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1 Introduction

This paper presents a noisy rational expectations equilibrium (REE) model with endogenous infor-
mation acquisition to explain the pre-FOMC announcement drift documented by Lucca and Moench
(2015). Information is publicly available but costly to acquire. Because FOMC announcements re-
solve substantial uncertainty of the aggregate economy and have a significant impact on the stock
market, informed traders have particularly large information advantages in trading over uninformed
traders before announcements are made. As a result, it is optimal for uninformed traders to start
to acquire information days ahead of the announcements. Due to generalized risk sensitivity (GRS)
(Ai and Bansal, 2018) in preferences, as uncertainty resolves, equity market risk premium realizes
shortly before announcements. More importantly, because the newly acquired information is from
publicly available sources rather than leakage of the content of the upcoming announcement, our
theory can simultaneously explain the high average return and the low realized volatility during the
pre-FOMC announcement period.

Stock market returns earned on FOMC announcement days account for almost 100% of the
overall equity market risk premium since the mid-1990s. Ai and Bansal (2018) demonstrate that
this phenomenon can be consistent with general equilibrium asset pricing models if investors have
generalized risk sensitive preferences. The puzzling aspect of the FOMC announcement premium is
that it is mostly realized during the trading day before the actual announcements. If one is willing
to assume that most of the time, the contents of FOMC announcements are leaked to the market
days before the announcements, the example in Ai and Bansal (2018), illustrated in Figure 4 of their
paper, provides a direct explanation for the pre-FOMC announcement drift. However, information
leakage-based models are inconsistent with the low realized volatility during the pre-announcement
period.!

We define information leakage as the arrival of new information that is correlated with the up-
coming announcement but has not been incorporated in market prices. Because arrivals of new
information trigger immediate stock market responses, information leakage-based models typically
imply a counter-factually high level of realized volatility during the drift period. Empirically, how-
ever, the realized volatility of market returns during the pre-announcement period is slightly lower
than their counterparts on non-FOMC announcement days. It is the coexistence of low volatility and
high average return during the pre-announcement period that makes this phenomenon particularly
puzzling.

We develop a noisy REE model to explain the above puzzling pattern. In our model, the long-run
growth rate of the economy is governed by a latent state variable that is unobservable to all investors
but periodically announced by the central bank. Information, modeled as noisy signals about the
latent variable, is available but costly to acquire. There are two groups of investors, informed and

uninformed. Informed traders have zero cost of information acquisition and always observe noisy

'From an institutional point of view, evidence for information leakage is mostly anecdotal. In addition, the
pre-FOMC announcement drift accounts for almost 100% of the FOMC announcement premium. Attributing the
pre-FOMC announcement drift to leakage of information requires most of the information to be leaked before an-
nouncements. As argued by Lucca and Moench (2015), this extreme form of information leakage is implausible.



signals about the latent growth rate. Uninformed investors do not observe the signals until they
pay a cost to acquire them. In our model, uninformed investors normally pay less attention to stock
market dynamics than informed traders but may choose to increase their attention when the benefit
exceeds the cost of information acquisition.

Our model has three key ingredients. The first is endogenous information acquisition. In
our model, uninformed investors endogenously choose to acquire information a few days ahead
of FOMC announcements. The endogenous information acquisition in our model is consistent with
the evidence documented by Fisher, Martineau, and Sheng (2020) that investors’ attention peaks
roughly three days before pre-scheduled FOMC announcements.

Second, uniformed investors’ preference satisfies generalized risk sensitivity. To maintain tractabil-
ity of the noisy REE setup, we develop a risk sensitive operator that extends the 72 operator of
Hansen and Sargent (2007) and Hansen and Sargent (2011). In particular, this formulation allows
us to model investors’ ambiguity aversion about the hidden state variable, and at the same time, to
keep the closed-form solutions for the standard CARA-normal setup. Due to the generalized risk
sensitivity of preferences, resolution of uncertainty in our model is associated with the realization
of risk premium during the pre-announcement period, producing a pre-FOMC announcement drift.

The third key ingredient of our is asymmetric information. The information acquired by un-
informed investors is not leakage about the upcoming announcement; rather, it is the information
that is already known to informed investors and has been incorporated into equilibrium prices. As
a result, the degree of asymmetric information drops and noise gets eliminated from prices. More
importantly, information acquisition lowers, rather than increases, the realized volatility during the
pre-announcement period. This feature of our model generates the low realized volatility during

the pre-announcement period consistent with the empirical evidence.

Related Literature Our paper builds on the literature of macroeconomic announcement pre-
mium. Savor and Wilson (2013, 2014) are among the first to document the macroeconomic an-
nouncement premium. Ai and Bansal (2018) provide a revealed preference theory for the macroe-
conomic announcement premium. Wachter and Zhu (2020) develop a quantitative model of the
macroeconomic announcement premium based on rare disasters. Ai, Bansal, Im, and Ying (2020)
provide evidence for the impact of announcements on macroeconomic quantities as well as asset
markets and develop a production-based asset pricing model to explain these facts. Ernst, Gilbert,
and Hrdlicka (2019) present additional evidence for the macroeconomic announcement premium.
Within the above broader literature, our paper is more closely related to the FOMC announce-
ment premium. Lucca and Moench (2015) document the pre-FOMC announcement drift and
Cieslak, Morse, and Vissing-Jorgensen (2019) provide evidence for stock returns over the FOMC
announcement cycles. Morse and Vissing-Jorgensen (2020) provide a study for the information
transmission mechanism for Fed policies. Both Laarits (2020) and Ying (2020) provide models
of pre-announcement drifts. Both papers rely on the arrival of new information during the pre-
announcement period as in the example of Ai and Bansal (2018). Cocoma (2020) develops a general

equilibrium with disagreement to explain the pre-FOMC announcement drift.



Several recent empirical work document important facts related to investor attention and trading
activities around FOMC announcement which provide a basis for the development of the theoreti-
cal model in this paper. Fisher, Martineau, and Sheng (2020) develop a macroeconomic attention
index and provide a systematic study of the pattern of investor attention around macroeconomic
announcements. Boguth, Grégoire, and Martineau (2018) emphasize the importance of press con-
ferences in shaping market expectations. Hu, Pan, Wang, and Zhu (2020) document the dynamics
of implied volatility around FOMC announcements. Ai, Bansal, Guo, and Yaron (2020) link the
dynamics of implied volatility around announcements to investors’ preference for early resolution of
uncertainty. Bollerslev, Li, and Xue (2018) study the relationship between realized volatility and
trading volume around FOMC announcements.

From the theoretical point of view, this paper builds on the noisy rational expectations lit-
erature pioneered by Grossman and Stiglitz (1980), Grossman (1981), and Hellwig (1980). The
continuous-time and dynamic setup are directly related to Wang (1993, 1994), and the setup of
the macroeconomic announcement is related to Han (2020). An incomplete list of recent applica-
tions of the dynamic Grossman-Stiglitz models include Breon-Drish (2015), Bond and Goldstein
(2015), Banerjee and Green (2015), Goldstein and Yang (2017), Albuquerque and Miao (2014),
Avdis (2016), Andrei and Cujean (2017), Andrei, Cujean, and Wilson (2018), Sockin (2019), Buffa,
Vayanos, and Woolley (2019).

This paper is also related to the literature on endogenous information acquisition and informa-
tion choice. Veldkamp and Van Nieuwerburgh (2010) study a joint decision problem of portfolio
choice and information acquisition. Banerjee and Breon-Drish (2020) analyze endogenous informa-
tion acquisition problems in an environment with strategic trading. Veldkamp (2011) provides an
excellent review of the literature of information choice and attention allocation.

From the perspective of general equilibrium asset pricing, this paper belongs to the large litera-
ture that studies various aspects of equity market risk and risk compensation based on preferences
with generalized risk sensitivity. To incorporate generalized risk sensitivity in a tractable way in the
Grossman-Stiglitz setup, we use the recursive multiple prior setup of Chen and Epstein (2002). See
also, Epstein and Schneider (2007). This preference is also related to the robust control preference
of Hansen and Sargent (2007, 2008, 2011). We do not attempt to survey this large literature but
refer the readers to Ai and Bansal (2018) for the references of preferences that satisfy generalized
risk sensitivity and their applications in asset pricing.

The rest of the paper is organized as follows. In Section 2, we summarize stylized facts related
to the FOMC announcement premium and the pre-FOMC announcement drift. We present our

model in Section 4 and study its implications in Section 5. Section 6 concludes.

2 Stylized Facts

We begin by summarizing the four stylized facts about stock market dynamics around pre-scheduled

FOMC announcements. All of the facts we list here are well established in the literature, and we



simply use them as a guidance for the development of the model. See Appendix 6.1 for a detailed

data description.

1. The aggregate stock market exhibits high average returns starting from the previous trading
day until the release of the FOMC announcement. In Figure 1, we plot the cumulative return
around FOMC announcement starting from one trading day before the announcement until
one trading day afterwards. The solid line stands for announcement days and the dashed line
is the non-FOMC announcement day cumulative returns. The shaded area, 14:00-14:30 p.m.,
depicts the timing of most prescheduled FOMC meetings. Consistent with Lucca and Moench
(2015), we find that the 24-hour return before the pre-scheduled FOMC announcement during
the period of January 1994 to September 2020 is about 32 basis points on average.

Figure 1: The Pre-FOMC Announcement Drift

0.5 T T T T 1 1
—FOMC

= = non-FOMC

0.4

0.3

0.1

N ~V

N .

0 t=at—~ et = = t i f f f f f
O O N N N O ANINN] N N O O O Q O O O O N N N
&) o) o) o) o) S R pe) o) Be) Ko} N} i) Keplie) o) o) o) o) o) o)

This figure plots the average three-day cumulative return (in percentage) around FOMC and non-FOMC announce-
ment days. The solid line displays the average cumulative return during regular trading hours from 9:30 a.m. on
one trading days before the FOMC announcements to 16:00 p.m. on days afterward. The dashed line is the average
cumulative return on all three trading consecutive days that do not include any FOMC announcement (Note that
there exits overlapping among these three-day windows). The shaded area, 14:00-14:30 is the half an hour window
containing most of the FOMC releases. The sample period is from January 1994 to September 2020.

2. Investors’ attention rises three days before FOMC announcements and peaks right after FOMC
announcements. Fisher, Martineau, and Sheng (2020) develop a macroeconomic attention
index based on news article counts. In Figure 2, we plot their constructed macroeconomic
attention index around FOMC announcements. Investor’s attention about monetary policy
starts to increase three days ahead of announcements. It spikes at one because there is one day
delay for the news article to be printed. This is the motivating evidence for our endogenous

information acquisition-based theory.

3. The realized volatility during the pre-FOMC announcement period is slightly lower than the
realized volatility during the same hours on non-announcement days. Realized volatility peaks
right after FOMC announcements. In Figure 3, we plot the 30-minute realized volatility over

the three days around FOMC announcements. The dotted line stands for announcement days



Figure 2: Monetary Policy Attention around FOMC Announcements
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This figure replicates the bottom right panel of Figure 4 in Fisher, Martineau, and Sheng (2020). The horizontal axis
is the number of days since the announcement. The vertical axis shows the lag and forward coefficients by regressing
the daily demeaned macroeconomic attention of composite monetary index on dummy variables of days since the
announcements, controlling for day-of-the-week fixed effects. The sample period is from January 1994 to December
2020.

and the dashed line depicts non-announcement days. Compared to non-announcement days,

realized volatility is lower before FOMC announcements, and peaks right after announcements.

Figure 3: Realized Volatility
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This figure plots the intraday average market realized volatility during the three days around FOMC and non-FOMC
announcement days. The dotted line is the realized volatility for FOMC announcement days, and the dashed line is
that for non-FOMC announcement days. Realized volatility (annualized in percentage) is the average rolling sum of
squared log returns on the S&P 500 E-mini futures over the past 30 minutes. The dashed line is the same calculation
on all three consecutive trading days that do not include any FOMC announcement (Note that there exits overlapping
among these three-day windows). We calculate the realized volatility for each minute from 10:00 to 16:00. The sample
period is from September 1997 to September 2020. The shaded area, 14:00-14:30 is the half an hour window containing
most of the FOMC releases.

This evidence is inconsistent with information leakage-based story, which will trigger stock
market reactions and result in a high realized volatility during the pre-FOMC announcement

drift period.

In the following section, we show that a dynamic noisy rational expectations (REE) model with en-

dogenous information acquisition, after incorporating generalized risk sensitive preferences, provides



a unified explanation for the above facts.

3 An Example of the Pre-FOMC Announcement Drift

In this section, we reproduce the simple example in Figure 4 of Ai and Bansal (2018) to illus-
trate how combining generalized risk sensitivity and information leakage can generate a pre-FOMC
announcement drift. More importantly, we use this example to illustrate the difficulty for a rep-
resentative agent model to simultaneously explain the low volatility and high return during the
pre-FOMC announcement period.

The Ai and Bansal (2018) model assumes a continuous-time setup where the aggregate consump-
tion follows %C;t = [zdt + 0dBc ], where o is the volatility of consumption growth. The expected

consumption growth is driven by a hidden state variable x; , which follows
dxy = az (T — x4) dt + 0,dBy , (1)

where Z is the long-run mean of x;, b is the rate of mean reversion, o, is the volatility of the hidden
state x4, and B, is a standard Brownian motion independent of Bc;. At time t = T,2T,3T,-- -,
pre-scheduled FOMC announcements reveal the true values of x;. To model information leakage,
we assume that starting from time 7 < T, the representative investor observes an additional signal

l¢, which carries information about the content of upcoming announcement x;:
lt = Q?tdt + oy (t) dBl,t. (2)

where oy (t) is the inverse of signal precision and B;; is a mutually independent Brownian motion

noise. Ai and Bansal (2018) show that the posterior mean of x;, denoted #; can be written as:

iy = ap (T — &) dit + %déc,t + Uidél,t, (3)
l

(t)
where ¢; is the posterior variance of z;, defined as ¢; = E; [(i’t — l't)2:| . dBC,t = % (C% —E; [%D
and dBy; = ﬁ(t) (dly — Eq [dl;]) are innovations in the observation processes relative to the investor’s
belief.
Assume that the representative investor has a recursive preference with a subjective discount

rate of p, a unit IES, and a risk aversion of v, the pricing kernel can be written as:

A at A at A
dmy = —ridt —odBoy — (v — 1 1+ ———— ) 0dBct+ ————dBj¢| , 4
= === (14 ot Yot et
where the first term is the risk free rate, and the second term odBc; comes from the standard
expected utility with log preference, and the term in the square bracket arises due to generalized
risk sensitivity: v > 1.

The case of information leakage can be modeled by assuming oy (t) = oo for t < 7 and o (t) =



0.01% for t € [r,T]. That is, during the pre-announcement period [7,T], the investor suddenly
starts to observe a very precise signal about the true contents of the upcoming announcement, ;.
In Figure 4 below, we plot the posterior variance (top panel), the average price-to-dividend ratio
(middle panel), and the volatility of the market return (bottom panel) implied by the above model.
Because the information is very precise, the posterior variance ¢; drops sharply at ¢ = 7. At the
same time, the average price-to-dividend ratio rises sharply. This is because leakage of information
is associated with a high volatility of the stochastic discount factor: the term m in equation
(4) rises sharply after 7 because oy (t) is close to zero. This mechanism generates a large risk

premium in the short period ahead of announcements.

Figure 4: Equilibrium without and with Information Acquisition
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This figure plots g, the posterior variance for Z; (top panel), the average price-to-dividend ratio (middle panel), and
the return volatility (annualized in percentage) (bottom panel) over one announcement cycle at the steady state value
¢ = Z. The horizontal axis is the number of days before the upcoming announcement, which is normalized to 0. The
information starts to leak at time 7 < T'. Here, 7 = 42, three days before the announcement and 7" = 45. We refer to
Table S.I in Ai and Bansal (2018) for the rest of the parameter values.

The high volatility of the stochastic discount factor, however, is associated with the high volatil-

ity of the posterior belief Ulq(tt) in equation (3). In fact, the high volatility of Z; is the reason for the
high volatility of the stochastic discount factor. As shown in Figure 4, the realized volatility rises
sharply and simultaneously as the price-to-dividend ratio increases with leakage of information.
The above example illustrates a key difficulty for models that generate a pre-FOMC announce-
ment drift based on the arrival of new information to the market, or leakage of information. In
the data, the average excess return during the pre-FOMC announcement period is roughly 30 bps
per trading day, and that on non-announcement days is less than 2 bps. Holding the Sharpe ratio
constant, to account for a 30 bps premium, the information leakage-based story requires a realized
market volatility of twenty times higher during the pre-announcement period, whereas in the data,
the realized market volatility in this period is in fact lower than that on non-announcement days. In

the rest of the paper, we develop a noisy rational expectations model with information acquisition



to resolve the above puzzle.

4 Dynamic Model

This section develops a continuous-time noisy REE model with endogenous information acquisition

and generalized risk-sensitive preferences.

4.1 Model Setup

The asset market Time is continuous and infinite. There is a unit measure of investors. An w
fraction of them are uninformed investors and 1 — w fraction are informed investors. There are two
assets available for trading, a stock and a risk-free bond. We assume that the risk-free return r is

constant. The stock is the claim to the following dividend process:
dD; = (J}t — Dt) dt + O'DdBDﬂg, (5)

where Dy is the dividend flow, x; is the long-run trend for the dividend flow, op is the volatility
of the dividend flow, and Bp; is an i.i.d. shock to the dividend payment modeled as a standard
Brownian motion. We model the expected dividend flow as x; — Dy, so that the dividend process
is stationary. The assumption that the mean reversion rate equals to 1 is not important and can
be relaxed without affecting most parts of the model. The long-run trend of the dividend flow, x,
is itself mean reverting, modeled as an Ornstein-Uhlenbeck (OU) process as in equation (1). In
addition, as is standard in the noisy REE literature, we assume that the total equity supply is a

stochastic process and denote it as 6y, where
dﬁt =a (é — et) dt + O'gng,t. (6)

In the above equation, a is the rate of mean reversion, 6 is the long-run mean for 6;, and oy is
the noisy supply volatility. We assume that Brownian motions Bp;, B;, and Bg,; are mutually

independent.

Information and preference of informed investors We assume that the dividend process,
Dy, is observable to all investors, but its long-run trend x; and the total risky asset supply 6; are
not. At pre-scheduled times, ¢t = nT, for n = 1,2, - -, the monetary authority (central bank) makes
periodic announcements that reveal the true value of x;. Both informed and uninformed investors
can observe D; and the pre-scheduled FOMC announcements and use them to update their beliefs
about the latent variable that drives the economic growth, x;.
We assume that market research can produce a signal that is informative about x;, denoted as
S
dsy = zdt + 05d By, (7)



where o, is the signal volatility and B; is a Brownian motion independent of Bp:, By, and
Bp ;. We think of s; as information available in the public domain but costly to acquire. Informed
investors have a comparative advantage relative to uninformed investors in terms of information
acquisition. For simplicity, we assume that they have zero information acquisition cost and observe
s; at all times.

Both types of investors maximize CARA utilities represented by [IE fooo —e*pt*WCfdt], where
C; is the consumption at time ¢, p is the subjective time discount rate and -y is the absolute risk

aversion.

Information and beliefs Informed investors observe three sources of information about the
latent variable z; that drives the economic growth: the dividend process Dy, pre-scheduled FOMC
announcements at t = nT,n = 1,2,---, and the signal process s; obtained from market research.
Denote #; = E, [x¢] and ¢ (t) = [, [(fct — :zzt)ﬂ as the posterior mean and variance of the informed
investors about z;, where [ indicates the belief of the informed. If the informed investors’ prior for
x¢ is a Gaussian distribution, then their posterior distribution for z; is also Gaussian and can be
characterized by the standard Kalman filter. We assume FOMC announcements convey information
about the economic growth and fully reveal the true value of x;, we then have ; = x; and ¢ = 0 at
prescheduled announcements ¢ = nT'. After announcements, because Z; process evolves according
to equation (8), &; drifts away from the true value of z; and ¢; increases above zero, up until the
next announcement. Standard Kalman filter implies that the dynamics of Z; can be computed by:

q(t) q(t)

diy = b (& — &) dt + —LdBp; +
0D Os

dBs., (8)

where dB pt=dD;— [k, [dDy] and dB&t = ds; — K, [ds;] are innovations in the observation processes
relative to informed investors’ expectations.

In contrast, uninformed investors do not observe s;, unless they pay a cost to acquire such infor-
mation. To keep the structure simple, we assume that they have an option to acquire information

at time 7 by paying a one-time fixed cost K. Exercising the option allows all uninformed investors

t

to observe a common noisy signal at time ¢ > 7 about the publicly available information {s,},__

t
V=—00

by paying a constant flow cost k. Note that {s,} summarizes the history of information that

informed investors have already observed up to time ¢. Since informed investors’ posterior belief ¢

t t

contains all the information in {s,},__ =00

that is relevant for forecasting z;, learning from {s,}
is equivalent to learning about Z;. Because the stock price (see equation (10) below) is a function

of Z¢, it is more convenient to model the newly acquired information as a signal for Z;:
d8u7t = j?tdt + Oy (t) dBu,ty (9)

where B, ; is independent of B,;, Bp, By, and By;. We focus on the symmetric equilibrium
where all uninformed investors start to acquire information at time 7. In Section 4.2, we show that

uninformed investors solve an optimal information acquisition problem by choosing the optimal

10



stopping time 7.

We interpret s; as the frontier market research, that is, the best information any agent in the
economy has about the latent state variable ;. Following Sims (2003), we can interpret information
acquisition as a form of rational inattention. Before 7, uninformed investors are rationally inatten-
tive to the frontier market research as acquiring such information is costly. We can conveniently
denote this case as oy, (t) = oo for t < 7. After the option of information acquisition is exercised at
time 7, uninformed investors start to allocate attention towards the information in s; until the next
announcement. We write o, (t) = o, for ¢t € [, T]. Different from the example in Section 3 where
the signal is about the true contents of the announcement x;, the newly acquired information here
is about the publicly available information s; that anyone could obtain by paying more attention
to the frontier market research.

It is convenient to denote the posterior mean of an uninformed investor as Ty = Et [#;] and the
posterior variance as § (t) = E; [(:T:t — i“t)Q} , where E captures the belief of the uninformed investor.

We conjecture and later verify that the equilibrium price takes the following form
Py =¢(t) + dpDr — ¢g (1) O + ¢z (1) Tt + P (1) Ty, (10)

where ¢y (t), ¢, (t), and ¢ (t) are time-varying sensitivities of price to 6;, Z; and Z;, respectively,
and the sum of the two coefficients, ¢, = ¢, (t) + ¢ (t) is a constant.? Clearly, if we define
Ay = 3y — T4 to be the difference between the beliefs of the informed and uninformed investors,

price can therefore be written as:
Py =¢(t) + ¢pDi — ¢o () 0 + baitr — P () Ay (11)

Learning from prices Here we describe the beliefs of uninformed investors in our model, which
is the key to understanding the model’s implications for the pre-FOMC announcement drift. Note
that due to the presence of the noisy supply, the equilibrium price is only partially revealed to the
uninformed but still contains information about the best predictions for x;. Uninformed investors
would benefit from learning from the equilibrium price. It is convenient to define & = ¢, (t) Ty —
oo (t) 6, — j—%qﬁx (t) Dy as the information content of prices, as observing ; is the same as observing
the equilibrium price. The uninformed investors observe three sources of information about the
informed investors’ belief Z;: the dividend process, the equilibrium price (or &), and the signal s, ;
after paying the information acquisition cost. Standard Kalman filter implies that the dynamics of

#; can be written as:3

dz, = b(z—&)dt+ Mdéat + v (t) oe (t) dBey + (®) dBu., (12)
0D u

oy (t)

2As is standard in this literature, we use a guess-and-verify approach to prove the functional form of F; and the
property that ¢z (t) + da (t) = ¢ is a constant.
3See Appendix 6.3 for the proof.
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where dBD,t =dD; — E, [dDy], dég,t = d&, — E, [d&;] and d-éu,t = dsy; — E, [dsy,¢] are innovations
in the observation processes relative to expectations. In the above expression, v () is defined in
equation (51) and the volatility of d&;, o¢ (t) is defined in equation (46) in Appendix 6.3.

Before 7, uninformed traders can only learn about Z; from the dividend process and the equi-
librium price. After the information acquisition, they can also learn from the newly acquired
information, s, ¢. It is important to note that in our setup, the endogenously acquired signal, s, is
about the information about Z;, which has already been incorporated into the market price through
informed investors’ trading activities. The newly acquired information is not informative about the
difference between the true value of x; and Z;, which is only revealed through announcements. In
other words, the content of the upcoming announcement, x;, is not revealed until right after the
announcement. This feature of our model is essential in accounting for the low volatility during the

pre-announcement period.

GRS through recursive CARA preferences In order to account for the equilibrium announce-
ment premium, we assume that the uninformed investors’ preference satisfies the property of GRS
in Ai and Bansal (2018). To maintain tractability and at the same time to allow for GRS, we
extend the T and T2 operators in Hansen and Sargent (2007, 2011) and define the preference as
a stochastic differential utility. Denote the continuation utility of the uninformed investor at time
t as V;. Given a consumption process {C}2,, the associated continuation utility V; is a stochastic
differential utility of the form

dV; = LVydt + oy (t) dBy, (13)

where Bt = [BD,t,Bg,t,Bu’t} is a vector of standard Brownian motions relative to uninformed
investors’ information, and oy (t) is vector of diffusions defined in equation (103) in Appendix 6.4.

The Dynkin operator £ [.] is defined as
LV = lim ~E [V - f/] (14)
t_AlgloAt t+A t| -
We show that V; must satisfy an HIB equation of the form
pVi = —e 7% L LV, + TV, (15)

where the operator 7 [.] is defined as:

-3 [B[Fesf o) =

TV, =

In the above formulation, x is a parameter that describes the investors’ ambiguity aversion. The
case k = 0 corresponds to the expected utility without GRS, and a positive x implies that investors
are ambiguity averse with respect to the unknown state variable, z;. In settings under robust
control with hidden Markov state variables, Hansen and Sargent (2007, 2011) use the T operator to
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model robustness concerns about the conditional distribution of signals given hidden state variables
(model uncertainty) and the T? operator to model robustness concerns about misspecification of the
distribution of the hidden state variable (state uncertainty). The T operator defined above has the
same interpretation as the 72 operator in Hansen and Sargent (2011), although we use a different
functional form for tractability. We provide the details of the development of these operators for
CARA utility in the appendix. For simplicity, we assume that the ambiguity aversion parameter
for the T operator is zero and use the 7 operator defined above to focus on ambiguity aversion

about the hidden state. x therefore summarizes uninformed investors’ degree of state uncertainty.

4.2 Equilibrium and Equilibrium Conditions

For simplicity, we will focus on stationary equilibria in which equilibrium prices satisfy P; = P; 04 T
where mod denotes the modulo operator, and so do equilibrium quantities. That is, all equilibria are
identical across different announcement cycles. Without loss of generality, we can therefore focus
on prices and quantities over the closed time interval [0, T], because they repeat themselves within
each announcement cycle. We use T+ and T~ to denote the moment right after announcements
and right before announcements, respectively. Whenever there is any confusion, time 0 should be
understood as T+ and T should be understood as T~

Below we construct an equilibrium in which there exists a 7 € (0,7") such that all uninformed
investors find it suboptimal to acquire any information before 7, and after ¢ > 7, they optimally

choose to acquire the signal s, ; until the next announcement.

Definition of the equilibrium A stationary equilibrium consists of a collection of pricing func-
tions {¢ (t),¢p, Pg (), da (t)}, demand functions of the informed investors, a (¢, 0, Ay) = o (t) +
ap (t) 0y + aa (t) A¢, and demand functions for uninformed investors, (t, §t> = Bo (t) + By (t) 0
such that:

1. Given the pricing functions {¢ (¢) , ¢p, ¢g (t) , ¢z (), da (1)}, {0 (), a9 (t) ,aa (t)} represents
the optimal portfolio demand for the informed investors.

2. Uniformed investors strictly prefer not to acquire information for all ¢ < 7. After time 7,

uninformed investors prefer to acquire information.

3. Given their information set, {8 (t), 59 (t)} represents the optimal portfolio demand of unin-

formed investors.

4. Markets clear, that is,
(1-w)a(t0, ) +wB (1.0,) =6, (17)

for all ¢t € [0, 7).
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Equilibrium beliefs Because the information set of uninformed investors is a subset of the
information set of the informed investors, informed investors can infer the belief of uninformed
investors, Z; and compute the difference, A; = 2 — Z;. We combine equations (8) and (12) to derive
the difference in belief as a diffusion process:
q(t) ,» q(t A q(t
dA; = —an (1) Atdt—QdBD,t—i—Q [1— ¢z (t)v ()] dBsi+oe (t) v (t) agng,t—LdBuvt, (18)
oD Os oy (t)
where aa (t) is defined in equation (57) in Appendix 6.3. Given the pricing equation (11), we
define the excess return process as dQ¢ = (D; — rP;) dt + dP;. Using the law of motion of the state
variables, we can write the excess return as a diffusion process from the perspective of the informed

investors:
dQi = [eg (t) + eg (t) 0r + e (t) A dt + op (t) dBD,t + 0¢ (t) ng,t + 04 (1) dBy, (19)

where the coefficients eq (t), eq (t), ea (t), op (t), 0¢ (t), ou (t) are given in equation (60) in Appendix
6.3, and o¢ (1) dBe&t = d& — I, [d&;] is the innovation in & relative to the informed investors’

information. This implies the local variance of excess return is of the following form

op (t) = op (1) + 0¢ () + 03, (t) . (20)

Uninformed investors, however, cannot distinguish A; from ;. Because they observe the prices,

rational expectations imply P, = E; [P;]. This allows us to rewrite the equilibrium price (11) as:
Py = (1) + ¢pDy — g (1) b1 + Gui. (21)

The law of motion of Z; is given in equation (12). To derive the law of motion for 6;, recall that
observing prices is equivalent to observing & = ¢, () 1 — ¢y (t) 0, — %%: (t) Dy. Taking conditional
D

expectation E; on both sides, we have & = E, [€¢]. Therefore,

_a®

6 =00 () — 09 (00— L5 6, (1) D1 (22)
D
We have: 9~t = ﬁ:—ggfct — %l(t) & — %zz Eg D;. The law of motion of ét can therefore be written as:
D
5 5 5 ¢ (1) G (1) oc(t) =  ¢(t) G(t)
dfy =a (0 — 0, ) dt + ——=dBps+ ¢ (t) v (t) — 1 dBey + dBy +. 23
p=a (=0 det S B+ (60 (0w () — 1) S8 aBe+ O E s dBu(23)

This allows us to write the excess return process d@; in terms of a diffusion process adapted to the

information set of the uninformed investors:

AQ = [eo (¢) + eg (1) 01| dt + 0p (1) dBpy + 0¢ () dBey + 0 (1) By (24)
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Portfolio selection and information acquisition Informed investors in our model solve an op-

timal portfolio selection problem. At time ¢, they maximize life-time utility, I, { fooo —e=P51Ctts gg

[e.9]

by choosing consumption and portfolio holdings, {C’t+5, at+s} o subject to the following law of
s=
motion of wealth:

th = (WtT — ét> dt + Oétth, (25)

where the excess return process d@; is given in equation (19). As a result, the value function for

informed investors, denoted as 1% (t, W, 6, A) satisfies the following HJB equation:

1% (t,W,O,A) = max {u (C) + LGy (t,W,e, A)}, (26)
C,«a
where the Dynkin operator £6 is defined in equation (14), and the superscripts indicate that the
expectation is taken under the probability law associated with the policy functions {C’, a}.
Uninformed investors solve both an optimal consumption-investment problem and an optimal
information acquisition problem. They maximize the life-time utility by choosing the optimal stop-

o0

ping time 7, optimal consumption and portfolio holding {ét+57 ﬁt+5} o subject to the law of

motion of wealth: dW, = (Wtr — C’t) dt + (;dQ;. Consider an announcement cycle, [0,7], we

focus on symmetric equilibria where all uninformed investors exercise the option of information

acquisition at time 7 € [0,T]. For tractability, we allow the information acquisition cost, K (é) to

depend on the posterior belief 6;. This allows us to choose the functional form of K (é) so that the
equilibrium optimal stopping time 7 is deterministic.
For t < 7, we denote the value function as V (t, W, é\oo) , where the notation (-|oo) indicates

oy (t) = 0o of t < 7. The value function must satisfy the following HJB equation:

P% (t, W,é\oo) = max [u (C) + LCAV (t, W, é|oo) + 7Oy (t, W, é|oo)} , (27)

where the £5° and 757 operators are defined in equations (14) and (16), respectively. The
superscripts indicate that the expectation is taken under the probability law associated with the
policy functions <C’ , B) and the belief associated with o, (t) = oc.

After the exercising the option for information acquisition, for ¢ > 7, we denote the value
function as V (t, W, 0 ]au>. Optimality of consumption-portfolio choice requires that the following

HJB equation must be satisfied:

oV <t, W, éyau) = max [u (C — k) + LSV (t, W, éyau) + TRV (t, W, é\auﬂ . (28)

where the rate of consumption is C'— k because uninformed investors need to pay a flow cost of k to
keep observing the signals s, (t). Here, the subscripts of the ng and 72,?}5 operators indicate the

expectations are taken with respect to an information set that includes the newly acquired signal,
Sy (t).
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Because uninformed investors optimally exercise the option of information acquisition at time

t = 7 by paying the cost K (5), value functions must satisfy the following value matching condition.
For all W and 9~,

V<T,W,é|au) :V(T,W—K(é) ,e”|oo). (29)

In addition, as shown in the appendix, the following conditions are sufficient conditions for ¢t = 7

being an optimal stopping time.

Lemma 1. Suppose V (t, W, é\au> satisfies the HJB equations, (27) and (28), and the value match-
ing condition (29). Suppose also, the following two conditions hold:
1. For allt < 7, the following inequality holds:

pV <t,W + K <0~) ,é\oo) > max {u (C—k)+ ngf/' <t,W + K <§) ,5\00)} . (30)

2. Forallt > T,

PV (t, W—-K (é) ,§|au) > Iré%x {u () + L£SPV (t, W—-K (é) ,§|Ju)} (31)

Then 7 is the optimal time for information acquisition, and 1% (t, W,é]au) 1s the associated value

function.
Proof. See Appendix 6.6. O
Market clearing In our model, the equilibrium price is pinned down by the market clearing

condition in equation (17). Using equation (22), ¢, (t) & — ¢p (t) 0; = ¢e (t) Tt — ¢ (t) 0, we could
obtain the following identity,

0 _ _ ¢x (t)
== oy (32)

Intuitively, because uninformed investors observe prices, they can make mistakes about Z; and 6
separately, but will not make a mistake about ¢, (t) &; — ¢g (t) 6; . This restriction implies that the
only reason for the uninformed to be relatively more pessimistic about Z; is that they believe that
the higher level of price is not justified by higher fundamentals, Z;, but by a lower noisy supply 6;.
That is, Z; — Z; and 6; — 0} must have the same sign to capture the relative pessimism between
informed and uninformed investors.

Using the above to replace 6; in the market clearing condition (17), we obtain the following

restrictions on the portfolio decisions:

(1 —w)ag () +wPo () =0, (33)
(1-w)ap(t) +wphy (t) =1, (34)
(1—w)an () — w2 g, 1) =0, (35)

bp (t)
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In Appendix 6.3, we show that investors’ optimality problems and the above market clearing con-

ditions jointly pin down the pricing functions {¢ (¢), g (t), o (t)}.

5 Model Implications

Thanks to the CARA-normal setup, our model allows for closed-form solutions. We provide details
of our model solutions and derivations in Appendix 6.5. In this section, we calibrate our model and
demonstrate the main implications of our model under our chosen calibration. Here we summarize

the main implications of the model.

1. Uninformed investors’ incentive to acquire information increases monotonically over time and
peaks before the announcements. Because information acquisition is costly, it is optimal to

acquire information shortly before announcements.

2. As uninformed investors start to acquire information, stock returns and their stochastic dis-
count factor become more correlated. Under generalized risk sensitivity, this higher correlation
translates into a higher risk premium and leads to an increase in expected returns, or the pre-
FOMC announcement drift.

3. Because newly acquired information (about Z;) has already been incorporated into the market
price through informed investors’ trading activities, information acquisition by uninformed in-
vestors does not trigger a high realized volatility. Instead, it eliminates noise in the equilibrium

price and leads to a lower realized volatility during the pre-announcement period.

4. Upon the announcement, the true value of z; is revealed, and as a result, realized volatility

spikes.

We begin by analyzing the incentives for the endogenous information acquisition.

Timing of the information acquisition In our model, as in the data, periodical announcements
are pre-scheduled. Uninformed investors do not find it optimal to acquire information until close
to the upcoming announcements for two reasons. First, because announcements fully reveal the
true value of x;, initially after the previous announcement, both the informed and the uninformed
investors have little uncertainty about z;, so there is no need to acquire additional information.
As t increases from 0, x; drifts away from its previous value due to lack of information. From
the perspective of uninformed traders, uncertainty slowly builds up and the benefit of information
acquisition rises over time.

In the model, we measure uncertainty in two ways, the posterior variance for x; from the
perspective of uninformed investors, E [(5:75 — xt)ﬂ = G (t) 4+ G (t), and the stock return volatility.*
To illustrate the buildup of uncertainty over time, in Figure 5, we plot the posterior variance of

uninformed investors, ¢ (t) + ¢ (¢) in the top panel and the variance of stock returns, Var [dQ] in

4See Appendix 6.3 for the derivations of the joint distributions in beliefs.
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the bottom panel, in an economy without information acquisition. As in the data, our example
features eight FOMC announcements per year and therefore each announcement cycle is 45 days.
Clearly, without information acquisition, both measures of uncertainty increase over time until the
announcement. As a result, the benefit for the uninformed traders to acquire information also

increases over time.

Figure 5: Uncertainty Dynamics in an Economy without Information Acquisition
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This figure plots two measures of uncertainty in an economy without information acquisition within one announcement

cycle. The top panel is the uninformed investors’ posterior variance about x¢, ¢: + §: and the bottom panel is the local

variance of stock market returns, op (t) defined in equation (20). The horizontal axis is the number of days before the

upcoming announcement, which is normalized to 0. A —5, for example, stands for five days before the announcement.

The second reason for the increasing pattern of the incentive for information acquisition is
that due to the asymmetric information, the information disadvantage of the uninformed investors
rises over time, and so does their trading losses. To see this, note that the expected excess
return of the uninformed investors’ portfolio is (§t> dQ:, where we denote [ (ét> = Bo(t) +
Bo (t) 6, is the equilibrium portfolio policy for the uninformed investors. We can intuitively define
E [6 (0y)dQr — (ét) th] as the expected trading loss due to asymmetric information. That is,

the expected gain uninformed investors could obtain if he knows the true state variable 6;. Note
that

800~ 5 (8:) ]| dQi = By (t) (6 — 01) dy. (36)
Using the identities P, = E, [P] and equation (32), 0; — 0, = —(zzg)) A;. We first take conditional
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expectation of (36) given the informed investors’ information set:

Be [ B (1) (80— 80) dQi) = By (1) (6 = 01) leo (£) + eo (1) 61 + ea () Adld
= By (1) (et . e}) leo (t) + ep () 0] dt + By (1) (et . 9}) en (t) Agdt

= By (t) (et — 9}) [eo (t) + eq (t) O] dt — By () 230) ea (t) AZdt,

o (1)
where the last line uses the identity 6; — ét = —izgg A¢. Now, taking the unconditional expectation
of the above equations, we have
0 _ ¢x (t) ~
E Hﬁ (6,) — 8 (et)] d@t} = 00 (1) 55 ea (0 . (37)

The term Sy () zggg ea (t) Var [Ay] can therefore be interpreted as the unconditional expectation
of trading losses per unit of investment in the market portfolio for uninformed investors due to
information disadvantage.

Figure 6: Information Disadvantage of Uninformed Investors
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This figure plots two measures of the information disadvantage for uninformed investors over one announcement cycle
without information acquisition. The top panel plots the unconditional variance of difference in beliefs, ¢;. The
bottom panel is the expected trading loss due to the information gap, B¢ (t) ﬁggg ea (t) Var [A¢], defined in equation
(37). The horizontal axis is the number of days before the upcoming announcement, which is normalized to 0. A —5,
for example, stands for five days before the announcement.

In Figure 6, we plot two measures of the information disadvantage for uninformed investors. The

top panel plots the unconditional variance of difference in beliefs: ¢ = Var [A;]. The bottom panel

is the expected trading loss due to information gap, ¢;gg en (t) Var [A], as defined in equation (37).

As shown in the figure, the information disadvantage for uninformed investors, as measured by ¢; is
relatively small on non-announcement days and increases over time until the announcement. The

expected trading loss exhibits the same pattern. In an economy without information acquisition,
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the information advantage of informed investors increases over time and peaks right before the
announcement. At the announcement, the true value of x; is revealed and a large amount of new
information arrives at the market in a short period. Information suddenly becomes homogeneous
and the posterior variance for both informed and uninformed investors jumps to zero. Therefore,
information acquisition prior to announcements is particularly valuable for uninformed investors

because the information disadvantage is particularly costly right before the announcements.

Figure 7: Uninformed Investors’ Posterior Variance, g
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This figure plots G:, the posterior variance of the uninformed investor’s belief of Z; over one announcement cycle.
The top panel is a model without information acquisition and the bottom penal is our benchmark economy with
endogenous information acquisition. The vertical line indicates the timing when uninformed investors start to acquire
information. The horizontal axis is the number of days before the upcoming announcement, which is normalized to
0. A —5, for example, stands for five days before the announcement.

In Figure 7, we plot ¢, which is the uninformed investors’ posterior variance of z;. The top
panel is the path of ¢ in equilibrium without information acquisition, where ¢ increases mono-
tonically from day —45 to day 0, the announcement day. The bottom panel of Figure 7 is ¢; in
our benchmark model with endogenous information acquisition, in which the uninformed decide to
acquire information starting from 3 days before the announcement. As uninformed investors start
to acquire information, the price becomes more informative, and ¢; drops sharply from day —3 to
day 0. The fact that investors start to acquire information endogenously in our model days ahead of
the FOMC announcement provides a rational explanation for the increasing patterns of investors’
attentions around macroeconomic announcements documented by Fisher, Martineau, and Sheng
(2020).

Pre-FOMC announcement drift To understand the model’s implications on pre-FOMC an-
nouncement drift, in Figure 8, we plot the unconditional expectation of equilibrium price: gZA)(t) =
E[P] =¢(t)+ [Q_ﬁz + ng] T — ¢y (t) 0 as a function of time for a model without information acquisi-

tion (top panel) and that for a model with information acquisition (bottom panel). To illustrate the
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quantitative implication on the magnitude of the pre-announcement drift, we normalize the level of
¢ (t) at time —45 to 100. Therefore, an increase of ¢ (¢) from 99 to 100, for instance, corresponds

to 100 basis points of return. Our model generates a pre-announcement drift of 31.6 bps.

Figure 8: Expected level of price, dA)(t)
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This figure plots the expected level of price, <j;(t) of a model without information acquisition (top panel) and that
for our benchmark economy with endogenous information acquisition (bottom panel). The vertical line indicates the
timing when uninformed investors start to acquire information. The horizontal axis is the number of days before the
upcoming announcement, which is normalized as 0. A —5 for example, stands for five days before the announcement.

In the model without information acquisition, the expected level of price monotonically decreases
until 7" and jumps upwards upon the announcement. The fact that generalized risk sensitivity pro-
duces an announcement premium is the same as in Ai and Bansal (2018). In the model with
information acquisition, the function ngS(t) reaches its minimum at time 7, as the uninformed in-
vestors start to acquire information. From its minimum at time 7 = —3 to the announcement time,
the drift is about 20 basis points, which is similar in magnitude to the pre-FOMC announcement
drift we computed in Section 2. At the announcement, the expected return increases again as the
new information arrives, giving an announcement premium about 22 basis points.

The above pattern of drift in price is also reflected in the pattern of expected returns. From

equation (19), the unconditional expected excess return of the stock is
E[dQ:] /E[P] = [eo (t) + €9 (t) 0] /E[P)]. (38)

In Figure 9, we plot the expected return of the stock as a function of time. Consistent with the
pattern of prices, expected return increases sharply starting from 7 = —3, as uninformed investors
start to acquire information.

Equation (150) in Appendix 6.5 shows explicitly that the unconditional expected return depends
on two terms, one comes from the standard expected utility and the other term is proportional to the

ambiguity aversion x and the continuation utility reduction 7V; defined in (16). Intuitively, after
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information acquisition, the variance of conditional expectation increases sharply, as newly arrived
information has a large impact on the belief of uninformed investors. When uninformed investors
start to acquire information, they become more pessimistic hence require higher compensation in
returns because the newly acquired information creates significant variations in their continuation
utilities due to ambiguity. This feature of our model provides a rational explanation for the pre-
FOMC announcement drift.

As in Ai and Bansal (2018), due to GRS in preferences, resolution of uncertainty is associated
with realizations of risk premium. In the context of our model, GRS is captured by the T operator
defined in equation (16). Note that the magnitude of this term depends on the variance of conditional
expectation. Intuitively, uninformed investors are ambiguity averse about the hidden state &, or
equivalently, 0;.° Intuitively, higher variations in the conditional expectation about the hidden state
trigger more pessimism from the uninformed investors due to ambiguity aversion and lower their
level of continuation utility. In equilibrium, this ambiguity requires risk compensation and demands
a higher return from the stock market.

From equation (12), the local variance of the conditional expectation is given by

qt)+4q()
oD

Var [di] = { ] o () o (O { a) ] ) (39)

ou ()
As we show in the appendix, the equilibrium volatility of the stochastic discount factor is pro-

portional to Var[dz;). Before information acquisition, for t < 7, o, (t) = oco. As a result,

Var [d] Z[%jmr—i—[v (t) o¢ (t)]? is determined by the first two terms. After information ac-
quisition, because uninformed investors pay more attention to learn about the public available
information, they start to obtain a very precise signal, i.e., a small o,. Most of the variance of dz;
starts to be driven by the last term [%}2. As a result, the variance of the stochastic discount
increases sharply during the pre-announcement period, generating a significant pre-announcement
drift.

In Figure 9, we plot the expected excess return of the stock (top panel) and the variance of
conditional expectation, Var [dZ;] (bottom panel) in the economy with information acquisition.
After information acquisition, the variance of conditional expectation increases sharply, as newly
arrived information has a large impact on the belief of uninformed investors. Because the variance of
the stochastic discount factor is proportional to Var [dZ;], as the variance of conditional expectation
increases, the expected return of the stock also rises. Intuitively, when uninformed investors start
to acquire information, they become more pessimistic hence require higher compensation in returns
because the newly acquired information creates significant variations in their continuation utilities
due to ambiguity. This feature of our model provides a rational explanation for the pre-FOMC

announcement drift.

Recall that the identity P, = K, [P;] implies that ¢, (£) & — ¢o (t)0; = ¢u (t) &0 — ¢ (t) 0;, where the sum
¢x (t) Tt — ¢o (t) 6 can be inferred from prices. As a result, concerns about misspecification of the distribution of &
is equivalent to concerns about robustness of 6;.
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Figure 9: Expected Excess Return of the Stock
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This figure plots the expected excess return of the stock E[dQ:] /E[P:] (top panel) and the variance of conditional
expectation Var [dZ:] (bottom panel), as a function of time in our benchmark model with information acquisition.
The horizontal axis is the number of days before the upcoming announcement, which is normalized to 0. A —5, for
example, stands for five days before the announcement.

Equilibrium asset prices To better understand the asset pricing implications of ambiguity and
endogenous information acquisition, in this section, we discuss the equilibrium pricing functions
¢ (t) and ¢a (t). We plot pricing functions ¢y (¢) and ¢a () in Figure 10 for an economy without
information acquisition in top panels and those for our benchmark model with endogenous informa-
tion acquisition in bottom panels. As shown in Figure 10, the function ¢y (¢) monotonically increases
in the model without information acquisition. ¢y (t) is the impact of noisy supply on the stock price
from equation (10). In our model, stock price decreases in 6; for two reasons. First, increases in
supply lower the equilibrium price due to a downward sloping demand curve as in standard equi-
librium models. This effect does not depend on the uncertainty or the asymmetric information.
Second, the information asymmetry and learning amplify the responses of prices to supply shocks,
therefore an increase in 6; further lowers the price. Because the uninformed investors cannot infer
the true value of #; and z; from prices, they attribute part of the price drop as deteriorations in
fundamentals and downwardly revise their beliefs about ;. The uninformed investors reduce their
holdings of the stock because of their distorted pessimistic beliefs. This lowers the demand of the
asset and the price has to drop further to clear the market.

Clearly, the second effect is stronger when uninformed investors are more uncertain about x;.
At time t = —45, right after an announcement, uninformed investors know the true value of zg
and the information asymmetry is temporarily eliminated. As t increases, the uncertainty about
x¢ builds up, and changes in prices have stronger impacts on uninformed investors’ beliefs because
they have to rely more and more on learning from prices. Therefore, prices become more sensitive
to supply shocks, 6;.

In the economy with information acquisition, after time 7 = —3, as the uninformed investors
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Figure 10: Pricing functions
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This figure plots the pricing functions ¢g (t) and ¢a (t) of a model without information acquisition (the top panels)
and those for our benchmark economy with endogenous information acquisition (the bottom panels). The vertical
line indicates the timing when uninformed investors start to acquire information. The horizontal axis is the number
of days before the upcoming announcement, which is normalized as 0. A —5 for example, stands for five days before
announcements.

acquire more information, their uncertainty drops and the amplification effect from information
asymmetry reduces. As a result, the function ¢y (¢) starts to drop until time 0. The drop of ¢y (%)
function after 7 is important for our model to account for the lower realized volatility during the
pre-announcement drift period. After time 7, the impact of noise traders reduces, and so does the
realized volatility of stock returns.

In both models, with and without information acquisition, ¢ (¢) monotonically decreases over
time. The function ¢a (t) has a clear interpretation in equation (10): it is the price impact of unin-
formed investors. In the economy without information acquisition, because the posterior variance,
G (t), monotonically increases over time, uninformed investors become more and more uncertain
about z; and, as a result, they trade less and less aggressively, and exert a lower and lower price
impact over time.

In the model with information acquisition, ¢a (t) decreases monotonically over time until time
—3, when information acquisition starts. The information acquisition at time 7 = —3 has two
effects on uninformed investors’ price impact, ¢ (t). On one hand, information acquisition lowers
uncertainty and uninformed traders have an incentive to trade more aggressively. On the other hand,
information acquisition creates an additional correlation between stock returns and the wealth of
the uninformed investors due to ambiguity aversion. As a result, they trade less aggressively due
to the hedging demand channel. In Figure (10), the hedging demand channel dominates, and the
price impact ¢a (t) keeps falling after 7.

Return volatility As we emphasize in Section 2, a particularly puzzling aspect of the pre-FOMC

announcement drift is the coexistence of high average returns and low realized volatility during
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the pre-announcement period. While the low realized volatility during the pre-announcement drift
period is difficult to reconcile with an information leakage-based explanation, it is a robust feature of
our model with asymmetric information and endogenous information acquisition. Because the newly
acquired information is about the private information of informed investors, which has already been
incorporated into prices through their trading activities, information acquisition is not associated
with a higher realized volatility. On the contrary, information acquisition reduces uncertainty,
information asymmetry, and in particular, the price impact of noise traders. As we show in Figure
10, the price impact of noise traders drops after 7. As a result, information acquisition by uninformed
investors is a process of eliminating noise in stock prices and therefore associated with a lower

realized volatility of stock returns.

Figure 11: Return Volatility
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The top and bottom panel plot the return volatility (annualized in percentage) in our benchmark economy without
and with endogenous information acquisition, respectively. The vertical line indicates the timing when uninformed
investors start to acquire information. The horizontal axis is the number of days before the upcoming announcement,
which is normalized as 0. A —5 for example, stands for five days before announcements.

In Figure 11, we plot the realized volatility of stock returns in the economy without information
acquisition (top panel) and that in an economy with information acquisition (bottom panel) implied
by our model. Consistent with the pattern of pricing functions in Figure 10, realized volatility is low
in our model during the pre-announcement period. This feature of our model provides a coherent
explanation for the coexistence of high average return and low realized volatility during the pre-
announcement period.

In addition, because there is no information leakage during the pre-announcement period, the
actual announcements are associated with arrival of substantial new information to the market. As
a result, in our model, realized volatility spikes upon announcements. This pattern is also consistent

with the empirical evidence that we document in Section 2.
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6 Conclusion

In this paper, we develop a noisy rational expectations model with endogenous information acqui-
sition and periodic announcements to account for the pre-FOMC announcement puzzle. We show
that the endogenous information acquisition together with the generalized risk sensitive preference
allow us to provide an equilibrium interpretation of the coexistence of the puzzling pattern of a high
average return and low realized market volatility during the pre-FOMC announcement period. The
endogenous information acquisition in our model is consistent with the pattern of investor attention
documented by Fisher, Martineau, and Sheng (2020). Our model does not assume information
leakage and matches the empirical patterns of the FOMC announcement returns and volatility

dynamics in the data quite well.
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Appendix

6.1 Data

We obtain the pre-scheduled FOMC announcement days from Bloomberg. It includes both the dates
and the exact release time. Following Lucca and Moench (2015), we focus on pre-scheduled FOMC
meetings, and extend the sample period to September 2020. There are in total 213 scheduled FOMC
meetings between January 1994 and September 2020. Before 2011, most FOMC announcements
were scheduled around 14:15 p.m. Between 2011 to 2012, there were eight FOMC meetings arranged
around 12:30 p.m. After March 2013, all the FOMC announcements were scheduled around 14:00.

We use high frequency data on E-mini S&P 500 index futures from the Chicago Mercantile
Exchange (CME) which start from 11:30 a.m. EST, September 9, 1997.57 We focus on the Emini
data because it reports the trading volume and it is tradable over 24 hours. Before that, we use
S&P 500 index futures instead from CME, available from April 21, 1982. On each day of the E-
mini futures, there may be multiple contract delivery dates. We choose the delivery date with the
highest volume within each calendar day as the most active futures contract, which is usually the
nearest-term contract and occasionally the next contract during rolling forward weeks. We then
convert the time zone to EST as the original time stamp is in CST. The raw data are cleaned
following the standard procedures described in Barndorff-Nielsen, Hansen, Lunde, and Shephard
(2009). First, we delete those entries outside regular trading hours (9:30 to 16:00). Second, we
delete the invalid prices with missing values or equal to zero (or 9999.75). Third, we delete entries
with canceled or corrected prices (exclude “CAN” = “C” or “X”). Last, within each time stamp
(in seconds), we use the median price. If there are two median prices, we use the mean of these
two medians. In this way, we obtain the time series of prices in one second. Fourth, in order to
mitigate the microstructure noise, we sample the price into one minute frequency. The sampling
method follows the “Last” scheme of Brownlees and Gallo (2006), where we pick the last entry of
the period ending immediately prior to the timestamp. For example, 10:30 represents the last data
from 10:29:00 to 10:29:59. After September 1997 when the Emini S&P 500 futures are available,
we obtain the trading volume as the total contracts traded within the 1-min sampling interval. We
delete the all the entries with 0 or missing trading volume.

We use log return on the futures from 24 hours before to five minutes before FOMC announce-
ments as the pre-announcement drift. To measure the post-announcement return, we use log return
from five minutes before FOMC announcements to one hour afterwards. For instance, the pre-
announcement drift for the meeting at 14:00 on 2019 Dec.11 is defined as the log return from 13:55
on 2019 Dec.10 to 13:55 on 2019 Dec.11, whereas the post-announcement return is calculated as
the log return from 13:55 to 14:55 on 2019 Dec.11. We report the summary statistics for pre- and

post- announcement return in Table 1.

Shttps://www.cmegroup.com/confluence/display /EPICSANDBOX /Time+and+-Sales. We use the calendar date
(Entry Date) instead of the adjusted trading date (Trade Date).

"There are three missing dates from E-mini future data: October 29,1997, January 28 and 29, 2014. The last one
is a pre-scheduled FOMC release day. We exclude these days in our analysis.
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The average pre-FOMC announcement drift is 32.28 basis points with a Newey-West t-stat of
4.88. The coefficient of regressing pre-announcement drift on post-announcement return is -0.106,
with a robust standard error of 0.048 (t-stat of -2.21). The ex-ante return is significantly negative
correlated with ex-post announcement return.

We calculate realized variance as the sum of 30-minutes log squared return. The realized volatil-
ity at the minute ¢ can be estimated by o; = ,/% Z;-V:_Ol r2. i where N equals 30 if there is no
missing values and r; is the log return at time ¢ (defined as the log price difference). For the
trading volume M, we simply average over past 30 minutes total number of contracts traded:

My = % Z;V;OI volmy—;. We calculate the rolling realized volatility and trading volume for each

minute.
Table 1: Summary Statistics
Mean  St.Dev.  Min Max Obs. Time
Pre-Ann Drift (%) 0.323 0.965 -3.098  8.639 212 1994Jan-2020Sep
Post-Ann Return (%) 0.056 0.056  -2.131  2.901 212 1994Jan-2020Sep
Realized Volatility (annualized in %) 13.360  9.634 1.865 144.628 184  1997Sep-2020Sep
Trading Volume (1000 shares) 2.473 2397  0.004 26.011 184  1997Sep-2020Sep

This table reports summary statistics of pre-announcement drift, post-announcement return, realized volatility and
trading volume on FOMC announcement days. We obtain log returns on S&P 500 futures during regular trading
hours (9:30-16:00) from January 1994 to September 2020. Pre-Ann Drift stands for the log return in 24-hour windows
from one day before the FOMC announcement to five minutes before the meeting. Post-Ann Return is the log return
from 5 minutes before the FOMC announcement to one hour afterward. Realized volatility (annualized in percentage)
is the average sum of squared returns over the past 30 minutes (¢t = [—29,0]) and the trading volume is the average
contracts traded during the past 30 minutes on FOMC days. We calculate the rolling realized volatility and trading
volume for each minute from 10:00 to 16:00. The sample period is from September 1997 to September 2020.

6.2 Calibration

Table 2: Parameters

Para. Value Description Para. Value Description
r 0.012 risk-free rate o9 0.75 volatility of total equity supply
0 0.03 time discount factor Oy 0.002 inverse of acquired information precision
x 80 mean level of dividend flow K 300 ambiguity aversion
b 0.15 persistence of hidden state ¥ 2 risk aversion
a 0.1 persistence of total equity supply 6 35 unconditional mean of aggregate supply
o4 1 dividend flow volatility w 0.95 fraction of uninformed investor
Os 0.7 inverse of signal precision k 10 flow cost of information acquisition
Oy 0.85 volatility of hidden state
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6.3 Equilibrium Beliefs

The Filtering Problem of Informed The optimal learning for the informed investor is a stan-
dard Kalman filter problem with the unobserved state variable given in equation (1) and the observed
processes in equations (5), (6), and (7). Applying Theorem 10.3 from Liptser and Shiryaev (2001),
we can show that the law of motion of the posterior mean satisfies equation (8) where the innovation
processes for (5) and (7) are given by

— |

. - 1
dBDﬂg = oD th — (JA?t — Dt) dt] ,and stﬂg = — (dSt — j?tdt) . (40)

Os

The law of motion of the conditional variance ¢; must satisfy the Riccati equation

()= o2 -2~ (L + 5 ) (0] ar (a1)

oD g

o2 1_6—25(t+t*)

2 7 ~
P o o1 o _ 14, %2+(b-b)a(0)
b—b)e ) 1545 where b = \/b + oz (U% + 52 and t* = 2Blna§—(l§+b)q(0)'

We assume announcements fully resolve the uncertainty, so that ¢ (0) = 0.

We can solve ¢ (t) = (

Information Content of Prices In addition to observing the dividend, the uninformed trader
also observes the equilibrium price. We have assumed that the price process takes the form of equa-
tion (10). Because the uninformed know D; and Z;, observing the price is equivalent to observing

Ct = ¢u (t) T4 — g (t) 0;. Here, (; can be represented as a Markov process given the state variable

i‘t,Cti

= |bz — b Wy con) s (90
4 = [ et + ((a-0- 20 )0+ L)t (54 - a) o]
+qU(It))¢$ (t)dBp: + qa(t) o (t) dBsy — o9ty (t) dByy, (42)

It is convenient to define & = (; — %(ﬁx (t) Dy so that (&, Dy, &) has a state space representation.
D

The dynamics of & is

Pp (1)
o (t)

e, = [bxqu (t) — abgy (t) + my (t) 2 + < - a> & +mp (t) Dt} dt +og (t)dBey,  (43)

where the coeflicients,

50 _aw ,
Ry ERCRACS (44)
(1)

1000 (1-a+ 43

mw(t):<a—b—

mp (t)

) L) (1), <t>] , (45)

1
=3
D)

and the volatility of & is

o (1) = \/ T 52 1) + 0363 (1), (16)

s
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and Bg,t is a standard Brownian motion that is independent of B Dt

dBe; = U:(t> q;:) ¢ (t) dBs s — o (t) dBgy | - (47)

We will call & the information content of price, as observing price is equivalent to observing &.

From the informed investor’s perspective, dividend flow follows
dDy = (&; — Dy) dt + opdBp,. (48)

To apply the Kalman-Bucy filter from Liptser and Shiryaev (2001), we treat (8) as the unobserved
state variable and (48), (43) and (9) as the observations. The uninformed investors’ posterior beliefs

can be characterized as follows

- - G(t)+q(t) ,~ q
di, = b(:f—xt)dt+Q()Cf(]()dBD,t+u() ¢ (1) dBe,y + (())dBut, (49)
D Oy
_ m(t)qt ?
_ 1 1Y - 1, (G+a@)’ ma () @ +
dj(t) = — 4+ — ) ¢ — 2bG; — 2 — — dt (50
10 (U% by )@~ 2 s = > (50)
where ) ba ()
00 = e | S0P @)+ 0] (1)
Ug (t) S
and dBp, = (th i, [th]) B, = (dgt i, [dft]) and dB,, = ;1 (dsut E, [dsu,t]>
are 1nnovat10ns in the observation processes relatlve to expectations. More specnﬁcally,
. 1 ~
dBpy = —[dD;— (24 — Dy) dt] (52)
oD
~ 1
dBey = d&y — fig (t) dt
~ 1
dBy; = dSyt — Tydt] . 54
it ou (t) [ Sut — Lt ] ( )

where fi¢ (t) = bZ¢, () — aBdy (t) + my () 3¢ + (ZE) )gt+mp( ) D,.

Joint Distributions From the perspective of the informed, z¢|s' ~ N (2, ), and both #; and
0, are observable. Below, we derive the joint distribution of [z, Z¢, 8;] from the perspective of the
uninformed investors.

We deal with the interior and the boundary separately. In the interior, beliefs are continuous
and there is no probability distortion over an infinitesimal interval. Obviously, under the belief
of the uninformed, #|s' ~ N (Z;,G:). By law of iterated expectation, E (z;) = #. In addition,

Var [x¢] = G + ;. That is, from the perspective of the uninformed, x4|s ~ N (Z¢, G + G;)-
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We are now ready to derive the conditional distribution for 6;. Note that the learning identity
implies G = ¢q (t) &t — o (t) Or, that is, 6r = 5 (¢aads — (). Hence, E(0,) = g7 (Paa@e — (). In
- 2
addition, Var [0] = (%) G-

We can also compute covariance.
Cov (x4, &) = Cov (xy, &) = Gy

In addition,

- - 1 . Z,t ~
Cov ($t, 9t) =Cov |xt, — (¢x,t3?t - Ct) = &Qta (55)
®o.t b0t

and Cov (i, 0;) = 524G,

On the boundary, from the perspective of the uninformed,

ir|sT ~ N (Zr,dr); or|s’ ~ N (@r,qr + ar) -

To compute the distribution of 87, we have E (9T| :E;) = 6 because once the uninformed know Z;,

they will know 6; from the learning identity, and

~ 1

B [E (6r]i7)] = Gy B (beriz —Cr).

)

This is to say, there is probability distortion in the first step, but no probability distortion after we

conditioning on . In the first step, we have:

—E (buiriy — 1) = 5~ (gnrir — (1) = O

B (6r]d7)] = "

1
b0,
The last equality is true, because in the interior, the equality (; = ¢, (T7) T, — ¢ (T7) é}

Difference in Beliefs Define the difference in beliefs A; = 2; — ;. Because the informed do not

have ambiguity, the law of motion of A; under the informed investors information set is
dA; = —an (t) Avdt — oap () dBp s + oas (t) dBsy + o (t) dBgy — o (t) dBuy,  (56)

where the coefficients are:

oa ) =b+ TS v me ) + TS (57)
oap (t) = L0
oD
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ran® =10 g, 000,
one (t) =g (t) v (t) og.
g
oau (t) _O'u (t) (58)

Note that compared to Han (2020), dA; has a downward trend. The uninformed think that the

informed are over optimistic, and therefore, Z; typically increases faster than what Z; actually is.

Excess Returns In this subsection, we use the results from the filtering problem derived above
to derive the excess return of the stock as diffusion processes under two types of investors’ beliefs.
We have conjectured that the equilibrium price is of the form (10). In order to solve for the optimal
portfolio choice, we need to compute investors’ beliefs about the return process. In the interior, this
means we need to represent instantaneous excess return d@; = dP; + Ddt — r Pidt as functions of
investors’ own Brownian motions. On the boundary, we need to compute the conditional distribution
of P:,JI — Py from investors’ own beliefs. Consider first the informed investors. Equations (48), (6),
(8), and (18) represent the variables Dy, 6;, &;, and A; in terms of Brownian motions with respect

to their information set. These give

dQ; = {eo(t)+[1 =1 +7)op(t)] Di+eq(t) 0+ [¢p — (b+ 1) du] Ty +en (t) Ay} dt
+op (1) dBD,t + 05 (1) st,t + 06 (t) dBp s + 0u (t) dByy, (59)

where

) = & (t) —ro(t) +bTds — aby (t)
) = (a+7)dp(t)— (1),

) = (aa(®)+r)da(t)—da (D),

)

ent) = opop+6: 1 + 65 () 0an (1), (60)
0s(t) = [1+¢A<t>v<t>m<t>ji,
00(t) = —[1+6a(0)v (D] 60 (1)os,
qt
ou(t) = oa(t) ()

Note that before the information acquisition, all uninformed have homogeneous information, and

price is of the form (21). Further define the variance of excess return as

op (t) = op (t) + 02 (t) + 05 (t) + 05 (1) - (61)
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The market clearing condition implies that the expected return of the stock cannot depend on Dy,

Z¢ and the constant. As a result, the coefficients them must be 0, implying

1 - ép

pry — x = . 2
oD 1 e =77 (62)

The excess return could be simplified as

dQ: = [eo(t) +eq (t) 0 +en (t) A dt + op (t)dBp + 0s (t) dBs s + 09 (t) dBgs + 0y (t) dBuy,
= eo (t) +eq (t) b + ea (t) A dt + op () dBp s + 0¢ (t) dBe s + 0u () dBuy,
where
¢ (t)

) = — t). 63
0¢ (1) 00¢0(t)09() (63)

Similarly, we can use equations (23), and (12) to write the excess return in terms of Brownian

motions with respect to the uninformed investor’s information set. This gives
dQ; = |eq () + ep (t) 0| dt + op (t) dBp  + o¢ (t) dBey + ou (t) dBuy. (64)

6.4 Generalized Risk Sensitivity Preference with Ambiguity

Recursive preference with GRS In this section, we develop the ambiguity preference that sat-
isfies the generalized risk sensitivity (GRS). We first start from a general recursive preference. Then
we take a continuous-time limit to form the HJB equation. Finally, we develop two-stage opera-
tors that introduce the robustness concerns about model uncertainty and hidden state uncertainty,
respectively.
In general, a recursive preference can be specified in the following way for a small time interval
A:
Vi=u(C) A+ e P E[h (Vira)]) - (65)

Ai and Bansal (2018) shows that GRS requires h to be a non-decreasing concave function. In the
continuous-time limit, we could write the the value function as the form of the stochastic differential
utility:

dVy = LVidt + oy (t) dB, (66)

where L£V; summarizes the drift and oy (¢) contains the vector of diffusions, and dB; is a standard
vector of Brownian motions. Note that in continuous-time, we can write Vi1 4 = Vi + dV;. Using

Taylor’s expansion around V;, we have:

1
h (Vigar) = h(Ve) + 1 (Vi) [LVidt + oy () dBy] + §h” (Vi) [LVidt + oy (t) dBy]* +o||dt]],  (67)
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where o||dt|| indicates the higher order terms than dt. Taking expectations, we have
1
E[h(Veyar)) = h (Vi) + 1 (Vi) LVidt + D" (Vy) oy ()], (68)
and now, we apply the inverse function A~! on both sides and use Taylor’s expansion around h (V;):

P Vi) = V) + [0 (OB’ [ (V0 £Vt 30 ) v (P e+ o ]

1" (V)

:‘/t+ £Vt+§h’(Vt)

lov <t>||2} dt + olldt] (69)

Then the recursion (65) could be approximated as:

1R (V)
d d t
eP tVt = eP tu(ct)dt—f“/%‘F |:£‘/t+2h/(‘/t)

lov @ﬂ i, (70)

Subtracting V; from both sides, dividing by dt, and taking the limit as dt — 0, we obtain the
following lemma.

Lemma 2. The continuous-time limit of the HJIB (65) can be written as:

1R (V)
21 (V)

Vi =u(C)) + LVi + lov (£)] (71)

Now we specify the functional form of A. We consider the following concave function:

M) =~ (W) (72)

where k measures the degree of ambiguity aversion or preference for robustness. There are three
key features about this specification.

First, b (V) = (=V)® > 0, and " (V) = —k (—=V)" ! < 0 indicate that h is a strictly increasing
and strictly concave function. This concavity ensures that our recursive preference in (65) satis-
fies GRS by Ai and Bansal (2018), which is a sufficient condition to generate the announcement
premium.

Second, the functional form of h preserves the homogeneity property of preferences. In partic-
ular, it maintains the close-form solution for the value function as an exponential function. Our
derivation is equivalent to Luo, Nie, and Wang (2022) who use recursive exponential utility to keep
the tractability for CARA utility and adopt the two-stage procedures of optimal robust control and
robust filtering problems as in our paper.

Third, our specification coincides with the normalized version of HJB advocated by Maenhout
(2004). In order to keep the homogeneity in HJB equation with robustness, he scales the ambiguity
k by the value function: # = k/V;. Here, we are essentially giving a recursive utility interpretation

of the normalization without the scaling.
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If we plug (72) in (71), we will get

pVi = (C) + LVi + 37 flov ()] (73)

Two-stage robustness Now we provide a generalization of the 7' and T? operator in Hansen
and Sargent (2007, 2011) to our recursive setup. Assume the law of motion of z follows a Markov
diffusion process of the form

dxy = g (x¢) dt + o4 (t) dBy .

We assume that a subset of x, which we denote as z are unobservable. We assume that z; is normally

distributed and we observe a vector of signals for z;:
ds; = ps (2) dt + o4 (t) dBs 4. (74)

Here, we assume that s is L dimensional signal process, and B,; are L dimensional Brownian
Motions. That is, for simplicity, we are assuming that the noise in different signal processes are
independent. Also, we assume fi5 (2t) = ps0 + szt is linear, where pgo and ps are both L x 1
dimensional. For simplicity, we assume that o5 (t) = diag (o1 (t) ,02(t), -+, 0L (t)) is diagonal. We
assume that Kalman filter can be applied. Because the hidden state z; is contained in z;, the new
state variable needs to replace z; with its estimate (assuming normality, so that Z; is the sufficient
statistic for the posterior distribution of z;). We denote the new state variable (after replacing the
hidden state with its point estimate) as Z;. After this replacement, Z; is contained in #;. We assume

that the law of motion of the state variables Z; can be written as:
diy = pg () dt + 04 (t) dByy, (75)
where Bgm is a L x 1 dimensional vector of innovation process of the form:
dByy = o' (t) [dsy — ps (z) dt] = 07" (t) [1s (t) (20 — 2) dt + 0 (£) B (#)]. (76)

In our formulation, gz (Z¢, 2¢) is J x 1, 05 (t) is J X L, pus (t) is L x 1, and o5 (¢) is L x L.
We will work with the simple case in which the value function does not depend on the hidden
state, in the Language of Hansen and Sargent ( 2011). In this formulation, the value function is a

function of #; and the law of motion of utility (in the interior) is:

AV (&) = LV (&) dt + OV (2) 0 (t) dBy

= LV (&) dt + 0V (2:) 00 (t) 05" (8) | s (B) (2 — Z) dt + 0 (1) dBs (t) |, (77)
misspec;ﬁed state misspecified dynamics

The standard robust control problem concerns the misspecification of the future shocks Bm. The

two-stage robust control problem concern about misspecification of us (t) (2 — 2¢) dt and dBs ()
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separately. The distortion with respect to dB; (t) represents ambiguity about the law of motion of
signals given the true state variable (T operator), and distortion with respect to s (t) (z; — 2¢) dt
represents ambiguity about the true distribution of the hidden state z; arising from filtering (72
operator).

Consider the recursive preference with two-stage robustness:
V(&) =u(Cy)dt + e PHT?* { T [V (Zprar)| 24]| 34} (78)

where 7' (V) = hi'E[hy (V)], and T%(V) = hy'E[ha (V)], where hy = —3i (=V)""" and
he = S i +,€12 7d (—V)Hm/ a7l oand T2 operators reflect investors’ concerns about misspecified
dynamics given the true state and misspecified state estimation, respectively. Note that we follow

Hansen and Sargent (2011) and scale the ambiguity aversion by 1/dt to prevent the ambiguity from

vanishing in the continuous time limit. Using (77) we can write

Viear = Vi + LV (&) dt + 8V (&1) 0 (t) dBus (79)
=V, LV (@) dt+ OV (&) 05 (£) 07 (8) [s () (20 — 1) dt + 05 () B (1)]
= Vi + [LV (&) + OV (&) 0 (£) 052 (£) s (1) (21 — 20)] dt+ OV (84) 00 (£) dBs (). (0)

Using Taylor expansion similar to (69), we obtain

T Vit 2] = 7' E [y (Vigar)| 2]

SVt LV (80 0V () 0w (D) o (6 s (8) (1 — 2] e+ 2TV you ) o () 2

2 (Vh)

To save notation, we denote ny = LV (Z¢) + % (2¢) 02 (£)]|*. Given our assumption on the

functional form of hy, we have n, = LV (&) — ; |’€/1| 10V (&) o (8)])°

Note that 7; is known given 2;. We linearize around V; 4+ n.dt and using Taylor expansion to

write

T {T" [Vigar| 2]} = hy'E{ho (Vi +medt + OV (81) 05 (8) 051 () s () (20 — 20) dt) }
h// (V;j
2 bty (Vi)

_ 2
= Vit mt + gy [V @) o (007 (w0 a ). ()
where ¢; denotes the posterior variance of z;. Note the the ambiguity term is of order (dt)Q.
Therefore, as remarked by Hansen and Sargent (2011), in order to sustain an ambiguity ad-
justment in continuous time, we increase the curvature of ho as we have diminished the sam-

. 1 . 1+ko/dt
TTre7dl (—V) , we have

V1[0V () 00 (8) 057 () s (8)|| g (dt)? = —Srz oV (@) 0w (1) 05t (1) ps (V)] qudt. We de-

pling interval by 1/dt. Using the assumed functional form hy =

2 h’ (Vt) 2 |V
note 71V, = —3 ﬁ/l' |0V (&) o (t)]|?, and T2V; = —%% H@V #)op () ot (t) ps (t)H2 q¢. Multiply
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equation (78) by e”™ and substituting the above equation and 7; back, we have
(epdt - 1) v, = [ep tu (Cy) + LV (&) + TV + T2Vt] dt.
Dividing both sides by dt and take the limit as dt — 0, we obtain the following HJB equation:
pVi = u (Cy) + LV, + TV, + T?V4, (82)

which is the generalization of Equations (8) and (9) in Hansen and Sargent (2011). It is clear
that T'V; characterizes the continuation reduction due to model uncertainty and 72V; shows the
continuation reduction due to state uncertainty, and x; and ko penalizes each term.

Note that we can write

1k 1 . 1 &k
W, = 2|V1| —Var, [aV(xt)%(t)st(t)‘zt}: 2|V|1dtVat[Vt+dt|zt] (83)
and
T2V, = ;”ﬁﬁt;t ary {OV (&) oy (£) 05" (t) s (£) (20 — 2) dt}
t
_ Lkg/dt 1 A 5 _ 1
- 57 dtvm{u-z[aV(mgx(t)st(t)‘zt}}_ 2|V|( )Vart{E[l/}+dt]zt]}(84)

In our model, we assume the uninformed investors do not have robust concerns about model
uncertainty. They care about the misspecification in the distributions of the hidden state. Therefore,

from now on, we assume k1 = 0 and ko = K.

6.5 Optimal Portfolio Choice Decisions

Portfolio Demand for the Informed: Interior The optimization problem for the informed

investor in the interior is written as

1% (t, W9, A) = ma;l@ [/OTt _e=ps=1C0hsgg 4 =PIy~ (T, W, 0, AT”

at,Ct

s.t. th = <WtT — C’t) dt + oz dQy

dQ; = [eo(t) +eg(t) 0 +ea (t) Addt+ op (t)dBpy + 05 (t) dBsy + 0p (t) dBgy + 0u (t) dByy,
d@t = a (é — (9,5) dt + UOdBH,t7
dA; = —ana (t) Awdt —oap (t) dED,t + oas (1) stJ: + o (1) dBg; — oaq (t) dBy -
Conjecture the informed investor’s value function takes the form of 1% (t, W, 0, A) — e Wy (t.0,4)

where

1 1
g(t,0,A)=g(t)+ge(t) o + 5906 (t) 07 + gn (t) Ay + 295 (t) AZ + gon (1) O ;. (85)

40



Using Ito’s Lemma, the HJB equation is:

. ~ . . . 1. .

pV = —e ¢ 4 Vi + Vv [T’W —C+aley(t)+eg(t)d+en(t) A)} + §waa20p (t) + aViygogog (t)
N N _ ~ 1~ 1~ N

+aViyaoga (t) + Vpa (9 — 9) —Va (an (t) A4+ 0a (t)) + §V9903 + §VAA0A (t) + Vagogone (1),

where

oa(t) = 0Ap(t)+ oA, () +0Rp (1) + 0y (1)
oQa(t) = —ep(t)oap (t) + 0s (t) oas () + 00 (1) onp () — 0u (t) 0w (1), (86)

Under the guessed value function form, the first order conditions (FOCs) with respect to C and a

are

~

C, = rW+ i [g(t,0,A) —1Inr], (87)
eo (t) +eg(t)0+en(t) A —(gg(t) + geo (t) 0 + gon () At) ogog (1)
—(9a (t) + gan (t) A¢ + goa (t) 0) oga (1)

= ryop (t) (88)

substituting expressions in (86) yields the demand function of the form:
ar = ag () + ag (t) 0 + aa () Ay, (89)

where

eo (t) — go (t) op0g (t) — oQa (t) ga (1)

ol = e (@) (90)
ag(t) = < () — 00 (1) U@szfj)@; oqa (t) goa (1) 01)
on(t) = D=0 Uefii f()t) oo () gan (1) .
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Matching coefficients of the value function, and use «y (t), ag (t) and aa (t) to simplify, we have the

following odes system,

gt) = r—p—rr+rg(t) - %T2720P (t) o (t) + %Ug 95 () — g00 (1)]
4508 (1) [0 (1) — 9an (1] + 000 (1) oo (1) 92 (1) — goa (1)) — aflgn (1), (93)
oo (1) = rgep (t) — r*%0p (1) af (t) + 2ages (t) + 05955 (1) + oa (t) g3 (1) + 20906 (1) gas (t) goa (D)
gan () = rgana(t) —r*7?op (t) @4 (t) + 2aa () gan (t) + o595a (1) + oa () gAa (t)
+20900 (1) gon (t) gan (t), (95)
gon (1) = 7gea (t) = 1°7%ap () g (t) an () + agea (t) + aa (t) goa (t) + 55960 (1) goa (1)
+oa (t) gaa () goa (1) + o900 (t) [g00 () gan (1) + gia ()] 5 (96)
go (1) = 1o (t) —1*7?ap (t) o (t) ag (t) + ago (t) + o590 (1) goo (1)
+oa (t) ga (t) goa (t) + ogone (t) [go (t) gon (t) + gee () ga (t)] — abges, (97)
ga(t) = rga(t) —r*+op (t) ao (t) aa (t) + aa () ga (t) + o590 (1) goa (1)
+oa (t) ga (t) gaa (1) + 0gone (t) [90 () gan (t) + goa (t) ga ()] — afga, (98)

Portfolio Demand for the Uninformed: Interior The optimization problem of the unin-

formed investors is characterized as:

~ ~ ~ T_t -~ ~ ~ ~
1% (t, W, 9) — maxE [ / —ePsCrts g 4 o P(TDY— (T, WT,OT)]
Bt,Ct 0

s.t. th = (Wﬂ“ — ét> dt + B dQy

1Q, = [eo (t) + e (t)ét} dt + op (t)dBp + 0 (t) dBey + 0u () dByy,
i~ alG—0 ba (t) G (1) B ﬂ b (t) G(t) =
g, = (9 9t>dt+¢€() L 4Bp s + [¢de () v (£) — 1] " Bt+¢0(t)au(t)d3u,t.

Conjecture the uninformed investor’s value function would be of the form: 1% (t, W, é) =

where

£ (8:8) = £ () + o (1) B+ 5 oo (1) 62

_e—r’yW—f(t,é)

(99)

The stochastic differential equation of the value function in equation (13) takes the following form:

av = £V (£, W,0) + D |av (1, W,0)]
where
Lv (t,VT/,é) = Vi+Vw [TW—C+,@ (eo (t) +eg(t)§)}

1~ - ~ _ 1~
+§VWWﬁ2UP (t) + BVweoge (t) + Voa (9 - 9) + 5%9090 (t)
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where

cbx ®)a@) o¢ (t) ¢z (1) G(1)

santt) = 2300 @)+ (0 v (0 - 1) S a0+ LA L0 0 0 oy
_ t)q() o ()17 [o=(t) 40 7
o) = [5gT0] +[e-oro oG]+ (GGG o)
D [.] is the diffusion operator and
D [Cl‘? (t, W, é)] = Vwﬁ |:QD (t) dél)’t + QE( dBEt + Qu ]
7 ¢x (t) q~( ) (t> ¢x( ) ) >,
| G20 g B 0 00— 1 E B+ w07, t)dB“”*]
_ r al¢x 11 9¢ t) >
= v {[moe 0+ 2 a 110 asp [w@g 0w -1 50 b

[Wﬁ@ i Pa (¢ t ] }
“ 00 o (t t

Therefore, the vector oy (t) is defined as

.
ov (t) = [ (T’Vﬁ@pﬁaf%t qt>, V <T75Q§t+a]f (o vt — 1) ¢6t) <vﬁgut+af¢“ a ﬂ .

90 ¢ot oD a0 00 Dot Out
(103)
Rewrite the above in terms of the informed investors’ information set,
(o AN o Of 92 (1) q(t)
D [dv (t,W,@)} - 7 { [r’yﬁgp )+ 550 ® on ] ( Aydt + dBDt>
of oe (8) ] (ma (t) :
 [rasee )+ 2 for (00 - 1 0] (e o+ ay )

* [’”5 00+ 5 iieﬁ ; au(<)>} ( S+ dB“’t> }
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Therefore, we apply the 7 operator in equation (16) on the value function to obtain

T[V] = —5wrey

"y Var [E|aV | 2] | &]

- §Kun>{[}vﬁg )+ e 1)

90 ¢o(t) op | op
[rw@gu) P tos )0 (0~ 9] =D 4 [0, )+ 228 L0 .

- oo 351

[ Ak S CLURE = R o
= SeVi(t) |(ryxp)* 87+ (%)2% + 27“76><DZ§><9]

where
Xp = Qggt)ﬂg 05 éff*fig (104)
w o= Gy e -0 (109
The HJIB of the above problem is written as:
oV o= —eC v (t,VV,HN)JrT[V} (106)

The FOCs wrt C’t and B; are

0 = ve_vét—f/W

0 = Vi <€0 (t) +eq (t) 9~> + Vivw Bop (t) + Viveoge (t) + KV (1) [(T’YXD)Q B+ T’YggXDXe

which gives

Vir (e0 () + €0 (1) 8) + Vivaogo (1) + KV (1) 1% xpxo

b= Twwor (0 + 774 (1) (rxo)?

Under the guessed value function form, V; = —%f/, Viv = =V, Viyw = (r’y)2 V., Vy = —%f/

)
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2 - -
(ﬂ> — 82]0] V, Vive = rv%v. The FOCs are therefore

C = TW—{—}}/ [f (t,§t> —lnr} , (107)

eo (1) + e ()0 — (fe (t) + foo (1) é) [oge (t) + KX DX0] (t)]
5 = : . (108)
ry [op (t) + rxHq (t)]

We then obtain the demand function of the form
B = Bo (t) + Bo (t) by (109)

where

50 (t) _ ( ) - [S}i [UQZ_(K)X—;:;?:))]XGQ (t)] (110)

_ep(t) - fee(t) [0ga (t) + Kx DX ()]
Pot) = ry [op (t) + wx5q (1)] ' (1)

Substituting this into HJB gives

0 = r—p—g—i—fr’f—rlnr—r’%@(@o()—i—eg()é)-i- T”Y2ﬁ2[0P(t)+/€X2D‘j(t)]

ot 2

of o of <6f> 0 f L <0f)2 >

=% oo (1) + wxoned (1] = “za (9 0) + [ o5 )~ | 0+ gea () (T5) X

Matching coefficients of the value function, and use (5 (t) and Sy (t) to simplify, we have
of

1 -
r—p— ¥ +rf—rinr— 57'27252 [UP (t) + d2xDd (t)]

a(o-0)+ [<Z§> g]aae<t>+§m<>(g§> G

Finally we obtain the ODEs for the uninformed investors’ value function coefficients as follows:

0 =

F10) = v prir b rf (6)— 5 ()? [op () + mxba (0] B () + so0 (13 (1) — foo (1]
~alify () + 50 (6) XS5 1) (12)
fog(6) = (2a7) fag () = () [op (6) + b (0] B3 () + (ow + md (6)33) T (1) (113)

fot) = (a+7)fo(t) = (r)? [op (t) + KxDd ()] Bo () Bo (t) + (000 + £ (£) X5) fo (£) foo () — ab fogl(E})

Market Clearing Conditions Market clearing condition is

(1 — w) o + wPy = 0y, (115)
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Using the relationship 0y = 6, — ﬁ; 8 A gives

0 = (1-waolt) +wh () (116)
L= (1 w)ap(t) +whs (1), (117)
0 = (1-w)an(t)—whs () Zaég (118)

The ODEs for the pricing functions ¢ (¢) , ¢g (t) and ¢ (t) can be characterized as follows:

(1 —w) (kGx3 + op) (9e0000 + gaooa) + opw fo (KiXDX0 + 0Q0)

() = 1o+ abpy— bid, + (1 —w) kGx3 +op

(119)

(1 —w) (kaxDH + ap) (9009000 + goroQa) + apw foe (kGxDX0 + 0g0) + T70P (KAXD + 9p)

(1) = (a+r)dy— (1—w)KGx%H +op

or simplify the term eg (t) = (a + 1) ¢g (t) — ¢y (t) in Bp (t) in (118) gives

Pa(t) = (aan+7)oa () — (9oa0900 + grnoQa)

bs — oa (1) |¥OP (ﬁ?“wp + goncQa + goeoeoe — feeoqQo — fifee(iXDXGv) a21)
oo (1) (1—-w) mszD +op

Portfolio Demand for the Informed: Boundary First, we derive boundary conditions for
the informed investor’s value function coefficients. The informed investor’s optimization problem

at the boundary can be written as

_G*T’YW_fg(T,GT,AT) = max {_ET [equy[/i/‘i' 79(0:0Ta0)i| }
ar
_ e—erAV* H(?)lééql:X {_ET [efrwaT(P;fP,;)7g(0,9T,0):| } ’ (122)

where 7 ~ N (27, Gr). Solving the exponent part within the expectation operator yields:
- P —P;) —g(0,00,0) = -y — @
ryar \Lp T g\yv,vr, 0 1L,

where ®9 = ryar {[¢(0) — ¢ (T)] — [d6 (0) — do (T)] 01 — daibr + ¢a (t) Az} + g (0) + go (0) 07 +
%gae (0) 9% and @1 = T’yaTém. Then

fig [o 7T TIE) OO —ao—(@air—datar) _ Term (123)
where
Term' = —ryar{[¢(0) — ¢ (T)] — [¢g (0) — ¢g (T)] 67 + ¢a (t) Ap}
—g(0) — g¢ (0) 67 — %gee (0) 07 + %T%Qoz%xficr- (124)
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Optimization implies

ar =a9(T)+ap (T)0r + an (T) Ar, (125)
where
0) — (T T) — 64 (0 T
a0 (T) = W ap (T) = W and an (T) = quéq; (126)

Therefore, g (T, 07, A1) = —Term® gives

1 1
g(T)+ g0 (T) b7 + 5900 (T)0F + ga (T) Ar + 2924 (T) A% + gon (T) OrAr

_ [¢(0) =0 (T) +¢a (T)QAT;; (¢0 (T) — ¢9 (0)) O7] 2 + %gee (0) 67 + go (0) 67 + g (0) (127)

Matching the coefficients yields the boundary conditions summarized as follows

T) — 0 2 T — 0 2
o) -5 = POZEOL g ) - g o) = LT OF,
—[¢o(T) =0 (0 T) — ¢ (0 2 (7
g0 (T) —go (0) = [¢ (T) ¢(Cj)T]£9( ) — %6 ( )]’ gan (T) = qZ;ATSE%)’
@) = 2@ —ng]m@%gm )= 22D [¢2T(£2)_¢6(0)]. (125)

Portfolio Demand for the Uninformed: Boundary Second, we derive boundary conditions
for the uninformed investor’s value function coefficients. The uninformed investor’s optimization

problem at the boundary is

V() = o7 (B o (1 (075 00)) )
where h[V] = — (=V)**. This gives

e [—r'yW; —f(T,éT)] (14+k)

)

e—r'yW*(l—&-n) max ET [e[—M/BT(P;:—P;)—f(O,@T)](1—0—/4)}

Br
e~ f(T0r)(1+r)  _ T%aXET [e[—mﬁT(PJT—P;F)—f(OﬂT)](HN)}’ (129)
T
~ A ~ (z)cc(T) ”’
qr +4qr qr
where ( T > ~N < T ) A per - ZE% N , in which we use the variance-covariance
Or Or o) 1T g2 ()T

relationship derived before. Note, 7 — I = zp — 7 + 7 — Z7. Recall the learning identity:
Or (£) Ty — Pg (1) O = ¢ (t) Ty — dp (1) 0,. Use this to write &7 — Z7 as a function of 67 — O, we



obtain: & — fp = 20T (0T — éT) Therefore,

Go.1
Pf—Pp = [6(0)= ()] = [69(0) br — 6 (T) Or| + b (w7 — i7)
= [¢ (0) - ¢ (T)] - <¢6,0 - jzz; éx) (HT - éT) + (QZ)Q,T - ¢970) 9~T + gf_Dx (l’T — i’T) .

Note that z7 ~ N (i7,qr), or x1 — &1 ~ N (0, ¢r). We also know that 67 — 67 ~ N (0,€2), where

.y 0 ir 0
Q= @(? gr. The joint distribution SEERNCE N ) ar - Hence, we would
b5(T) Or — Or 0 0 Q

like to rewrite the above equation in terms of zp — Zp and 07 — Op:

Pt —Pr = ng(T)+ p (T) (eT - éT) + g (T) Op + G (w1 — é71)
where
no () = ¢(0)—¢(T) (130)
ng (T) = ¢9(T) — ¢g (0) (131)
_ = 9 (T)
p(T) = ¢ o (T) o (0) - (132)
Also,
FO.6r) = FO0)+ fo(0)6r + o fao (0) 6
= 1 (T)+uv1(T) <9T - éT) + %f@e,o <9T - éT)2
where
w(T) = F(0)+ 1o (0)fr+ 4 fun (0) % (133)
vi(T) = fy(0)+ fop (0)Or. (134)

Solving the exponent part within the expectation operator in the optimization problem gives:
_ _ _ R _ 1 _
(1+ k) {—T’YﬁT [no (T) + p1 (T) <9T - 9T) +ng (T) O + ¢z (x7 — xT)} - {Vo +u1 <9T — 9T> + §f09,0 <9T — 9T>

Then we need to compute the expectation. We first integrate out

Ep [efm(1+n)6T¢3z(zTﬂzT)} _ oA r2(R)?B2ar 83
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Hence,
Er [e[—r%@T(P% ~Pr )—f<070T)](1+n)}

_ o(rBrumo—vo) (L R)+ ()’ (e BRar B [e[—(mﬂm+m>(9T—9T)—éfemo(GT—éTf]<1+H>

)

where

Mo (T) =N (T) + ) (T) 9T. (135)

Lemma 3. Let X ~ N (0,9), then

2 2
i [o-doxtion] — ﬁ 285 _ [ Emmaran)] (136)
a

Applying the above lemma, we have

5 5 Q(’"WBTM1+V1)2(1+H)2 1
IET |:e[_(T'YBTH1+V1)(9T—‘9T)—;fGG,O(GT—eT)Q](1+H):| —e 2(1+fgg,0(1+m)0) 21n(1+f99’0(1+5)ﬂ).

Therefore,
o e[—rﬁT(PT*—P;)—f(O,GT)](1+n)] — Term®
where
Term" = 2 () (L4 §) ABR — 1y (14 ) [ — T (14 ) puva] B
+ [—y0(1+,<)+g(1+ﬁ)2y§— %1n(1+f99,0(1+;<)9)
where
r o= 1+fj:(o)9 (137)
A = @ar+Tu(T). (138)
The FOC with respect to A7 gives
Br = o (1) =T (14 8 (T (T)
= 5 [ @+ o (D)6
where
mo(T) = ng(T)—T (1+ ) 1 (T) fao (0) (139)
mo(T) = no(T)~T (L4 ) (T) fo (0). (140)
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Denote

Br = Po(T)+ By (T)0r, (141)
where
Bo(T) = —ma(T) (142)
Bo(T) = —ma (1), (143)
Plugging back,
Term® = | —vo (14 k) + gyf (1+5)2— %m(l + fooo (1+5) Q)] - 12+A’”" (mo + mgéT>2 .

Substituting v (1) and vy (T) into f (T, éT) = —Tffr”;u gives

g [fg (0) + fp (0) éTr 1+ k)

1 N2
In(1+ foo0 (1 +r) Q) + o (mo + m09T)

FT)+ Jo (T + S hoo TV = £(0)+ Jo (0) 7+ 5 oo (0) 5

+2(1—1—/4)

and matching the coefficients yields the boundary conditions summarized as follows

FT)=FO) = =5 B0 0 +8)+ 5pmd (T) + gt (14 i (0) (1 +7) ©) (144
Fo(T) = fo0) = ~Tfa (0) fo (0) (1+ ) + o (T) m (T) (145)
foo (T) = fan (0) = T3 (0) (14 ) + i (T). (146)

Market Clearing Note that market clearing requires: (1 — w) ar + wfBr = 67 at the announce-

ment. This implies

(1-w)ag(T)+who (T) = 0,

(1-w)ag(T)+whBe(T) = 1,

(1-w)aa (1) - wiy (1) 22 = 0.
o.T
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Substituting expressions in equations (126) and (141) gives

(1-w) $o — o Mo

—— +w— = 0,

P24r A

0.7 — $6.,0 mg
l—w)————fw—/— = 1,

( ) 2qr A
(1-w) ¢ar Mo e

= w—
¢24r A dor
Eventually we can pin down the boundary conditions for the pricing function coefficients.

_ w(l+k)ozar
6(1)-00) =~ (1) £ 0) (147
00(T)=00(0) = G A (LTI ) i O] (149

wP§ -
6a(1) = 4 (_Z)Qf)TA 29 gi mo (T) . (149)

Unconditional Expected Return Now we derive the unconditional expected return from our

model. Using equations (110) and (111), we can write

E <eo (t) + eq (1) 9})
¢ (t) + (¢p + bu) T — ¢ (t) 0
v (Bo (t) + Bo (t) 0) op (t) + (fo () + foo (t) 0) oo (t)
¢ (t)+ (pp + d2) T — ¢ (t) 0
expected return due to expected utility
v (Bo (t) + B (t) 0) xpG (t) + (fo (t) + foo () 0) xo
¢ (t)+ (dp + ¢z) T — g (t) 6 '

expected return due to ambiguity

E(th) /IE (Pt) =

/

+rq (t) XD (150)

The first term in the expected return comes from the standard expected utility, whereas the second
term appears only because of ambiguity aversion. Note that xp defined in equation (104) arises from
the variance of conditional expectation in the 7 operator and x represents the degree of ambiguity

aversion.

6.6 Optimal Information Acquisition

In this section, we provide a proof for the sufficient conditions for optimal information acquisition
time in Lemma 1. For simplicity, we focus on the case of expected utility. Using the notation in the
lemma, we let V (t, W,0 |oo> be the value function before information acquisition and V (t, W,0 |o*u)

be the value function after information acquisition. To prove the optimality of 7, it is enough to

o1



show that for all t < 7.8
14 (t,W,éyoo) >V (t, W - K («5) ,élau) ) (151)

t

and for all ¢ > 7, and any consumption plan {C,},__,

1%4 (T, W - K <9~> ,élau) > E® [/t e—P(s=T)y, (Cy)ds + o Pt=T) 77 (t, W, — K (ét) 7§t|0u>:|

(152)

Inequality (151) guarantees that exercising the option at any time ¢ < 7 is dominated by exercising

at time 7. And inequality (152) implies that exercising the option at time 7 is better than postponing

option exercise to ¢ for any ¢ > 7. The notation E° indicates that the expectation is taken with
respect to the belief such that o, (s) = oo for all s € (7,t).

We first establish (151). Given the negative exponential form of the value function, (151) is

equivalent to
V(t,WJrK(é) ,éyoo) > (t,w,mau). (153)

Let {Cs}._, be the consumption policy associated with the value function 1% (t, W, §t|0u),
174 (t, We, 0~t|au) =EJ~ [/ e Pls=t)y, (Cs —k)ds + e PT=ty <7’, W, 570u>] . (154)
t

Replacing the term V <7’, Wi, §T|au) using the value matching condition at 7, V (T, Wi, 57\0u> =
1 (7’, W.+ K (0;) 7t§7.|oo), we can write the inequality (153) as

1% (t, W, + K (0}) ,ét|oo) > Eov [/T e P50y (Cy — k) ds + e PO (T, W, + K (6,) ,e}\oo)] :
t
(155)

or

ety (t, W+ K (ét) ,§t|oo) > Eov [/T e P5u (Cy — k) ds + e PV (T, W, + K (6,) ,éT\oo)] .
t
(156)

Using Dynkin’s formula,
EC [e—mv (T, W, + K (6;) ,9~T\oo>] % (t, W, + K (9}) ,ét( oo)

vy | [ {erv (swa i (5) 6

=) }as|.

(157)

8Here we allow the value function V (t, w, é|0’u) to be defined for all ¢ € [0,7] through equation (28). For ¢t < 7,

Vv (t, W, §|au) is interpreted as investor’s utility if he were to decide to acquire information at ¢.
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The term £ {e‘pSV(s W, +K( ) 9‘ )} s[—pv(s W, +K( ) 9) )+£0uf/(s,WS+K(és)
Note that

— oV (5, W+ K () .6 (oo)+£” (s.we+ K (0,).0 ‘oo)
=—pV (s, W+ K (8,).0 (oo)+£" (s, + K (0,) 0 ‘oo) —w(Cs— k)
<-—u(Cs—k),

where the last inequality uses the condition (30). As a result, Equation (157) implies

E7“ [e_mf/ (7‘, W, + K (0;) ,0~T|oo)} <e PV (t, Wi+ K (ét) 79~t) OO) —E7 [/T e PPu(Cy — k) dé’} ;
¢
(158]
which is (156).

Similarly, inequality (152) can be written as:

oV (r W= K (00) 0 0) 2 B [ [ e muds v e (1w - ke ().

)|
(159)

Using Dynkin’s formula,

E° [e—ﬂtf/ (t, Wi — K (9}) 0,

Uu):| —e PV (7’, W, - K (57) ,éT Uu)

vex [ [ fery (s -k (1) 0

o)} ds} .

(160)

au)} as e Ps {—pV (s, Ws— K <§s) 0y
ou) + L5V (5, W, — K (8,) .0,
(

au) LoV (s, W, — K (e;) 0,

We can write the term £ {e*p‘*f/ (s, Wy - K (és) ,és
Note that

au) + LoV (s, !

—pV(s,WS—K@S),éS
:—pf/<s,Ws—K<9~s> ,és
<—u(Cy),

where the last inequality uses the condition (152). As a result, (160) implies

au) _EX { /T Cery (C) ds} ,

(161)

E [e—Ptf/ (t, Wi — K (ét) 0,

au)} <e PV (T, W, - K (é.r) .0,

which is (159), as needed.
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6.7 Implied Volatility

Implied Variance We would like to compute Varg [P, — Py] = Varg [P]. First consider the case
in which ¢t < T. We solve the three components separately. First, we solve for ;. Using the law of

motion (12), we have:

t Go+ t ~ N
T = e_bt/ e’ bzds + e_bt/ bs 2 4Bp _bt/ e’v (s)o¢ (s)dBg s+ / e’ X dB, .
0 0 9D 0 0  Ous

)

Therefore, compute the diffusion

- ! b(s—t) s T s ;5 ! b(s—t) 5 ! b(s—t) 4
Dz = / e —dBp s + / e v(s)og (s)dBes + / e
0 0 0

* dBy.s. (162)

Ou,s

Next, we compute D;. Using law of motion: dDy = (Zy — Dy) dt + chdBat, we obtain

t t
Dy=e¢t [/ e’T.ds +/ esaDdBD,s] .
0 0
The term

! t “ ds + s v > b ds .=
/ e T, du = / e(l_b)“/ {ebsba_cds + / bs dBD s / ey (s)oe (s)dBe s + / ebsdBuys}du.
0 0 0 0 oD 0 0 Ou,s

We focus on the diffusion part:

/ / bs+(1— b)uqs—l—qsdB du—/ / bs+(1—b)u QS+q$d dBDs
— (1-b)t+bs dB .
(1_(,)0[)/0 [6 }(qsﬂqu) D,s

Similarly, we have:

t ru ~ 1 t »
/ / ebs-i—(l—b)uy(s) o¢ (8) dBg sdu = / [e(l_b)t+bs_es},j(8) o¢ (5) dBe 5.
o Jo (1=5) Jo

t u ('j ~ 1 t q B
/ / ebs+(1_b)“78dBu7sdu — / |:€(1—b)t+bs _ e5:| idBu,&
0 Jo Ou,s (1-1) Jo Ou,s
The diffusion part of Dy is

t
— b(s—t) _ _s—t ds + qs ~
D [Dy] /0 [(e e ) a-bop O’D O'D:| dBp

+/0t (eb(sft) _ es%) V(Sl) : / ( s—t) sft) i %’) —~ dB,.(163)
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Finally, we deal with ;. Using law of motion of 6, in (23),

pla] = [0t lap, i [Meen o, o)) -1 a,

+ [ et & 4B,.. 164
e B 1o
Summing up (162), (163), and (164), we can represent the price in the form of
¢ B ¢ B ¢ 3
D[R] = / Termp (s)dBp s +/ Termg (s) dBg s +/ Termy, (s) dBy,s, (165)
0 0 0

where

— [ b(s—t) __ _s—t s + ds s—t _ a(s—t) P ( )i 7 b(s—t) ds+4q
Termp (s) oD _(e e ) d-b)op +e O'D:| oy (t)e %9 (3) 7D + ¢ge TDS(HSG)

r v(s)oe (s
Terme (5) = o [0 = et PTED gy 1) 070 o 61 6) = 1) 3 + a0 (5) )
T . _ [ b(s—t) _ s—t ds _ a(s—t) P (3>£ 5. b(s—t)ﬂ. 1
ermy, (8) oD B e ] 0= b)ous g (t)e 00 (5) Tus + ¢re T (168)

and compute the variance as:

t t ¢
Varg[P] = / Term?, (s)ds + / Termg (s)ds + / Term? (s) ds.
0 0 0

(169)

Next, consider the general case where we need to compute Var, [Py4.]. If t+7 < T, that is, if we

compute implied variance within an announcement cycle, we use the above formula. If t +7 > T.

We first compute Var; [Pp-] using the above formula. It is also easy to compute the variance at

the announcement Varp- [Pp+ — Pp—]. We then compute Varp+ [Piy,]. The reason we can add

up variance is because these different components are independent.

t+7
Vary [Pr] = / [Term?, (s)ds + Termg (s) + Term?. (s)] ds.
t

~ g o~ (z)z (T) s
xT T gr +qr bo(1) 4T .
where 0 ~N - A bem - (T - , gives
T

2
zg Eg qr — 20290 (0)

Varp- [Pr+ — Pp-] = a)i (Gr +ar) + sz (0)
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Therefore, the total variance is obtained by

VCL’Ft [PT—] + VCL’I“T— [PT+ - PT—] + VCL’I”T+ [Pt-i-T]

IV before announcement IV at announcement IV after announcement
T t+1
= / [Termi, (s) + Termg (s) + Term? (s)] ds + / [Termi, (s) + Termg (s) + Term? (s)] ds
t T+
. 2(T) - oz (T) _
+3 (ar+ i) + 63.0) 2D 5~ 25,00 (0) 2D g (72)

o5 (T) o (T)

In Figure 12, we plot the implied variance around the announcement. It is clear that the implied
variance reduces during the drift period and drops significantly after the announcements. This is
consistent with the empirical evidence documented by Hu, Pan, Wang, and Zhu (2020).

Figure 12: Implied Volatility

IV with Information Acquisition
T T T

176+
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-3 -2 -1 0 1 2 3
The figure plots the implied volatility (annualized in percentage) in our benchmark economy with endogenous infor-
mation acquisition. The horizontal axis is the number of days around the announcement, which is normalized as 0.
A —1 for example, stands for five days before announcements.
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