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1 Introduction

Changes in aggregate variables are commonly used to evaluate economic policies. The most
popular design of this type is an “event study”, where a one-time aggregate shock, e.g., a new
law, affects some population of units but not others, and we observe both over time. To quantify
the effects of these shocks, practitioners use either difference in differences or, more recently, syn-
thetic control methodology (e.g., Ashenfelter and Card, 1984; Card and Krueger, 1993; Abadie
and Gardeazabal, 2003; Bertrand et al., 2004; Abadie et al., 2010). Often, when both outcome
and treatment variables are at the individual level, this approach is used as a first stage, and
the aggregate change effectively plays the role of an instrument. In the absence of a single
aggregate shock, researchers often employ more general time-series variation to establish causal
links between unit-specific policy and outcome variables. In a typical application, outcomes
and treatments are observed at some geographical level over time (e.g., Duflo and Pande, 2007;
Dube and Vargas, 2013; Nakamura and Steinsson, 2014; Nunn and Qian, 2014; Guren et al.,
2020b; Dippel et al., 2020; Barron et al., 2021). To address a potential endogeneity problem,
researchers use aggregate time-series shocks as instruments. A standard econometric tool em-
ployed to analyze such data is a two-stage least-squares (TSLS) regression with unit and time
fixed effects.!

Specifically, let Y;; be the outcome variable, W; the endogenous regressor, and assume that
we observe a balanced panel with n units and 7" periods. To establish a causal link between Y},

and Wy, the following regression is estimated by TSLS:

Yie = o + iy + 7Wi + €44, (1.1)

using D;Z; as an instrument. Here, Z; is an aggregate shock, D; is a measure of “exposure” of
unit ¢ to this aggregate shock, and 7 is the parameter of interest. For example, in Nunn and
Qian (2014), W;; is the amount of food aid that country ¢ received, and Y}, is a measure of local
conflict, Z; is the amount of wheat produced in the United States in the previous year, and D;
is a share of periods when country ¢ received food aid.

In this paper, we propose a new estimator for the causal effects in applications with aggregate

instruments. Using simulations, we demonstrate that our method dominates the conventional

1See Arellano (2003) for a textbook treatment of TSLS with panel data.



TSLS approach in statistical models that approximate real data. We prove that our estimator
remains consistent in situations where the TSLS method fails. Finally, we show how to use
our method to conduct robust inference. To understand the motivation behind our algorithm,

consider a generalization of (1.1):

Yie=o; + pu + Wi + 0, Hy + €44, (1.2)

where H; is an unobserved aggregate shock with unobserved exposure 6;, and all other variables
are the same as before. The danger of unobserved aggregate confounders with heterogeneous
exposures for TSLS identification strategy is well-recognized in applied work (Nunn and Qian,
2014; Nakamura and Steinsson, 2014; Guren et al., 2020b; Chodorow-Reich et al., 2021). For
example, in Nakamura and Steinsson (2014) the authors are interested in the effect of local
military procurement spending (W;;) in the United States on the regional output growth (Y;;),
and use the national military spending as an instrument (Z;). In this case, H; can represent
fiscal and monetary policy changes or the general political and business cycle in the United
States.

To justify TSLS regression (1.1) practitioners need to assume that either D; is uncorrelated
with 6;, or Z,; is uncorrelated with H;. Both of these assumptions are questionable for different
reasons. In applications, D; is rarely randomly assigned; instead, it is either a fixed characteristic
of a unit or a quantity constructed directly from the data. As a result, we cannot expect it to
be uncorrelated with ;. Similarly, aggregate instrument Z; can be correlated with H; for two
different reasons. Either both of these variables share common trends, or their innovations are
correlated. Our algorithm deals with all of these problems. First, to address potential spurious
correlation caused by common trends, we use a demeaned version of Z;. Second, we use the
data to construct “exposures” w; and employ them instead of D;. We design our exposures so
that they are correlated with D; but are approximately orthogonal to 6;.

To understand the logic behind our construction of w; it is useful first to explain the mechanics
of (1.1). The TSLS algorithm uses D; to aggregate outcomes over units and then uses Z; to

construct a time-series IV estimator. In particular, we show that 7rg1¢ is a ratio of two OLS



coefficients in the following time-series regressions:

Y, = Oé(y) +07, + Egy),
(1.3)
W, =a™ + 12, + ",

where W, and Y, are weighted averages of W, and Yj;, with the weights proportional to D; — D.
Representation (1.3) is the starting point of our analysis. If unobserved H, affects Y;; and W
in a way that is correlated with D;, then the aggregate errors (egy), egw)) should be relatively
large. Alternatively, if we construct Y; and W; using the weights that are uncorrelated with
exposures to H;, then the aggregate errors should be relatively small. Crucially, we need these
weights to be correlated with D;, otherwise, we can eliminate Z; as well. To this end, we use
a part of the data (the first third of the periods) to construct weights w; in such a way that
the aggregate errors e,S“’), egy) are small, but the covariance between w; and D; is large. The
underlying identification assumption is that the variation in D; cannot be fully explained by 6;,
and H; and Z; are not perfectly correlated.

To provide an interpretation of our estimator, we develop a parsimonious causal model that
captures common problems researchers might face in applications. Importantly, our model
allows for aggregate shocks — both observed and unobserved — to be determined in equilibrium
together with the unit-level outcomes as long as they are affected by aggregate noise. This
is crucial for applications in macroeconomics and related fields where it is rarely possible to
find completely exogenous aggregate variables. Our setup also incorporates situations where
both outcome and treatment variables are determined in a local equilibrium and are affected by
unobserved aggregate shocks. An example of this problem is a study of housing wealth effects
by Guren et al. (2020b). Our model features generalized fixed effects that go far beyond the
standard two-way structure imposed in (1.1) and (1.2).

We analyze the properties of our method in a high-dimensional regime where n is similar in
size to T'. This choice is motivated by the applications where n and T" are often comparable. We
prove that our algorithm delivers consistent and v/T-convergent estimators even in the presence
of confounding aggregate shocks. We also show that our method can be used to conduct valid
inference, as long as the variance of the idiosyncratic unit-level errors is small. We demonstrate

the benefits of our approach using a data-driven simulation based on Nakamura and Steinsson’s

(2014) study of fiscal multiplier in the US. We show that our estimator remains competitive



when the model (1.1) holds and TSLS is the best estimator, and is a clear winner in more
realistic situations with unobserved aggregate shocks.

We use data on past outcomes and treatments to construct the unit weights w;, which makes
our method connected to the recent literature on synthetic control and related methods (Abadie
and Gardeazabal, 2003; Abadie et al., 2010; Hsiao et al., 2012; Doudchenko and Imbens, 2016;
Firpo and Possebom, 2018; Ben-Michael et al., 2018; Arkhangelsky et al., 2019). Our proposal
allows researchers to apply these ideas to much broader contexts with endogenous unit-level
variables. Our analysis is based on the combination of the design-based assumptions and a
particular model for the outcomes. The benefits of considering both outcome and assignment
models have been emphasized recently in Arkhangelsky and Imbens (2021) in the context of
strictly exogenous treatments. Finally, our demeaning procedure is directly related to the cor-
rection proposed in Borusyak and Hull (2020) for general applications with quasi-experimental
shocks.

Our method is related to the literature in empirical macroeconomics that explicitly constructs
D; using the data. Recent examples of this approach include Nakamura and Steinsson (2014),
and Guren et al. (2020b) (see also Guren et al. (2020a)). In this work, the authors construct D;
by running unit-specific regressions of W;; on aggregate shocks and possibly other individual-
specific variables. Our algorithm and its analysis are quite different from these proposals. We
find the weights by looking at how well they balance aggregate variation instead of looking
at unit-level responses to shocks. At the same time, our method requires D; as an input,
thus making it complementary to the methods proposed in Nakamura and Steinsson (2014),
and Guren et al. (2020b). Notably, our estimator remains consistent even in the presence of
correlated unobserved shocks with heterogeneous exposures.

Our model is also related to the recent econometric literature on shift-share designs (Jaeger
et al., 2018; Borusyak et al., 2018; Adao et al., 2019; Goldsmith-Pinkham et al., 2020). Similar
to this literature, we consider situations where an instrument has a particular product struc-
ture. Our focus, however, is quite different: we propose and analyze a new estimator, while the
literature has been focused on the properties of the standard IV estimator under alternative as-
sumptions. We also relax the standard exogeneity assumption made in the shift-share literature
and allow for unobserved aggregate shocks that affect different units differently. Our estimator
is designed for a case with a single aggregate shock, and thus it does not directly apply to a

classical shift-share setup with multiple industry-level shocks (e.g., Autor et al., 2014). However,



we believe that our ideas can be extended to these applications, potentially allowing researchers
to flexibly use both time and industry dimensions.

Our setup, while being reasonably general, has its limitations. Like most recent literature
on causal panel data methods, we make a strict exogeneity assumption, which renders the ag-
gregate shocks (observed and unobserved) independent of the unit-level outcomes, at least after
conditioning on the fixed effects (e.g., Athey et al., 2017; Borusyak and Jaravel, 2017; Callaway
and Sant’Anna, 2020; Arkhangelsky and Imbens, 2021). We also abstract from dynamic treat-
ment effects and assume that only the policy variable’s current level matters for the outcomes.
Finally, we postulate a linear relationship between outcomes, policy variables, and aggregate
shocks. These choices are motivated by the empirical practice where similar restrictions are
imposed to justify (1.1).

The paper proceeds as follows: in Section 2, we discuss the mechanics of TSLS regression
(1.1) in more detail, present our algorithm, and show its performance in a simulation exercise.
In Section 3, we introduce the causal model along with statistical restrictions and demonstrate
the formal properties of our algorithm. We discuss inference in Section 3.4. Section 4 discusses
possible extensions of our algorithm, connections to literature in empirical macroeconomics, and

shift-share designs. Finally, Section 5 concludes.

2 Algorithm

This section starts by summarizing purely algebraic (algorithmic) properties of the conventional
TSLS estimator. We then propose an alternative algorithm with a similar structure and illustrate
its performance in a simulation based on Nakamura and Steinsson (2014). We tie our method

to a particular econometric model in Section 3 where we establish its theoretical properties.

2.1 TSLS mechanics

A common algorithm for estimating causal effects with aggregate shocks is a TSLS regression:

Yie = o 4+ u® + Wiy 4 ¥, (2.1)



with D;Z; as an instrument. Here W}, is the policy variable of interest, Y;; is the outcome, Z;
is the aggregate shock (instrument) and D; is an available measure of exposure of unit i to Z;.
Regression (2.1) can be split into two parts — the reduced form and the first stage:

Yo =a¥ + i +6D,7, + &

it

(2.2)

1t7

where &% = o + 7o\, 5V = 4 4 74" &y = €W 4 7€) and § = 7. Standard logic

implies that a TSLS estimator is a ratio of two OLS estimators with two-way fixed effects:

i
TISLS = (o) (2.3)
ToLs

Alternatively, one can represent the same estimator as a ratio of two OLS estimators from the

following time-series regressions:

}/;5 - d(y) + 5Zt + ggy), Wt == Of(w) + ’ﬂ'Zt + ng), (24)
)
that is Trgrs = W Here the aggregate variables are defined as follows:
ToLs

1 Yu(D; - D) 1< Wu(D;—D) 4 1 —~é(D;—D)
}Q.:EZ—,W.—EZ—E = Z—

* t - o )yt T )
i<n V[Dl] i<n V[Dz] n i<n [ ] (2 5)
_ - (¥) _ .
) 3212M7 Q@) ‘—‘Z ),5[@) ::lzo%y (Di — D)

We aggregate Y;;, W;; with weights that sum up to zero, and thus time fixed effects are not

present in (2.4). We collect these statements in the following straightforward Lemma.

Lemma 1. (REPRESENTATION) Suppose that (2.1) is estimated by TSLS regression with D;Z,

as an instrument. Then the following numerical equivalence holds:

(fe) NG

S(fe) _ R(ts ~(fe) - (ts) - OoLs __5OLS
Sk =000s:  Fars =7ons: Frsis = (o) () (2.6)
Tors  ToLs

This result can be trivially extended to cases with time-invariant covariates (e.g., the state-

7



level time fixed effects). The lemma’s primary purpose is to demonstrate two distinct aspects
of the TSLS algorithm: unit weights are used to aggregate the outcomes, and time-series IV
regression is used to estimate 7. The algorithm that we propose next has a similar structure

but implements both steps differently.

2.2 Description of the algorithm

Our algorithm has two steps. We use the initial part of the sample (observations from t < Ty,
where Tj is selected by the researcher) to construct the unit weights w;. We then use these weights
to construct aggregate outcomes and estimate the reduced form and first stage coefficients by

running OLS regressions.

2.2.1 Time-series model

A key input for our algorithm is the model for the mean of Z;. To understand the need for this

object consider a general decomposition:

Z= i+,

2.7
E[e!?] = 0. 20

We saw that the TSLS estimator can be represented as a time-series regression of the aggregate
variables Y;,W; on Z;. In applications it is common to assume that Z; is exogenous, and
thus regressions (2.4) seem reasonable. However, because Y;, Wy, Z; are time-series we need to
acknowledge the possibility of the spurious correlation caused by similar trends in Z; and Y;, W;.
This is a particular instance of a more general problem analyzed in Borusyak and Hull (2020).

Our solution to this problem is similar in spirit to Borusyak and Hull (2020). We do not

assume that ,ugz) is known, but instead assume that researchers have access to functions ¢, =

(1,...,1,) that span p”:
e = nl . (2.8)

Here 1, can include different kinds of deterministic trends, or additional strictly exogenous

aggregate variables that can explain the variation in Z;. In the absence of any additional



information and knowledge about Z;, a natural choice for ¢y is ¥y = 1 — a constant mean.
In practice, Z; might be observed at a higher frequency then the unit-level data, and this
additional information can be used to construct ;. For example, one can use filtering and

related procedures (e.g., Hamilton (2018)) for this purpose.

2.2.2 Unit weights

Given 1)y, the first step of our algorithm focuses on the unit weights that are later used to ag-

gregate the outcomes. We construct these weights by solving a quadratic optimization problem:

(w, 2", 7, 7P, W) =
2
Tt n
, 510 1o =1 <% iy WiYie — (n;y))th - ngy)Zt>
= agmin 5wl + _ '
{wnl” ) ) "y " Ty
Tt n w
o1 (1 > iz wilWiy — (771(1; ))th 77§ )Zt> (2.9)
Oy

subject to:
1 < 1
- D=1, — i =0,
w2 OB

where 67 are scaling factors:
oy == ) Y =Yi=Yi+ V)% Gy = — ) (Wi =W, =W+ W), (2.10)

and ( is a user-specified regularization parameter. By construction w is invariant with respect
to rescaling of W;; and Yj;, and addition of two-way fixed effects.
The optimization problem (2.9) is not quite standard and to gain intuition it is useful to

consider an edge case. If  is equal to infinity, then the last two parts of the optimized function
D;,—D
V[Di]
same unit weights that were used in Lemma 1. Once we start to decrease ( the second two

do not matter and it is straightforward to show that w; = In other words, we get the



terms start to play a role, thus forcing the following approximate equalities (for ¢ < Tp):

1 )\ T )
- Z w; Yie &~ (ﬁfpy)> i+ 02,
= (2.11)
1 2 )
o ZwiWn ~ (W, > U+ 12" 2y
=1

The motivation for enforcing (2.11) comes from applications in which (2.1) is estimated.
The common concern in practice, is that while Z; is an exogenous shock, it might not be the
only aggregate variable that affects both the outcome and the endogenous policy variable. The
conventional assumption is that such unobserved shocks, if present, either do not affect units
differently — and thus are captured by time fixed effects — or affect them in a way that is unrelated
to D;. In either of these situations, one should expect (2.11) to be satisfied for w; = %t;?. In this
case, our algorithm should produce the unit weights that are similar to those that are currently

used.

In practice, D; is a characteristic of a unit, and one cannot expect it to be randomly assigned
across units. As a result, a priori, there is no reason to believe that the unobserved shocks affect
units in a way that is unrelated to D;. However, it is natural to assume that these shocks do not
entirely mimic Z; and v, and there is a combination of units that it is affected by Z;, 1y, and
nothing else. An empirical manifestation of such combination is a property like (2.11), where
most of the variation in aggregate variables can be attributed to observed variables. As a result,
by using the unit weights that enforce (2.11) we might hope to balance out the unobserved
shocks. This is the motivation behind the optimization problem (2.9). In the coming sections,
we formalize this intuition and provide formal statistical guarantees for this property of the unit

weights w.

2.2.3 Aggregate regressions

The second step of our algorithm consists of two time-series regressions. To this end we construct

aggregate variables for t > Tj:

1 ¢ 1 O
Y, = o ;Yitwi; Wy = n iZIWz‘th‘; (2.12)

10



and use them to estimate the first stage and reduced form coefficient by OLS. In particular, we

run the following regressions for ¢ > Tj:

Y, = 5(14) + (nq(by))th +07, +€£y)’
(2.13)

Wi = B + () e + 72, + €,

)

and use 0, 7 either to construct the usual IV ratio 7 := £, or conduct inference (see Section 3.4).

One can immediately see that our estimator has three important differences compared to
the conventional algorithm described in Section 2.1. The critical difference is that we construct
the unit weights by solving (2.9) and use these weights to aggregate the outcomes. The second
difference is that we include functions 1 in the aggregate regressions (2.13) to address potential
spurious correlation. Finally, we use sample splitting and estimate (2.13) only using the data
for t > Tj.

Our algorithm has two tuning parameters ¢ and Tj. Theoretical results in Section 3 show how
the resulting error depends on Ty if (? is of constant order. In practice, we recommend setting
T, to %, i.e., using a third of the available data to learn the weights and the rest to estimate the
parameters. We use the following expression to choose the regularization parameter:

min {o7/2(Y), o7/2(W)}

(= — 7 (2.14)

where o (+) corresponds to the k-th largest singular value of the matrix.

2.3 Illustration

We illustrate the performance of our algorithm in a Monte-Carlo experiment. To construct
this simulation, we rely on the data and analysis from Nakamura and Steinsson (2014), where
the authors investigate the relationship between government spending and state GDP growth.
They use state data on total military procurement for 1966 through 2006 and combine it with
U.S. Bureau of Economic Analysis state GDP and state employment datasets. The authors
complement these data with the oil prices data from the St. Louis Federal Reserve’s FRED
database and state-level inflation series constructed by Del Negro (1998) and their inflation

calculations for after 1995.
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Algorithm 1: Estimation algorithm
Data: {Y;tawit}ita{Di}?:lv{Ztawt}thlvaC R
Result: First-stage and reduced form estimates (7, 0)
1 Construct the unit weights {w;}?_, by solving optimization problem (2.9);
2 fort <« Ty +1toT do
3 ‘ Construct Y, = %Z?:l Yiw;, and W, = %Z?:l Wisw;.
4
5

end
Using the data for ¢ > Tj estimate two regressions by OLS:

Y; = B(y) + (nfpy))T¢t +5Zt _|_€£y)’
Wy =B + () e+ 2y + )

and report 5, T,

A crucial quantity that Nakamura and Steinsson (2014) want to capture by estimating
growth-spending relationship is an open economy relative multiplier. They compare differ-
ent U.S. states and study their reaction to aggregate military spending fluctuations in a panel
setting. They argue that this strategy allows them to control for common shocks (such as mon-
etary policy). It also allows them to account for the potential endogeneity of local procurement
spending.

To illustrate their approach, we introduce some notation — also used in our simulations
below. For a generic observation — a state ¢, and a generic period ¢, denote per capita output
growth in state ¢ from year t — 2 to ¢ by Yj.> Similarly, denote two-year growth in per capita
military procurement spending in state ¢ and year ¢, normalized by output, in year ¢t — 2, by
Wi. Finally, let Z; be the change in total national procurement from year t — 2 to t. This leads
to a dataset with n = 51 states and T" = 39 periods.

In their baseline specification, the authors interact state fixed effects with the fluctuations
in aggregate military spending and use this interaction as an IV for state-level military procure-
ment. This exercise is equivalent to running state-by-state regressions to estimate the exposures
and then use the weights based on these estimated exposures in a TSLS. More preciesly, the

authors first construct D; by estimating the regression for every unit i:

Wit = o + miZy + uy, (2.15)

2The authors advocate for using two-year changes instead of one-year changes together with leads and lags.
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and then estimate equation
Yie = B+ pe + Wi + €t (2.16)

by TSLS using 7;Z; as an instrument.

In our experiments we try to capture the spirit of this empirical exercise and investigate
how different features of the data generating process affect the performance of the algorithms.
Formally, our simulations are based on the following model:

Y= B+ w” + LY + Wi + 0 H, + 7,

i

(2.17)
Here parameters {ﬁ}y),ﬁgw),uiy),@w),Lgf),Lg”),r, ﬂi,é?gw)ﬁgy)}m are fixed, while egf),ez(-z“) and

{Z,, H;}L_, are random (see Section 3 for the discussion of this model). For our simulation to
be realistic we use the data described above to construct {Lz(f), LE;U ), i tit, and the models for
{Z)T | and {e¥, €}, The data are not directly informative about H, and {6",6"'}; and
we need to make ad hoc choices that we describe below.

First, we eliminate the time fixed effects from both the outcome and the policy variables by

demeaning the data for each period ¢:
Wi =W, 1Zn:W Vi =Y 1Zn:Y 2.18
it - it n s ity it - Lat n - it- ( . )

Then we run the following regressions for each unit using all the periods:

};;t = %(y) +0; 2 + 5§f)a
) (2.19)
Wi, = a(w) + 7T(U)Zt + 51(';0)’

) )

define ; := 7@(0), and use it in (2.17).

For k € {y,w} let E®) be the n x T matrix of residuals from (2.19): (E®)); := égf). We

3There is no need to construct {,Bgy), ﬁi(w), ugy), ugw)}it because the algorithms we consider are invariant with
respect to unit and time fixed effects.

13



Design 1 Design 2 Design 3 Design 4
Estimator | RMSE  Bias | RMSE  Bias | RMSE Bias | RMSE Bias

T 0.014 -0.000 | 0.038 0.000 | 0.026 0.008 | 0.122 0.072
TTSLS 0.010 0.000 | 0.044 -0.001 | 0.286 0.249 | 0.259 0.219
o 0.067 -0.000 | 0.329 -0.005| 0.109 0.023 | 0.297 0.019
drsLs .050 0.001| 0.371 -0.000 | 0.201 0.173| 0.389 0.149
T 0.063 -0.000 | 0.348 -0.001 | 0.103 0.022 | 0.337 0.026

TTrSLS 0.047 0.001 | 0.414 0.007 | 0.177 0.157 | 0.446 0.160

Table 1: Each simulations has 2000 replications, 7 = 1.43; first design: no generalized FE,
no unobserved shock; second design: generalized FE, no unobserved shock; third design: no
generalized FE, unobserved shock; fourth design: generalized FE, unobserved shock.

construct Lgf ) by solving the following problem:

2
L® .= argmin (Ei(k)—Mi> 2.20
3 (0, 220)

M,rank(M)=1

which implies that L*) simply sets all but 11 largest singular values of E*) to zero. We use the

residuals E® — L% to construct the covariance matrix:

(BY —zon)" (B - 10) (B - 147)
9 , (2.21)

By 1) (B 1) (B - D)

and generate (e, e} from A(0, ). Finally, we estimate the model for Z, by fitting an ARIMA

model to the data {Z;}]_, using the automatic model selection package in R.

We construct H; as a linear combination of Z; and an independent random process that has
the same distribution as Z;. We set 6§“’> to be equal to a linear combination of 7; and an inde-
pendent standard normal variable, and do the same for Ggy). Parameters of these combinations,
elements of matrix X, and parameters of the model for Z; are presented in Appendix C. We
choose these parameters to make the corresponding unobserved components similar in size to
m; 2y and 1w Zs.

We compare the performance of our estimator (as described by Algorithm 1) with the stan-

dard TSLS algorithm from Section 2.1. In both cases we use the data to construct D; by running

14



the following regressions using for ¢t < %:

Wi = a; + m: 2 + eu, (2.22)
and set D; = 7;. We consider four different designs. In the first design we drop LE;U ), Lg), as
well as H; from the model (2.17). In this case, TSLS algorithm should perform better than
ours, because it uses the optimal weights. With the second design we start to increase the
complexity and add LSU ), Lgf ) back to the model. One can think of this design as a DGP for the
data from Nakamura and Steinsson (2014) under which the TSLS approach is justified. Here we
should expect both algorithms to perform well in terms of bias, but potentially differ in terms
of variance. In the third design we drop L\, LY but add Hj, finally in the fourth case we have
both components.

In Table 1 we report results over 2000 for simulations for the case of 7 = 1.43 that corresponds
to the point estimate obtained in Nakamura and Steinsson (2014). The results confirm the
intuition discussed above: in the simplest case, our estimator for 7 is less precise than 7rg1s,
although the difference is small. We see sizable gains in RMSE (18%) for the second design.
Notably, all parts of this design come directly from data and are not driven by our choices. In
the third case our estimator eliminates most of the bias, while the TSLS error is dominated by
it. Finally in the most general design our estimator is nearly unbiased and dominates the TSLS
in terms of RMSE. In Figure 1 we plot the densities of 7 — 7 over the simulations for the second
and the fourth design. These plots demonstrate the gains in both variance and bias and show
the estimator’s overall behavior. Once again, we see that even when TSLS is approximately

unbiased, there are gains from using our approach that come from the increase in precision.

3 Theoretical analysis

We observe n units (i being a generic one) over T periods (¢ is a generic period). For each unit,
we observe an outcome variable Yy, an endogenous policy variable (treatment) W;;, an aggregate
shock Z;, and a measure of exposure of unit 7 to this shock D;. Our goal is to estimate a causal
relationship between Y;; and W;,. We abstract away from additional unit-specific time-invariant

covariates, but they can be incorporated in a straightforward way.
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Figure 1: Distribution of errors 7 — 7 for the second and the fourth design of Table 1.

3.1 Causal model

In this section, we present a causal model that we will later use to interpret the output of
our algorithm. We view this model as a parsimonious framework that allows us to discuss the
central problems researchers face in applications in the simplest possible form. We start with a
model of potential outcomes. In addition to w; (potential value of W;;) and z; (potential value
of Z;), we also introduce h; — an unobserved aggregate shock that causally affects both the
outcome and the treatment variable. We define w' := (... wy,...,wy), 2" := (..., 21, .., 2),

and h' := (..., hy,..., ), and make the following assumption:

Assumption 3.1. (POTENTIAL OUTCOMES)

Potential outcomes are generated as follows:

Yi(w', h') = ozgf) + Tws + ng)ht,

(3.1)
Wa(h', 2') = Oéz(:}) + Mz + ng)ht.
As a result, the observed outcomes behave in the following way:
Vi aff Wi 00,
(3.2)

Wy = o\ + 7,2, + 6" H,.
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The critical part of this assumption and our setup overall is the unobserved aggregate variable
H;. The danger such shocks present for identification is well-recognized in applied work (e.g.,
Chodorow-Reich et al. (2021)). The typical restriction made in the literature is to assume that
all units are affected by unobserved variables in the same way, or, in other words, assume that
ng), Ggy) do not vary over ¢ or at least are unrelated to m;. We do not make this assumption and
instead allow for rich heterogeneity in exposures (see also a discussion in Section 4). Following
most empirical applications, we focus on contemporaneous treatment effects and assume that
only current quantities affect the outcomes. Finally, we assume away heterogeneity in treatment
effects mainly to simplify the exposition. As we discuss in Appendix D, our theoretical results
can be extended to allow for such heterogeneity, and under additional assumptions, the resulting
estimand can be interpreted as a weighted average of individual treatment effects.

Our next assumption describes the relation between the aggregate shocks and the potential

outcomes:

Assumption 3.2. (INDEPENDENCE)
Aggregate shocks are independent of potential outcomes:
{Zt’ Ht}f:l 4 {Oégu)a O‘SSJ)’ el(y)7 Qz(w)v Wi}it' (3'3)
To interpret this restriction we consider two different scenarios where it might hold: appli-

cations with exogenous aggregate shocks, and equilibrium models.

Models with exogenous shocks. The most natural case for Assumption 3.2 arises in ap-
plications where Z;, H; can be plausibly considered exogenous, i.e., determined outside of the
relevant model for the unit-level outcomes. Such situations are common in development litera-
ture, where these aggregate shocks emerge in developed countries and then directly or indirectly
affect the outcomes in the developing countries (Nunn and Qian, 2014).

More generally, in such applications one can interpret Assumption 3.2 as a strict exogeneity
assumption (e.g., Arellano (2003)) that is routinely made in the difference-in-differences applica-
tions. This assumption implies that one can safely condition on the aggregate variables without

being concerned that such variables are affected by past, present or future outcomes.
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Equilibrium models. In some applications, e.g., in macroeconomics, Z;, H; are determined
in general equilibrium and cannot be treated as exogenous. To explain how our framework can

fit such situations, we consider stylized examples. First, we put restrictions on the potential

outcomes:
off) = alf +lf.
(3.4)
ag”) = Ozz(;”) + e(w).

Here we treat {ézl(f), al 1},; as fixed numbers (condition on them) while the variables {En el N

are random. We interpret them as measurement errors. Similarly, we treat individual loadings
{Ol(w), ng), it as fixed.
In the first example we consider situations where Z; and H; are policy variables that are

determined in the equilibrium:

Zgb W 4 mZ + 60" H,) + &7,
(3.5)
Zqﬁh) "¢ mZ+ 0 H) + e

where coefficients {¢§Z), (;S,Eh)}i are fixed and aggregate errors (égz), E,Eh)) are random. Solving these

equations we express Z;, H; in the following way:

3.6

Ht = :ugh) + egh)a

where now egz) and egh) are correlated It is immediate that once we assume that aggregate errors

(egz), egh)) are independent of {ezt , Zt }zt Assumption 3.2 holds despite the fact that Z;, H; are
endogenous.
Our setup also allows for local equilibrium models of the type considered in Guren et al.

(2020b). Let the outcomes and the treatments be determined by the following equations:

Vi = a4+ 7 Wy, + 0V H, + €V,
(3.7)
Wi = &\ + 7Y + 6y, + €.
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In the typical example Y;; can be the retail employment in location ¢, period ¢, while W},
is the house price. The aggregate shocks vy, H; are exogenous and unobserved (and possibly

correlated). Following Guren et al. (2020b) define two aggregate variables:
W, =Y, + © i (@2” + eg%t) ,
i
Y, =W, + % Z: (6l + 00 m,).
Substituting the value for Y;; in the equation for W;;, the value for Y; in the equation for W,

and rearranging the terms, we get the representation for W, and Wi:

1 ) pw)

(dz(t ) + 70%(15 )> + ! H; + + (EEt ) + 7€§f)> )

Wi
' 1—~7 " 1—77‘Vt 1 -7

1 yT
Wy = u™ + 0W H, + 0%y,

(3.9)

) (w)
~0,; 0, . (w
T and i respectively, and g

1_1W (072” ) fyézl(tw )>. Observe that in this model W; and H; are correlated by construction

where 0% and ™) are averages of )

is an average of

unless W) is equal to zero and v, and H; are uncorrelated.
Expressing v; in terms of H; and W, and going back to the original equation for Y;; we get

a particular version of (3.1):

Yie = 071({?) +7Wi + Ql(y)Ht + 65?)7

. 1 (3.10)
Wi = &\ + mW, + 0" H, + - (62”) + 7655”) 7
where &, = (ag” ' )) gt = gt and 0 = (6

%Qz@)). Crucially, unlike Guren et al. (2020b), we would not assume that m; and 91@) are

uncorrelated. We return to this example in Section 4.

3.2 Econometric model

This section describes the key statistical restrictions we impose on the causal model from the

previous section. In our formal analysis, we derive asymptotic properties as n, Ty, and 77 go to
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infinity. Formally, all objects in our analysis are allowed to change with n and Tg, T}, and thus
they should be indexed with n and Tg,T}. For brevity, we omit these indices.

We start with the model for the baseline outcomes:

Assumption 3.3. (OuTcOME MODEL) Assume that {(HEy),ng),Wi)}i are deterministic, and
(y)

[ ,ozl(;u) have the following decomposition:

ﬁ(y)‘i‘ﬂt )+L Y zt)7 (31 )
A1
)4 L

)

oa;:”) =5

where {(5Z ne ,B(w i ,L§),L§t ))}it are deterministic, and for any (i,t) the idiosyncratic

shocks are jointly normal:

W) 2

o idO w0
’L(t) NN O, w pd Y , (312)
eii" PidOw0y 05

independent over units and periods, and max{o,,c,} < ¢, for some constant ¢, > 0.

This assumption generalizes the conventional two-way fixed effects model, allowing for addi-
tional fixed effects captured by Lgf ) and LS;U ). As a simple example, one can think of interactive
fixed effects (e.g., Holtz-Eakin et al. (1988); Chamberlain (1992); Bai (2009); Moon and Weidner
(2015, 2017)):

LS&U) — agw)biw), Lgt — a(y)b y) (313)

In our analysis, we allow this part to be much more general; in particular, we do not require
the rank of corresponding matrices to be fixed and all its singular values to be large. This is

practically important, because in applications (L Lz(f)) can have a complicated structure (see

it
Arkhangelsky et al. (2019) for a related discussion).

We impose normality of the errors to simplify exposition; similar results would hold for sub-
gaussian noise under additional technical assumptions. Independence over time might appear
at odds with the empirical practice that emphasizes the danger of persistence in errors (e.g.,
Bertrand et al. (2004)). In our setup, we attribute such persistence to generalized fixed effects

ng ), Ll(f ) (condition on it). Our analysis can be generalized to account for finite dependence in
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idiosyncratic errors.
Our next assumption restricts the distribution of both observed and unobserved time shocks.
Since these shocks essentially provide quasi-experimental variation in our setup, we call this

assumption a design model.

Assumption 3.4. (DESIGN MODEL) The aggregate shocks (Zy, Hy) have the following repre-

sentation for known vectors {1},

Zy = TIle/Jt + €£2)7
(3.14)

Ht = U}I% + Egh)7

where the first component of each 1y is equal to 1, and dim{y} = p < ¢, for some constant
¢, > 0. Fork € {z,h} define ek .= (eéﬂg), e ,egk)); there exist T-dimensional vectors v®, v,
two upper-triangular matrices A, A" with non-zero diagonal elements, and Pag € (—Cags Cag)

for cqg < 1 such that the following holds:

@) = A& )
(3.15)
¢h) — A(h)(pag,/(z) +4/(1— pgg)y(h))‘

Vectors v'*), M) are independent, have independent components with uniformly bounded sub-

gaussian norm, and E [(1/15(2))2] =E [(Vt(h))Q] =1.

This assumption describes a rich class of linear time series models. We do not impose
stationarity of the errors egz), allowing coefficients of matrices A®), A® to vary over time in
a general way. For example, the variance in each period can be different. In Appendix A.2
we impose additional technical restrictions on matrices A®), A that exclude very persistent
cases (e.g., random walks), but still allow for other forms of non-stationarity. The dependence

between e.”) and e\

arises from the correlation between the underlying shocks. Notably, the
correlation coefficient p,, is bounded away from one, implying that there is variation in egh) that
is not entirely explained by egz) (and vice versa). We assume that the means of Z; and H; are
equal to linear combinations of vectors ¢,. This is without loss of generality for H;, because its
mean can be treated as a part of Lg“) and Lgi”).

Our final assumption describes the size and the complexity of the fixed effects L L(»f ) and

it
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their connection with ng), ng) and ;. To state it we introduce additional notation:

I:Ef) = TLZ(-tw) + LY

it

(3.16)

0y = 16" + 0¥

(2

Define two n x Ty matrices L)@, L¥)-©) ‘such that for k € {y,w} (L™0) = L"), The next
assumption requires that there exists a vector of weights that approximately eliminates the fixed

effects and the unobserved shocks and is correlated with m;:

Assumption 3.5. (COMPLEXITY AND SIZE OF FIXED EFFECTS) There exist @ and constants

Co, cr, such that as n and Ty go to infinity the following holds for some cg. = o(1):

1o 1 ¢
- Z@z =0, - Z@ﬂi =1, |lollz < cav/n,
n < n <

2
: B @ WMy _ p®y, _ @) < 2
ng})l,lnrglm Z Zw Zt l ) =y Y= 0 = Cte (3.17)
To 1 n 2
. E|LST0,@® 1wy _ gy o & L

Also, the following is satisfied for some fized constant cy,:

Ly

max ‘L max <cy,

(3.18)
max‘@iw ‘ <cr, max‘@lgy) <

and max{rank(L™"©)) rank(L® )} = o (min{n, Tp}).

This assumptions allows for very general LE;” ), Lg’ ) in particular it imposes only a mild rank

restriction compared with those commonly assumed in the literature (e.g., Bai (2009); Moon
and Weidner (2015, 2017)). Alternatively, one can formulate this restriction in terms of approx-
imate rank (number of sufficiently large singular values) to allow for non-degenerate matrices
L)) 1)) We also require fixed effects to be bounded and restrict their relationship with
m;. 'To better understand this part, consider a simple situation where L ) and L ) are described

by interactive fixed effects as in (3.13). The first part of the Assumption 3.5 is satisfied as long
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a(y)

as m; is bounded and is not spanned by (1,(9§w),0(y),a§-w), ), or, in other words, R? in the

following regression is bounded away from 1:

(w)

i =co+ coul; + ca,yﬁgy) - cavyaz(.y) + ca’waiw)

Indeed, in this case, the normalized residuals from this regression can play the role of &; and cy.
in (3.17) can be set equal to zero. The second part of the Assumption 3.5 is satisfied as long as
fixed effects (az(»w), agw), b, bgy)) are bounded. In more general models it might be infeasible to
set cge in Assumption 3.5 to zero, but one can guarantee that it approaches zero as the size of

the data becomes larger.

3.3 Statistical guarantees

We start our analysis by looking at weights w that potentially depend on the data from the first
part of the sample — periods 1 to Tj — in a completely general way. For any such weights we can
construct the aggregate outcomes and estimate the first stage, and the reduced form coefficients.
We demonstrate that the error of such estimator has a deterministic component proportional
to the correlation between the weights and exposures to unobserved shocks. This component is
unaffected by 77 — the size of the second part of the sample. The additional random element of
the error is decreasing with 77. We then specialize these results for w described in Section 2.2.2
and show the gains from using our weights. All the proofs are collected in the Appendix.

Let {&;}7, be the sequence of weights such that > &, = 0. For t € (Tp, T] define the

aggregate variables:

Ll
Y (@)=~ oY,
=1

1 (3.20)
We then estimate coefficients by OLS in the following regressions:
V() = BW (& @) (~\\T SN (y)
(@) = BYN0) + (0" (©) b +0(w) Zy + &, 5.21)

Wy (@) = B(@) + (@) " + (@) Z, + €,
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and focus our attention on #(@) and 8(@) — the first stage, and the reduced form coefficient,
respectively.
To understand our first result, suppose that Y;; and W, satisfy the restrictions described in

Assumptions 3.1 and 3.3. Then we get the following aggregate series for ¢ € (Ty, T:

V(@) = BW (@) + LY(@) + 09 (@) H, + 77(0) Z, + €V (@), 522
Wi(@) = B%)(@) + L (@) + 0 (@) Hy + 7(@) 20 + € (@), |

Here aggregate quantities are weighted averages of the corresponding unit-level parameters, their
precise definition is given in Appendix A.1.

Since we condition on the first part of the sample, the aggregate trends L{" (@), L\ (w) are
deterministic and thus should be uncorrelated with innovations in Z;. As a result, they would
not attribute to the bias of the final estimator, only to its variance. The same, however, does not
hold for H; that remains random and by assumption can be correlated with Z;. This correlation
would lead to a bias of the constant size, unaffected by 7). Finally, we expect the aggregate
idiosyncratic errors " (@), el (@) to be small (average of n idiosyncratic shocks).

We formalize this intuition for a simplified class of models described by the next assumption.
We impose these restrictions only to simplify the presentation of the results. General case is

presented in Appendix (Theorem B.1).

Assumption 3.6. (AUTOREGRESSIVE CASE) Assume that ¢, = 1, A = AW and Aﬁ) =

{1 > j}p'=7, where |p| < c < 1.

This assumption says that the mean of both processes does not change over time and the
innovations follow an AR(1) process with autoregresion coefficient p. For k € {y,w} define the

following quantities:

- 1
L@ = > <L§k)<‘1’> — 7 2L (cv>> {1 >t} for t > Ty,
Ty<I<T List,

(3.23)

2 7 (k) 1 ~\\2
1B)(@) = \/(1 — Pag) thfo(Lt (@) '
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Define the correlation coefficient between igy) (@), iiw) (@):

Yo L (@) LY (@)

p(@) == IR (3.24)
and two matrices:
[ (op + 7200 + 27piacy0w)  Ouw(piacy + TOW)
ow(piaoy + TOW) o2 7
! . (3.25)
1O (& N (W (&
s [ COF @EE
PG EIOE) (@)

We now are ready to state our first formal result.

Theorem 1. (ARBITRARY WEIGHTS) Suppose Assumptions 3.1,3.2,53.3,5.4,3.6 hold; Let the
weights {@;}1_, be such that + 377" | &; =0, and for k € {y,w} max, {]iik)(@ﬂ} =0, (IM(@)).

Then as n and T1 approach infinity we have the following result:

(%) B S W D Ayt 1
1 n ~ - 1 n ~ (w) pag ‘l’ O T ‘I’
n Zz’:l Wi n Zz’:l w;b; V=1

T BhEE + o) + S

ag T1
where &, ~ N(0,%), & is independent of &, Elé..] = 0,V[£.] = I, and it converges in

distribution to a standard normal vector.

§c,« +0,(1)), (3.26)

This result applies to any weights including those that depend on the first part of the
dataset as long as they average to zero and satisfy condition max; ]f)gk) (@)] = 0p (IM(@)) for
k € {y,w}. The latter simply requires the aggregate trends L\* (@), L' (@) to be sufficiently

spread-out over time so that no single period dominates. For any such weights, the theorem
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states that the estimation error has three components:

Ly 0,6 1
bias := [ "= (pa + O, ( ))
%22;1 ‘Z’Z‘Qz(w) ’ \/Tl

1—p2 1 3.27
aggregate noise := T P Yig(@)(&: + 0,(1)), (3:27)
1
- /—1 —
cross-sectional noise := ————— 18]2v1 = 2 H = (€er + 0p(1)).
1

The bias is proportional to pg, and the covariance between the weights and exposures to un-
observed shocks. The latter can be of constant order, unless w; are independent of ng), 9§y) by
design. Thus the bias does not go away unless p,, is small (converges to zero). Similarly, we can
expect W) (@) and 1) (@) to be of constant order making the aggregate noise behave as m In
this case, the cross-sectional noise is dominated by the aggregate one for any bounded weighs
w. This is natural because the fundamental exogenous variation comes from the time-series
dimension. Notably, the resulting variance directly depends on the properties of the aggregate
shocks.

With the weights that depend on the first part of the data in a systematic way, we can
hope to reduce the bias. To do so, we need to find the weights that “balance out” H,Ew), 92@.
Assumptions 3.1, 3.5 suggest that this might be possible — the exposures to H; do not change
over time and the initial periods are informative about them. Our second formal result shows
that this is indeed possible, and describes the behavior of the estimator for the weights proposed

in Section 2.2.2. To state it we need to connect the variables {D;}! ; that we use to construct

w to unobserved exposures m;. We make the following assumption:

Assumption 3.7. (PROPORTIONAL EXPOSURES) There exist numbers (1, n,) such thatn, # 0,

and for every ¢ we have that D; = ng + 0, ;.

This restriction is motivated by the empirical work where it is commonly imposed (Nunn
and Qian, 2014). We make this assumption to simplify exposition and consider a more general

version in Appendix (Theorem B.2). We also discuss data-dependent D; in Section 4.

Theorem 2. (SYSTEMATIC WEIGHTS) Suppose Assumptions 3.1,5.2,3.5,3.4,3.5,5.6,3.7 hold,
and max; {|i§k) (w)]} = 0, (l(k) (w)); additionally, suppose that as Ty, Ty, and n approach infinity
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max{c2,,02 ,c?e}

N } . Then

we have % = Casp+0(1) for cqsp € (0,1), and ¢ = cmax {max{aw, Tys Ce}s

the following holds:

zé(w)(ﬁz +0,(1)) + % ”;l_pQ(ﬁcr +0,(1)), (3.28)

where &, &, are the same as in Theorem 1, and &pqs 1S a tight two-dimensional random vector

independent of &.r, &,

The first implication of this result is that with the weights w, the estimator is consistent
as long as n, Ty, Ty go to infinity, and n ~ Ty. The restriction for n and T, is natural: we
are looking for n different weights w; that are only required to satisfy two restrictions. Each
t € [1,Ty] provides additional information and it is intuitive that we require Ty that is similar
in size to n to find reasonable weights. In Section 4 we discuss practical means of reducing this
requirement.

There are two differences between Theorems 1 and 2. The first one is in the behavior of the
bias. With the weights w the estimator is not only consistent, but also has the bias of the order
O, (ﬁ) If Ty ~ T, this implies that the estimator is asymptotically normal, albeit biased.
The second difference is that both the first stage and the reduced form estimands are well-defined
deterministic objects that depend on the relationship between D; and 7; (Assumption 3.7). We
view this result as the main theoretical justification for using the algorithm from Section 2.2
instead of the conventional TSLS regression.

To put Theorem 2 in context, it is useful to benchmark it against the ideal situation where m;
is completely random, and thus is uncorrelated with any of the fixed effects. In this case, if we use
weights w that are proportional to m; — 7 the resulting covariances % Sy a;iegw), % A (I)iél(y)
are of the order \/iﬁ and have zero mean. Theorem 2 delivers the same order (but not zero mean),
at the expense of using the first 7Tjy periods to find the weights. The random weights also imply

that the variance coming from LSU ) EE;J ) is of the order \/%7 Our construction cannot guarantee

that: the restrictions that we impose on Lg”" ), igf’) in Assumption 3.5 do not say anything about

periods beyond Tj.
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Algorithm 2: Estimation of variance

Data: {Ym VVit}ita {Wi}?:p {Zt7 ¢t}?:1> A(z)’(l)a To
Result: Variance estimate $(w)
1 fort«+ Ty+1toT do
2 ‘ Construct Y, = %Z?:l Yiiw;, and W, = %2?21 Wipw;.
3 end

4 Construct OLS residuals {e(y) é ) _1,41 in the following regressions (for ¢ > Tj):

Y =89 4 (1 (y)) Ui+ 67 —l—a(y),
W, =B + ( )Ty + 72 + €,
Zt—770‘|‘(77¢ ) (N +5t2)7

~(k ~(k
= (&, Emh)

and for k € {y,w, z} define &%) sl

s Compute and report 3(w):

Hg(y)]\((z)),il)ug g(y)A(z),(D(‘((z)) (i)) ()T

3 - 4] 1€=)]15

Z(w) = WA, (AR, ()T e A=), (1>||2
[ERAF BT

3.4 Inference

Theorem 2 cannot be immediately used for inference because we do not know the distribution
of &pias and do not have an estimator for p,,. A standard theoretical tool to avoid this problem,
is to assume that % = o(1). In this case, the bias is dominated by the variance that under
certain assumptions can be estimated leading to asymptotically valid inference. However, such
“undersmoothing” technique provides little guidance for empirical research.

In practice, we recommend setting 7} ~ Ty, estimating the variance, and using normal
approximation conditional on w to conduct the inference. Variance can be computed in multiple
ways, Algorithm 2 provides a particular realization. It uses an estimated matrix A®) as an input,
in particular its 7} x T submatrix A that describes the distribution of (egf ) ,e% ) 1) Let

i(w) be the resulting variance matrix. We suggest that users conduct inference using the

following approximation under Hy : 7 = 7q:

~

(6 — 7)) = N (o, (1, —70)S(w)(1, —TO)T) . (3.29)
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Practically this means that 7 is rejected at level o by the following decision rule:

{70 is rejected} = {’5 — 1| > \/(1, —To)i(w)(l, —TO)Tzla/Q} , (3.30)
where z, is a a-quantile of the standard normal distribution. The confidence set can be con-
structed by collecting all values of 75 that are not rejected. This “Anderson-Rubin”-type con-
struction is robust to small first stage coefficients (see Andrews et al. (2019) for a recent survey).

Using (3.30) for inference is natural in our context, in fact, Borusyak and Hull (2020) rec-
ommend a similar, albeit non-asymptotic, procedure for a general class of causal problems with
exogenous shocks (see also references therein). Theorem 1 can be used to show that such infer-
ence is valid for arbitrary weights w as long as p,, = 0 (ﬁ) This requirement reduces to a
much weaker condition p,, = o(1) if instead of generic weights researchers use w and Theorem
2. Practically, this means that with our weights the inference based on (3.30) is accurate if the
correlation between H; and Z; is small.

Condition p,y = o(1) is strong because it excludes the practically relevant case of strong
(but not perfect) correlation between the aggregate shocks. If Ty ~ T} Theorem 2 is not
helpful in this case. To deal with such situations we impose an additional assumption that the
idiosyncratic errors ez(;y ), eg’) are small. Similar assumption has been used extensively in the
non-linear measurement error literature (e.g., Chesher (1991); Evdokimov and Zeleneev (2016),
see also Schennach (2016)). It might be surprising that such a condition is helpful because in
Theorem 2 the error from the cross-sectional noise is dominated by the aggregate variation.

(w) _(y)

However, when the variance of €;, ’, €;’ is small we can construct better weights w;. Our next

theorem provides formal guarantees in the low-noise regime (for a general version see Theorems

B.2, B.3):

Theorem 3. (INFERENCE) Suppose conditions of Theorem 2 hold; in addition, suppose that
the following restrictions are satisfied for some constants c;, c,,, cint € (0,1) as n, Ty, Ty approach

infinity:

max{o,,0,} =0(l), — = cint +0(1),

To
Ty

(3.31)
min{I (w), 1 (w)} > ¢ >0, |p(w)| <ec, < 1.
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Design 1 | Design 2 | Design 3 | Design 4
Size 0.015 0.004 0.045 0.081

Table 2: Rejection rates for Hy : 7 = 1.43 using (3.30) with a nominal size 0.05, for the
simulation designs described in Section 2.3. Results are based on 2000 simulations.

Then the following holds:

) - e + o) (3.32)
(w) - 1717r !

where &, is the same as in Theorem 1 and converges in distribution to a standard two-dimensional
normal random vector. In addition, suppose that A®) s constructed using an estimator p =

p+ 0,(1). Then the test described in (5.50) is consistent.

This result provides an alternative to Theorem 2 and justifies the conventional inference
based on (3.30) in situations where the correlation between the unobserved shocks is strong.
This comes at a price: we need to believe that the variance of the idiosyncratic shocks is small.
Recall that the variables egtw ),62’) represent measurement errors, and thus the small-variance
regime can be interpreted as saying that the outcomes are measured well. This assumption is
natural if the unit-level outcomes themselves are aggregates (e.g., averages of the individual-level
data). We believe that in such situations Theorem 3 can be practically useful.

We also investigate the properties of the test (3.30) using the simulations of Section 2.3.
Results are summarized in Table 2 and show the rejection rates for the four different designs
described in Section 2.3. We see that while the test based on (5, 7) is not perfect, its size
distortions are relatively small. Reasonable performance of our estimator in the last design

might be attributed to the fact that in this case the variance of the idiosyncratic noise is much

smaller than the size of the fixed effects.

4 Discussion

4.1 Constructed exposures

In applications D; often is not an observed fixed characteristic of a unit, but rather a data-

dependent quantity that is constructed to approximate m;. For each unit we can construct such
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proxy by running a regression of W;; on Z; and 1, separately for every i using the first part of

the data (t € [1,Tp)):
Wi = Oéi+77iT¢t+7TiZt+5it- (4.1)

Let 7r; be the OLS estimator in this regression. Researchers frequently use D; = 7; together with
the conventional TSLS weights described in Section 2.1. For example, Nakamura and Steinsson
(2014) do exactly that, albeit estimating 7; using the data from all periods. In Nunn and Qian
(2014) the authors use a similar algorithm, but instead of running the regression (4.1) they
compute the average W, over the first Ty periods.

Under Assumptions 3.3 and 3.4 7; has the following representation:

T, =m + 7?wzel(w) + ug, (4.2)
where u; is a mean-zero error (correlated across 7). This immediately shows the potential problem
of using the D; = 7; together with the conventional weights. If the unobserved aggregate shocks
are present and have heterogeneous exposures, then 7; is generically correlated with them. At the
same time, using 7; together with our weights w is completely natural, because they essentially
balance 9,51”) away. We do not provide formal results for this case, but we follow this strategy in
the simulation described in Section 2.3 and it performs well.

In applications, researchers can go beyond (4.1) and use more elaborate procedures. For
example, in Duflo and Pande (2007) the authors project 7; on the set of available unit char-
acteristics X; and argue that the resulting D, are as good as randomly assigned. The validity
of this approach depends on the nature of X;. In Guren et al. (2020b) the authors propose an
alternative procedure for constructing the weights in the context of the local equilibrium model
described in Section 3. In particular, they suggest estimation of the panel regression by OLS

treating { (o, m)}7, as fixed effects (using the notation from (3.8)):
Wi = a; + pu + 7Yy — mWy — ymYy + 6520)7 (4.3)

and using 7; to construct the instrument 7;1;. Under additional assumptions 7; converges to 7;

as defined in (3.10). The authors emphasize that for this procedure to produce a valid estimator,
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m;W; should be uncorrelated with the unobserved term Hgy)Ht in the outcome equation. This

does not hold in our setup, because H, and W, are correlated by construction, and ngy) is allowed
to be correlated with 7;. Combination of this procedure with Algorithm 1 is promising and we

leave its formal analysis to future research.

4.2 Time heterogeneity in exposures

One of the restrictions of the causal model described by Assumption 3.1 is that both Z; and
H; affect outcomes in a time-invariant way. Formally this means that m; and ng), 91@ do not

vary over t. The statistical analysis of Section 3 relies on this assumption in an important way
0(3/)

— it guarantees that if we find the weights that eliminate Hl(w), ;" using the first part of the
data, these weights “work” for the second part of the data. As a result, it cannot be completely
eliminated, but it can be relaxed. To understand why this is possible, consider a generalization

of the time-invariant exposures:

Ty = T + %(W)Cbgw);
o) 6 w

Ay = o9 44t

One can transform this setup to the one described by Assumption 3.1 at the expense of the
increased dimension of H;. While our formal results are derived for one-dimensional H;, they
can be adapted to the multi-dimensional case if the dimension is modest. We expect that as long
as ¢£k) do not concentrate on particular periods (e.g., second part of the data) the conclusions

of Theorems 2,3 would hold.

4.3 Prior knowledge

Algorithm 1 can be extended to accommodate additional knowledge that researchers might have
in a given application. It can be done by introducing additional constraints to the optimization
problem. A natural constraint can be defined in terms of covariates. For example, if we believe

that 02(“}) or 02-(?’) are correlated with observed characteristics X;, then we can incorporate the
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following constraint:

1 n
—g X = 0. :
ni:le 0 (4.5)

Depending on the application researchers might want to control the sign of w; by imposing

the following constraint for all units i:

wi(D; — D) >0 (4.6)
This is similar to the standard non-negativity constraint used in the synthetic control algorithm.
In Appendix D we discuss how this constraint can help in applications with heterogeneous
treatment effects. More generally, any prior information about the complexity and structure of
weights can be incorporated into our algorithm. As long as the resulting problem is convex, it
can be solved efficiently, delivering alternative unit weights.

There are different possible benefits from introducing restrictions, and in general, the es-
timator’s behavior depends on the nature of the constraints. The key part that is affected is
the number of unobservables n and periods Tj we can allow. In Theorem 2 we require n ~ Ty,
which can be demanding in applications. If additional, informative constraints hold, Ty can be

much smaller. Precise results of this nature can be derived using the general bound introduced

in Hirshberg (2021).

4.4 Shift-share Designs

In this section, we discuss the relationship between our model and models from the shift-share, or
“Bartik” instruments, literature (Adao et al., 2019; Borusyak et al., 2018; Goldsmith-Pinkham
et al., 2020). We start by considering an extension of our original framework. Assume that
instead of a single aggregate shock, we have |S| of them. In a typical application, these will

correspond to industry-level shocks. Potential outcomes are now determined by the following
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equations:

Yi = 042") +T7Wi + Z 9§§’3Hts,
seS

Wi = Oéz(tw) + Z TitsVits Lts + Z 9§Z§)Hts,

seS seS

(4.7)

where s is a generic industry, and we observe {Viss tits, {Wit, Yie bits {Zistess and D>, yius = 1. It
is straightforward to see that our model is a special case of this with |S| = 1.

The model considered in the shift-share literature is a special case of (4.7) with 7" =1, and
two additional assumptions: (a) for every s, {H;s}ses is uncorrelated with {Zis}ses, and (b)
E[Zs] = p and Z;5 are uncorrelated over s. Identification is now achieved exploiting variation
over industries (see Borusyak et al., 2018). In applications, 7" is usually not equal to 1, and
often the model in differences is considered. At the same time, the identification argument does
not exploit the time dimension and focuses on the variation over industries.

One can immediately see that these two models are non-nested, both formally and concep-
tually: we are focusing on the case, with a single aggregate shock, motivated by the applications
in development and macroeconomics. In these applications, correlation between observed and
unobserved aggregate shocks is the key problem one has to deal with to make causal claims.
Shift-share literature, on the other hand, focuses on the case where the main source of endo-

geneity is the cross-sectional correlation between ag/) and az(tw )

that typically arises because of
simultaneity issues (e.g., when Y}, is wage and W, is a labor supply).

We believe that models of the type (4.7) can be promising, because they allow for a combi-
nation of two identification arguments: one that is based on the variation over time, and one
that is based on the variation over s. In applications, both |S| and T' can be modest (especially,
if we want shocks to be independent over s), and thus it is natural to use both sources of varia-

tion. Also, using a time-series dimension, one can estimate correlations between Z, and adapt

inference to this case.

5 Conclusion

Aggregate shocks provide a natural source of exogenous variation for unit-level outcomes. As

a result, they are frequently used to evaluate local-level policies. We argue that this exercise
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has two conceptual steps: aggregation of unit-level data into a time series and analysis of the
aggregated data. We propose a new algorithm for constructing unit weights that are then used
to produce aggregate outcomes. In a rich statistical model, we show that our weights approxi-
mately eliminate potential unobserved aggregate shocks, leading to a consistent and asymptot-
ically normal estimator. After aggregation, we suggest that researchers use OLS regressions to
estimate first stage and reduced-form coefficients. Importantly these regressions should include
other variables that capture the underlying trend in the aggregate instrument. We illustrate the
performance of the resulting estimator in data-driven simulations that demonstrate its superi-
ority to the conventional TSLS estimator in a variety of practically relevant situations. We also
provide conditions under which one can use design-based techniques to conduct valid inference.

In our analysis, we abstract from several essential aspects of the problem. Our model is static
and does not allow for dynamic feedback from the policy variable’s past values. This can be a
limitation if we are interested in treatments that can produce long-term effects (e.g., aid policies
in developing countries). We also impose linearity on the potential outcomes (Assumption 3.1),
which can be restrictive in situations where policy variable takes extreme values (e.g., rainfall).
Finally, we ignore any measurement issues and say that both outcome and policy variables are
directly observed. We believe that these limitations can be addressed within our framework and

leave such developments for future research.
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ONLINE APPENDIX

A Preparations

A.1 Notation and definitions

We use || - ||2 to denote euclidean norm, || - || gs to denote Hilbert-Schmidt norm, and || - ||, — the operator norm.

For deterministic sequences we say x,, ~ y, if lim,, Z—" exists and is not equal to 0 or infinity. The same applies

for random sequences that converge in probability to a deterministic limit.

We use superscript (0) and (1) to distinguish data that belongs to periods [1, To] and (T + 1, T, respectively.

For example, Y(©) corresponds to n x T matrix of outcomes from periods [1,T5] and L)) corresponds to a

sub-matrix with last (7o, 7] columns of matrix L), This convention applies to any n x T' matrix. For a T x T

matrices A, A we use A®)-(0) and AR (k € {2, h}) to denote sub-matrices with rows that correspond to

: : () (k),(4) (k). (5
[1,To] and (T, T], respectively. We also separate each matrix A*):() into two parts: A and A;
that A®).G) k) — Aék)v(j)y(k),(o) JrAgk),(j)y(k),u)_

Define the following projection matrices:

H;k) -7 w(’f)((¢(k))T¢(k))—1(w(k))T

) such

11O — T — e0) (21O T (), (0) =1 (((), 0N T

n© = n{P®

1
O,=7Z,— ~1,(1,)"
- (1,)

For k € {0,1} define the regression and correlation coefficients:

(k) ._

pagtrace ((AM®) T TI AG)0))

Miiz = I A@-0)12,

(k)

pagtrace ((A(h)’(k)) T H}k)A(Z),(k)

PHiz =

T ACLE) | g T AG 0 |

Define the following symmetric matrix that later plays a crucial role for the analysis of the bias:

= %Lw),(om;m(,;(w),(ow n %ﬂy),(om}o) (E®-0)T 4
ow Oy

(1= (plg] ) IAM-O)) 2

UW

Define D — D € R" such that (D — D); =

L0 (P57) ))IIA(’”(0)\|HS(~y>)(g<y>)T, (1.3)

(w ))(g(w))

OY

D, — %Z?:l D; and similarly define 7 — 7. For ¢ > 0 define the
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following quantity that measures the correlation between D; and 7;:

_ —1
(D-D)T (g?zn + TLOHQFHQ) (1 —7)

s(¢) =

— -1
(D-D)7 ((21” + TAOHQFHQ) (D - D)
Finally, for arbitrary weights @ define the following objects:

1 n

(y) ~, [E— (y) (w) ~ (u) w) ~.
FV@) = }71:(6 R § 4
g(w) E :B(w)~, ) (@) ZW w)~i’
(y) ~ 1 (y) (w) w) (U)) -
L; = Ly TL;, LS,
@ = ?_1:( Ll } 1
£ (& ()5, W)~y . L EORCONS
E €t e (@) = - ;:1( + 7€ Wi



A.2 Assumptions

Assumption A.1. (UNIVERSAL CONSTANTS) The following restrictions are satisfied for all n, Ty, Ty for some

fived universal constant cy, Cag, Ch|z, Cos Cr:

. k
dim{i} < cp,  |pagl < Cag <1, max {|77§J|)Z\} < Cplz, Max{oy,0y} < Co,
ke{0,1} (1.6)

|| < cr.

Assumption A.2. (ALIGNMENT AND SIZE OF TIMES SHOCKS) As Ty, Ty go to infinity, the following restrictions

are satisfied for k € {0,1}:

(7),(k) (h),(k)) T A (2),(k)
max HA llop < Cop 7 [[(A ) A llop = o(1),
jetzhy L[AGD-®) g VTe (A, TAGL®)|[ 174 (1.7)
||A(Z)’(k)\|op ~ ||A(h)’(k)Hop, HA(Z)’(k)HHs ~ ||A(h),(k)||HS

2
For a generic matrix A quantity HHAAHHZIS generalizes the concept of rank, and thus the first part of this
op
assumption says that after projection most shocks are not aligned with respect to a small number of directions.

The second part simply says that the sizes of e and €*) are not very different.

Assumption A.3. (BEHAVIOR OF POST-TREATMENT TRENDS) As T go to infinity, there exists a sequence

s, — 00 such that the following restrictions hold:

~ T
o (L0 4 L) I AR D) )
e " T S (1.8)
x#£0,2T1,=0,a,8 ||$ (aL(w),(l) + ﬂL(y)’(1)> chl)A(lZ)’(l)”Q T

This assumption requires deterministic trends in L(®)(1) and L®)(1) to be “well-spread” over time even after
projection and integration with Agz)’(l). For bounded deterministic trends and Agz)’(l) generated by a stationary

process we would expect st, to behave as v/17.

Assumption A.4. (SIZE OF PREDICTABLE PART) As Ty, T1 go to infinity the following holds for sy, from

Assumption A.3:
AP D)=L AF D) @O = o, (s7,). (1.9)

This assumption restricts the size of the part of €(*)(1) that is predictable using the past. In a stationary
auto-regressive model we have H(Agz)’(l))_l(A(()Z)’(l))u(z)’(o)||1 = 0,(1) and thus the assumption is satisfied for
any diverging sequence sz, . If ¢() follow a random walk, then ||(A{)=1(AF) 1)), ~ \/T5. Since sp,
cannot be larger than /77, in this case, Assumption A.4 fails for the regime that we are mainly interested in

(To ~ T1).
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Assumption A.5. (ORDER OF THE VARIANCES) The following holds as n,Ty approach infinity for a universal

constant cyqr and deterministic k?:

KJQ

max {63, 67 } < £%(1+ 0p(1)), < Cyar(1+0p(1)). (1.10)

min{6%., 63,

Assumption A.6. (QUALITY AND SIZE OF D;) Let (D —D); := D; — 23" | D; and assume that the following
holds:

ID =Dz ~ Van (1.11)
For some universal constant cs > 0 the following holds:

inf [s(Q)] > cs (1.12)

k¢>max{oy, ,\/og +702,42Tpiaoyow}
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A.3 Technical lemmas

Lemma A.1l. Let IT be an orthogonal projector on p-dimensional subspace or RT and consider a T x n matriz

A such that ””AA””I:PS =0 (ﬁ) Then the following holds:

Ir —IHA
|(Zr )Allms =1+4o0(1) (1.13)
Al zs
Proof. The result follows from the chain of inequalities:

|(Zr — M)Al ms IHAlzs _ ||| zs||Allop ( 1 )
R = LHS ) < < = pxo|—]=o0(1) 1.14)
1Al MAlns = JAlws - YP*o\gp) = (

O

Lemma A.2. Suppose Assumptions 3./,A.1,A.2 hold, then the following is true as Ty,T1 goes to infinity for
ke {0,1}:

7B
A0 g

(e(h)mk))TH}k)e(z),(k) o ((A(h),<k))TA<z>,(k>||Hs)
P03 H|z T =P IAG)(®) 1% g ’

=1 + OP(1)7

(1.15)

1 z), z), T 0) _(n s 2
H(ITO — 7”42),(0)"%6( ):(0) (¢(2):(0)) )Hf e(h) (O)H2 o trace? (A1) (A().O))T)
[A®OZ, T P RGO A O

+ 0p(1)

Proof. We prove the first two claims for k£ = 1, the result for £ = 0 follows in exactly the same way. Theorem

6.3.2 in Vershynin (2018) implies the following:
I Wy — [P A D 5| = 0, (A D], ) (1.16)

which together with Assumptions A.1, A.2 and Lemma A.1 implies the first claim. We also have the following

decomposition:
(E(h)’(l))THE})e(Z)v(l) - pag(A(h)’(l)V(Z))TH?)A(Z)’(UV(Z) +./1— pgg(A(h)’(l)y(h))TH(fl)A(Z)’(l)y(z) (1.17)

Applying Hanson-Wright inequality to the first part, Lemma 6.2.3 from Vershynin (2018), Assumption A.l,

Asssumption A.2, and Lemma A.1 we get he following;:

(OO TP O~y IPAD O[] = 0, (| TAD O ) (1.18)
proving the second claim. The third follows in the same way. O
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B General results

B.1 General version of Theorem 1

The results in this subsection apply to a generic weights w that depend on the first part of the sample.

B.1.1 Expansion of the estimator

We focus on first stage and reduced form coefficients separately. We start with the decomposition of the first

stage:

~ T (D11 (1)
1w WWILLY' Z 1
F== ! —oT

ey s 7 + bias™ + time noise(®) + cross noise™)
n (Z(l))THf ALY, n

1 HONYToW 71
bias®) = chT@(“’)( ) !

n (zHTW Zz@)

o ETEmam® 0 (2.1)
time noise = — PRy
no(ZW) I1; AS)
1 @TE(W)v(l)H;l)Z(l)
cross noise(™) := = 0
n (Z(l))THf Z(1)
Similar decomposition holds for the reduced form:
~Tv (D717 (1)
. 1w ' YWII,' Z
0= f—fl —ToTx + bias® + time noise) + cross noise¥)
n (Z(l))Tngc)Z(l) n
1 _ HO TH(l)Z(l)
bias®) := f(DT(Q(y))—( ) fl
n (Z(l))TH; ) 7 (1)
2.2
1 o T LMW 71 (22)
time noise®) := = !
n (2(1))TH5})Z(1)
1 @TE(y),(l)HS})Z(l)
cross noise® = = 0
n (Z(l))THf Z1)
B.1.2 Analysis of the error
Lemma B.1. Suppose Assumptions 3.3, 3.4, A.1, A.2 hold, then the following is true:
cross noisc!” 5]z (&er + 0p(1)) (2.3)
cr D .

cross noisel™) B n[|A@) Dl g g

where fc’r ~ N(O, Z)

Proof. First, we condition on @, Z and use the fact that idiosyncratic errors are independent over time and of
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€)™ and have a normal distribution. Then we use Lemma A.2 to go from ||H§c1)6(z)’(1)”2 to [[A® M s at

the expense of (1 + 0,(1)) factor. O

Define the following objects:

- T
(DTL(y)’(l)H}l)Agz)’(l) ((Z)TL(w,(l)H;l)Agz)v(l))

W) = = )
o) o7 L& OIP AP O |,y|oT L OmPAF O,
5T £, (MDA ) (1) (2.4)
lo" L Hf Aj ll2 0 27~ ~
s =y ATAGH (O], 5 1-p*(@) p(@)
ag(w) T ”L:)TL(w,(l)H;l)A(lZ)w(l)”2 0 1
0 AR, 5
Lemma B.2. Suppose Assumptions 3.3, 3.4, A.1, A.2, A.3, A.J hold, then we have the following:
time noise?) 1
= ig(@) (&1, + 0p(1)) (2.5)

time noise™)

where E[&, ] =0, V[, 1] =Zo, and &, 1, is independent of &... As Ty increases &, 1, converges in distribution

to N(07IQ)

Proof. To prove this we first separate ¢*)(1) into two parts: predictable from ¢(*):(®) and unpredictable one.

Y)’(l)u(ﬂv(l) and predictable is equal to jiy) :=

By Assumption 3.4 we get the unpredictable part is equal to A
AP W10 The unpredictable part delivers the result (using Lemma A.2) distribution described in the
statement. Asymptotic normality follows from Assumption A.3 and multivariate Lindeberg’s CLT. To finish the
proof we have to prove that the bias from ;o is of the smaller order. It from the chain of inequalities that follow

from Assumptions A.3, A.4:

|®TL(w),(1)H§1)A(()z),(l)y(z),(o)| |‘:}TL(uJ),(1)H§c1)A§Z)v(1)(A§Z)1(1))—IA(()Z)1(1)V(Z),(O)|

- 1 z),(1 - ~ w 1 z),(1 —
HwTL(w),(l)H; )Ag )( )”2 |@T L ),(1)1‘[& )Ag )( )H2
&7 L OIPAT D o A7) AP B DO AP O) A DIy
T L TP A D - sty '
The same holds for L)1) instead of L(*):(1) concluding the proof. O
Corollary B.1. Suppose Assumptions 3.3, 3.4, A.1, A.2 hold, then the following is true:
bias¥) 157w AL (DY T A(),(1)
=" (nHZ + O, <||( (Z)) E ”HS)> (2.7)
bias™) 15T gw) A%
Proof. The result is a direct consequence of Lemma A.2 and definition of the bias. O

Next theorem follows from the lemmas above.



Theorem B.1. Suppose Assumption 3.3, 3.4, A.1, A.2, A.3, A.J hold. Then the following is true:

( (A D) TAGD) | g >>
+
! 1AW

SH(@ €, + 1) + (6 (1) (28)



B.2 General version of Theorem 2

Our previous analysis indicates that the key component of bias of an arbitrary weighted estimator depends on
the covariance of the weights with 6(*) and 6. In this section we bound this covariance using results from

Hirshberg (2021). In this section w refers to the weights described in Section 2.2.

B.2.1 Random oracle weights

Let E.4[-] be the expectation with respect to noise E®) EW  conditional on v(*):(0) 1(1)-(0)  We define random

oracle weights w* as a solution to the following problem:

T E.l|[fwTYOMO)2  E.llLtw WOO)]2
W = argmln{QQnSHwH% + Hnw ”2 + ||nw ||2
{w}

w o3 iy
subject to:
1 & (2.9)
E Z wiDi = 1,
i=1
I~
a2 wi=0,
i=1
Define r* := w — w* — the deviation of the empirical weights from the oracle weights. Define the following
parameters:
55 = 05 + TU?U + 27P;a0y 0w,
2 ey 0T —p =) | KoMy —p- 1) (2.10)
' Too3 Too3, ’
and the following symmetric matrix:
fim L OO rE.)T ¢ L ie.onoEmonT
T oy
T, e(M)+(0)]|2 T e (02 -
w(g(w))(g(w)f + w(g(y))(g(y)f_k
Ow Ty
1 1
&TL(w)V(O)H(O)G(hL(O)(g(w))T + &Tg(w)(e(h),(o))TH(O)(L(w)v(O))T_F
w w
ij(y)»(O)H(O)E(hMO) @ T + ig(y)(e(h)7(0)>TH(0)(L(y)y(O))T (2.11)
o &%
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Using these definitions and computing expectations in (2.9) we get another representation for w*:

T .
w* = arg min {ngHng + n2wTI‘w}
n

subject to:
1 b1 (2.12)
E, w;V; = 1,
=1
1 n
LYo
n
i=1

B.2.2 Deterministic oracle weights
We define additional, “deterministic” oracle weights wq.; as a solution to the following problem:
. ~o 1t K2
Wdet = arg min {C22||w|§ + QMTFw}
{w} n n

subject to:
(2.13)

1 n
1 n

Define 7ger := w* — wger — the deviation of the random oracle weights from the deterministic ones.

B.2.3 Technical lemmas

The first lemma describes the key properties of wge;. Define x := max{cy,, 6y, e}

Lemma B.3. Suppose Assumptions 3.5, A.1, A.5, A.6 hold, in addition, as n and Ty approach infinity % =
¢ + o(1), where ¢c > 2 and % = Cusp + 0(1), where cqsp > 0. Then the following is true for n and Ty large
enough:

2

- C
ID = DIf3 < ||waetl5 < en(l + coar)c?, (1 + f"‘) (14 0p(1))

2.2
€¢X"Casp (2.14)

/wi;—etI‘w < en? (CZ) (caspch2 + cffe)(l + cyar)(1 + 0p(1))
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Proof. To prove the result we define yet another weights:

K
Weet = ar%mln{g“ *H 13+ le“w}
subject to:

1 n
g;wﬂrl = 1,
1 n
ﬁ;w1207

(2.15)

The difference between these weights and wge; is that they average up to 1 with respect to m;, not D;. It is

straightforward to see that the solution has the “ridge” form:

1 (C*Tp, + 11 ITL,) ! (7 — 7)
~ Wher = : (2.16)
n (m—m)7 (CQITO+5ZH I'l,) " Y(m —7)
and thus we get the following
P\ T (A2 nj 1/ = b
l(&Jdet)TD: (D i)) (NC I, + 1l Ta)™ (7~ 7) =5 <<> (2.17)
n (m—7) T (C%Zr, + ’"‘ H I',)—Y(r —7) K

By construction we have for n, Ty large enough % > (> % max{‘;‘;’&y’cfe} > max{:“”&y} which by Assumption

A.6 implies s (g) is bounded away from zero by ¢ and thus we can define the following weights:
Wnew = —F=xWdet (218)
(%)
that now average to 1 once multiplied by D;. With these weights we get the following inequalities:

- 1o K2 Ty, . K2 . .
C2ﬁ”wdet|‘% + ﬁ(wde»—rr(wdet) S C2ﬁ||wnew||§ + ﬁ(wnew)—rr(u}new) =

1 5 T K2
z ( OdeetHQ nz((bdet)—rr(wdet>> (2.19)

52 (S)
K
As a result, we need to bound only the last part. Here we use Assumption 3.5 to get the following for n, Ty large

enough:
*2@ . 2 ’12 - T/~ 2 2 2
¢ 2 et |2 + ) (Wdet)  T'(@aet) < (1 + cvar)(cccaszJX + Cfe)(l + 0p(1)) (2.20)

Applying this bound separately to 2 Tg lwaet]|3 and = Y (wdet)Tl"(wdet)7 and using the fact that ||wget|| cannot be

smaller that | D — D|| (solution for ¢ equal to infinity) we get the result. O
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Our next lemma provides connection between w* and wge:.

Lemma B.4. Suppose Assumptions 3.4, 3.5, A.1, A.2, A.5 hold, and M = o(1), % =c¢+0(1) and
c¢c > 2 as n, Ty approach infinity. Then the following is true as n, Ty approach infinity:

2 T
T pw)| _ K2 (Waet) " Twaet
|74et0"| = 0p < [A®).0)|| g

_ 2 T
740 | = 0y ( - (aer) wd“) (2.21)

|AM):O)]| 5

K2(Waet) T Twge .-
IhuaH2==%a< B ey dt) (") Fu” < elutir) Ta(1 +0,(1)

Proof. Observe that in the described regime we have the following ¢2 > c; 2max{o?,5 y} Consider the following

chain of inequalities:

0 > ToC?||lw* || 4+ k2 (w*) TTw* — To8%||waet||? — £*(waer) "Twaer >

2n2r;et(f‘ —Dwger + n2r;t(f — D) rger + w270 Traer + T0§2||rdet||§ (2.22)
Here the first follows by definition of w*, the second follows by definition of wge;. Define the following variables:

2} = ToC®|raee3
3 = K7 g T der (2.23)

.Tg = ’12 (Wdet)TFwdet

We will bound the first two terms in the sum above using this qualities. We have the following expansion:

2 2
~ K w 0 w R™ =~ 0 = .
K2 —T) = &TL( ),(0)(1‘[(0) _ ch ))(L( )»(0))T + ?L(y)ﬁ(o) (H(O) _ HS‘ ))(L(y),(o))T+
w Y

2 2 ~
(IMIe O3 — (1 - @H>MM“@w>(;<W%www+29@w@f)+
w

0y

K2 @) )0 ((1).(0) + ! 9(w>( (1),(0)) T[(0) ([, (), ()T 4
JW W

2 ~
Z L®-O110)¢R).0) (gNT g(y)( (R ONT O (LW )T (2.24)
oy 5%

We bound £27),,(T' — T')rge; in terms of |zg| and |x3]. We only need to bound the last six terms, because the

first two are positive. We start with the last four, they all behave in the same way, so we focus on the one that
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involves (%) and L(®):

2
K
&T(rdet)—rg(w)(E(h)’(o))TH(O)(L(w),(O))TTdet <
w
0 w
(1+0,(1))| |23] (E(h)’(O))TH(O)HSC)(L( EON
Op

IOl I (L0 Trge

|23]
(14 0,(1))] O (%) sup [(eMONTIIO g (2.25)
I Ollzs @, ||z ]l2=1,2€lm I (L), (0)T)

Let II,, be the projector on Im((L(“’)’(O))H;O)), by Assumption 3.5 we know that the dimension of this subspace
is o(min{n, Tp}). Using this and Lemmas A.1, A.2 we get the following:

sup |(€(h)7(0))TH(0)x| - ||1-[$)1-[(0)6(h)7(0)||2 <
z,|lz)2=1,z€lm(I{” (L), (0)T)

[T PO, 1[5, [Ty = o, (JADOlys)  (2.26)

This implies the following bound:

2
R
‘ﬁ(rdet)me) (MO Tp0) (1,(w),(0)) T
w

Taet| < 0p (23)

(2.27)
Using Lemma A.2 we get the following:

2
K
0O = (1= (), A s

2 ~ ~
o (raet) T (0)(0)) Traee + i(rdet)w(y)(@(y)f”et) N
hi % Oy

op(3)  (2:28)

Next we bound ‘mQWIGt(f —T)rget

in terms of x2, x3. Applying exactly the same argument as above we get the
following:

‘ HZwCLt (f‘ —D)rget

1
= oy (feazal) + 2210 gy ) = oy heazal) (2.20)

Combining this with previously derived bound we get the following equation:

2} +a3(1 + 0p(1)) + 0p (Jz2w3]) <0 (2.30)

This implies that |z2| = 0p(Jz3|) and the same holds for |z1|. Going back to the original notation this gives us
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the following bounds:

2 T
T plw)| _ K2 (Waet) T TWaet
|7°det9 ‘ Op < HA(h),(U)”HS

2 T
T i) K2 (Waet) " TWaet
|rdet0 | Op < ||A(h)’(O)HHS (231)

[racrll = o | Y det) Tioae
alla =
P T()CQ*X

By combining the bounds above and using a straightforward implication:

| @aer) T (F = T)esen

< 0p (Waet) ' Twaet ) (2.32)
we get the following bound, thus finishing the proof:
(W) TTw* < 2(wWaer) " Twaer + 2(raer) ' Traer < c(Waer)  Twaer (14 0,(1)). (2.33)

O

The next lemma provides a technical tool that connects the bound on the covariance we are interested to

the bound on (w*) T Tw*.

Lemma B.5. Suppose Assumptions 3.4, 3.5, A.1, A.2, A.5 hold, % = Casp + 0(1), where cqsp € (0,1); also

suppose that for some (possibly random) x the following holds with probability at least 1 — «:

]2 < s,
2T (6 (e ONT 4 LENITO |2 < 52T, (2.34)

2T (0@ (P ONT 1 LONIO)|2 < 62T,
Then the following holds with probability at least 1 — «

sv'To

T g(w) _ °v-0
|z 6\ < CHA(h)’(O)”HS

(1+0p(1))

(2.35)
TEW)| < o— VT
|x ¢ | < c||A(h)7(0)||HS (1 + Op(l))
Proof. In the course of the previous lemma we showed the following:
HQT(Ltf‘Tdet > H2T¢Ltrrdet(l + O;v(l)) (236)

It is clear from the proof that the same result hold for arbitrary vector x, which implies the result in a straight-
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forward way. O
The next lemma establishes the rate for (r*)TIr* and ||r*[|s.

Lemma B.6. Suppose Assumptions 3.1,5.2,3.3,3.4,53.5, A.1,A.2 hold; also suppose that as n, Ty approach infinity

we have the following:

T
;0 = casp +0(1), % =cc+o(l), cse<co. (2.37)

max{ow,5y}

where cqsp € (0,1) and cc > cmax{l, N

}. Then we have the following with probability at least 1 —

cexp (—c(min {02, a; n):

Ir*ll2 < ev/n (x*cc + VX + x) (1+ 0p(1))
1) T O (O T 4+ LENTOy < en (xPec + VX +x) (1+ 0p(1) (2.38)

1) @@ (™ O) T+ LTy < en (xPe¢ + X +x) (1+0,(1))

Proof. We have the following implication from Lemmas B.3, B.4:

1 ~
=/ K2 (w*) TTw* < ceex (1 + 0p(1)),
n
1 c (2.39)
—JJw*ls < —=(1 1
Ll < (14 0,(1)
Define the following objects:
X = (Y(O)H(O))T7 Xy = (W<0>H<o>>T7
T T
£ = ((E(y>,<o> 4 TE(“’)’(O))H(O)) e = ((E(“’)’(O))H(O)) 7 (2.40)
A = X1 — ey, Ao = Xo — €9,
and consider the optimization problem:
R 2 X0 2 2 X560 2
0 -— argmin{T0§2112|0||§ + K ||A21 H2 + K ||A22 |2} (241)
9o % w

It is immediate for the appropriate © we get 6 = 2. Also, if we take expectations conditionally on {Z, Ht}tTil
and then optimize, then the solution would be equal to 6* := ‘“7* As a result, to control »* we need to control
0— 0.

Define n? as a solution to the following equation:

1 1 To—p—1
2 2 ~2 2 0— D
= —1 _— 2.42
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By assumption for n, Ty large enough we have that n% > 1 + g. With this parameter the minimized function in

(2.41) has the following form:

2 2 2 2 2 2
K® _oTo—p—1 2, KIXa0l13 2 K° Ty —p—1 o, kX203
— |0 ——= |+ | Tt —1 e 114 _— = 2.43
6}2/ Oy To ||| ”2 + &)2/ 0(77 )&2 Ow T ||| ”2 + 52 ( )

(702 -1

A more general version of such problem, but with a single X, instead of X7, X5 has been considered in Hirshberg
(2021). His analysis trivially extends to this version, by simply considering two separate bounds for each term.
We consider one such bound, the second is analogous.

All the assumptions of Hirshberg (2021) are satisfied by Assumption 3.3 and 3.4 once we condition on

{Z;, H; tTil, and thus we can use its Theorem 1. It implies the following for n% > 1 + %:

10— 6*[|2 < s (2.44)
[42(6 — )| < s1/Ton

2 To—p
w T,

with probability at least 1 — cexp (—c min {0 —1n, R, TO}), where s satisfies the following constraint:

2 To—p—1 2 2 To—p—1 *(12)1,1/2
5y COW SN (o =7b—(R]|67[2)
s% > —TO;Q (1+0p(1)) + o T, (14 0,(1))+
ey /02 TP Ag (6 — 0%)[|asv/n + co? ZE=1 (n]|6*[13)"/2sv/n
T +0p(1)), (2.45)

and R satisfies the following constraint:

sy
o1 (2.46)
s+ S (14 0y(1)

vn

R Z COR+1 (AQ)

By choosing R = min{n, Ty} we can simplify this to the following condition:

2 .2 2 2
2 OppyS Oy + Ow OwCeX + 0y,
s°>c (Caan + T + T svn ) (14 0,(1))) (2.47)

2

2
which delivers the following condition with probability at least 1 — cexp (—cawn) as long as n2 > c:—“’ which is
wsp

guaranteed by assumptions on c¢:

N _ p* ¢ X2CC \/X+X o
16— 6, < ( A ﬁ> (14 0,(1)) (2.48)
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The same bound is true if we use A; and thus with probability at least 1 — cexp ( cmin{o?, y}n)

~ 2C
”9_9*”2<C<\/c>57pcf g}) (1+0p(1))

1416 = 67) 12 < ¢ (x2e¢ + /X +x) (1 + 0p(1)
142(6 = 6712 < ¢ (x*cc + VX +x) (1 +0p(1)

(2.49)

Translating the bound into our original notation and simplifying we get the following bounds thus concluding

the proof:

I le < ev/in (xPec + VX +X) (14 0,(1))
17T (00 (01O) T 4 LENITO, < en (x2ec + X +x) (1 + 0p(1) (2.50)

()T @ (™M ONT 4 LT O3 < en (xPec + VX + x) (14 0p(1))
O

Lemma B.7. Suppose Assumptions 3.1,5.2,3.3,3.4,53.5, A.1,A.2 hold; also suppose that as n, Ty approach infinity

we have the following:

T
2= Casp +0(1), RC cc+o(l), cfe<co. (2.51)
n X

1 max{ow,5y }

where cqsp € (0,1) and cc > cmax{ , } Then we have the following with probability at least 1 —

Casp

cexp( mm{aw, fj n)

w X“c¢c+
max{ lwT oW, f| To )|} M(1+OP(1)) (2.52)

Proof. We have the following (the same for the second quantity):
w00 < w0 + rge 0 + |(7) TO™)] (2.53)

Define 0 := max{o,,, 7, }; applying Lemmas B.3,B.4,B.5,B.6 we get the following result with probability at least

1 — cexp (—c(max {02,562} n):

wr Yy
T p(w) X = + \/>
U

Theorem B.2. Suppose Assumptions 3.1,3.2,3.3,3.4,3.5,A.1,A.2, A.5,A.6 hold; also suppose that as n,Ty, T}
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approach infinity in such a way that the following relationships hold:
TO K‘,C 1
oo o), oo 1), ——— =o(1), :
= Casp T o(1) LT« +o(1) (0?52 o(1) (2.55)

w? Y

where cqsp € (0,1), and £ > c¢ > cmax {1, M} Then the following is true:

6—zoTm V/X&bias ||(A(h)x(1))TA(Z),(1)HHS
n = ——
i-1pTa)  IAMOgs ( iz + Op ( TAG-O2, )) (1 +0p(1))+

20(@) (€, + 0p(1)) + TMJ'X!'SM(&T +0p(1)) (2.56)

where Epias s a bounded random variable independent of &, 1, , Eer.

Proof. Proof follows immediately from the previous results.
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B.3 General version of Theorem 3

Ty

Theorem B.3. Suppose conditions of Theorem B.2 hold, and max{c,,6,} = o(1), T = Cint T o(1), for

Cint € (0,1). In addition suppose that the following is true for c,, <1, and cins € (0,1):

1 =~ 1 (1 z
T LO-OIPAF Dl = e A O r5(1 4 0,(1)),

1 w 1 z),(1 z
[T L OMIAT Wy = AP D 51+ 0,(1)),

. T
WTL(y),(l)HS})Ag&(l) (wTL(w),u)Hg})Agzx(l))

. . - < cp (14 0(1)),
HwTL(y%(UHg})Ag ),(1)||2HWTL(W,(1)H§C1)A(1 ),(1)”2 !

||A(k)’(0)||HS
[AG-D| 7

JA®@ — AGO)| g = o, (I\A(Z)’“)I\Hs) ’

= Cint + 0(1)5

1A = A lop = 0 (1A op ) -

Then under Hy : 7 = 19 we get the following result:
E H|5 o] < za/g&(m)}} S1-a

Proof. From Theorem B.2 and assumptions we get the following result:
1
= Ydg(w)&1 (1 + 0p (1))

Define the following object (residuals):

_ 1 Tyono 1 (2):(1) ((2),(1)) T
ey 1= W YWIL | Ir, Hﬁ(z)’(l)ng (e )

_ LT W 1 (2),(1) ((2),A\T
Cw 1= nw %% Hf Ir, ”6(2)7(1)”%6 (e )

and observe that the following is true for e, (expansion for e,, is the same):

1 4= 1
ey =y + nga(y)(e(h),(l))T (ITl _ ||e(2)7(1)||26(2)7(1)(6(Z)7(1))T) —
2

1 1

L 7500 2.0 (.07 o+ L T a0 —
EEISIE W L I, e (e ) +nw E IT; (ITl

(2.57)

(2.58)

(2.59)

(2.60)

1 6<Z>,(1)(6(z>,(1))7>:

-3

gy +0p(1) + Op (1) + 0p(1) =y + 1, (2.61)
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By assumptions we have the following two bounds:
1 (2),(1 z),(1 1 (2),(1 z),(1
[eeA Do = e A Pllz] < flealla [AFD = AP D = 0, (1A D 1), (2:62)

and

A (2),(1 A (2),(1 A(2), A (2),(1 A (2),(1 _
[1ex A3 = e AP D[ < 2l A O opllerA Pz + I FIAT V)2, =

Oy (A g | AL D, + [ADD ], ) = 0, (IADDlrs) . (2.63)

Using this we arrive to the following:

1 (2),(1 2(2),(1) 12 (2),(1
S) e L ley A e AT VAPT M) ey
HA(Z)’(UHA}{S €;A§Z)7(1)(Agz)’(l))—rew ||€$A§Z)’(1)”§
(2),(1) 2 T A (2),(1) (A (2),(1)\T
1 lleg AT 3 ey M7 (AT ew
T O (1+0,(1)) =2(w)(14+0,(1)) (2.64)
HA( %(UH‘}LIS EJA(IZ)V(U(ASZ%(U)T&U ||51'I;A(12)7(1)”% P P

For arbitrary fixed 7y the following objects:

5(m0) = \/ (1, —70) (@) (1, —70) T,

(2.65)
o(r0) = /(1 ~70) (@) (1, —70) T

The result above tells us that 6(79) = o(79)(1 + 0p(1)). Under Hy : 7 = 79 we get the following for the test:

E[{18 = 707 < 20/26(70) }| = Bl (1 + 0p(1)] £ 2as2(1 + 0p(1)}] > 1~ @, (2.66)

and thus concluding the proof. O

B.4 Verification

For AR(1) with coefficient p process we have the following:

Tk,
(1—p?)

AW P
I lop < T3

I A O = 0,(1)

JADB)| g = (1+0(1))

(2.67)
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Assumption A.3 does not have to hold, because the statement of all the theorems guarantees its version that is
sufficient for all the results. Assumption A.1 holds as a result of all other assumptions. Assumption A.6 holds

as a result of Assumption 3.7.

C Parameters of the simulation

® ().

The variance matrix of (e;;”, €;;

0.001  0.000
_ (3.1)
0.000 0.003
The model for Z;:
Zy = v + 11407, + 05207, 652
3.2
¥ ~ N(0,0.43)
The model for H;:
H, =0.5Z, +0.257, (3.3)

where Z, has the same distribution as Z; and is independent of it. Exposures wa) and ng) have the following

form:

ng) =0.2m; + m@(w)
0¥ = 0.45m; + 1.5v/1 — 0.326Y)

where fl-(w)7 51-(31) are independent realizations of standard normal random variables.

D Heterogeneous treatment effects

While formally our results (in particular Theorem B.2) apply for the case of constant 7 they can be generalized
to allow for unit-specific effects 7;. In this case, interpretation of the resulting estimand becomes essential. We
want to stress that the same question applies to the conventional TSLS algorithm from Section 2.1. While there
are available results in the literature that provide interpretation of an IV-like ratio in similar setups (e.g., see
appendix of Borusyak and Hull (2020)), they do not directly apply to our setting. Below we sketch an informal
argument that suggests that in the low-noise regime (as in Theorem 3), our estimator converges to a convex

combination of 7; as long as some additional assumptions hold.
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For arbitrary weights @ we have the same expansion as in Section B.1:

LT (7 o 7) + bias™ + noise®)

g
TTET 1T @) ) (41)
™ ~w'm+ bias*’ + noise
Generalizing the arguments of Section B.2 we can conclude the following for the weights w:
. gw'(rom) +0p(1)
==
aw!m+op(1)
We can further split this sum in the following way:
P %wc—iret(Toﬂ)+%(W_Wdet)T(TO7T)+Op(1) (4.2)
%""’c—ll—et7T + %(W - o“’det)—l—” + Op(l) '
Results of Theorem B.2 imply that ||w — wgetl|2 = 0p(v/n) and thus we get the following result:
. 2Wda(Tom) + +0p(1)
T =
%w;&tﬂ' + 0,(1)
Under Assumption 3.7 we get that the denominator is equal to Ci # 0 and thus we get the following:
T = Tget + 0p(1) (4.3)
T
where Tge; = w This implies that we need to provide the interpretation for 74e;.
nYWdet
Suppose there exist a sequence of numbers {r;}?_; such that the following is true:
1 n
- Zwi,dem =o(1)
i=1
1 n
— sz‘,detﬂﬁ =o(1) (4.4)
n -
i=1
Wi,det (T3 — 73)
Yi ‘= ’ 2 0
L Widet(m; — T3)
Then the following holds:
LS i+ o) (45)
Tdet = — iTi T O :
det = = Y

=1

which implies that 7 converges to a convex combination of unit-specific treatment effects.

One way to guarantee that such sequence {r;}7" ; exists is to use constant r; = T and impose an additional
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convex constraint in the optimization problem:

wi(D; — D) >0 for all 4 (4.6)

This constraint is similar in spirit to the non-negativity constraint imposed in synthetic control literature. Of
course, then to guarantee a good performance of the oracle one would need to assume that there exist good
balancing weights with such properties. In this case -; is non-negative by construction as long as Assumption
3.7 holds, the first restriction in (4.4) is satisfied by definition, and the second restriction is likely to be satisfied,

because the weights w; 4o+ have to balance Tiugw).
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