates how well the theory portfolio explains portfolio holdings in the data. Here
I also present a comparison with the gravity model and show the role of indirect linkages
in portfolio determination. Section 4 shows the extensions to the baseline model. Section 5
concludes.

Related literature. This paper contributes to three strands of literature.
First, it is related to a large literature on international risk-sharing and diversification

motive of international portfolio investments. In a seminal paper, Lucas (1982) argues that
investors with identical preferences can perfectly diversify consumption risk by having each
country holding half of the other country’s output stock in a two-country model. French and
Poterba (1991) started a large literature on home bias and noted that equity portfolios in re-
ality are strongly biased towards domestic equity, contradicting the Lucas (1982) argument.
Some authors view this empirical evidence as a lack of international risk-sharing caused by
either trade costs for goods (Obstfeld and Rogoff (2001), Fitzgerald (2012)) or assets (Portes
and Rey (2005)). Lane and Milesi-Ferretti (2008) generalizes the Obstfeld and Rogoff (2001)
model to an N−country setting and is one of very few studies that explains bilateral equity
positions. In their model, equity investment is tightly linked to bilateral imports, because
both are affected by trade costs in goods. I argue in this paper that not only bilateral trade
but also indirect linkages matter.

Heathcote and Perri (2013) studies a setting with only equities and endogenous invest-
ment and finds that perfect risk-sharing can be achieved with a home-biased equity port-
folio. The equity portfolio in that setting, however, relies crucially on having Cobb-Douglas
production. Coeurdacier and Gourinchas (2016) and Engel and Matsumoto (2009) empha-
size the role of bonds in hedging against relative price fluctuations and yielding equity
portfolios that are robust to deviating from Cobb-Douglas production, an insight which I
leverage here.

The second strand of related literature is on the production network in closed economies.
Domar (1961) and Hulten (1978) pioneered this literature and focused on analyzing the
effect of sectoral shocks on aggregate output. A large literature that follows focuses on ex-
plaining the importance of “granular” or “micro” shocks in spite of Hulten’s theorem (Gabaix,
2011; Long and Plosser, 1983; Acemoglu et al., 2012; Baqaee and Farhi, 2019). In an inter-
national setting, this paper shows the difference between the international Domar weights
and those in a closed economy, and studies portfolio holding.

Finally, this literature is related to an emerging literature on networks in finance. In the
closed-economy setting, Herskovic (2018) shows that beta-sorted portfolios using network
concentration and sparsity factors generates excess returns that cannot be explained by
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traditional models. Herskovic et al. (2020) shows empirical evidences that production net-
works also explain the evolution of firm size and volatility distributions in the data. Gofman
et al. (2020) analyzes a firm-level supplier-customer dataset and shows that a measure of
a firm’s distance from consumption-good producers predicts stock returns and exposure to
aggregate shocks.

In the open-economy finance literature, di Giovanni and Hale (2021) provides evidence
for the importance of trade network in transmitting shocks globally, arguing that 70% of
the total impact of US monetary policy on international stock returns is due to the trade
network. Chang et al. (2020) provides similar evidences using sovereign CDS prices. Rich-
mond (2019) shows that countries that are more central in the international trade network
tend to have lower interest rates and currency risk premia. Jiang and Richmond (2019)
study how the trade networks affect international transmission of shocks and international
asset prices in a model without investment. This paper contributes by looking at portfolio
(“quantity”) instead of asset prices. Section 4.3 also shows how asset pricing can be studied
in closed form in a model with investment.

2. MODEL

2.1. Environment. The world economy consists of N countries. Each country produces a
country-specific intermediate good and a final good. The intermediate good i is produced
using domestic labor, capital, and other intermediate inputs according to a technology:

Yi,t = ZY
i,t

(
Lθ

i,tK
α
i,t

)1−γ
[

N∑
j=1

ω
1− 1

ε

i j X
1
ε

i j,t

] εγ
ε−1

.

The final good is produced using a basket of domestic and imported intermediate goods:

G i,t =
[

N∑
j=1

ξ
1
ε

i jG
1− 1

ε

i j,t

] ε
ε−1

Once produced, final goods are used for domestic consumption and investment: G i,t = Ci,t +
I i,t. We use Pi,t and Q i,t to denote the price of intermediate and final good i, respectively.
For convenience, I use the tilde notation X̃ = PX X to denote the nominal value of a physical
quantity X .

Trade network. Let us define the consumption share matrix Ξ and the international input-
output (IO) matrix Ω as:

Ξi j,t =
G̃ i j,t

G̃ i,t
, Ωi j,t =

X̃ i j,t

Ỹi,t
for i, j ∈ {1,2, ..., N} .(1)
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Element (i, j) of matrix Ξ gives the share of country i’s total final expenditure spent on good
j. Similarly, the element Ωi j gives the share of sector i’s total revenue spent on purchas-
ing intermediate input j. The matrices Ω and Ξ describe the network of trade between
consumers and production sectors in the world.

Capital accumulation. In period t, sector i purchases I i,t units of the final good i and trans-
forms them into new capital using a linear technology:

K i,t+1 = (1−δ)K i,t +ZK
i,tIs,t.

The investment-specific technology (IST) shock ZK
i,t governs the efficiency of transforming

the consumption good into capital.3 Capital owners receive rental income net of investment
as dividends: Πi,t = r i,tK i,t −Q i,tI i,t. The total value of capital in country i is given by the
Bellman equation:

Vt(K i,t)=max
I i,t

{
r i,tK i,t −Q i,tI i,t +Et

[
Θi,t+1Vt+1(K i,t+1)

]}
,

where Θi,t+1 denotes the 1-period-ahead stochastic discount factor (SDF). Optimal capital
accumulation satisfies an Euler equation:

(2) 1= Et

[
Θi,t+1

Q i,t+1

Q i,t

ZK
i,t

ZK
i,t+1

(
1−δ+ r i,t+1

ZK
i,t+1

Q i,t+1

)]
.

Assets and preferences. The representative household in country i has CRRA utility u(Ci,t)=
C1−1/σ

i,t
1−1/σ over consumption of final good i. They supply Li units of labor inelastically and earn
labor income Wi,tLi.

Households in all countries can invest frictionlessly into international equities and risk-
free perpetual bonds. Each share of equity i costs PE

i,t and pays the capital dividends of
intermediate sector i. One unit of country i’s bond costs PB

i,t and pays 1 unit of the interme-
diate good i each period.

Let Λi j,t and Bi j,t denote the number of equity shares and bond units of country j held by
country i, respectively. Household i maximizes their expected lifetime utility

(3) Ui = E0

[ ∞∑
t=0

βtu(Ci,t)

]
by choosing asset holdings

(
Λi j,t,Bi j,t

)
i, j∈N ,t≥1 and consumptions

{
Ci,t

}
t≥0 that respect the

budget constraint:

(4) C̃i,t +
N∑

j=1

(
PB

j,tBi j,t +PE
j,tΛi j,t

)
= L̃ i,t +

N∑
j=1

(
PB

j,t +P j,t

)
Bi j,t−1 +

N∑
j=1

(
PE

j,t +Πi,t

)
Λi j,t−1.

3IST shocks have been argued to be an important driver of US business cycles (Justiniano et al., 2010) and
international trade dynamics (Eaton et al., 2016).
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Let us define the gross national income (GNI) and gross domestic product (GDP):

GDPi,t = (1−γi)Ỹi,t

GNIi,t = L̃ i,t︸︷︷︸
=θGDPi,t

+ ∑
j∈N

(
Bi j,t−1E i,t +Λi j,t−1Π̃ j,t

)
︸ ︷︷ ︸

Investment income

.

It will be useful later to rewrite the household budget constraint as:

(5) C̃i,t +PRi,t =GNIi,t,

where PRi,t =∑
j=1 PB

j,t
(
Bi j,t −Bi j,t−1

)+∑
j=1 PE

j,t
(
Λi j,t −Λi j,t−1

)
indicates portfolio rebalanc-

ing. A positive PRi,t indicates the extra investment required to increase the number of
shares held, while a negative PRi,t represents capital gain realized when shares are sold.

Market clearing. The market clearing conditions for final and intermediate goods:

(6) G i,t = Ci,t + I i,t, Yi,t =
N∑

j=1

(
G ji,t + X ji,t

)
, ∀i, j ∈N .

The market clearing conditions for assets are
∑

i∈N Λi j,t = 1 and
∑

i∈N Bi j,t = 0 for all j.

Solution method. I follow Samuelson (1970) and Devereux and Sutherland (2011) and solve
for the zeroth-order portfolio, obtained by approximating portfolio choice conditions to the
second order and the remaining equations to the first order. In particular, if the equilibrium
portfolio is Λ(St), with S being the vector of state variables, then we are solving for the
zeroth-order term Λ in the Taylor expansion

Λ(St)=Λ+ΛS ·
(
St −S

)
+ higher-order terms.

Generally, this method does not deliver a closed-form portfolio. It is possible in this model,
however, to obtain a closed-form solution because markets are complete up to the first or-
der of approximation.4 When markets are complete, the competitive equilibrium allocation
replicate that of the Social Planner, and the equilibrium portfolio is one that supports the
efficient allocation.5

Specifically, if the full set of Arrow-Debreu securities were available, efficient risk-sharing
stipulates that consumption levels satisfy the Backus and Smith (1993) condition:

(7) ∆c̃i,t+1 −∆c̃ j,t+1 = (1−σ)∆e i j,t+1, ∀i, j ∈N .

4We have complete markets in the linearized model because the number of shocks and assets are exactly equal
(2N), which makes both income risks and asset returns linear combinations of 2N shocks. Thus, there exists
a unique portfolio of 2N assets that allows households to perfectly hedge against risks. In some special cases
(e.g. when σ= ε= 1), we have complete markets globally.
5This is also the approach in Coeurdacier et al. (2010), Engel and Matsumoto (2009), and Coeurdacier and
Gourinchas (2016).
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where e i j ≡ qi−q j is the real exchange rate. In the special case of log utility (σ= 1), country
consumptions have the same growth rate at all dates and states of the world. From the
household budget constraint (5), we can see that relative consumption can be kept stable
using a passive portfolio (P̂R i,t = 0 ∀i) if it generates stable relative national incomes. That
passive portfolio is also the zeroth-order portfolio. While the discussion so far has focused
on the log utility case, the general logic applies. If households have a higher (lower) risk
aversion than implied by log utility, they have an additional motive to shift expenditure into
(out of) states of the world where their final good has become relatively more expensive.
This real exchange rate (RER) hedging motive requires a modification to the bond portfolio,
which I describe and explain in Section 2.3.

I start with characterizing how international shocks propagate through the trade network
and affect country GDPs and labor incomes in Section 2.2. Having understood the structure
of shock transmission, I give the optimal equity and bond portfolios in Section 2.3.

2.2. Shock propagation and risks to GDP. Let us start with an accounting identity that
links final expenditure (G̃) and the income of upstream producer (their GDPs).

Definition 1. Let Ωt and Ξt be the expenditure share matrices defined in eq. (1). Define
the International Domar Weight (IDW) matrix as:

(8) Mt =
(
1−γ)[

I −γΩ′
t
]−1
Ξ

′
t.

Lemma 1. Country GDP and expenditure G̃ satisfy:

(9) GDPt = MtG̃ t.

Proof. See Appendix A.1 �

Lemma 1 shows that, despite a potentially complicated, multi-stage nature of production,
a simple matrix M fully captures the relationship between upstream producers and ultimate
consumers. In particular, the element Mi j gives the value added content of intermediate
sector i embedded in the consumption and investment of country j, accounting for both
direct and indirect links on the global value chain.6

The International Domar weights are closely related to their closed-economy counterpart:
both indicate the sales or value added share in consumption.7 There are two key differences,

6For example, a producer of semiconductor chip does not transact directly with car buyers, for they only sell
components to car producers. Consequently, direct trade data do not record any transaction between these two
parties. On the other hand, the IDWs trace through the input-output structure and measure the fraction of
proceeds from car sales that ultimately flow to chip producers.
7Seminal works by Hulten (1978) and Long and Plosser (1983) showed that in a closed economy with N
sectors, intermediate input trade network Ω, and a representative agent with preference lnC = ∑N

j=1 ξ j lnC j

(with
∑

j ξ j = 1), the equilibrium industry sale shares are given by: m = (1−γ)
[
I−γΩ′]−1

ξ. These sales shares
are called the “Domar weights”, due to its early usage by Domar (1961) to aggregate sectoral TFP shocks.
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Origin Destination Intermediate Share Final Share Scaled IDWs

Japan China 1.61% 2.31% 5.57%
Japan US 0.99% 0.49% 2.64%
Japan Australia 1.00% 0.10% 1.50%
Japan Korea 0.73% 0.30% 1.28%
Japan Russia 0.50% 0.04% 1.11%

TABLE 1. International Domar weights versus Bilateral Trade Shares for Japan

Data: World Input - Output Table. The intermediate import share matrix Ω and final import share matrix Ξ
are imputed directly from WIOT. The international Domar weights are calculated as M = (1−γ)

[
I−γΩ′]−1

Ξ′.

however. First, since there are heterogeneity in preferences across countries, the IDWs are
a 2-dimensional object. Secondly, while the closed-economy Domar weights are directly
observable (as industry sale shares), the IDWs are not directly observable and must be
calculated from the expenditure share matrices. Unlike the closed-economy case, calculating
the IDWs requires knowledge of the full network structure. To the best of my knowledge,
the IDWs are first derived by Johnson and Noguera (2012) in a study of the cross-country
variation in the value added to exports (VAX) ratio.

The IDWs succintly capture the first-order impact of downstream spendings on upstream
producers’ incomes. This is most obvious in the case of ε= 1, in which all expenditure shares
and IDWs are constant. Differentiating equation (9) when M is a constant matrix gives:

(10)
∂GDPi,t

∂G̃ j,t
= Mi j.

In other words, any shock that raises country j’s final expenditure by $1 increases country
i’s GDP by $Mi j.

As an illustration, table 1 illustrates the IDWs in the data and shows how measures of
direct bilateral trade underestimate actual trade linkage. The first row of Table 1 shows
that while Japan accounts for only 1.61% of all Chinese intermediate imports and 2.31%
of Chinese imported final goods, the corresponding scaled IDW is 5.57%. Thus, in terms
of factor content, Japanese factors account for 5.57% of Chinese final consumption, and
the bulk of Japanese factor exports to China is via intermediate goods produced in other
countries. In other words, Japan is more exposed to Chinese final expenditure than as
indicated by direct trade statistics.

For a general elasticity ε, the expenditure shares will change over time as consumers
react to changes in relative prices (expenditure switching). To account for this effect, let us
define an expenditure switching matrix. Lemma 2 then generalizes equation (10).
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Definition 2. Define the expenditure switching matrix MP as:

(11) MP
t = (ε−1)(1−γ)

[
I −γΩ′

t
]−1

(
DỸ −Ξ′

tDG̃Ξt −Ω
′
tD X̃Ωt

)
,

where DX = diag(X ).

Lemma 2. To the first order, the impact of shocks on GDP can be decomposed into two
terms: fluctuations in downstream expenditures (̂̃G) and in international relative prices (p̂t).
Specifically, we have:

(12) �GDPt = M̂̃G t −M
P

p̂t.

where M is the IDW matrix, and M
P

is the expenditure switching matrix in the steady state.

The first term in equation (12) is the same as in the Cobb-Douglas case. The second
term is the expenditure switching effect. If ε = 1, there is no expenditure switching, and
M

P = 0. With ε > 1, the good that has become relatively more expensive has lower output
and value added (the DỸ term). This effect propagates upstream to intermediate input
suppliers of the affected sector, lowering value added in these sectors as well (the Leontief
inverse

[
I −γΩ′

t
]−1). The last two terms in the big bracket of equation (2) represents a

composition effect: if an intermediate good is already large component of some basket, its
price increase relative to the basket is smaller.8

The decomposition in Lemma 2 is central to our optimal portfolio analysis. As discussed
in Section 2.2, the zeroth-order portfolio implements the Pareto efficient allocations in the
linearized model and keeps relative GNI constant at all dates and states. Lemma 2 shows
that if we can perfectly hedge income risks caused by any realization of (̂̃G t, p̂t), we can
perfectly hedge income against any arbitrary realization of the underlying shocks. I present
next the optimal equity and bond portfolios that achieve this goal.

2.3. Equilibrium portfolio. In mentioning the bond portfolio below, B̃i j denotes country
i’s holding of bond j evaluated using its steady-state price: B̃i j = Bi jP j.

Proposition 1 (Portfolio with General Elasticities). Let M be the IDW matrix and M
P

the
expenditure switching matrix in the steady state. We have:

(1) To the first order of approximation, the competitive equilibrium with only bonds and
equities is Pareto-efficient.

(2) The steady-state equity portfolio hedges against international investment risks and is
given by

Λ= θM
[
I −αM

]−1
.

8As an illustration, consider a basket that has two goods: good 1 with weight ω and price p, and good 2 has
weight 1−ω and price p∗. The basket price is given by q = ωp+ (1−ω)p∗. The relative price of good 1 (to
the basket) is given by p− q = (1−ω) (p− p∗). Thus, the effect of price change of a good on the relative price
decreases with its weight: d (p− q)= (1−ω)dp.
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(3) The steady-state bond portfolio is the sum of two components: B̃ER , which hedges
against exchange rate risk, and B̃P , which hedges against relative price risk. In par-
ticular, B̃ = B̃ER + B̃P , with:

B̃ER = (1−σ) [I −Λ]DC̃Ξ, and B̃P = [θI +αΛ] M
P

,

where DC̃ = diag(C̃) is a diagonal matrix of the steady-state consumptions.

Proof. See Appendix A.4 �

I now unpack each component of the optimal portfolio and provide intuitions. Readers
who are more interested in the empirical relevance of the theory may wish to skip ahead to
Section 3.

2.3.1. Intuition for optimal equity portfolio. Recall the decomposition in Lemma 2. Holding
relative prices constant ( p̂ = 0), relative GDPs can fluctuate over time due to differential
final expenditures across countries, combined with the fact that the geographical distribu-
tion preference for components of the final good differs internationally. Under complete
markets, relative consumption expenditures are constant, and the only driver of ̂̃G is in-
vestment. Since capital dividends are tightly linked to investments, equities provide a good
hedge against investment risk to cross-country incomes.

Let ̂̃I be a realization of sectoral investments in some state of the world. From Lemma 2,
the impact on producer income is captured by the IDWs: �GDP= M ̂̃I. Intuitively, sectors that
supply a large value added content for a country’s investment good benefit more when that
country experiences an investment boom. This extra income is split into labor and capital
income by their respective shares:̂̃L = θ�GDPt = θM ̂̃I, ̂̃K t =α�GDPt =αM ̂̃I.

Since making investment lowers dividends (capital income minus investment) one-for-one,
the net impact of investment on dividends is given by:̂̃Πt =

(
αM− I

) ̂̃I t.

The optimal equity portfolio Λ is the unique portfolio that makes the sum of labor and
financial income relatively constant across country:̂̃L+Λ ̂̃Π= θM ̂̃I +Λ(

αM− I
) ̂̃I t =

[
θM+αΛM−Λ

] ̂̃I = 0

for all realization of ̂̃I. Therefore, we must have θM+αΛM−Λ= 0, which delivers a unique
solution for Λ:

Λ= θM
[
I −αM

]−1
.

This is the equity portfolio presented in Proposition 1.
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We can expand the equity portfolio into an infinite sum:

Λ= θM+θαM
2 +θα2M

3 + ...

The first-order term of Λ is simply θM – the IDW matrix. In words, the most important de-
terminant of international equity holding is given by the IDWs, which measure downstream
expenditure risk via the trade network. Country i holds a higher share of country j’s equity
if country i has a large value added content embedded in country j’s investment.

This result is driven by the negative correlation between labor income and dividends in
the model when driven by investment, ceteris paribus. Suppose country j experiences an
investment boom, which could be due to a positive TFP or investment shock. This leads to
increased labor incomes for all suppliers of the investment good j (including its components).
Simultaneously, the dividends of country j, Π̃ j = αK̃ j − Ĩ j, is significantly lower due to in-
vestment financing. Thus, a supplier country i can hedge against the higher labor income
by holding country j’s equity shares. The amount of shares required for hedging is approx-
imately proportional to how much country i’s income depends on investment spending in
country j, measured by the IDW Mi j.

Several earlier papers have explored the role of cor(L̃,Π̃) < 0 in determining the hedg-
ing equity portfolio in two-country models (Heathcote and Perri, 2013; Coeurdacier et al.,
2010). My contribution here is to show that, in a multi-country model with arbitrary pref-
erences and input-output linkages, the IDWs are the correct measure of income exposure to
investment fluctuations, and, therefore, the determinant of international equity holdings.

We can also understand the optimal equity portfolio from a network perspective. In gen-
eral, consider a directional, weighted network described by an adjacency matrix A. Let b
be a vector of nodes’ intrinsic importance, i.e. its importance without considering network
linkages. Let Bi be a measure of node i’s importance, either intrinsic (bi) or via links with
other important nodes:

(13) Bi =φ
∑

j
A i jB j +bi.

The parameter φ describes the strength of network effects compared to intrinsic importance.
Equation (13) can be written and solved in matrix form:

B(A,φ,b)= [
I −φA

]−1 b.

This measures of importance, or centrality, is also called the Bonacich centrality measure.
Mapping to the equity portfolio in this paper, we can write the equity portfolio as:

Λ′ = [
I−αM′]−1 (θM′).
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Thus, the equity portfolio of country i is precisely a vector of Bonacich centrality measure
with the adjacency matrix M′, network strength α, and intrinsic importance equals θMrow i.

Λrowi =B(M′,α,θMrow i).

Intuitively, country i should hold higher equity shares in countries that are more central (in
the Bonacich sense) to country i. The relevant network for portfolio consideration, however,
is not the trade network but the network described by the IDWs because the latter more
correctly captures income risks in the presence of intermediate input trades.

2.3.2. Intuition for the relative price-hedging bond portfolio B̃P . The bond portfolio B̃P hedges
against the income risk coming from relative price fluctuations, i.e. the second term in
Lemma 2. Let us first consider how changes in relative prices of intermediate goods affect
relative GNI:

(14)
∂GNIt

∂p̂t
= [θI +αΛ]︸ ︷︷ ︸

∂GNIt
∂GDPt

(−M
P︸ ︷︷ ︸

∂GDPt
∂p̂t

).

The second term, M
P

, captures how relative price changes affects country GDPs via the
expenditure switching effect. The first term describes how GDP changes affects GNI: a
fraction θ of GDP is labor income that enters GNI directly, while a fraction α of GDP is the
capital income that gets paid out to international investors via the equity holding structure
Λ.

The relative price-hedging bond portfolio then must have payoffs that exactly compensate
the income risk for all realizations of p̂:

(15) B̃P p̂t = [θI +αΛ] MP p̂t.

which is the portfolio given in Proposition 1.
In general, when the elasticity of substitution is greater than 1, a domestic price increase

causes consumers to substitute away from the domestic good, causing an income loss. This
is reflected through positive diagonal elements of MP . When equities exhibit full home bias
(Λ = I), the relative price-hedging bond portfolio is exactly MP and also has large positive
diagonal elements, implying an optimal long position on the domestic bond. Intuitively, this
happens because the bond returns is high (high Pi,t) precisely when there is income loss due
to substitution.

Interestingly, as the level of equity home bias is reduced, the long domestic bond position
is also reduced. In particular, the domestic bond position is:

B̃P
ii =

N∑
j=1

(θ+αΛi j)M
P
ji.
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All else equal, an ε reduction in domestic asset holding also reduces domestic bond holding
by M

P
ii. This happens a reduction in domestic equity holding breaks the link between GDP

and GNI: a relative price increase can lower domestic output and value added while not af-
fecting domestic income as much if domestic residents own less of the domestic production..

2.3.3. Intuition for the exchange rate-hedging bond portfolio. The discussion thus far focuses
on the case of log utility. In this case, it is optimal to hold relative GNI constant. If investors
have a higher level of risk-aversion (σ < 1), they additionally want to shift expenditures
into states where their domestic final good becomes expensive, and vice versa for the case of
σ> 1. They can use bond holding for this purpose, as described below.

Suppose some combination of shocks have made certain final goods more expensive than
others, captured by a realized vector q̂ of final good prices. Complete markets imply that
country i wants to increase its consumption expenditure by an amount ̂̃ci,t = (1−σ) q̂i,t.
Rewriting in matrix form, we have:

̂̃ct = (1−σ) q̂t.

It is then straightforward to calculate the extra income needed to hedge against the ex-
change rate risk:

∂GNIt

∂q̂t
= [θI +αΛ]︸ ︷︷ ︸

∂GNI
∂GDP

MDC̃︸ ︷︷ ︸
∂GDP
∂̂̃ct

· (1−σ)︸ ︷︷ ︸
∂̂̃ct
q̂t

.

The optimal exchange rate-hedging bond portfolio has payoffs that exactly compensate
for the budget surpluses/shortages induced by changes in the desired consumption levels:

B̃ER p̂ = (1−σ)
[
I − (θI +αΛ) M

]
DC̃ q̂.

Using q̂ =Ξp̂ and (θI +αΛ) M =Λ gives the exchange rate-hedging bond portfolio:

B̃ER = (1−σ) [I −Λ]DC̃Ξ,

where DC̃ = diag(C̃).
To get at the core intuition, let us focus on the case where agents only consume their

domestically produced good (Ξ= I). In this case, the exchange rate-hedging portfolio can be
written as:

B̃ER
i j

C̃ j
= (1−σ)(1i= j −Λi j).

Thus, country i holds a position of bond j that is proportional to the its net equity position of
country j. If investors are more risk averse than log utility (σ< 1), then the theory predicts
that (1) agents go long on domestic bond and short foreign bonds, and (2) the long domestic
position is higher if a higher fraction of domestic stocks is held by foreigners.
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Prediction (1) yields from the fact that the domestic bond pays higher returns in states of
higher consumption (both positively correlated with domestic price p̂). Prediction (2) is due
to a “leakage” phenomenon: if foreigners own a large part of domestic production, a higher
fraction of domestic expenditure “leaks” to foreign investors instead of becoming domestic
income. This implies that hedging against exchange rate risk requires a larger expenditure
transfers between states, done via a higher domestic bond position.

3. EXPLAINING INTERNATIONAL PORTFOLIO INVESTMENT IN THE DATA

This section evaluates the empirical usefulness of the theory in explaining actual portfolio
equity investments that we observe in the data. The model has predictions for both the
country equity and bond portfolios. Equity in the model corresponds to claims on capital and
maps naturally to equity investment in the data. Bonds, on the other hand, are modeled as
claims on the country-specific good and do not have a natural counterpart. An empirical
analysis of bonds requires data on bonds used for hedging motives (for example, currency
forward contracts). Without that data available, I focus on the equity portfolio here.

I perform the analysis in two steps: I first focus on the composition of the external portfolio
in section 3.1, before turning to explaining asset home bias in section 3.2.

3.1. Explaining the composition of the external portfolio. This section compares the
optimal portfolio presented in Proposition 1 (henceforth, network portfolio) with the bilat-
eral portfolio equity investment recorded in the Coordinated Portfolio Investment Surveys
(CPIS) dataset. I calculate the network portfolio using trade shares matrices (Ω,Ξ) taken
from the World Input-Output Database (WIOD):

Ωi j = Export from i for use as intermediate input in j∑
k Export from k for use as intermediate input in j

.

Ξi j = Export from i for use as final consumption in j∑
k Export from k for use as final consumption in j

.

The WIOD dataset records annual total export flows from a country-sector pair to another
country-sector pair, decomposed into usage for intermediate versus final consumption. The
dataset covers 43 countries, including 28 EU countries, 14 other major advanced and emerg-
ing economies, and a Rest of World (ROW) aggregation for the remaining countries. Impor-
tantly, WIOD contains the decomposition of export flows for intermediate uses (56 sectors)
and for final uses (5 sectors). The data is available for 1997, and every year from 2000 to
2014. Sectoral data is aggregated the national level to map directly to the baseline model,
but a more granular analysis at the sector level can be done using the result in section
4.1. For the purpose of analyzing the country portfolio, granular sectoral analysis does not
change the main results presented here.
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Having calculated the trade share matrices (Ω,Ξ), the network portfolio rule is given by
Proposition 1:

Λ= θM [I−αM]−1 , with M ≡ [
I−γΩ′]−1

Ξ′.

Note that Λi j is the portfolio fraction of j’s equity market cap owned by i. The portfolio
share of country j in the external equity portfolio of country i is given by:

(16) Theory equity sharei j =
Λi jPS

j∑
k 6=iΛikPS

k

,

where PS
j is the stock market cap of country j in the steady state.9 In calculating the theory

portfolio, the intermediate input shares γ are taken from the data. I calibrate the capital α
and labor share θ of value added to be α= 1−θ = 1/3, besides which the calculation of equity
portfolios is done with zero free parameters.

The portfolio shares (16) is then compared to its data counterpart, which is calculated
from the IMF’s Coordinated Portfolio Investment Surveys (CPIS) data set. The CPIS data
contains bilateral equity and bond investment data for more than 200 countries over the
period 2001-2018. Since the WIOD country sample is more restrictive, I aggregate the non-
WIOD countries into a Rest of World (ROW) block. Being a data set of external investments,
CPIS does not contain investments into own country. The data equity share between origin
i and destination j for a given year is given by:

(17) CPIS equity sharei j =
Portfolio equity investment from i to j

Total portfolio equity investment from i to all countries k
.

In the analysis, I drop the country pairs for which the CPIS equity share is extremely small
(less than 0.001%).

The CPIS data is subject to the “residency” vs. “nationality” problem (Coppola et al.,
2020). In particular, since global firms sometimes finance themselves via shell companies in
tax havens or financial centers, CPIS data often obscures the true nationality of the issuers
or investors. For example, Coppola et al. (2020) shows that US investment into China is
understated while investments into tax havens are overstated. Indeed, the model struggles
to explain the large equity inflows into small tax havens that are otherwise insignificant
in the global trade network, and this reflects a data problem rather than an error of the
model. To resolve this problem, I use the equity portfolio reallocation matrices provided by
Coppola et al. (2020) to “restate CPIS,” i.e. restating flows into tax havens to the correct
ultimate issuing countries. Coppola et al. (2020) does not provide reallocation matrices for
all investor countries, and I retain the original CPIS flows in those cases.

9In the steady state, the stock market cap of each country can be shown to be the eigenvector of the optimal
portfolio rule matrix Λ corresponding to an eigenvalue of 1.
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3.1.1. Fit of network portfolio. To evaluate the performance of the network portfolio, I run
a simple baseline regression:

(18) log
(
CPIS portfolio sharei j

)=α+β log
(
Network portfolio sharei j

)+εi j.

Here, the indices (i, j) denotes a distinct country-pair (i 6= j). If the theory is a “perfect”
explanation of the data, one expects α = 0 and β = 1 and an R2 of 1. Data for the year
2005 is used for the empirical analysis, but similar results are obtained for other years and
reported in the online appendix.

This regression is reported in column (1) of Table 2. The network portfolio share is a
statistically significant predictor of the actual portfolio share in the data with a estimated
coefficient β̂= 1.19. That β̂> 1 suggests that the model slightly under-predicts the data. The
network portfolio alone explains half of the variation in bilateral equity portfolio holding
(R2 = 0.48). Figure 1 plots the network portfolio shares on the x-axis and the CPIS portfolio
shares on the y-axis. It is easy to see that the network portfolio fits the data well, reflecting
the high R2 of the regression. There are a few outliers on the upper-left corner, for example
Russia (RUS)’s holding of Cyprus (CYP) and Czech (CZE)’s holding of Malta (MLT) equities,
which again reflects the “nationality vs. residency” symptom that plagues the CPIS data.

I benchmark the network portfolio’s performance against two other parsimonious mod-
els: “size” and distance. The “size model” is the world CAPM model: if all countries share
the same preferences (which make their portfolio optimization problems identical), they
would hold the same portfolio in equilibrium. In this case, the portfolio share of country
j in country i’s external portfolio is proportional to country j’s share of the world market
capitalization excluding i. To test this simple theory of bilateral holding, I regress the log
CPIS portfolio share against the log market caps of the origin and destination and report
results in column (2) of Table 2. The theory would predict a coefficient of 1 for the destina-
tion market cap, and close to zero for the origin. Column (2) shows that the coefficient for
the destination country’s market cap is 0.77 (0.04), while that for the origin is statistically
indistinguishable from zero. This model performs slightly worse than the network portfolio
(R2 = 0.41), and has a large negative intercept of −7. This means that the data shares is
typically smaller than that predicted by the size model by a factor of 10−7, a problem that
does not exist for the network portfolio in column (1). The tight confidence interval also al-
lows us to reject the null hypothesis of everyone holding a world CAPM portfolio (of which,
the coefficient in front of the destination’s market cap should be 1).

Another alternative theory is that portfolio shares are influenced by informational fric-
tions, which I proxy using the geographical distance between the origin and destination
country. To test this, I augment the “size” model in column (2) by including a measure of
geographic distance. Column (3) reports the result of this specification: the model, with 3
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Dependent variable: CPIS portfolio share
(1) (2) (3)

Network portfolio share 1.19***
(0.05)

Market cap, origin 0.06 0.19***
(0.04) (0.03)

Market cap, destination 0.77*** 0.89***
(0.04) (0.04)

Distance -0.76***
(0.06)

Constant -0.05 -7.04*** -5.72***
(0.09) (0.34) (0.35)

Adj. R-squared 0.48 0.41 0.51
Number of observations 684 684 684

TABLE 2. Regression results for three models: network, size, and distance

Column (1) reports the regression result of data portfolio share (CPIS) on network equity
portfolio share as predicted by the theory (construction detailed in section 3.1). The model
is compared against two alternative simple models: “size” and “distance”, reported in
corresponding columns (2) and (3). Numerical variables are in log form, so coefficients can
be interpreted as elasticities. Heteroskedasticity-consistent standard errors are given in
parentheses. Data: CPIS, WIOD in 2013.

explanatory variables, does only slightly better than the network model (R2 = 0.51). The
coefficient for the market cap of the destination is slightly higher, but we can still reject the
null that it is 1. This model still suffers from having a large and negative intercept (-5.72).
Furthermore, the effect of distance is also large, with a coefficient of -0.76 (SE = 0.06). We
will return to discussing the effect of distance in the next section.

Network portfolio in a gravity model for assets. Next, I use a larger set of variables often
included in gravity equations in the trade literature to proxy for familiarity and/or frictions,
and see whether the network portfolio retains its explanatory power after controlling for
these factors. Several authors have suggested estimating a gravity equation for assets that
is similar to the popular gravity model in the international trade literature.10 Portes and
Rey (2005) empirically estimated a gravity model for equity trade flows11 of the type:

log
(
Equity flowi j

)=β1log(mkcapi)+β2log(mkcap j)+δ′τi j +ui j

10For a review of the gravity model in trade, see Anderson (2011).
11As opposed to explaining asset holdings, a stock concept.
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FIGURE 1. Bilateral portfolio equity shares: network portfolio versus CPIS data
This figure plots the CPIS portfolio equity shares against the theoretical network shares predicted
by the model. Theoretical shares were calculated using WIOD data on international input-output
linkages, as detailed in section 3.1. Equity share here is the total equity investment in a particular
foreign destination divided by total foreign equity investment by a given origin country. CPIS data
has been “restated” to account for indirect investments through tax havens and financial centers
using the procedure by Coppola et al. (2020). Some points in the scatter plot have been labeled in
the format “origin-destination.” The adjusted R-squared of the corresponding regression including
the constant is 0.49, and the regression slope is 1.17 (standard error = 0.04). Data: CPIS, WIOD in
2013.

where τi j is a vector of control variables that represent transaction costs in the asset mar-
ket.12 In Table 3, I compare the network portfolio presented in this paper with the gravity
model. Column (1) repeats the baseline regression result in Table 2. Column (2) reports
a gravity model that includes market caps, distance, and proxies of trade frictions such as
contiguity, common language, historical dependence (colony). I also include two dummies
for the US as an origin or destination due to its special role in international finance. Unsur-
prisingly, the gravity model (column 2, R2 = 0.57), with 16 variables (and 17 free parameters

12While popular, the theoretical underpinning of a gravity model for asset less understood, and there are few
papers on this topic. An exception is Chaney (2018), who provides the first theory of the role of distance in
gravity equation for trade using a network model of contact acquisition. In terms of gravity models for assets,
Martin and Rey (2004) provides a model in which Arrow-Debreu assets are endogenously created and traded
internationally, and gives rise to a gravity equation. The Arrow-Debreu assets traded in this framework,
however, do not resemble equities in the data (Okawa and van Wincoop, 2012).



INTERNATIONAL PORTFOLIO INVESTMENTS WITH TRADE NETWORKS 21

including the constant term), explains the data better than the network model (column 1,
R2 = 0.48), with 2 free parameters including a constant term.

Many variables are significant predictors in the gravity model. Most notably, the coeffi-
cient of the destination’s market cap is now 0.97 (SE = 0.07) is now in line with a CAPM
model. There is a large and negative effect of distance, as in a simpler regression before,
of -0.72 (SE = 0.08). Including the network portfolio into the gravity regression, however,
makes the effect of key gravity variables disappear. In particular, destination market cap
and distance are no longer significant predictor of equity shares. Meanwhile, controlling for
frictions makes the coefficient in front of network portfolio become 1.00 (SE=0.13). Figure
2 plots the data versus network portfolio shares again, now having residualized out all that
can be explained by gravity variables. The partial R2 of the network portfolio is 0.08.

Other robust variables include outflow capital control at the origin country (negative ef-
fect) and a US destination indicator (positive). The effect of capital control is expected: if
investors want to make outward investment, but legally barred by their country from do-
ing so, will not hold as high a share of foreign equities as the optimal theory predicts they
would. The positive coefficient of US as destination points to the special status of the US in
the global trade and financial system. Finally, whenever the network portfolio is included,
the significantly negative constant term disappears.

It is also worth noting that the model taken literally implies that once the estimated net-
work portfolio share is held fixed, the other explanatory variables should have coefficients
of zero. This hypothesis is rejected for some variables individually (particularly for outflow
capital control), and for all non-network portfolio variables jointly (p-value = 0.000). The
significance of gravity variables after controlling for the network portfolio share can be due
to possible measurement errors for the network portfolio shares, which can come from the
measurement errors in the input - output data. Another reason is that the gravity variables
proxy for frictions that are not present in the model.

Effect of distance on asset holdings. Distance is a significant predictor of bilateral asset hold-
ings, as shown in column (2) of Table 3. The coefficient (elasticity) of log distance is −0.72,
which is slightly smaller than previous estimates.13 However, presuming other covariates
have proxied well for informational cost, it remains puzzling why physical distance matters
at all for trade in assets. Adding the network portfolio to the gravity regression resolves the
distance puzzle. Column (3) of Table 3 shows that the effect of distance becomes statistically
insignificant when network portfolio is added. In summary, the empirical result in Table 3
shows that the effect of distance on international trade in assets is purely through its effect

13Portes and Rey (2005) estimates a coefficient in the range of (−0.9,−0.5) for distance, depending on specifi-
cations.
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Dependent variable: CPIS portfolio share
(1) (2) (3)

Network portfolio share 1.19*** 1.00**
(0.05) (0.13)

Market cap, origin 0.13** 0.15**
(0.06) (0.06)

Market cap, destination 0.97*** 0.07
(0.07) (0.14)

Distance -0.72*** -0.10
(0.08) (0.10)

Outflow capital control of origin -0.34*** -0.36***
(0.08) (0.07)

Inflow capital control of destination -0.14 -0.13
(0.10) (0.10)

Destination = US 0.58*** 0.70***
(0.11) (0.11)

Origin = US 0.32*** 0.16
(0.10) (0.10)

Destination = US 0.2684 0.4775
(0.104) (0.101)

Common official language 0.22*** 0.19***
(0.07) (0.07)

Market cap/GDP, origin -0.10 -0.12
(0.14) (0.13)

Market cap/GDP, destination -0.41*** 0.48***
(0.14) (0.18)

Constant -0.05 -5.95*** 6.175
(0.09) (0.78) (0.844)

Adj. R-squared 0.48 0.56 0.59
Number of observations 684 684 684
TABLE 3. Regression result of network model versus gravity model

Column (1) reports again the baseline regression result of data portfolio share (CPIS) on
network equity portfolio share (detailed in section 3.1). Column (2) regresses CPIS equity
share against bilateral covariates often included in a gravity equation. Column (3) adds
the network portfolio to the gravity model to show that network portfolio has explanatory
power beyond the gravity factors. Numerical variables are included in log form, so
coefficients can beinterpreted as elasticities. Heteroskedasticity-consistent standard errors
are given in parentheses. Other gravity variables included in the regression but are
statistically insignificant and are not reported here in the interest of space: contiguity, EU
membership indicators for origin and destination, WTO member indicators. Data: CPIS,
WIOD, CEPII gravity database. * p < 0.1, ** p < 0.5, *** p < 0.01.
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FIGURE 2. Partial regression plot: network portfolio versus CPIS data
This figure is the partial regression plot of CPIS portfolio equity shares against the theoretical
network shares predicted by the model. Both variables were residualized by gravity variables
(market caps, common language, contiguity, etc.). The partial R-squared associated with this graph
is 0.08.

on trade in goods. Holding constant the trade structure, distance by itself does not have an
effect on asset holdings.

Role of indirect linkages. In this section, I test for the role of indirect trade linkages in
determining optimal equity portfolios by controlling for the “direct-trade-only portfolio.” The
optimal equity holding in the model is a nonlinear function of the trade matrices (Ω,Ξ). In
particular, performing a Taylor expansion on the optimal equity holding matrix Λ gives:

Λ= θM [I−αM]−1 = θM+θαM2 +higher order terms

The matrix of international Domar weights is in turn given by:

M = (
1−γ)[

I−γΩ′]−1
Ξ′ = (

1−γ)
Ξ′+ (

1−γ)
γΩ′Ξ′+higher order terms
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So, to the first-order, optimal equity holding Λ is simply proportional to the transpose of the
consumption matrix Ξ.14 This portfolio has the portfolio decision rule Λi j = Ξ′

i j = Ξ ji, so
that the portfolio share of j in i’s portfolio is given by:

Direct-trade-only portfolioi j =
Ξ jiPS

j∑
k 6=iΞkiPS

k

,

where again PS denotes the steady state stock market cap.
For completeness, I also consider several candidate explanations for portfolio shares.

The first candidate is the destination’s share in the origin’s total imports, inspired by the
consumption-based mechanism presented in Obstfeld and Rogoff (2001). The second can-
didate is “trade intensity,” defined as the ratio of the bilateral trade volume to the sum of
the origin and destination’s GDPs. This is a model-free variable that is popular in the lit-
erature. Finally, I also test for “familiarity” – the hypothesis that investors tend to be more
familiar with their large trade partners. The familiarity variable is then constructed as the
destination’s share of the origin’s total trade (import plus export).

The result is presented in Table 4. Column (1) shows again the result of the baseline re-
gression (18), while columns (2) - (6) report the performance of alternative variables: direct
links only, import shares (Obstfeld and Rogoff (2001)), trade intensity, and familiarity. The
network portfolio explains the data the best (R2 = 0.49), and significantly better than the
model where only direct trade links are considered (R2 = 0.02) and the model-free variable
trade intensity (R2 = 0.25). Import shares (OR 2001) and familiarity have relatively high
explanatory power, with R2 equal 0.41 and 0.45 respectively. However, in a horse race with
the network portfolio, these two variables become insignificant.

In sum, this section shows that indirect trade linkages, not just direct trades, matter in
explaining international equity portfolios. This result highlights the need to account for
intermediate inputs and their trade networks in theoretical and empirical works.

3.2. Explaining Home bias. I now turn to evaluate the model’s predictive power on equity
home bias.

I measure equity home bias (EHB) in the data as the share of country equity portfolio
made up by domestic assets:

Data EHBi =
Domestic equity investmenti

domestic equity investmenti +external equity investmenti

The external equity component of a country’s portfolio is calculated simply by summing its
portfolio investments across destinations using CPIS data. However, CPIS does not include
the value of domestic equities held by domestic investors. I calculate this object as the total

14This first-order term is the exact result, not approximation, in a model without intermediate inputs (γ= 0).



INTERNATIONAL PORTFOLIO INVESTMENTS WITH TRADE NETWORKS 25

Dependent variable: CPIS portfolio share
(1) (2) (3) (4) (5) (6)

Network portfolio share 1.19*** 0.96***
(0.05) (0.16)

Direct links only 0.26*** -0.13*
(0.08) (0.07)

Import shares (OR 2001) 0.84*** 0.00
(0.05) (0.14)

Trade intensity 0.81*** 0.15
(0.05) (0.11)

Familiarity 0.98*** 0.14
(0.04) (0.22)

Constant -0.05 -1.76*** -0.61*** -0.18 -0.35*** -0.10
(0.09) (0.17) (0.09) (0.14) (0.08) (0.18)

Adj. R-squared 0.48 0.02 0.41 0.25 0.45 0.49
Number of observations 684 684 684 684 684 684

TABLE 4. Explanatory power of network portfolio after controlling for direct
trade measures

Column “Network” reports the regression result of data portfolio share (CPIS) on network equity
portfolio share as predicted by the theory. This portfolio is constructed in section 3.1 using WIOD
data. All numerical variables are in log form. The variable “direct-trade-only portfolio” is the
portfolio constructed by ignoring intermediate input-output linkages and looking at direct imports
only. “Import share” is the destination’s share of the origin’s total imports. “Trade intensity” equals
total trade volume divided by the sum of the GDPs of the origin and destination. “Familiarity”
refers to the destination share of the origin’s total trade (import plus export).

equity market cap less equity held by foreigners:

Domestic equity investmenti =Market capi −Equities held by foreignersi.

I smooth out the time series of equity home bias by calculating a 5-year moving-average
for each year in the sample. As the theory put forth in this paper focuses more on longer-
run changes, smoothing out the time series helps focus more on the trend of the data and
less of transitory movements. Figure 3 plots the equity home bias in the data for five major
economies: US, Japan, France, Germany, and Brazil. We can see that there is a large
heterogeneity in levels of equity home bias. France and Germany tend to be more diversified
than larger economies like US or Japan. We can also see that the level of asset home bias
has decreased across the board (with the exception of Brazil). In fact, in my sample, the
average home equity bias has declined from 0.88 in 1997 to 0.77 in 2013.
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FIGURE 3. Declining asset home bias in the data

Next, I compare how well the theory can explain the equity home bias observed in the
data. Again, let Λ be the optimal equity portfolio given in Proposition 1 and PE

i the stead-
state stock price (market cap). The theoretical equity home bias is given by:

Theory equity home bias= ΛiiPE
i∑

jΛi jPE
j

,

I then regress:

(19) Data equity home biasi =α+β ·Theory equity home biasi +controls+εi,

where i denotes country. In addition to the theory portfolio, and informed by the gravity
regression, I include measures of capital controls that could make the equity home bias
higher in the data than predicted by the model.

Table 5 reports the results of regressing data home bias on the theory’s prediction. The
first column of Table 5 reports the cross-country regression in level using data of the year
2010. The theory equity home bias level is a significant predictor of the data, with a co-
efficient equal 0.98 (0.25). We can also see that countries with higher capital controls on
outward investments see a higher equity home bias. The variable market cap, included to
test against the null of the simple world CAPM model, is insignificant. The R2 of the regres-
sion is 0.73. Figure 4 visualizes the correlation between network versus data home bias,
having residualized out the other covariates. The partial R2 of the network portfolio is 0.32.
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Dependent variable: Equity home bias, data
Level, 2010

Equity home bias, theory 0.98***
(0.25)

Market cap -0.10
(0.03)

Capital control 0.46***
(0.09)

Constant 0.66***
(0.13)

Adj. R-squared 0.73
Number of observations 20

TABLE 5. Regression results for equity home bias, theory vs. data

This table reports the regression result of data equity home bias versus that predicted by
the network model. Data from CPIS and WIOD, with author’s calculations. Column “Level,
2010” refers to the regression in level (2010 is the year with median R-squared), and
column “Changes, 2015-2014” reports the corresponding regression in log changes.

The model also does quite well in explaining changes in the trend of equity home bias in
the cross section. Figure 5 plots the model’s predicted changes in country equity home bias
(which comes from the increase in intermediate good trade in the data) versus the actual
equity home bias in the data. While the fit is less good than the level regression (R2 = 0.14),
the theory is a significant predictor of the data, with a slope of 1.15.

4. EXTENSIONS

4.1. Model with multiple intermediate sectors. So far, I have assumed that each coun-
try has a unique country-specific intermediate good. I now show that the analysis can be
more “granular” and extend the model to allow for many intermediate industries within a
country.

Let S i be the set of intermediate industries in country i, and S = ∪N
i=1S i is the set of

intermediate industries of the world. Each industry is now given as a nation-industry pair,
e.g. “USA, Agriculture” versus “Japan, Agriculture.” The production function of intermedi-
ate sector s is now given by:

Ys,t = ZY
s,t

((
K s

t
)α (

Ls
t
)θ)1−γ

( ∑
k∈S

ω1/ε
sk X1−1/ε

sk,t

) γε
ε−1

, ∀k ∈K .

The final good i is now produced with technology:

G i
t =

( ∑
k∈S

ξ1/ε
ik G1−1/ε

ik,t

) ε
ε−1

, ∀i ∈N .
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FIGURE 4. Model fit of asset home bias in level.
This scatterplot visualizes the fit of the level of equity home bias predicted by the network
model versus that observed in the data.Data: CPIS, WIOD, and author’s calculations.

Let Ω and Ξ be the matrix of trade shares as before. Ω now has dimension S ×S, with
S = |S | is the total number of intermediate sectors in the world; Ξ has dimension N ×S.
Note that each intermediate sector has its own idiosyncratic TFP shock ZY

s,t. Investors can
buy claims on capital for each industry, so the number of assets still matches the number of
shocks. Let Λis denote the fraction of shares of industry s owned by investors of country i,
and ΛN×S be the portfolio matrix.

Define the following “modified identity matrix”:15

(20) E =


11×S1 0 . . . 0

0 11×S2 . . . 0
...

... . . . ...
0 0 . . . 11×SN



15E serves the role of an aggregating matrix. Suppose Ỹ ∗ is a |K |×1 vector of output for each industry, then
Ỹ = EỸ ∗ is an N ×1 vector of output for each country, with Ỹi =∑

k∈K i Ỹk.
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FIGURE 5. Model fit of asset home bias in changes, 2005-2014.
This scatterplot visualizes the fit of the changes in equity home bias as predicted by the
theory versus that observed in the data. Data: CPIS, WIOD, and author’s calculations.
R2 = 0.14, and slope of best fit line equals 1.15.

The matrix of International Domar Weights (IDWs) is still exactly as before:

M = (1−γ)
[
I−γΩ′]−1

Ξ
′
.

The optimal equity portfolio is now given by a modified version of the portfolio in Proposition
1.

Proposition 2. The optimal portfolio when there are multiple industries within each country
is given by:

Λ= θEME
[
I−αME

]−1
.

where E is the modified identity matrix (defined in (20)) and M ≡ (1−γ)
[
I−γΩ′]−1

Ξ
′

is the
modified IDWs.

Proof. See Appendix A.4 �

When Si = 1 for all i, E is the identity matrix, and we recover the optimal portfolio in
Proposition 1.

4.2. Model with nontraded sector. The model so far has abstracted from a nontraded
sector. Adding a nontraded sector may be desirable in quantitative models that attempt to
match low international consumption correlations or deviations from the Purchasing Power
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Parity (PPP). I now show that the baseline model in this paper can incorporate in nontraded
sectors without complicating the portfolio analysis.

Suppose that a share ι of final consumption and investment now comes from the non-
traded sector:

G it =
(∑

j
ξ1/ε

i j

(
G i

jt

)1− 1
ε

) ε
ε−1

1−ι

Dι
it

For simplicity, suppose that the nontraded good in country i is produced using labor only:
D

i
t = zNT

it LNT
it . In equilibrium, since all nontraded goods must be consumed domestically, we

have D i
t = D

i
t. On the asset side, investors in all countries can buy claims on the nontraded

sector in other countries.

Proposition 3. The optimal equity portfolio when nontraded goods are present is given by:

Λ=
[
ιI+ (1− ι)θM

][
I− (1− ι)αM

]−1
,

where ι is the nontraded good expenditure share, and M is the steady-state IDWs.

Incorporating nontraded goods into the model tends to increase equity home bias. When
ι = 1 (only nontraded good), then we have perfect equity home bias Λ = I. When ι = 0 (no
nontraded good), we get back to the original optimal equity portfolio in Proposition 1. The
portfolio here is a weighted average of the two cases.

The increase in equity home bias is because domestic investors will end up holding all
of the equities of nontraded sectors (Obstfeld and Rogoff, 2001). Because (i) returns have
to be paid in tradable goods and (ii) nontraded goods enter separably in utility, no further
risk-sharing can be achieved using the equities of nontraded sectors.

4.3. Network Implication for International Asset Prices . Up until now, the focus has
been on portfolio quantity. I now show how the model can be used to analyze the network
implications for international asset prices.

In general, it is hard to describe the behavior of asset prices in closed form in models with
endogenous investment and general elasticities. Recent works by Richmond (2019) and
Jiang and Richmond (2019) study the network implications for international asset prices in
a model without investment and Cobb-Douglas production function. Here, I show that it is
possible to study asset prices in an environment with networks and investment together,
in closed form, if we assume (i) log utility, (ii) Cobb-Douglas production, and (iii) full de-
preciation. This specification follows after Brock and Mirman (1972), who made the same
assumptions to attain a constant saving rate in a closed-economy model.

In the following, I use ⊗ to denote the Kronecker product, and vec(·) is the vectorization
operator (stacking a matrix into a column).
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Proposition 4. Suppose that δ= ε=σ= 1, and that TFP follows a random walk: ∆zt = εt ∼
N (0,Σ). Then:

(1) The covariance matrix for equity returns, Σr = cov(rS), is given by:

vec (Σr)= 1(
1−γ)2

[
I−α2M′⊗M′]−1 M′⊗M′vec (Σ)

(2) The covariance matrix of exchange rate is given by:

vec (Σe)= (A⊗ A)vec (Σr)

with

A =



0 0 0 ... 0
1 −1 0 ... 0
1 0 −1 ... 0
...

...
... . . . ...

1 0 0 ... −1

 .

Proof. See Appendix A.7. �

This model nests the network model with consumption only by Jiang and Richmond
(2019) by setting α= 0 (no capital). In that case, the returns on equity are given by:

rJR
t = ρ+ M′

1−γ∆zt.

Equity in Jiang and Richmond (2019) is modeled as claims on consumption stream. Innova-
tions to productivity increase output and lower consumption price, raising stock returns.
The multiplication by the transpose of IDWs represents supply effect: how productivity
shocks upstream affecting output downstream.

In this paper, capital is present in the model. This adds another intertemporal transmis-
sion channel of productivity shocks. Since capital is built one period in advance, a produc-
tivity shock that stimulates investment increases the stock of capital, lowering the cost of
capital next period, increasing output next period. Equity returns in this model are given
by:

(21) r t = ρ+ M′

1−γ∆zt −αM′∆µt−1.

The last term in equation (21) represents the intertemporal channel as described: a lowering
in the price of investment yesterday boosts equity returns today. The higher the capital
share, the more pronounced is the effect of this channel.

Note that the network matters for the intertemporal channel as well: an investment
booms yesterday in a country affects not only the return of that country, but that of its key
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trade partners as well. This network investment effect has implications for the correlation
of returns that is captured by the terms

[
I−α2M′⊗M′]−1 in Proposition 4.

In this section, I have described how the model with investment can be used to study
network implication for asset prices analytically. Evaluating quantitatively whether the
model prediction changes significantly when we depart from the Brock and Mirman (1972)
specification, as well as quantifying the strength of the intertemporal network channel are
interesting problems for future research.

5. CONCLUSION

This paper was motivated by the lack of a theory that can explains the rich heterogene-
ity of country equity and bond portfolios that we observe in the data. I proposed the first
theory of international portfolios that accounts for international production linkages and
taste differences, all in a standard real business cycle setting. The generality of the frame-
work allows us to study not just the allocation problem between Home versus Foreign (home
bias), but also the composition of external portfolio as well. Empirically, I showed that the
network-theory portfolio explains well the data on portfolio holding, and its significance is
robust to controlling for a large variety of bilateral gravity factors.

I anticipate three directions for future research that can greatly improve our understand-
ing of the role of networks for international portfolios. First, while I focused on the portfolio
problem in a real setting without nominal frictions or nominal shocks, the paper is not
meant to evaluate or understate the importance of such factors. Studying how networks
interact with pricing regimes and nominal frictions will be interesting for future research.
Second, this paper studies portfolios in an environment with complete markets in order to
obtain insights from analytical solutions. It is important to study (perhaps quantitatively)
how the optimal portfolios change when we depart from complete markets. Finally, the
focus on tractability given a complex production structure has come at the cost of model
ingredients that are useful in matching well moments of asset prices. Incorporating those
ingredients and checking to what extent the optimal portfolios change would be a very use-
ful exercise.

APPENDIX A. PROOFS OF THEOREMS AND LEMMAS

A.1. Proof of Lemma 1. The market clearing condition for intermediate good j is:

Y j,t =
∑

i∈N

G i j,t +
∑

i∈N

X i j,t.

Multiply both sides by P j,t and use the tilde notation, we have:

Ỹ j,t =
∑

i∈N

G̃ i j,t +
∑

i∈N

X̃ is,t,
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Use the definition of the expenditure shares matrices Ω and Ξ, we have:

Ỹ j,t =
∑

i∈N

Ξi j,tG̃ i,t +
∑

i∈N

Ωi j,tγ jỸ j,t.

Put in matrix form:

Ỹt =Ξ
′
tG̃ t + (ΓΩt)′ Ỹt

Ỹt =
[
I − (ΓΩt)′

]−1
Ξ

′
tG̃ t.

Value added is given by:
GDPt = (I −Γ) Ỹt = MtG̃ t

with Mt ≡ (I −Γ)
[
I − (ΓΩt)′

]−1
Ξ

′
t. �

A.2. Proof of Lemma 2 . Consider the market clearing condition for sector j, using tilde
notation:

Ỹ j,t =
N∑

i=1

(
G̃ i j,t + X̃ i j,t

)= N∑
i=1

(
Ξi j,tG̃ i,t +Ωi j,t X̃ i,t

)
.

Linearize this equation around the deterministic steady state and use the hat notation to
denote deviations from the steady state:

̂̃Y j,t =
N∑

i=1

(
G̃ iΞ̂i j,t +Ξi j

̂̃G i,t

)
+

N∑
i=1

(
X̃ jΩ̂i j,t +Ωi j

̂̃X j,t

)
(22)

=
N∑

i=1

(
G̃ iΞi j l̂nΞi j,t +Ξi j

̂̃G i,t

)
+

N∑
i=1

(
X̃ jΩi j l̂nΩi j,t +Ωi j

̂̃X j,t

)
(23)

Equation (22) decomposes changes in output of a sector into two sets of terms: (a) an in-
crease in aggregate spending by customers (Ĝ, X̂ ) and (b) a reallocation effect (Ξ̂, Ω̂). The
reallocation effect can be written in terms of changes in input prices (relative to the basket):

l̂nΞi j,t = (1−ε)(p̂ j,t − q̂i,t
)

l̂nΩi j,t = (1−ε)
(
p̂ j,t − p̂X

i,t

)
.

Substitute into equation (22) and collect terms:

̂̃Y j,t =
N∑

i=1

(
Ξi j

̂̃G i,t +Ωi j
̂̃X i,t

)
+ (1−ε)

N∑
i=1

G̃ iΞi j
(
p̂ j,t − q̂i,t

)+ (1−ε)
N∑

i=1
X̃ iΩi j

(
p̂ j,t − p̂X

i,t

)
=

N∑
i=1

(
Ξi j

̂̃G i,t +Ωi j
̂̃X i,t

)
− (ε−1)

(
Ỹ j p̂ j,t −

N∑
i=1

G̃ iΞi j q̂i,t −
N∑

i=1
X̃ iΩi j p̂X

i,t

)
.

Put in matrix form:

(24) ̂̃Y =Ξ′̂̃G+Ω′̂̃X − (ε−1)
[
ΦY p̂t −Ξ′

DG̃ q̂t −Ω′
D X̃ p̂X

t

]
,
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where DA ≡ diag(A) is a diagonal matrix of steady-state values for variable A in the steady
state.

The CES price index of the final good i is given by Q i,t =
[∑

j ξi j
(
P j,t

)1−ε] 1
1−ε , which is

linearized into q̂i,t =∑
jΞi j p̂ j,t. Similarly, the price index for the intermediate good bundle

of country i is given by: p̂X
i,t =

∑
jΩi j p̂ j,t. Put in matrix form:

q̂t =Ξp̂t, p̂X
t =Ω p̂t.(25)

Substitute the price indices into equation (24):

̂̃Yt =Ξ′̂̃G t +Ω′̂̃X t − (ε−1)
[
DỸ −Ξ′

DG̃Ξ−Ω′
D X̃Ω

]
p̂t.

Note that X j = γ jY j, so ̂̃X =Γ ̂̃Y . We arrive at:

(26) ̂̃Yt =Ξ′̂̃G t +
(
ΓΩ

)′ ̂̃Yt − (ε−1)
[
DỸ −Ξ′

DG̃Ξ−Ω′
D X̃Ω

]
p̂t.

Define the International Domar Weights matrix M as in Definition 1, and the Expenditure
Switching matrix MP as in Definition 2. Re-arrange (26) concludes our proof:

�GDP t = (I −Γ) ̂̃Yt = M̂̃G t −M
P

p̂t.

�

A.3. The Social Planner problem. Given a vector of Pareto weights χ = (χ1,χ2, ...,χN),
with

∑N
i=1χi = 1, the Social Planner maximizes

N∑
i=1

χi

(
E0

∞∑
t=0

βtu
(
Ci,t

))
by choosing for each country i and time t their consumption Ci,t, investments I i,t (equiva-
lently, next period capital K i,t+1), and intermediate inputs

{
G i j,t, X i j,t

}
i, j∈N .

The Social Planner faces the resource constraints:

Ci,t + 1
ZK

i,t

(
K i,t+1 − (1−δ)K i,t

)= [
N∑

j=1
ξ

1
ε

i j

(
G i j,t

)1− 1
ε

] ε
ε−1

≡G i,t ∀i ∈N ,(27)

∑
i∈N

G i j,t +
∑

i∈N

X i j,t = ZY
j,t

(
Kα

j,tL
θ
j,t

)1−γ
Xγ

j,t ≡Yi,t(28)

X i,t =
[

N∑
j=1

ω
1
ε

i j X
1− 1

ε

i j,t

] ε
ε−1

(29)

Let
(
Q∗

i,t,P
∗
i,t,P

X∗
i,t

)
be the Lagrange multipliers corresponding to the resource constraints

for final goods (27), intermediate goods (28), and the intermediate bundle (29) respectively.
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The Social Planner solution is characterized by the resource constraints and the following
first-order conditions:

(1) Optimal input choices:

g i j,t − g i,t = lnξi j −ε(p∗
j,t − q∗

i,t)(30)

xi j,t − xi,t = lnωi j −ε
(
p∗

j,t − pX∗
i,t

)
, where pX∗

i,t = lnγi + p∗
i,t + yi,t − xi,t,(31)

(2) Optimal consumption choices:16

(32) lnχi − 1
σ

ci,t = q∗
i,t.

(3) Optimal investments:

(33) Et

[
Θ∗

i,t+1

(
(1−δ)

ZK
i,t

ZK
i,t+1

+
P∗

i,t+1

Q∗
i,t+1

∂Yi,t+1

∂K i,t+1
ZK

i,t

)]
= 1

where Θ∗
i,t+1 ≡βu′(Ci,t+1)/u′(Ci,t).

A.4. Proof of Proposition 1. The competitive equilibrium is characterized by the follow-
ing equations.

Production. Sector i’s profit maximization problem:

max
L i,t,K i,t,{X i j,t}N

j=1

Pi,tYi,t −Wi,tL i,t − r i,tK i,t −
∑

j
P j,tX i j,t

Optimal labor, capital, and intermediate input choices of sector i satisfy:

wi,t + l i,t = lnθ(1−γ)+ pi,t + yi,t(34)

pX
i,t + xi,t = lnγ+ pi,t + yi,t(35)

r i,t +ki,t = lnα(1−γ)+ pi,t + yi,t(36)

Optimal intermediate input choices for the CES baskets require:

g i j,t − g i,t = lnξi j −ε
(
p j,t − qi,t

)
(37)

xi j,t − xi,t = lnωi j −ε
(
p j,t − pX

i,t

)
(38)

16Condition (32) is the multi-country version of the well-known Backus-Smith condition. When the utility
function takes the log form (σ = 1), (32) reduces to µi,t + ci,t = χi, which means that the relative nominal
consumption remains the same across all states and times. With a more general CRRA utility, take the
difference of eq. (32) between country i and j, we get:(

µi,t + ci,t
)− (

µ j,t + c j,t
)= (1−σ)

(
µi,t −µ j,t

)+σ(
lnχi − lnχ j

)
.

This is the usual 2-country Backus Smith condition. Intuitively, country i increases its consumption expendi-
ture in states where its consumption has become relatively more expensive (µi increases relative to µ j) if and
only if it is more risk averse than a log-utility agent (σ< 1).
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Capital accumulation. Optimal capital accumulation in sector i:

(39) Et

[
Θi,t+1

Q i,t+1

Q i,t

ZK
i,t

ZK
i,t+1

(
1−δ+

ZK
i,t+1

Q i,t+1
r i,t+1

)]
= 1,

where r i,t+1 = Pi,t+1
∂Yi,t+1
∂K i,t+1

.

Consumer - investor’s problem. The consumer in country i solves:

max(
C i

t ,Λ
i
j,t+1,Bi

j,t+1

)∞
t=0

E0

[ ∞∑
t=0

βtui,t(Ci,t)

]

subject to the budget constraint:
(40)

Q i,tCi,t +
N∑

j=1

(
PB

j,tBi j,t +PE
j,tΛi j,t

)
=Wi,tL i,t +

N∑
j=1

(
Bi j,t−1

(
P j,t +PB

j,t

)
+Λi j,t−1

(
Π j,t +PE

j,t

))
.

Let κi,t be the Lagrange multipliers on the budget constraints. The optimality conditions
are:

u
′
i,t(Ci,t)=Q i,tκi,t(41)

1= Et

[
Θi,t+1

PE
j,t+1 +Π j,t+1

PE
j,t

]
, j = 1,2, ..., N(42)

1= Et

[
Θi,t+1

PB
j,t+1 +P j,t+1

PB
j,t

]
, j = 1,2, ..., N.(43)

with Θi,t+1 =βκi,t+1/κi,t =β
u′

i,t+1(Ci,t+1)/Q i,t+1

u′
i,t+1(Ci,t)/Q i,t

is the SDF.

These optimal conditions, together with the budget constraint (5), market clearing condi-
tions fully characterize the competitive equilibrium.

The equivalence of the SP solution and the competitive equilibrium. By choosing qi,t = q∗
i,t

and κi,t = 1/χi, the decentralized equation (41) becomes equivalent to equation (32) from the
SP problem. Setting pi,t = p∗

i,t and pX
i,t = pX∗

i,t makes input choice equations (30) and (31)
of the SP solution coincides with the decentralized choices (35), (37), and (38). Equations
(34) and (36) give the decentralized wage and rental price of capital, respectively. The de-
centralized optimal investment condition (39) is equivalent to the SP condition (33), since
Q i,t =Q∗

i,t and Θi,t+1Q i,t+1/Q i,t =βu′(Ci,t+1)/u′(Ci,t).
The return to investment by the capital sector is equal to the return to investment in

domestic equity by households. To see this, setting PE
i,t = Q i,tK i,t+1/ZK

i,t makes the house-
hold’s Euler equation (42) equivalent to optimal investment condition (39) (which, in turn,
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is equivalent to the SP version (33)):

PE
i,t+1 +Πi,t+1

PE
i,t

=
Q i,t+1K i,t+2/ZK

i,t+1 + r i,t+1K i,t+1 −Q i,t+1
K i,t+2−(1−δ)K i,t+1

ZK
i,t+1

Q i,tK i,t+1/ZK
i,t

= Q i,t+1

Q i,t

[
(1−δ)

ZK
i,t

ZK
i,t+1

+ZK
i,t

r i,t+1

Q i,t+1

]
.

It remains to check that under these prices, there exists a portfolio (Λ,B) and a particular
Social Planner allocation (corresponding to specific Pareto weights) that satisfy the Compet-
itive Equilibrium budget constraint. We guess-and-verify that we can decentralize using a
constant portfolio. The budget constraint (5) reduces to the following static constraint:

C̃i,t = L̃ i,t +
∑

j∈N

(
Bi jP j,t +Λi jΠ j,t

)
Put in matrix form:

C̃t = L̃ t +ΛΠ̃t +BPt

Since in equilibrium, L̃ t = θGDPt, and Π̃t =αGDPt − Ĩ t, we have:

C̃t = θGDPt +Λ
(
αGDPt − Ĩ t

)+BPt

= (θI +αΛ)GDPt −ΛĨ t +BPt

Rewrite in terms of deviations from the steady state, and denote by B̃ ≡ BP:

(44) ̂̃Ct = [θI +αΛ] �GDP t −Λ ̂̃I t + B̃ p̂t.

Using the decomposition of Ṽ A provided in Lemma 2, we have:̂̃Ct = [θI +αΛ]
(
M̂̃G t −M

P
p̂$

t

)
−Λ ̂̃I t + B̃ p̂t.

Use the identity ̂̃G t = ̂̃Ct + ̂̃I t and re-arrange:[
I − (θI +αΛ) M

]̂̃Ct =
[
(θI +αΛ) M−Λ

] ̂̃I t − (θI +αΛ) M
P

p̂t + B̃ p̂t.(45)

The equity portfolio Λ= θM
[
I −αM

]−1
ensures that the first term on the RHS of (45) is

zero for all realization of ̂̃I. In other words, the equity portfolio hedges completely against
demand risk arising from fluctuating investment. The second term on the RHS of (45) can
be hedged using a corresponding bond portfolio that satisfies:

B̃P p̂t − (θI +αΛ) M
P

p̂$
t = 0

B̃P = (θI +αΛ) M
P

Finally, we are left with choosing the bond portfolio B̃ER that hedges consumption risk:[
I − (θI +αΛ) M

]̂̃Ct = (I −Λ)̂̃Ct = B̃ER p̂t.
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We have:

(I −Λ)̂̃Ct = (I −Λ)DC̃
̂̃ct = (I −Λ)DC̃(1−σ)q̂∗

t

= (I −Λ)DC̃(1−σ)q̂t

= (I −Λ)DC̃(1−σ)Ξp̂t

Therefore, the bond portfolio that fully hedges consumption risk is

B̃ER = (1−σ)(I −Λ)DC̃Ξ.

A.5. Proof of Proposition 2. To focus on the equity portfolio, let us assume σ= ε= 1, but
the proof follows more generally.

The equity portfolio is chosen to satisfy the household budget constraint

C̃t = L̃ t +ΛΠ̃t

where Λ has dimension N×S (S = |K | is the number of world industries), Π̃= (
1−γ)

αỸ − Ĩ
has dimension S×1. The labor income is found as the fraction (1−γ)θ of domestic industries’
sales:

L̃ t =
(
1−γ)

θEỸt

where EN×S denotes the modified identity matrix (20). Expanding, we have:

C̃t =
(
1−γ)

θEỸt +Λ
(
1−γ)

αỸt −ΛĨ t

= [θE+αΛ] (1−γ)Ỹt −ΛĨ t

We have:

Ỹ i
t =

S∑
j=1

γΩ jiỸ
j

t +
N∑

j=1
Ξ jiG̃

j
t

Ỹt =
[
I−γΩ′]−1

Ξ′G̃ t(
1−γ)

Ỹt = MG̃ t,

with M = (
1−γ)[

I−γΩ′]−1
Ξ′ is the IDWs matrix. M has dimension S×N. Substitute into

the budget constraint:

C̃t = [θE+αΛ] M
(
C̃t +EĨ t

)−ΛĨ t

[I− [θE+αΛ] M]C̃t = [[θE+αΛ] ME−Λ] Ĩ t

The optimal equity portfolio satisfies:

Λ= θEME+αΛME ⇒Λ= θEME [I−αME]−1 .
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A.6. Proof of Proposition 3. To focus on the equity portfolio, let us assume σ= ε= 1, but
the proof follows more generally.

Labor income now comes from two sources, traded and nontraded sector:

L̃ = (
1−γ)

θỸ + ιG̃.

(Since labor is the only factor of production in the nontraded sector, they get the entire
revenue of that sector, which is ιG̃.)

Consider the static budget constraint:

C̃ = L̃+ΛĨ

= (
1−γ)

θỸ + ιG̃+Λ[(
1−γ)

αỸ − Ĩ
]

= [θI+αΛ]
(
1−γ)

Ỹ −ΛĨ + ιĨ + ιC̃
(1− ι) C̃ = [θI+αΛ]

(
1−γ)

Ỹ −ΛĨ + ιĨ
The market clearing condition with nontraded sector is:(

1−γ)
Ỹ = (1− ι) MG̃

since the traded sector only gets fraction 1−ι of final expenditure. Substitute into the budget
constraint, we have:

(1− ι) C̃ = (1− ι) [θI+αΛ] MG̃−ΛĨ + ιĨ
(1− ι) [I− [θI+αΛ] M] C̃ = [(1− ι) [θI+αΛ] M−Λ+ ιI] Ĩ

The optimal equity portfolio solves:

Λ= ιI+ (1− ι) [θI+αΛ] M

Λ= [ιI+ (1− ι)θM] [I− (1− ι)αM]−1 .

A.7. Proof of Proposition 4. Given complete markets, I work with the Social Planner
problem (detailed in Appendix A.3). Let µt and νt be the (log) Lagrange multiplier on the
resource constraint for final and intermediate good, respectively.

Guess, and later verify, that the investment-GDP ratio is constant:

Ĩ t

Ỹt
= K̃ t+1

Ỹt
= ζ,

for some ζ to be determined. Recall that Ĩ t = eµt I t, K̃ t+1 = eµt K t+1, and Ỹt = eνtYt are nominal
amounts. The market clearing conditions are given by:

Ỹt = M
(
C̃t + Ĩ t

)
,
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where M = (
1−γ)[

I −γΩ′]−1
Ξ′ is the matrix of IDWs. When utility is log and production

function is Cobb-Douglas, C̃t = χ, a vector of constant (χ is the Pareto weights, normalized).
Since Ĩ t = ζỸt, this implies that these two variables are constants as well:

Ỹt = Mχ+ζMỸt ⇒ Ỹt = [I−ζM]−1 Mχ.

The Euler equation when δ= 1 is:

Et

[
exp

(
−ρ+∆µi

t+1 + ln ri
t+1

)]
= 1

where ln ri
t+1 ≡ ln

[
(1−γ)α

]+ ỹi
t+1 − ki

t+1 −µi
t+1 and ρ = − lnβ. The constant ζ can be solved

out from the Euler equation in the steady state:

−ρ+ ln
[
(1−γ)α

]− lnζ= 0⇒ ζ=β(
1−γ)

α.

The return on capital is then given by:

ln ri
t+1 = ln

[
(1−γ)α

]− lnζ−∆µi
t+1 = ρ−∆ lnµi

t+1.

Thus, the Euler equation is satisfied with a constant investment-GDP ratio.
Finally, cost minimization in the intermediate sector implies:

νt =−zt +
(
1−γ)

α
(
µt + ln r t

)+γΩνt +h

with h = (
1−γ)

α ln
[
(1−γ)α

]+ (
1−γ)

θ ỹ+∑
j γωi j ln

[
γωi j

]
. Re-arranging, we have:

νt =
[
I−γΩ]−1 [−zt +

(
1−γ)

αµt−1 +h+ (
1−γ)

αρ
]

Multiply both sides by Ξ, we have:

µt = M′

1−γ
[−zt +

(
1−γ)

αµt−1 +h2
]

with h2 = h+ (1−γ)αρ. Let µ be the solution to µ=−[
I−αM′]−1 h2, we have:

µt −µ=− M′

1−γ zt +αM′ (µt−1 −µ
)

Take the first difference, we have:

∆µt =− M′

1−γ∆zt +αM′∆µt−1.

When TFP follows a random walk, ∆z = ε ∼ N (0,Σ) is independent of the second term
αM′∆µt−1. We can calculate cov

(
∆µ

)
as:

cov
(
∆µt

)= M′

1−γΣ
M

1−γ +α2M′cov
(
∆µt−1

)
M.
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Let Σµ = cov
(
∆µt

)
. Let vec denote the vectorization operator (stacking matrix into a column)

and ⊗denote the Kronecker product. We have:

vec
(
Σµ

)= 1(
1−γ)2 M′⊗M′vec (Σ)+α2M′⊗M′vec

(
Σµ

)
vec

(
Σµ

)= 1(
1−γ)2

[
I −α2M′⊗M′]−1 M′⊗M′vec (Σ) .

Given that c+µ is a constant in this setting, vec (Σc)= vec
(
Σµ

)
as well. Since r t+1 = ρ−∆µt+1,

the return to capital also has the same covariance matrix as µ.
Finally, the vector of exchange rate in the decentralized economy is given by:

e = Aµ,

with

A =



0 0 0 ... 0
1 −1 0 ... 0
1 0 −1 ... 0
...

...
... . . . ...

1 0 0 ... −1

 .

Thus:

Σe = AΣµA′

vec (Σe)= (A⊗ A)vec
(
Σµ

)
.
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