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Abstract

Performance pay for most workers makes up only a small fraction of total pay. In this paper, we show that
performance pay is nevertheless important for the dynamics of wages over the life cycle because of the incentives it
provides for human capital acquisition. We argue so within a model that combines three key mechanisms for wage
growth and dispersion, namely, human capital accumulation on the job, employer learning about workers’ ability,
and performance incentives. We use this model to account for the experience profile of wages, their dispersion,
and their composition in terms of fixed and variable (performance) pay. Our model admits a decomposition of
performance pay over the life cycle into four terms that capture: i) the trade-off between risk and incentives
characteristic of moral-hazard situations; ii) the insurance that firms provide against uncertainty about ability; ii7)
incentives for effort due to this uncertainty (career concerns); and iv) incentives for effort from human capital
acquisition. Despite its parsimony, the model fits the data very well, including the observation that performance
pay as a share of total pay, which measures the sensitivity of pay to performance, first increases and then declines
with experience after peaking at around 20 years, contrary to the prediction of standard models that this ratio
should be increasing especially at the end of the life cycle. Our estimates imply that human capital acquisition and
insurance against uncertainty about ability are quantitatively the most important determinants of the sensitivity
of pay to performance. Importantly, we also find that through the cumulative impact of effort on human capital
acquisition, incentives for performance are a critical source of wage growth and dispersion over the life cycle.
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1 Introduction

What accounts for the growth of wages over the life cycle? Why do differences in wages among workers increase
with experience in the labor market? Since Becker [1962] and Mincer [1974], economists have considered models
of investment in human capital to explain the dynamics of wages over the life cycle (Heckman et al. [1998]). Many
have also emphasized the role of uncertainty for wage inequality (Cunha et al. [2005], Cunha and Heckman [2016],
Lochner and Shin [2014] and Lochner et al. [2018]) and how wages and their dispersion grow with experience as
firms and workers learn about differences in ability among workers (Farber and Gibbons [1996]).

Another potential source of persistent variation in wages across workers and over time is variable or performance
pay (Lemieux et al. [2009], Bloom and Van Reenen [2010], Lazear and Shaw [2007, 2011, 2018], and Waldman
[2012]). Variable pay, though, typically amounts to less than 5% of overall pay and, for most workers, does not
represent a major component of pay at any point during the life cycle (Frederiksen et al. [2017]). Accordingly,
variable pay has received much less attention in the study of the dynamics of wages (Rubinstein and Weiss [2006]).
Acquiring human capital, however, often requires effort and investments in human capital can either substitute for
producing output, as in models of on-the-job training following Ben-Porath [1967], or be complementary to it, as in
learning-by-doing models. Hence, by influencing workers’ effort on the job, performance pay, although small, may
affect how rapidly wages grow with experience by affecting how much human capital workers acquire.

In this paper, we argue that performance incentives can be important for the growth and dispersion of wages over
the life cycle because they support the acquisition of human capital. To this purpose, we propose a tractable model
of the labor market that combines human capital accumulation, uncertainty and employer learning about workers’
ability, and incentives for performance. By so doing, we achieve four objectives. First, our model provides a unitary
framework to investigate how human capital acquisition, uncertainty and learning about ability, and performance
incentives jointly shape the profile of wages and their fixed and variable components over time. Specifically, the
model allows us to analytically decompose the ratio of performance pay to total pay at any experience into the
contribution of distinct terms that capture the basic forces we nest. Second, based on this decomposition, we show
that variable pay provides a rich source of information that can be used to identify our model, which integrates
common models of human capital investment, learning, and performance incentives. Third, our model resolves an
empirical failure that we document for existing “career-concerns” models of learning and performance incentives over
the life cycle: such models imply that relative to total pay, performance pay increases with labor market experience
whereas the data strongly suggest that it eventually decreases. Finally, using our estimated model, we demonstrate
that performance pay plays a critical role for the growth and dispersion of wages over the life cycle.

Our model builds on the literature on learning and incentives (Holmstrom [1999]). In particular, we draw on

Gibbons and Murphy [1992], who characterize performance pay over the life cycle when firms are uncertain about



workers’ ability and use performance pay to incentivize workers to expend effort on the job. The idea of these
so-called career-concerns models is simple. When ability is uncertain and firms gradually learn about workers’
unobserved ability based on their output, workers anticipate that a good performance favorably influences potential
employers’ perceptions about their ability and so positively affects their future wages. Accordingly, concerns about
the market expectation of their abilities—"‘career concerns”—stimulate workers to exert effort and so can substitute
for explicit performance incentives. We add to this framework another dimension of career concerns: by exerting
effort on the job, workers not only affect their output in a period but also their human capital. Hence, workers face
implicit incentives for effort arising both from their concerns about the market perceptions of their ability and from
a desire to invest in their human capital. These implicit incentives interact with explicit incentives from performance
pay to determine workers’ effort and thus the human capital that workers acquire with experience. Through this
mechanism, performance incentives then affect both the growth and dispersion of wages.

More formally, we model the labor market as consisting of homogeneous risk-neutral firms and heterogeneous
risk-averse workers of unknown ability, which is subject to persistent shocks. Employed workers exert effort, which
influences both a worker’s output and human capital. A worker’s effort and acquired human capital are observed only
by the worker. Instead, a worker’s output in a period or performance, a noisy measure of the worker’s ability, effort,
and human capital, is publicly observed and so provides a signal about the worker’s ability that firms and workers
can use to learn about it over time. Firms compete for workers by offering short-term employment contracts with
variable pay that depends on a worker’s output.!

We characterize equilibrium wages and, as mentioned, decompose the ratio of performance pay to total pay or
“piece rate” of the equilibrium contract, which measures the sensitivity of pay to performance, into four terms that
reflect fundamental life-cycle forces, are readily interpretable, and take the form of simple functions of the model
primitives.? The first term of this decomposition captures the standard trade-off between risk and incentives familiar
from static moral-hazard models (Holmstrom [1979]) and changes in this trade-off over time as uncertainty about a
worker’s ability varies over the life cycle. The remaining three terms capture how workers’ demand for insurance,
against the wage risk due to the uncertainty about ability, learning about ability, and human capital acquisition lead
to deviations between the statically optimally piece rate and the dynamically optimal one implied by our model.

To elaborate, the second and third terms negatively affect piece rates. The second term describes workers’ value
for the insurance that a wage contract provides, through lower piece rates, against the uncertainty workers face
because of the process of learning about ability and the shocks to ability. Intuitively, lower piece rates partially insure

workers against wage risk as they reduce the contemporaneous correlation between pay and performance. But as

'See Fox [2010] for evidence on the importance of outside offers for worker turnover even in highly regulated labor markets like the
Swedish ones, which supports our competitive setup.

%In our model, variable pay is proportional to performance. The factor of proportionality, namely, the contract piece rate, then equals both
the ratio of performance pay to total pay and the (marginal) sensitivity of pay to performance.



workers accumulate experience and face a shorter time horizon, they naturally demand less insurance and so the size
of this term decreases in magnitude. This term then contributes to an increase in the importance of performance
pay over the life cycle. The third term corresponds to the career-concerns component identified by Gibbons and
Murphy [1992]. Career concerns substitute for explicit incentives, as discussed, but tend to become less important
over time as ability is revealed. Accordingly, this term is negative as well and eventually declines in absolute value
also contributing to an increase in the ratio of performance pay to total pay with experience.

The final term, which is positive, is proportional to the difference between the social and private marginal returns
to human capital acquisition. The private-returns component of this term is reminiscent of the career-concerns term
described in the previous paragraph, as it represents the incentive for effort a worker faces out of the desire to invest
in human capital. However, because of learning about ability and workers’ risk aversion, these private returns tend to
be smaller than the social returns at each point in time. When the difference between the social and private returns to
human capital is large, firms pay workers larger piece rates to encourage them to exert more effort. Thus, unlike the
previous two terms, this fourth term tends to positively contribute to piece rates. As experience accumulates, though,
this term declines in magnitude and adds progressively less to piece rates.

We show that the model is identified from panel data on wages and their fixed or variable components. In
particular, we establish that the model primitives can be recovered from the life-cycle profile of piece rates, mean
wages, and the covariance structure of wages up to usual level normalizations.> The life-cycle profile of piece rates
itself can be recovered from the ratio of variable pay to total pay in each year of experience under the assumption
of free entry of firms in the labor market. We also show that these arguments extend to the case of observable and
unobservable heterogeneity in the model primitives, including in workers’ human capital process and degree of risk
aversion, and in the process that governs learning about workers’ ability. These identification results also apply
to the case of general (semi-parametric) human capital production functions provided that information on worker
performance is available in addition to information on wages, as is the case for many firm-level data sets.*

We estimate the model by minimum distance using the well-known Baker-Gibbs-Holmstrom data (Baker et al.
[1994a] and Baker et al. [1994b], BGH hereafter) on supervisory workers (managers) of a large U.S. firm in a service
industry using information on wages and their variable component—performance pay. We document that in the
BGH data, performance pay as a fraction of total pay first increases and then declines with experience. We confirm
that this same hump-shaped pattern of performance pay is present in other firm-level data as well as in the Panel

Study of Income Dynamics (PSID). These findings directly contradict the prediction of career-concerns models that

3We normalize the mean of worker ability at entry in the labor market and the second derivative of the effort cost function. We rely on
outside information to pin down workers’ rate of time preference.

“For important related work on the identification and estimation of static and dynamic moral hazard models of executive compensation,
see Margiotta and Miller [2000], Gayle and Miller [2009, 2015], and Golan et al. [2015]. Differently from these authors, we consider a model
with uncertainty and learning about ability and persistent shocks to ability, and rely only on the experience profile of wages and their variable
component for its identification.



performance pay relative to total pay becomes more important over time (Gibbons and Murphy [1992]). The data
thus reject the basic career-concerns model as a theory of performance pay over the life cycle. Our estimated model,
on the contrary, not only successfully matches the hump-shaped pattern of performance pay relative to total pay but
also the increase and curvature of average wages, as well as the profile of the variance of wages, with experience.

Our estimates suggest that individuals differ in their ability at entry in the labor market and that uncertainty about
it is present throughout the life cycle—in fact, it increases with experience due to accumulating shocks to ability,
despite firms and workers learning about ability over time. In fact, we estimate that the insurance against this un-
certainty that a wage contract provides through low piece rates is the major factor depressing performance pay. The
intuition for the relatively low level of performance pay in the data is simple from an asset pricing perspective. Since
performance pay, to reward effort, is high whenever output is high and so news about ability and future compensa-
tion are positive, workers employed under performance-pay contracts effectively hold a portfolio of state-contingent
claims to output, whose value increases with a worker’s ability. In particular, this portfolio pays out more in good
times—when output and so signals about ability are high—and less in bad times—when output and so signals about
ability are low. However, risk-averse investors prefer, and are willing to pay a premium for, assets that diversify their
risk and correspondingly demand contracts that reduce it. As a result, in equilibrium performance pay tends to be low
to hedge workers against the correlated risk in lifetime wages induced by the uncertainty about their ability. Note that
this argument confirms and extends the early intuition of Harris and Holmstrom [1982] on the role of the dynamic
insurance provided by wage contracts for the evolution of wages with experience.’

Although variable pay represents a small fraction of total pay, we find that performance incentives play nonethe-
less a key role in shaping both the sensitivity of pay to performance and the growth and dispersion of wages over the
life cycle. In particular, by relying on our decomposition of piece rates, we show that insurance against uncertainty
about ability and human capital acquisition are quantitatively the most important determinants of the estimated sensi-
tivity of pay to performance. On the contrary, career-concerns incentives and the life-cycle variation in the strength of
the contemporaneous trade-off between risk and incentives—a key determinant of variable pay in static moral-hazard
models—are empirically much less relevant.

Importantly, we estimate that performance incentives are critical to life-cycle wage growth because they encour-
age workers to exert effort, which in turn contributes to output and to the accumulation of human capital. Our findings
imply that workers’ effort to produce output is complementary to that spent investing in human capital supporting
the notion that human capital is acquired through a learning-by-doing process. As the variance of performance pay
amounts to a large fraction of the variability of wages, especially over the first half of the life cycle, performance

incentives are also crucial for wage dispersion. Specifically, when we take into account the impact of effort on human

>Observe that our estimated degree of worker risk aversion falls within the range of existing estimates. See Section 7 for details.



capital accumulation, we estimate that performance incentives provided through variable pay account for more than
30% of wage growth and for no less than 44% of the variability of wages over the first 30 years of labor market
experience in our data. Thus, by supporting effort and so indirectly the acquisition of human capital, performance
incentives are central to the life-cycle profile of wages and their dispersion. To the best of our knowledge, these
estimates are new to the literature.

An lesson from our work is that common statistical decompositions of wage dispersion among workers (as in
Abowd et al. [1999]) can be misleading. In particular, the variance of wages is often decomposed into that of
“worker” and “firm” effects and a residual. These terms are often interpreted to capture, respectively, differences in
ability among workers, in firm attributes including output risk, and in other unmeasured factors. In our framework,
such an exercise would attribute a large portion of the observed variation in wages to dispersion in workers’ ability.
But our model also predicts that performance pay declines with the uncertainty about ability. Indeed, if it were
possible to eliminate differences in ability among workers, then our model would imply that the variance of wages
would substantially increase. Intuitively, without uncertainty about ability, equilibrium contracts would feature much
higher piece rates, since workers would no longer demand insurance against this uncertainty. Higher piece rates, in
turn, would amplify any residual productivity risk, leading, on balance, to much greater wage dispersion. This simple
exercise thus illustrates the importance of accounting for the endogeneity of the wage structure to the degree of risk
and uncertainty in the labor market when assessing the role of different sources of wage dispersion.®

This result also provides a cautionary note for the debate on inequality, as it implies that a trade-off may exist
between ex-ante wage risk, due to the uncertainty about workers’ ability at entry in the labor market, and ex-post
wage risk, due to the variability in wages induced by performance pay. In particular, lower dispersion in initial ability,
for instance, through better schooling, may induce firms to offer wages more sensitive to performance. Then, more

homogeneous groups of workers in terms of skills might end up experiencing more, rather than less, wage inequality.

Related Literature and Outline. Our paper is related to multiple strands of literature, including papers on: i) the
importance of human capital acquisition with experience for wage growth (Heckman et al. [1998], Gladden and
Taber [2009], and Sanders and Taber [2012]); ii) distinguishing the impact of uncertainty and heterogeneity among
individuals on wage dispersion (Cunha et al. [2005] and Cunha and Heckman [2016]); iii) measuring the role of un-
certainty and learning about ability for wages and job choice (Miller [1984], Kahn and Lange [2014], and Pastorino
[2019]); and iv) estimating human capital functions (Cunha and Heckman [2008], Cunha [2011], and Cunha et al.
[2010]) and moral hazard models (Margiotta and Miller [2000], Gayle and Miller [2009, 2015], Perrigne and Vuong

® According to our model, small decreases in uncertainty for given piece rates lead to a lower variance of wages but large decreases in
uncertainty may well lead to a higher variance of wages. See Ackerberg and Botticini [2002] for evidence on the importance of unobserved
characteristics of the two sides of a market for the choice of contract form in the case of agricultural contracts between landlords and tenants.



[2011], and Golan et al. [2015]).” In related work, Golan et al. [2015] analyze how moral hazard and human capital
acquisition determine wages. While we focus on the life-cycle dynamics of wages and their components for (super-
visory) workers, those authors study the relationship between firm size and executive pay. In their work, executives
acquire general and firm-specific human capital, and choose among jobs and firms that differ in the pecuniary and
non-pecuniary benefits they offer. We refrain from studying the assignment of workers to jobs but we incorporate
in our framework unobserved worker ability, allow for persistent shocks to ability and so productivity, and consider
a richer agency problem with multiple possible effort levels for workers to capture workers’ varying labor supply
and investment choices over the life cycle. Also, Golan et al. [2015] rely on bond prices to recover executives’
preferences. In contrast, our model is identified just from data on wages and their fixed or variable components.®
Much work has emphasized the importance of unobserved heterogeneity, which is at the heart of our learning and
dynamic incentive mechanisms, for the wage process. For instance, Geweke and Keane [2000] provide evidence from
the PSID on the role of transitory shocks and individual heterogeneity for the dynamics of individual wages. Also
based on the PSID, Meghir and Pistaferri [2004] document the importance of idiosyncratic transitory and permanent
components of the wage process, in particular of unobserved heterogeneity for the variance of wages. For related
evidence on the role of returns to unobserved skills, their dispersion, and the dispersion of non-skill shocks for
wage inequality, see Lochner and Shin [2014] and Lochner et al. [2018].° Dustmann and Meghir [2005] show the
importance of match-specific effects and heterogeneous returns to human capital, in the form of a correlated random-
coefficients model, for the impact of experience on wages. Adda and Dustmann [2020] estimate the contribution of
human capital and unobserved ability to wage growth using a rich dynamic model of workers’ occupational choice.
The paper proceeds as follows. We introduce our data in Section 2, where we document that the life-cycle
profile of performance pay relative to total pay is hump-shaped. Section 3 describes the model, Section 4 informally
discusses the equilibrium, and Section 5 contains our formal equilibrium analysis. Section 6 establishes the conditions
under which the model is identified, Section 7 presents the estimation results, and Section 8 explores the implications

for wage growth and dispersion. Section 9 concludes. The appendices contain all omitted details.

"Using information on wages and performance from the BGH data, Kahn and Lange [2014] document that learning and stochastic produc-
tivity changes are important for the variance of wages. They also provide evidence that learning continues throughout the life cycle. Pastorino
[2019] uses job, wage, and performance information from the BGH data to identify and estimate the relative contribution of learning and
human capital acquisition to the dynamics of workers’ jobs and wages.

8In their framework, only two effort levels are possible, “effort” or “shirking,” which simplifies issues of incentive compatibility of wage
contracts. Our model is identified up to the second derivative of the effort cost function and a level normalization. The model in Golan et al.
[2015] is identified up to the non-pecuniary utility and human capital acquired upon shirking.

Lochner et al. [2018] identify the role of changes in the returns to unobserved skills, in the variance of unobserved skills, and in the
variance of transitory non-skill shocks for the increase in U.S. residual wage inequality from the 1980s onward. Lochner and Shin [2014]
similarly document the importance of unobserved skills for the evolution of log earnings residuals.



2 Evidence on the Sensitivity of Pay to Performance

In this section, we provide evidence on the experience profile of the ratio of variable (or performance) pay to total pay
using public data from the PSID as well as proprietary data from the personnel records of two firms. These records
were first described in three influential studies in the literature on careers, namely, Baker et al. [1994a,b] and Gibbs
and Hendricks [2004]. Both the PSID and these firm-level data have the advantage that they contain information on
fixed pay f;; and variable pay v;;, which together account for the total compensation or wage of worker ¢ in period ¢,
wit = fit + viz. In models with variable pay proportional to output, v;; = b;y;;, and free entry of firms in the labor
market, such as ours, the ratio E[v;;|/E[w;] of average variable pay to average total pay then measures the piece rate
by, that is, the sensitivity of pay to performance.!? Based on these data spanning across multiple years, firms, and
industries, we document that the importance of performance pay relative to total pay eventually declines with labor

market experience, contrary to the prediction of career-concerns models with explicit performance incentives.

PSID. We focus on the main PSID sample, excluding the poverty, latino, and immigrant sub-samples, and consider
male heads of households aged 21 to 65 observed between 1993 and 2013 with valid education information, that
is, with more than 0 and up to 17 years of education (the largest value). We further restrict attention to those who
work more than 45 weeks each year in any industry except for the government and the military, have non-missing
positive total labor income, and are not self-employed. The resulting sample consists of more than 24,000 person-
year observations. We compute labor market experience as potential experience defined as the difference between an
individual’s age and years of education (minus six). We refer to an individual’s labor income as the individual’s wage.
We calculate performance pay as the sum of the three measures of variable pay that are available in the PSID from
1993 onward, namely, tips, bonuses, and commissions. Accordingly, we interpret individuals who do not report any
tip, bonus, or commission in a year as receiving a performance pay of zero—we exclude observations on performance
pay larger than total labor income. In this sample, the average salary is $60,000 (in 2009 dollars) with a standard
deviation of $41,000 and the average variable pay is $14,000 with a standard deviation of $46,000.

In Figure 1, we show how the sensitivity of pay to performance varies with experience by broad industry groups,
that is, in manufacturing, transport, services, and in the financial, insurance, and real estate (FIRE) industry for three
cohorts of individuals, respectively, with 10, 15, and 20 years of experience when first observed between 1993 and
1998—each experience profile is smoothed by taking a five-year moving average. Remarkably, all cohorts exhibit
a qualitatively and quantitatively similar hump-shaped pattern for the sensitivity of pay to performance. Analogous

profiles emerge if we divide the sample into workers with and without a college degree.!! The PSID data thus

19With linear incentive contracts, variable pay is given by bsy::, where by is the contract piece rate that measures the sensitivity of pay to a
worker’s output, y;:. By the assumption of free entry of firms in the labor market, average wages equal average output at each ¢t. Hence, we
can recover the piece rate in each ¢ as the ratio E[v;]/E[w;].

""Not all individuals in the sample are employed in the four industry groups shown, but the sample size for the remaining industries is so



suggest that the sensitivity of pay to performance increases early in the life cycle, peaks around its middle, and then

subsequently declines. This pattern is robust across cohorts, industries, and education groups.

Firm Personnel Records. We use firm-level data from two large U.S. firms studied in previous work and described
in detail by Frederiksen et al. [2017]. As the identities of these firms cannot be disclosed, we identify them by the
names of the authors who first analyzed these data and so refer to these firms as the Baker-Gibbs-Holmstrom (BGH)
firm and the Gibbs-Hendricks (GH) firm. For both firms, we only have information about white-collar workers—
managers in the case of the BGH data. The BGH firm operates in a service industry and the data from it cover the
period from 1969 to 1988. Our analysis, however, is limited to the period between 1981 and 1988 because bonus pay,
which is the only form of variable pay that managers receive, was not separately reported prior to 1981. The BGH
data contain 36,695 person-year observations and 9,800 unique individuals. Since we only have information about
managers at this firm, the average salary is fairly high, namely, $55,000 (in 1988 dollars) with a standard deviation of
$31,500. On average, bonus pay accounts for almost $2,000 with a standard deviation of about $7,600. Base salary
makes up the remaining $53,000 with a standard deviation of $27,700. The GH data instead cover the years from
1989 to 1993—we cannot reveal the industry the firm belongs to. For the GH firm, we have information about 15,648
individuals for a total of 47,715 person-year observations. As these data contain information about all white-collar
employees of the firm, the average salary is lower than in the BGH data and close to $40,000 (also in 1988 dollars)
with a standard deviation of $28,000. Bonus pay on average accounts for almost $2,000 with a standard deviation
of about $9,300. We estimate the model using the BGH data because its fairly long panel covering 8 years with
information on fixed and variable pay enables us to better trace life-cycle patterns. The BGH data also represents a
touchstone in the personnel literature and is therefore useful to connect our findings to extant papers, including some
of our own such as Kahn and Lange [2014] and Pastorino [2019].

The left panel of Figure 2 reports the experience profile of the sensitivity of pay to performance in the BGH data
for managers with 21 to 65 years of age. This profile is hump-shaped: it increases over the first 20 years of labor
market experience and then unambiguously decreases over the remaining 20 years. These data thus reject the basic
implication of the standard career-concerns model based on reputational concerns and explicit contracts developed
by Gibbons and Murphy [1992]. As shown in Figure 3, performance pay in the GH data is likewise hump-shaped
over the life cycle and therefore at odds with the standard career-concerns model. Analogous patterns arise if we
focus on skilled (college) or unskilled (no college) workers; see the center and right panels, respectively, of Figures 2
and 3. As we will discuss in Subsection 5.2, the location of the peak of these profiles will prove informative about the

relative importance of learning about ability and human capital acquisition as well as the speed of the two processes.

small that discernible patterns cannot be easily detected.



3 Model

In this section, we describe the environment, define equilibrium, and discuss our main assumptions.
3.1 Environment

Consider a labor market populated by heterogeneous risk-averse workers and identical risk-neutral firms. Time is
discrete, ranges from 0 to 7, and is denoted by t. Workers, denoted by 4, differ in ability #;;, which is unobserved
and subject to persistent shocks. When employed, workers exert effort e;; and acquire human capital k;; that depends
on their effort e;;. Ability 6;; is not directly observed by any market participant, including workers. Workers, unlike
firms, directly observe their effort and human capital. Finally, all firms observe output y;; as well as the terms of
wage contracts. Note that since a worker’s ability is unknown to all whereas output is observable to all, ours is a

model of symmetric learning about ability.

Production. The production technology is common to all potential producers and entry in this market is free.!

Worker 7 in period ¢ produces output y;; according to:'3
Yit = it + kit + € + €t (1)

The shock to output €;; can be interpreted as either true risk in the worker’s output or noise in its measurement.
Worker 4’s ability evolves over time according to the process 0;;+1 = 0 + (3¢, where (;; is an unobserved shock to

the worker’s ability between periods ¢ and ¢ + 1. A worker’s initial ability is normally distributed with mean m¢g and

2

variance 03. Similarly, output noise and shocks to ability are normally distributed with mean zero and variances o2

and 0’?, respectively. When ag = (, ability is fixed over time. Allowing for ability shocks implies that uncertainty
about ability need not decline over time and therefore implicit incentives from career concerns do not necessarily

decline with experience.

Human Capital. The human capital of any worker ¢ evolves with the worker’s effort according to the process

Eitr1 = Akie + yeeir + B, ()

12This market could be one of many markets segmented by location, occupation, or industry, in each of which the matching of workers
and firms is subject to informational frictions. In particular, a labor market is defined by the distribution of a single index of unknown worker
productivity as well as common learning and human capital processes across firms. What is important is that these markets are sufficiently
separate that employment opportunities in other markets are irrelevant for workers’ decisions in a given market. In our empirical application,
we focus on the market for managers in a service industry.

Like Gibbons and Murphy [1992], p. 476, we allow effort to be negative and so workers to destroy output because positive effort might
not be optimal for a worker. We can then conveniently use first-order conditions to characterize the solution to a worker’s problem. We later
show that effort is positive if piece rates lie in the unit interval, which is the empirically relevant range, and derive conditions for equilibrium
piece rates to belong to this interval in the Appendix.



where 1 — A\ € [0, 1] is the depreciation rate, ; € R is the rate at which effort in period ¢ changes the stock of
human capital in period ¢ + 1, and 8; > 0 is a deterministic term common to all workers.'* Workers have a common
stock of human capital at entry in the labor market, ky. By absorbing kg into my, we let kg = 0 without loss.'
This formulation of the human capital process encompasses both the situation in which human capital acquisition is
complementary to current production (v; > 0), as in standard learning-by-doing models, and the situation in which
human capital acquisition is rival to it (7; < 0), as in models a la Ben-Porath [1967]. Also note that this specification
of the amount of efficient labor that a worker supplies in a period as 6;; + g;+ + e;: + €;¢, Where gz = k;;, extends that
of Bagger et al. [2014], who specity it as 6; + g; + €;;. Differently from these authors, we allow: i) the individual
heterogeneity parameter 6;; to be unknown to workers and firms and vary over time; ii) the stock of human capital
acquired on the job g;; to evolve endogenously as a function of a worker’s past effort; and iii) effort in a period to
affect the amount of efficient labor provided. In Section 6, we consider more general formulations of the human
capital process including the case in which the law of motion of human capital depends nonparametrically on effort

and workers differ in terms of their ability distribution and human capital process.

Worker Preferences. In period ¢, the lifetime utility of a worker who receives wage wy and exerts effort e;;, in
periodt + 7 foreach0 < 7 < T —tis

T—t

—expq — T ZdT(wt+T—ef+T/2) )
7=0

where r > 0 is the coefficient of absolute risk aversion, § € (0, 1) is the discount factor, and e?/2 is the monetary

cost of effort e. See Gibbons and Murphy [1992] for a virtually identical specification.'®

Contracts. In every period ¢, firms offer workers one-period contracts specifying their wage in ¢ as a function of their
output in the period. Following Gibbons and Murphy [1992], we focus on linear contracts so that worker ¢’s wage in
period t is w;; = a4 + biryir, where a;; is worker 4’s fixed pay, b;y;: is worker ¢’s variable pay, and b;; is worker 4’s
piece rate. Note that the assumption of one-period contracts is equivalent to the assumption of renegotiation-proof
long-term contracts.!” We focus on linear contracts for three reasons. First, the assumption is standard so it makes
our framework comparable to those commonly studied. Second, incentive contracts are often linear in output, or

approximately so, in the data. Third, from a theoretical point of view, linear contracts allow us to summarize the

“Note that 8; can capture additions to human capital from observable investment activities such as formal training or simply the feature
that e;; is the effort expended in production and €; — e;; is the effort expended to acquire human capital with 5, = —e;y; when ~y; is negative.

B0ur Broduction function of skills~ ’Eit+1 = Oit+1+ kit vgith kit+1 = Akit +yteir + B¢ can be interpreted as a log form of the producti9n
function hii41 = a1 (O, 9iz+1)5th?té?f with hi: = In(hie), at41(0it, Oier1) = In(@e41(0s¢, Oit4+1)) = Oier1 — N0ir, Be = In(B)
eit = ln(éit), and h;o = ;0. We can allow for heterogeneous initial stocks of human capital by assuming that k;o is known but random. We
can also let k;; fluctuate stochastically over time, which is equivalent to o2 increasing over time.

11t is straightforward to extend our equilibrium characterization to the case in which the cost of exerting effort e is g(e), where g is twice
continuously differentiable and strictly convex. By assuming that workers have constant absolute risk aversion (CARA) preferences, we
abstract from wealth effects. Because of its tractability, this assumption is ubiquitous in dynamic moral hazard models.

'7See Gibbons and Murphy [1992] for a proof of this result. Their proof immediately extends to our environment.
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strength of contractual incentives, which is a key feature of interest in our analysis, through a single one-dimensional

measure, namely, the piece rate b;;.

Wages. Competition among firms implies that expected wages in every period equal expected output. Hence,
wit = (1 = bi)Elyit| L] + biryie 3)

is worker ¢’s wage in period ¢, where E[y;;|[;;] is worker ¢’s expected output in ¢ conditional on the public information
I;; available about the worker in ¢, which consists of the worker’s output realizations before ¢. The term (1 —
bit)E[yit|I;¢] is the fixed component of the wage in period ¢. This component depends on a worker’s conditional

expected output in ¢, which in turn is a function of the worker’s conditional expected ability in ¢.

Strategies and Equilibria. A worker’s history in period ¢ consists of the worker’s effort and output histories in the
period. These are, respectively, the sequence of the worker’s private effort choices and public output realizations
up to period ¢ — 1. A strategy for a firm specifies contract offers to workers conditional on the public portion of
their histories. A strategy for a worker specifies an effort choice after each history and contract offers by firms. We
consider pure-strategy sequential equilibria. An equilibrium specifies strategies for firms and workers such that for
each worker: i) after any public history for the worker, firms offer a linear contract satisfying (3) that maximizes
the worker’s expected lifetime utility given the firms’ and worker’s future behavior; and ii) the worker’s choice of
effort in each period is optimal given the worker’s history, the contracts firms offer to the worker, and the firms’ and
worker’s future behavior. Condition i) follows from the assumption of free entry of firms. Condition i) is sequential
rationality. We assume that when indifferent between accepting two or more firms’ offers, a worker leaves the current
employer with probability equal to the corresponding empirical probability of separation of workers from the firm in

our data.'® Hence, the model is consistent with worker turnover in equilibrium.

3.2 Remarks

Our model nests a number of well-known models in the literature on learning about ability, human capital accumula-
tion, and performance incentives. For instance, when ability is known and effort is public, our model reduces to one
of human capital accumulation through either investments that are rival to output or learning-by-doing. When effort
is not a choice variable, the model further specializes to one of “passive” human capital acquisition with experience.
If, instead, effort does not contribute to human capital accumulation and ability is not subject to shocks (¢ = 0 at
each ¢ and U? = 0), then our model simplifies to the career-concerns model with explicit incentives of Gibbons and

Murphy [1992]. When contracts are restricted to fixed pay, the model further reduces to a finite-horizon version of

18 As Baker et al. [1994a,b] remark, turnover in their data is largely independent of performance and approximately constant with tenure.
In particular, they find no evidence that separations mask a tendency for managers to be laid off or move to other firms in response to poor
evaluations. Hence, we find our approximation that turnover is random from the point of view of the mechanisms of our model not implausible.

11



the standard career-concerns model of Holmstrom [1999]. If, in addition, effort is fixed, our model is an instance of
a typical symmetric learning model with ability general across firms (Farber and Gibbons [1996]).

Our functional-form assumptions are common in the literature and allow us to completely characterize equilib-
rium. In particular, because output is linear in its components, contracts are linear in output, shocks to ability are
additive, and ability, ability shocks, and output are normally distributed, our model with CARA preferences admits
a mean-variance representation as in Gibbons and Murphy [1992]. This feature implies that a worker’s trade-off be-
tween consumption or wages and leisure does not depend on a worker’s history, which leads equilibrium to be unique
and symmetric with piece rates and effort only dependent on time. In Section 6 and the appendices, we consider more
general versions of the model that result from relaxing some of these assumptions, whose equilibria we characterize

and which we prove are identified by simple extensions of the arguments presented below.

4 Informal Equilibrium Derivation

We now informally discuss the equilibrium and its properties. We first describe the process of learning about abil-
ity. We then discuss how career concerns and human capital acquisition affect a worker’s incentives to exert effort
for a given life-cycle profile of piece rates. We conclude by deriving the equilibrium piece rates. A more formal

characterization of the equilibrium follows in Section 5.
4.1 Learning About Ability

Firms and workers learn about a worker’s ability by observing a worker’s output. Consider worker ¢ in period ¢ whose
equilibrium effort and human capital in ¢ are e; and kf, respectively. Denote by z;; = v+ — ef — k; the portion of

the worker’s output in period ¢ that cannot be explained by the worker’s effort or human capital. Then,
zit = it + €4t 4)

is the signal about a worker’s ability in period ¢ that firms and workers extract from the worker’s output. Since
initial ability as well as shocks to ability and output are normally distributed, (4) implies that in equilibrium posterior
beliefs about a worker’s ability in any period are normally distributed and so fully described by their posterior mean
and variance, respectively, m;; = E[0;:|I;+] and 02 = Var[;+|1;:] where m;o = mg and o2 = O'g. We refer to m;; as

worker ¢’s reputation in period . By standard results,

2 0.2 9 0.20.2 9
€ it it~ e
mMit4+1 = ﬁmit + 2722” and Ojti1 = 2, 92 + O'C. (5)
ot T 0¢ ot T 0¢ o+ og

The recursions for m;; and o2 in (5), respectively, describe how a worker’s reputation and the variance of pos-
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terior beliefs about a worker’s ability change over time.!” Observe that the variance o2 evolves independently of
the realization of z;; and so is common to all individuals in ¢. Thus, we can suppress the subscript ¢ and simply
denote this variance by o2. Since signals do not perfectly reveal ability and ability is subject to shocks, uncertainty
about ability persists throughout a worker’s career and, as captured by o2, eventually reaches the nonnegative fixed

2

point 2 by (5). The variance o7 monotonically decreases to 02, if o5 > o2 and monotonically increases to o2

[e.9]

if 0 < 03, Note that 03, > 0 if o7 > 0, in which case ability is never fully learned.** By iterating on the law
of motion for m;; in (5), we can trace out the evolution of a worker’s reputation as signals about ability accumulate.

With y1; = 02 /(0? + 02) and the convention that ngl ar, = 1 for any numeric sequence {ay, }, we then have:

Lemma 1. For each worker i and period t, the worker’s reputation in periodt + T with 1 < 17 < T —tis

T—1 T—1 T—1-s
Mit+r = I | Mtk | Mt + E | | pirr—k | (1 — teys)Zitts
k=0 s=0 k=1

4.2 Dynamic Returns to Effort

We now discuss how workers’ desire to increase their reputation—the market expectation of their ability—and to
acquire human capital affect the returns to effort. As we show in Section 5, the expressions derived here apply
to the unique equilibrium of our model, which has the property that piece rates only depend on the time index ¢,
not on individual output histories. Consider then an individual who faces a sequence of piece rates {bt};‘rzo. Since
equilibrium piece rates do not depend on the worker’s identity, we suppress the index ¢ to keep the notation simple.
In what follows, we first present the worker’s problem and derive the first-order conditions determining the worker’s
choice of effort in each period. We then show that we can decompose this first-order condition into distinct terms

that capture career-concerns incentives arising from workers’ desire to affect their reputation and human capital.

Worker Problem. Consider worker ¢’s choice of effort in period ¢. Let w;:y be the worker’s wage in period ¢ + 7
with) <7 < T —tandlet W;; = ZZ;S 0T w4 be the present-discounted value of the worker’s wages from period
t on. The worker chooses effort e; to maximize the utility Uy (e;) = E[— exp{—r [Wj; — e7/2]}|hl], where we omit
the dependence of e; on i for ease of notation. The expectation in Uy (e;) is conditional on worker ¢’s period-¢ history
hg. Yet, as we will show, the choice of e; that maximizes Uj;(e;) is independent of hﬁ. Since signals about ability
are normally distributed, it follows from (3) and Lemma 1 that wages, {wiHT}Z;é , are normally distributed, and

s is the present-discounted value W;,. Recall that if X is normally distributed with mean p and variance o2, then

These expressions are valid even when workers’ effort choices deviate from the equilibrium path since a worker’s effort is private and
every output realization is possible for any choice of effort.

*°See Holmstrom [1999] for a proof of these facts. Straightforward algebra shows that 03, = [0¢ + (0¢ 4 40¢ 02)/2]/2. Kahn and Lange
[2014] refer to this process as “learning about a moving target” and find evidence for it from the correlation patterns between performance
ratings and total pay in the BGH data.
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E[exp{rX}] = exp {ru — r?¢?/2}. Thus, e; maximizes Uy (e;) if, and only if, it maximizes
T—t
E[Wiel hf] — rVar[Wiel hf] /2 — €} /2= 6 Elwirsr|hi] —rVar[Wie|h]/2 — e /2. (6)

First-Order Conditions for Effort. The wage contract in (3) implies that OE[w;;|hl]/e; = by. Worker i’s effort in
t also influences wages in ¢ + 7 through its effect on the worker’s future reputation m;; 1., which impacts the fixed
component of future pay, and through its effect on the worker’s future human capital stock k;;, which impacts both

the fixed and variable components of future pay.?! The first-order condition for worker i’s effort in period t is then

T-t _OFE it ht
etht-i-Z 15T[wat€+‘1]. @)
T= t

The right side of (7), which describes the marginal benefit of effort in ¢, consists of two terms. The first term captures
the static marginal benefit of effort and is given by the piece rate b;. The second term captures the dynamic marginal
benefit of effort, which consists of the impact of effort on the present-discounted value of the worker’s expected

future wages and is different from zero as long as t < T'.

Marginal Benefit of Effort. In the Appendix, we show that we can express the first-order condition in (7) as

et = by + Rooy + RiBp.t, )]
where??
T—t 1 T—t
Reocoy = 27:1 6"(1 — byr) H pirr—k | (L — ) and Rpppe = vt ZT:1 "N (br + Recprr). (9)
k=1

It follows from (8) and (9) that effort is positive if piece rates are in the unit interval, which is the empirically relevant
case.”> The terms Recoy and Rrpp, describe a worker’s dynamic marginal benefit of effort that arises from the
impact of effort on the worker’s reputation and human capital, respectively. They capture the effect of effort in period
t on a worker’s future wages through its effect on their fixed and variable components.

To understand the term Rcc ¢, observe that higher effort in period ¢ increases the period-t signal about worker ¢’s
ability, which raises the worker’s reputation in all future periods. By equation by (3), the fixed component of worker

©’s wages in all these periods also increases. The term Rcc ¢ thus captures the standard career-concerns incentive

*INote that effort does not affect the variance of future wages. This standard feature (see Gibbons and Murphy [1992]) is implied by our
normal prior-signal information structure, the linearity of output in ability and effort, and the exponential-linear setup for preferences and
contracts. To see why effort does not affect the variance of future wages, recall that b is taken as given by a worker. As the variance of the
signals about ability does not depend on effort, Lemma 1 implies that a worker’s effort in period ¢ does not affect the variance of the worker’s
future reputation. Similarly, a worker’s stock of human capital has no impact on the variance of output or wages.

>The marginal benefit of effort in ¢ does not vary with e; since Rcc,: and Rz zp, do not depend on e;. So, (8) is sufficient for optimality.
Also note that (8) implies that effort choices depend only on time and are identical across workers if piece rates are the same. Hence, individuals
facing the same current and future piece rates, and choosing the same effort in the future, also behave identically at ¢. This feature is key to
establishing that the unique equilibrium is symmetric and that effort choices and piece rates depend only on time.

BIndeed, for1 <7 < T —t, Roc,irr > 0if byrrys < 1foralll < s <T —t— 7sothat by + Roc.itr > 0ifbiyr > 0.
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from Holmstrom [1999]: even in the absence of any explicit link between pay and performance, workers have a desire
to exert effort to improve their performance in order to influence the market perception of their ability. Formally,
‘ 7—1 t T—1
W = (;};[1 Nt+~rk> (1- Mt)iw = (,};[1 Mt+rk> (1 — pue)
forall 1 < 7 < T —t by Lemma 1. Since the fixed component of worker i’s wage in period t + 7 is (1 —
bitr)E[Yit+r|Lit++] and E[yi+-|Lis+-] changes one-for-one with the worker’s reputation in period ¢ + 7, a marginal

increase in worker ¢’s effort in period ¢ increases the fixed component of the worker’s wage in ¢ + 7 by

T—1
(1= bt4r) ( H Mt+7k> (1 — p)-

k=1
The term Rcc, is simply the present-discounted value of all these marginal increases.

To understand next the term R pp ¢, observe that worker i’s choice of effort in period ¢ directly affects the
variable component of the worker’s wage in all subsequent periods by affecting the worker’s stock of human capital,
and thus output, in each such period. In addition, by changing the worker’s stock of human capital, effort in period ¢
affects future output signals about the worker’s ability, and so the worker’s future reputation and fixed pay.

To elaborate, a marginal increase in effort in period ¢ leads to an increase in worker ¢’s undepreciated stock of
human capital and output in period ¢ 47 by 7 A"~ 1. This increase in output, in turn, increases the variable component
of the worker’ wage in ¢ + 7 by the amount b;, .7; A" . But an increase in worker i’s human capital in period t + 7,
by increasing the worker’s output in ¢ 4 7, also increases the magnitude of the signal z;,,, about the worker’s ability
observed at the end of ¢ + 7. Then, by the same argument for the derivation of the term Rcc ¢, such an increase
in signals correspondingly increases worker ¢’s expected future reputation—Ilarger signals induce the market to infer
that a worker is of higher ability. As a result, the increase in worker i’s output in period ¢ + 7 by v A"~ ! leads to an
increase in the fixed component of the worker’s wages from ¢ + 7 on equal to 'yt/\T_lRCqHT. This term captures
the impact of human capital on future career-concerns incentives and so on future fixed pay. Thus, the total increase
in worker i’s expected value of wages from period ¢ 4+ 7 on resulting from a marginal increase in effort in period ¢ is

%)\7_1 (bt4r + Roc t++)- The term Ry pp ¢ is the present-discounted value of all these marginal increases.
4.3 Equilibrium Piece Rates

The first-order condition in (8) determines a worker’s choice of effort in any period ¢ as a function of the piece rate in
t, when the future path of piece rates is taken as given. We now determine the last-period piece rate and then proceed
backwards to determine the remaining ones. With this characterization of equilibrium piece rates at hand, we can
rely on the results from the previous subsection to derive equilibrium effort choices provided that equilibrium piece

rates depend only on time, which will be the case.
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Last-Period Piece Rates. It is easy to show that equilibrium piece rates in period T are the same for all workers and
given by b = 1/[1 + 7(02 + ¢2)]. Intuitively, since no dynamic considerations affect effort decisions in the last
period, uncertainty about ability plays the same role as noise in output. Thus, when ¢ = T', our model is equivalent
to the canonical static linear-normal model of incentives with quadratic effort cost, in which output noise is normally
distributed with variance 0% + 2. Given that last-period piece rates are the same for all workers independently of

their output histories, (8) implies that the last-period equilibrium effort choices are the same for all workers as well.

Piece Rates in Previous Periods. In order to determine equilibrium piece rates in period ¢ < 7, suppose that
equilibrium efforts and piece rates from ¢ + 1 on depend only on time, not on a worker’s history—we just showed
that this property holds when ¢ = T' — 1. For each 0 < 7 < T — ¢, let bf, . be the equilibrium piece rate in period
t + 7 and define Réat and R Dt @S in (9) with by, = by, for each 7. Then, a worker’s choice of effort in period

t when the worker’s contract piece rate in ¢ is b is
€t = €t(b) = b+Rz‘C,t +RzBD,t' (10)

Let wi,, = wf, . (b) and W = W (b), respectively, be a worker’s wage in period ¢t + 7 with 0 < 7 < T — ¢
and the present-discounted value of these wages from period ¢ on as functions of b. Note that W;* depends on b
directly through the effect of b on the worker’s variable pay in ¢ and indirectly through the effect of b on the worker’s
effort in ¢. Observe also that the competition among firms leads firms to offer a piece rate that maximizes a worker’s
expected lifetime payoff, conditional on the information that firms have about the worker. Then, by the mean-variance

representation of worker preferences in (6), a worker’s equilibrium piece rate in period ¢ maximizes
E[W| L] — rVar[W;|1,]/2 — €7 /2, (11)

where I; is the public information about the worker in period ¢.
We now show that the problem of maximizing (11) admits a unique solution, that this solution is independent of

I; and so the same for all workers, and characterize it. First, observe that

BE[Wt*’It] _ =t TaE[w:‘i‘T‘It] _ T=t 7 \r1
b =20 b Lt 2 (12

The first term on the right side of (12) captures the marginal impact of b on the expected wage in period ¢ and equals
one since Je; /0b = 1 by (10). As for the second term, note that by increasing effort in period ¢ by one unit, a worker
not only increases expected output in period ¢ by one unit but also expected output in period t +7 with 1 <7 < T —¢
by A7~ ! units, which amount to the increase in the worker’s stock of human capital in ¢ + 7. Then, the second term
on the right side of (12) is simply the present-discounted value of these expected output increases, as the competition

among firms yields that the worker fully captures this value.
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Consider now the derivative of the second term in (11) with respect to b. Since, as discussed, a worker’s effort
in period ¢ does not affect the variance of wages, Var[W;*|I;] depends on b only through the direct effect of b on the

variance of wages. Given that b affects the variance of wy, , only when 7 = 0, we can write
T—t
Var[W;|I;] = Var[w}|L] + 2 ZTZI 87 Covlwy, wy, ;| I] + Vary,

where the last term is independent of b. Since Var|w}|l;] = b?(0? + 02) and the linearity of w} in b implies that
Covwf,w; ,|I;] is linear in b for all 1 < 7 < T — ¢, it follows that

OVar[W;*| ;]

T—t T 0 * * *
b =20(0? 4+ 02) +2 27:1 o %Cov[wt Jwiy .| I) = 2b(0} + o2) + 2H], (13)

where, as we show in the Appendix, H; = o7 Zf;f &7. This term captures the fact that a worker’s output in period ¢
is correlated with the worker’s future output through the worker’s ability. Thus, by increasing b and so the correlation
between a worker’s wage and ability in period ¢, firms also increase the correlation between a worker’s wage in ¢ and
in future periods, thereby increasing the variance of W}".

Using once again the fact that de;/0b = 1, it follows that the first-order condition for the problem of maximizing

(11) is given by 1 + Zz;lt SN —rb(0? 4 02) — rH} — e; = 0. This equation admits the unique solution

1 T—t
=— |1 SN Ry — R, —rHY 14
tT 1 r r(otz +o2) + 7 2721 LBD,t co — Ty (14)

by (10).2* Expression (14) is the equilibrium piece rate in period ¢, which is independent of a worker’s history in ¢

and thus is the same across workers.?> We provide a detailed analysis of b} next.

5 Equilibrium Characterization and Properties

Here we characterize the equilibrium and examine the implied pattern of equilibrium piece rates over the life cycle.
5.1 Recursive Formulation of Equilibrium

We first state and discuss our key characterization result. In order to do so, let (¢2)Z_, satisfy the difference equation

2 2
0; 0
o2, = ﬁ + 07 (15)
3

*That b; maximizes (11) follows from the fact that OE[W;"|I;]/db, the marginal benefit to the worker of an increase in b, is constant,
whereas (r/2)0Var[W;"|I;]/0b + e, the marginal cost to the worker of an increase in b, increases with b.

BSince the equilibrium piece rates in period t are the same for every worker, so are the equilibrium efforts in period ¢ by (8). Thus, if
equilibrium efforts and piece rates are symmetric and depend only on time from period ¢ + 1 on, then they have the same properties from
period t on. So, by induction, the equilibrium efforts and piece rates are symmetric and depend only on time.
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with initial condition 03 = o2. Recall that for each 0 < ¢ < T

0_2

: (16)

Mt = 2 2
o;y + 0Z

and our convention that ngl aj, = 1 for any numeric sequence {ay}.?

Proposition 1. The equilibrium is unique, symmetric, and such that effort choices and piece rates depend only on
time. Let e; and b, respectively, be the equilibrium effort and piece rate in period 0 < t < T. For each t, define bg,

RE‘C,t’ REBDJ, and H} as

1
o= - . 17
P 14 r(0? + 02) an
" T—t - % T—1
Roce=_ 67 =05 )| II, _ wewren ) (1 — pue); (18)
* Tt TyT—1 (1% *
Ripps = 27:1 TN (0 yr + Ricypr)s 19)
T—t
=y s (20)
Then, b and e} are given recursively by
* 0 Tt 721 * * *
bp=0(1+%), 0N ' —Rigp,— Ricy —rH; 1)
and
e; = by + R*C’C,t + REBD,t' (22)

In the Appendix we state and prove the equilibrium characterization in the more general case in which the law
of motion of human capital is k;;+1 = Mkt + Fy(ei¢) with Fy strictly increasing and concave. There we also provide
simple conditions for equilibrium piece rates to lie in the unit interval. Since we have discussed expression (22)
for equilibrium effort choices in Section 4, in what follows we discuss expression (21) for equilibrium piece rates,
which consists of five terms. The first term b is the equilibrium piece rate in the static linear-normal model of
incentives with exponential utility and quadratic cost of effort when the variance of output is o7 + 2. The second
term 1 4 Zz;f d7A7~! is the social marginal return to effort in period ¢, which corresponds to the change in a
worker’s expected present-discounted value of lifetime output resulting from a marginal increase in effort in ¢. As
discussed, the third and fourth terms Réat +Rip b+ capture the dynamic marginal benefit of effort in period ¢, which
amounts to the increase in a worker’s expected present-discounted value of lifetime wages associated with a marginal
increase in effort in t. The fifth term H} = o7 Zz;lt 07 is the increase in the variance of the present-discounted

value of lifetime wages following a marginal increase in the piece rate in ¢.

6 As discussed in the previous section, (15) admits a unique nonnegative fixed point o2, which is positive if, and only if, 0’? > 0. Also, 07
strictly decreases to o2, when o3 > o2 and strictly increases to o2, when o3 < 02,.
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One way to understand expression (21) is by comparing it to the piece rate that would induce workers to exert
the first-best level of effort. In the canonical static linear-normal model of incentives, a piece rate equal to one leads
a worker to choose the first-best level of effort, which, by definition, equates the marginal cost of effort, here e}, to
its social marginal return given by the corresponding marginal increase in output. In our setting, a piece rate equal to
Xe =14yl oTar1 - Rtc — R pp, would lead a worker to exert the first-best level of effort by (22), since
bf = x¢ implies that ej =1 + y; Zf:_f d7AT~L. Note that y; = 1 only when ¢t = T and no dynamic considerations
influence a worker’s choice of effort.

The equilibrium piece rate in (21) differs from x; in two ways. First, it subtracts from x; the term rH;, which
is positive if ¢ < T'. Intuitively, any variation in output in period ¢ < 7' leads to variation not only in wages in ¢
but also in future wages, as firms learn about a worker’s ability based on realized output. The equilibrium contract
partially insures workers against this life-cycle wage risk by means of lower piece rates through r H;*, which reduces
the correlation between a worker’s performance and pay. As long as o7 declines or does not increase too fast with
t, the term rH;" also declines with ¢: as the present-discounted value of the uncertainty about ability decreases over
time, so does the need to insure workers against the resulting variability in wages. Observe also that the magnitude
of rH} decreases with r—the less risk averse workers are, the lower the degree of insurance they desire against the
risk induced by the uncertainty about ability.

Second, the equilibrium piece rate scales the difference x; —rH; by the factor b < 1.The term bY adjusts the piece
rate to account for the trade-off between risk and incentives familiar from static models of moral hazard. Namely,
the equilibrium contract weighs the output gain from larger piece rates, which induce higher effort, against the cost
of increasing the variability in the compensation of a risk-averse worker. This scaling-down effect increases with a
worker’s risk aversion, r, and effective output risk, o7 +c?2, due to the uncertainty about ability and output noise.>’

Equation (21) also suggests an alternative decomposition of b; as
* * * Tt - *
by = b — B REe, — brH; + ) ZTZI SN~ Ripp, |- (23)

This decomposition, which separates the equilibrium piece rates into four components, differs from that in (21) as it
isolates the component of the returns to human capital accumulation that does not accrue to the worker, ~; Zf;ll 07-
N1 —R: g p ¢+ and is useful for three reasons. First, it helps illustrate how the economic forces at play in our model
shape the provision of incentives for effort over time. Second, based on this decomposition, we can analytically

determine conditions under which these forces give rise to alternative life-cycle profiles of piece rates depending on

%7 As in Gibbons and Murphy [1992], the inefficiency in the provision of incentives relative to the first-best is due risk aversion. Despite the
uncertainty about ability, if workers were risk neutral, then piece rates would be equal to one and so workers’ choices of effort would equate
the marginal cost to the social marginal return of effort in each period. Indeed, if r = 0, then b7 = 1. This, in turn, implies that R, 71 = 0
and R} pp r—1 = yr-10, so that bf-_; = 1. It follows by induction that by = 1, Rt.c; = 0,and R, pp; = 1t Zf;f 5"A\"Lforallt. In

particular, with risk-neutral workers, implicit incentives for effort would only arise from human capital considerations.
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their relative strength, as we discuss in the next subsection. Finally, this decomposition will prove important for our
identification arguments, as we show in Section 6.

The first term in (23) is the equilibrium piece rate bY in the static linear-normal model of incentives with expo-
nential utility and quadratic cost of effort when the variance of output is o2 + a?. Absent dynamic considerations,
firms would offer the piece rate bY in each period. The difference between the static piece rate and the equilibrium
piece rate implied by our model reflects two forces: the implicit incentives for effort arising from workers’ desire to
affect the process of learning about their ability and to invest in human capital, and workers’ demand for insurance
against the wage risk due to the uncertainty about ability.

The second and third terms in (23) capture the contribution of uncertainty and learning about ability to the
equilibrium piece rate and are familiar from the work of Gibbons and Murphy [1992]. In particular, the second term
adjusts the explicit incentives provided by piece rates to account for the career-concerns incentives that arise from the
presence of uncertainty about ability whenever ¢ < T'. As in Gibbons and Murphy [1992], these implicit incentives
induce workers to exert effort even in the absence of any explicit link between performance and pay: by partially
substituting for explicit incentives, they lead to lower piece rates.?® The third term in (23) discounts the piece rate so
as to provide workers with insurance against the risk in life-cycle wages generated by the uncertainty about ability.

The last term in (23), which is novel, captures the contribution of human capital acquisition to the explicit in-
centives for effort and consists of two parts. The first part is proportional to ~; Zf;f 8"AT~L, which is the present-
discounted increase in lifetime output that results from the increase in a worker’s human capital following a marginal
increase in the effort investent in it in period ¢. The second part, which is proportional to R} 5 p 4> reflects the implicit
incentives for effort arising from the prospect of human capital acquisition, which substitute for explicit incentives
and so lower piece rates. This last term adjusts piece rates so as to better align the private marginal returns to effort
with the corresponding social marginal returns, which vary over the life cycle because of discounting and the vari-
ation in the rates of human capital accumulation {~;}. When ~; is greater than zero, and human capital and output

production are complements, this term, unlike the previous two, contributes positively to equilibrium piece rates.?’
5.2 Piece Rates Over the Life Cycle

We now discuss how learning about ability and human capital acquisition affect the life-cycle profile of piece rates.
We first consider the cases in which only learning about ability or human capital acquisition are present, as these two

forces can lead to opposite patterns for piece rates. This discussion sets the stage for the general case that follows.

% Here we assume that R& e, is positive when ¢ < T'. This result holds when piece rates belong to the unit interval.
»We implicitly maintain that R} ,, B,¢ 18 positive when ¢ < T, which holds when piece rates are in the unit interval.
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Pure Learning-About-Ability Case. If we mute human capital acquisition with v, = 0 each ¢, then (21) reduces to
bi = b(1 — Ry — rHY).
The next result describes the evolution of piece rates in this case.

Lemma 2. Let v, = 0 for each t. There exists Ty > 0 such that if T > Ty, then b; is strictly increasing with t for all

To <t <T. Moreover, b is strictly increasing with t for all t if crg > a?,o.

When ability is not subject to shocks, our model specializes to that in Gibbons and Murphy [1992] under the
assumption of a quadratic cost of effort. Lemma 2 thus extends the characterization of the life-cycle profile of piece
rates in Gibbons and Murphy [1992] to the case in which ability is subject to shocks. For the first part of the lemma,
note that since o7 converges to o2, the degree of uncertainty about ability eventually becomes constant. At this
stage, the only force governing how piece rates evolve over time is the reduction of an individual’s working horizon
as experience accumulates. Naturally, a shorter working horizon weakens the implicit incentives for effort provided

by career concerns, since workers can benefit from a higher reputation only for a shorter period of time. Firms then

optimally compensate for weaker career-concerns incentives by increasing explicit incentives through higher piece

2

rates. When ag > 0%, uncertainty about ability decreases monotonically over time as in Gibbons and Murphy

[1992]. In this case, the two forces shaping the provision of explicit incentives—uncertainty about ability and the

length of the working horizon—work in the same direction leading pieces to strictly increase with experience.?"

Pure Human-Capital-Acquisition Case. By setting 03 = a? = 0, we eliminate uncertainty, and thus learning about

ability, from the model. When this is the case, the equilibrium piece rate in (21) becomes
by =1° |1 AT - b 24
P=0 Y (1= 05y,)|. (24)

where b° = 1/(1 + ro2). In this case, piece rates are solely governed by human capital acquisition through the
difference between -y, ZZ;f 8" A1, the dynamic social marginal benefit of effort, and ZZ;f STAT by, ., the
dynamic private marginal benefit of effort. Note that the contribution of human capital acquisition to piece rates is
positive when ¢ < T" whenever ; > 0 and piece rates are smaller than one, which is intuitive. Indeed, if efforts
to produce output and to acquire human capital are complements, then workers do not fully capture the returns to
their investments in human capital when future piece rates are smaller than one, which reduces their willingness to

exert effort. Current piece rates help offset this undersupply of effort but they do so imperfectly because of the risk-

incentives trade-off. More generally, it is possible to show that piece rates are nonnegative as long as v, > A\—1/4 for

39Piece rates can be initially decreasing when o3 < o2. Indeed, a straightforward backward induction argument shows that piece rates in
the pure learning case are always smaller than one so that B¢, is positive if of > 0. Hence, if 05 = 0 and 0? > 0, then by = bJ > bj > b}.
By continuity, the same result holds when o3 is positive but small.
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all ¢. That is, even when efforts to produce output and to acquire human capital are rival, it is still optimal to induce
workers to exert effort provided that the trade-off between output and human capital production is not too severe.
The variation of the rate ; of human capital accumulation over the life cycle clearly affects the experience
profile of piece rates. Here we state and discuss three results—their proofs are in the Appendix—that illustrate how
for alternative life-cycle profiles of the rates {~; }, the model can generate increasing or decreasing life-cycle profiles
of piece-rates in the pure human-capital-acquisition case. The first result shows that if the rates of human capital

accumulation eventually (weakly) decrease over time and are not too large, piece rates eventually decline.!

Lemma 3. Suppose v, is positive and nonincreasing with t for all To <t <T —1 for some 0 <Tp <T. Then, b is

bounded above by one and strictly decreasing with t for all To <t <T if 0 <~yr, < (1—0A)(1+702)/§[1—(6A)T~T0].

An immediate corollary of Lemma 3 is that piece rates are bounded above by one and globally strictly decreasing
if the rates -y, are constant, positive, and bounded above by (1 — dA)(1 + ra2)/5[1 — (6A\)T]. Piece rates can also
be initially increasing. This will be the case, for instance, when the rates of human capital accumulation are initially

small but increase rapidly over time, as we prove next.

Lemma 4. Suppose there exists 0 < Ty < T such that bf < 1 for all Ty <t < T. There exists & > 1 such that if

Y > 0 and v > Eyi—1 for all 0 < t < Ty, then by is strictly increasing with t for all 0 <t < Tj,.

By Lemma 3, we can ensure that piece rates from period 7 on are bounded above by one and strictly decreasing
over time. Therefore, combining Lemmas 3 and 4, we obtain that piece rates in the pure human-capital-acquisition

case can be hump-shaped if the rates of human capital accumulation first increase and then decrease with experience.

Corollary 1. Piece rates can be hump-shaped if the rates of human capital accumulation are initially increasing and

then decreasing with experience.

General Case. Suppose now that both learning about ability and human capital acquisition are present. In this case,
naturally, the stronger force shapes the experience profile of piece rates. For instance, when ag is small so that
ability is effectively known in the long run, human capital acquisition eventually prevails if workers are sufficiently
long-lived. Intuitively, at some point, the residual uncertainty about ability becomes small enough that learning about
ability no longer matters for the evolution of piece rates. As a result, piece rates are strictly decreasing over time in the
long run if the conditions of Lemma 3 hold. In contrast, when the importance of human capital acquisition declines
sufficiently fast over time, learning about ability governs the profile of piece rates in the long run, thus leading piece

rates to be eventually strictly increasing with experience. The next result confirms these intuitions.

31To understand why the rates of human capital accumulation cannot be too large for Lemma 3 to hold, first note that since b% is smaller
than one, b%5_; = b°[1 + yr_16(1 — b})] is greater than b%.. But since b%_; is linearly increasing with yr_1, bi-_, is smaller than b%._,
when vyr_1 is sufficiently large. More generally, if b, ; to b7 are smaller than one, then b; is strictly increasing with ;' and unbounded above
by (24), in which case bi_; can be smaller than b; by the same equation.
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Proposition 2. When U? is small, there exists Ty > 0 such that if T > Ty, v is nonincreasing with t for all
To<t<T-1,and0 < yr_1 < v, < (1 =8N (1 +r02)/6[1 — (6A)T=T0], then b} is strictly decreasing with
t for all Ty <t < T. On the other hand, there exists Ty > 0 and v > 0 such that if T > Ty and || < v for all

To <t <T —1, then bf is strictly increasing with t for all Ty <t < T.

As discussed, piece rates can be hump-shaped in the pure human-capital-acquisition case if the rates of human
capital accumulation are positive and initially increasing and then decreasing. By continuity, the same result holds if
ag and O’? are small so that uncertainty about ability is initially low and remains so throughout the life cycle. Piece
rates can also be hump-shaped when the rates of human capital accumulation are positive and constant over time if o5
is large and o2 and og are small, so that uncertainty about ability is initially large but learning about it occurs rapidly
over time. However, Proposition 2 shows that in the presence of learning about ability, if the rates of human capital
accumulation become small in absolute value rapidly enough, then piece rates eventually became strictly increasing
with experience. This result suggests that piece rates can be U-shaped if human capital accumulation is important

early on but its importance decreases over time sufficiently fast. We establish this result next.

Proposition 3. Piece rates can be hump-shaped if one of the two conditions hold: (i) O'g and U% are small and the
rates of human capital accumulation are positive and initially increasing and then decreasing; (ii) the rates of human
capital accumulation are positive and constant over time, 03 is large, and Jg and 0? are small. Piece-rates can be

U-shaped if the rates of human capital accumulation are initially positive and large but decrease rapidly over time.

The last two results show that the interplay between learning about ability and human capital acquisition gives
rise to complex patterns of explicit incentives, which can lead to opposite experience profiles for piece rates over the
life cycle. Yet, Proposition 2 implies that the profile of piece rates at the end of the life cycle transparently reflects
the relative importance of learning about ability and human capital acquisition at those levels of experience. This
result thus suggests that the profile of piece rates towards the end of the life cycle is especially informative about the
primitives of our model. The picture is more nuanced earlier in the life cycle, as the same pattern of piece rates is
consistent with varying degrees of importance of learning about ability. Indeed, as Proposition 3 shows, piece rates
can be initially increasing both when learning about ability is unimportant throughout the life cycle and when, instead,
learning about ability matters early on. However, a consequence of Lemma 3 and the logic leading to Proposition 2
is that if the rates of human capital accumulation are constant (and not large), then piece rates are hump-shaped only
if learning about ability is important early on. Intuitively, then, once the process of learning about ability is known,
the observed pattern of piece rates allows to pin down the process of human capital acquisition. We show that this is
indeed the case in the next section. Since, as we also show in the next section, our model has differing implications
for the experience profile of the second moments of the distribution of wages depending on the characteristics of the

learning process about ability, we can recover the relative importance of learning about ability and human capital
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acquisition at different stages of a worker’s career by combining information on the life-cycle profile of piece rates

and the covariance structure of wages. We make this point formal in the next section.

6 Identification

We start by establishing simple conditions under which the model is identified from panel data on wages and their
fixed or variable components in Section 6.1.3 In sum, the identification of our model relies on combining information
on the level of wages, their covariance structure, and the ratio of variable to total pay over the life cycle. Intuitively,
from this latter ratio, as discussed, we can recover the experience profile of piece rates. Conditional on the profile
of piece rates, the second moments of the distribution of wages allow us to identify the process of learning about
ability and the distribution of ability shocks. Once these primitives are identified, we can recover the remaining ones
by exploiting our characterization of equilibrium piece rates, which, given knowledge of the learning process, maps
piece rates into worker risk preferences and the parameters governing the human capital process. In particular, the
time variation of piece rates is informative about workers’ evolving productivity as measured by {+;} so it allows us
to recover a worker’s rates of human capital accumulation and depreciation without the need for any instruments.

In Section 6.2, we show that our identification results extend to the case in which unobserved heterogeneity
exists among workers, even when wages are measured with error. We further show that, provided information about
worker performance is available, our identification results can be adapted to the case in which human capital evolves
nonparametrically with effort according to the law of motion k11 = Akjr + Fi(eq).

In these identification arguments, we treat the worker time discount factor § as known and impose that the drift
terms [y to Br_1 are zero to simplify the exposition. In the Appendix, we discuss the identification of the more

general case in which 3y to Sr_1 are unknown.>?

6.1 Identification of the Baseline Model

We show that piece rates by to b7, the variance of the initial distribution of ability ag, of the output noise o2, and of the
ability shocks 0’2, the risk aversion coefficient r, and the rates of human capital depreciation 1 — A and accumulation

7o to yr—1 are identified from a panel of wages and their variable components, up to the mean initial ability mg.

Proposition 4. The piece rates {b;‘}?zo and the variances (ag, o2, 02) are identified from a panel of wages and

their variable components. The risk aversion parameter r is identified from the piece rate b} and the variances

32We have normalized the second derivative of the effort cost function to one. In the more general case in which this derivative is ¢, one
can show that ¢ and the risk aversion parameter r are separately identified if the rate of human capital depreciation is known and the rates of
human capital accumulation in two different periods are the same. Alternatively, one can show that r and c are separately identified if y7_1 is
known. Both arguments rely on the fact that whereas the product rc appears at the denominator of the static piece rate b7, only 7 multiplies
the term H; in the expression of the equilibrium piece rate.

33The proof of Proposition 4 below only relies on information on piece rates, the second moments of wages, and the change in average
wages between 7—1 and 7" so we can use the remaining 7—1 moments from the profile of average wages and piece rates to identify { ﬁt}tT:_Ol.
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(02,02, ag). The human capital depreciation rate 1 — \ and accumulation rates {’yt}z:ol are identified from the

piece rates {b; }YI_, the variances (o, 02, 0’?), and average wages in'T — 1 and T up to mean ability my.

We divide the proof of Proposition 4 into two parts. First, we show how piece rates and the variances (ag, o2, 0?)

are identified. Then, we show how the risk aversion and human capital parameters are identified—in the Appendix,
we argue how to dispense with the normalization of mgy. The structure of the argument is simple. Piece rates in
each period are identified by the ratio of average variable pay to average total pay. The variances (03, o2, O'g) are
identified from the second moments of the distribution of wages in the first two years of experience. Given these, we
can identify the coefficient of absolute risk aversion r from the piece rate in the last period. The depreciation rate of
human capital is identified from the difference in average wages between experiences 7' — 1 and 7" and piece rates in

these last two experience years. The rest of the human capital parameters are identified from the time profile of piece

rates in the remaining years of experience. We now show in more detail the proof of Proposition 4.

Part I: Piece Rates and Variances of Unobservables. The wage of worker ¢ in period ¢ can be expressed as w;; =
fit + vit, where f;; and v;; are the fixed and variable components, respectively. Since contracts are linear in output,
variable pay is vy = bfy;; and E{wi] = (1 — b)) E[E[yi| I¢]] + biE[yit] = E[yit] by (3). Thus, the piece rate in ¢ is
identified as b} = E[v;]/E[w;;]. Once piece rates are recovered, the variances (07,02, 0?) are identified from the
second moments of the distributions of wages in the first and second years of experience as follows. We show in the
Appendix that Var[w;o] = (b})%(c3 + 02), Cov[wig, wi1] = b3, and Var|w;1] = o3 + 02 — o2+ (b))% (02 +02).3
Hence, O'g and o2 are identified from the variance of wages in the first year and the covariance of wages in the first

two years. Then, o7 is identified from the variance of wages in the second year since o7 = o¢ + 0g02 /(05 + 02).?

Part II: Risk Aversion and Human Capital Parameters. We now establish that the parameters r, A, and ~g to

~r—1 are identified from average wages and the identified vector (b, . . ., b, 03, 052 , og) up to my. First, note that
once (bf,..., bk, 03,02, a?) is identified, so are the terms o7, R > and Hy for all ¢ by (15) to (18) and (20) in

Proposition 1. Therefore, r is identified from b, 0%, and o2 given that b} = 1/[1 + r(c% + 02)]. Likewise, y7_1 is
identified from b%._ |, b3, b7, R p_y> 7 and Hy_y since b5 = b3 [1+y716(1=b%) = REepy —THp 4]

As for the depreciation rate, we know from the characterization of equilibrium effort in Proposition 1 that e’
equals b7 and e}, equals b} + RBQT_I + y7—10b}. Thus, effort choices in the last two periods are known from
br_q, REQT_I, yr—1, and b%.. Since E[w;] = mg + e; + k; and human capital evolves as kf = A\k;_; + v—1e}_;
forall ¢ > 1, it follows that E[w;r| — AE[w;r—1] = €% + (yr—1 — A)eh_; + (1 — A)mg when S is zero. Hence,

A is identified from average wages in the last two years, e}, y7—1, and e._; up to my.

¥There we show that Var[w;] = Var[E[0::|I:]] + (b])? (07 + 02) and Cov|wst, wir+s] = Var[E[fis|I+]] + bjo? forall 0 < t < T and
1 < s < T —t, where Var[E[0i|I]] = 03 + to? — o7 and 05 = 0. Thus, Var[wii] = 0j + to? — o7 + (b})* (07 + o2).

3Note that the parameters of the learning process are identified independently of the parameters of the human capital process. Thus,
the parameters of the learning process can be identified and estimators of them can be constructed on the basis of the above identification
arguments regardless of the specification of the human capital process.
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We conclude by showing that g to y7_2 are identified from the vector (b, . .., b, 05, o2, GC’ r, A). Note that

by — 00 (1 — Riey — rHY) = by Z ST (1=, — Regysr) (25)

forall 0 <t < T —2by (19) and (21). Since all the terms in (25) but -, are known from (bg, . . ., b, ag, o2, O‘C, T, A)
ineach 0 <t < T — 2, the parameters yy to yr_2 are identified from this vector by (25). Intuitively, the right side of
(25) is the portion of piece rates that cannot be explained by learning about ability alone and so is informative about

the degree of human capital accumulation over a worker’s career.¢

Remark. In these arguments, we have assumed that the coefficient of absolute risk aversion is constant whereas the
rates of human capital accumulation change over time. Alternatively, we could have specified 7, = v and allowed
r to vary with experience. In this latter case, the identification argument would be virtually identical, provided, say,
that the risk aversion parameters satisfy r7_1 = rp. The parameter 7 would then be identified from the last-period
piece rate. Once ~y is identified from the piece rate in T'— 1 and ) is recovered as argued above, piece rates in previous

periods would be sufficient to identify the coefficients of risk aversion in periods 0 to 7' — 2 by (25).%’
6.2 Identification of the Augmented Model

We now extend our identification argument to the case in which there exists unobserved heterogeneity among workers
in any of the primitive parameters of the model, even when wages are measured with error, and to the case in which

the law of motion of human capital depends nonparametrically on effort.

Unobserved Heterogeneity and Measurement Error. Suppose there exist JJ groups or types of workers who differ
in their initial distributions of ability, output noise, and shocks to ability, degree of risk aversion, and human capital
process. Mirroring the identification argument of the baseline model, assume that the drift terms 5y to Sr_1 in the
human capital process are zero for all J groups—this assumption can be relaxed. Each group is observable to model
agents but not to the econometrician. Denote a generic group by j and the probability that a worker is of type j by ;.
Let agj, Ufj, ogj, rj, 1 — A;, and 7;; be, respectively, the variance of the initial distribution of ability, the variance of
the output noise, the variance of shocks to ability, the risk aversion parameter, the depreciation rate of human capital,
and the period-t rate of accumulation of human capital for type-j workers.>® The equilibrium characterization of

k*

Proposition 1 holds for each type. Let then € > and bjt be, respectively, the equilibrium effort, stock of human

Jt

38 Alternative normalizations are possible. For instance, the parameters ), yo to yr—1, and my are all identified from the piece rates by to
b% and the variances (0, 02, af, r) if yr—2 = yr—_1. As for 3¢, only the assumption that Br—_1 = 0 is used in the identification argument.

37When the rates of human capital acquisition vary over time, we do not need to impose any additional condition such as 71 = rr, since
a natural exclusionary restriction arises from 7" being the last experience year so the rate yr does not appear in any expression.

38We abstract from heterogeneity in § or myg since they were fixed in the argument in the previous subsection. As discussed, alternative
normalizations in lieu of that of mg are possible.

26



capital, and piece rate in period 0 < ¢ < T for type-j workers. By (3), the wage of worker ¢ of type j in t is
Wijt = (1 — jt)E[ezt + k;t + €;t|ft] + b;‘t(en + kj*t + 6}} + 5ijt)7

which is normally distributed. Thus, the distribution of wages in each period is a finite mixture of normal distributions.
Since these mixtures are identifiable (Teicher [1963]), both the mixture weights (7;) and the component distributions
are identified in each period, and so are their component means (E;[w;;¢]). Likewise, the variable component of pay
of worker 7 of type j in ¢, vijs = b;ft(eit + k;ft + e;t + €ijt), is normally distributed. Then, its distribution in each
period is also a finite mixture of normal distributions with the same component weights as the corresponding mixture
distribution of wages. Thus, for each worker type j and period ¢, mean variable pay E;[v;;] is identified so that, as
in the baseline model, the piece rate of type-j workers in ¢ is identified as b}, = E;[v;;:|/E; [wje] ¥

The rest of the argument proceeds as in the baseline case. First, for each type j, the variances (ogj, 0'52]'7 a?j)
are identified from the piece rates {b;t}tTZO and the second moments of the distributions of wages in the first two
years of experience. Then, for each type j, the preference and human capital parameters (7, Aj, v o, - - ., V;7—1) are

identified from the vector (b%, . . ., by, ol > o2 ag ) up to mean initial ability 1mj5. We have thus established:

Proposition 5. Suppose that each worker is one of J types. For each type j, the piece rates {b;t}tho and the variances
(Jgj, agj, UE j) are identified from a panel of wages and their variable components. The risk aversion parameter r; is

identified from the piece rate b;?T and the variances (Jgj, agj, 0’? j). The human capital depreciation rate 1 — \j and

2

. T—1 g - « T : 2 2
accumulation rates {1 };—, are identified from the piece rates {3, };_, the variances (07;,0Z;,0¢;), and average

type-specific wages inT' — 1 and T' up to mean ability my;.

Proposition 5 immediately extends to the case in which wages and their fixed and variable components are
measured with error, provided this error is additive and normally distributed. Through this latent-type formulation
in which workers differ in their ability distribution and human capital process in an unrestricted way, the model is
capable of accommodating alternative scenarios in which workers of higher ability may be more or less efficient at
acquiring new skills. This more general setup thus relaxes the impact of our functional-form assumptions by leading

to a flexible dependence of wages on ability, human capital, uncertainty, risk, and workers’ risk attitudes.*

More General Human Capital Process. Consider now the case in which the law of motion of human capital is
kit+1 = Akit + Fi(e;r). We show that this version of the model is also identified if information on workers’ per-
formance is available in addition to information on wages. This information is present in all firm-level data sets

we examine and in many others commonly used (Frederiksen et al. [2017]). For ease of exposition, we start by

3The correct pairing of the components of the mixtures of total and variable pay in each ¢ is possible by their mixing weights, since these
weights are identical type by type. Then, simply imposing the constraint that types be ordered, say, by the size of their mixing weights not
only resolves the usual label ambiguity of finite mixture models but also allows for such pairings.

“OWe do not estimate this more general version of the model since our baseline model already fits the data quite well. See Section 7.
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assuming that the performance measure is a noisy measure of a worker’s effort; we later discuss the case in which
the performance measure provides a noisy signal of a worker’s effort and human capital.*! Let p;; = e;; + 7;; be the
performance measure of worker ¢ in period ¢ observed by the econometrician, where 7;; is a continuously distributed
noise term independent across workers and over time with cumulative distribution function G with known mean.

Suppose the equilibrium is unique, symmetric, and such that effort choices and piece rates depend only on time,
and let e and k} be, respectively, the worker’s equilibrium effort and stock of human capital in period t—we present
conditions under which this is the case in the Appendix. It follows again from (3) that E[w;] = kf + e} + my.
Since E[pit| = e} + E[nit] with E[n;:] known, both e} and &} in each ¢ are identified from average wages and average
performance in ¢ up to my. Observe next that E[w;r] — AE[w;r—1] = k} + e — AMkp_y + er_q) + (1 — A)mp.
Hence, A is identified from the vector (k}._,,€}_q, k7, e}) up to mg. To conclude the identification of the human
capital process, note that since k| = Ak} + F(e;) for each ¢, we can identify (Fy(eg), ..., Fr—1(ef_;)) from
A and the sequence of equilibrium efforts and human capital from O to 7". Thus, if the investment functions F; do
not depend on experience or, alternatively, if they do and any of the parameters crg, o2, GE, r, and 7y, vary across
observable groups of individuals, so as to induce different choices of effort among workers of different groups at
each ¢, then these functions are identified from (Fp(ef), ..., Fr—i(e%_,)) and (e, ..., e% ;).** The identification
of piece rates and the remaining parameters follows by the same argument as in the proof of Proposition 4. See the
Appendix for the case in which the econometrician observes only a discrete version of p;;.

The argument so far has relied on a specific functional form for the performance measure p;;. In the Appendix, we
show that we can extend this argument to the more general case in which p;; = f(es, kit)+mn:, where f : R2+— Risa
known differentiable function nondecreasing in each of its arguments such that f(-, k;;) is surjective for each k;; € R
and Of (e, kit)/Oeir # Of (eit, kit)/Okqt for all (ey, ki) € R2. These assumptions, which are trivially satisfied in
the case just discussed, imply that on average: higher effort or human capital cannot lead to lower performance; any
performance measure is possible for any value of a worker’s human capital; and the performance measure is more or

less sensitive to changes in effort than to changes in the stock of human capital.*3

“IThat this additional outcome measure is informative about effort or human capital is a key step to separately recover the evolution of effort
and human capital over time in this more general case. Like in a standard factor model, the path of effort and human capital can be identified
provided that the signals about effort and human capital observed by the econometrician—wages and performance in our case—are common
to multiple measurements but the noise in these measurements is not (see Cunha et al. [2010]). This is the case here since observed wages and
performance depend on effort and human capital up to independent measurement errors.

“Qur identification argument works regardless of the time interval between two consecutive periods in our model. So when the functions
F are the same in every period, an increase in the frequency of the data allows us to identify the common function F' at a greater number of
points in its support. When the functions F; depend on t, it is easy to see from the first-order conditions for effort that variation in o2, 02, O'g,
r, or ¢ among workers, say, with different age at entry or year of entry in the firm would induce variation in effort in each ¢ that would allow
us to identify F} at every possible equilibrium choice of effort in ¢.

“We can extend the analysis to the case in which the performance measure provides information about worker ability by noting that if
pit = f(eit, kit, Oir) + nit, then Dy = Eo[ fe(est, kit, 0it)] + e, where Eg[f (e, k, 0)] is the expectation of f (e, k, #) with respect to 6, plays
the role of the performance measure considered so far. Indeed, since we can identify the distribution of workers’ abilities in any period ¢ from
the information on wages and their variable component up to mg, we can treat fi(eit, ki) = Eo[f (€it, kit, 0i¢)] as a known function. It is
easy to provide conditions on the functions f; under which the functions ft satisfy the conditions for identification.

28



The availability of an additional performance measure prompts the question of why firms would not offer con-
tracts in which they condition wages not only on output but also on the realization of this measure—as argued by
Holmstrom [1979], firms should do so as long as output is not a sufficient statistic for the performance measure.
A sizable literature, though, has documented that firms tend to have more information about workers’ performance
than the information contracts are conditioned on; see the discussion and references, for instance, in Baker [1992].
A common explanation for this feature of contracts is that although observable, these performance measures are not
verifiable or are manipulable by workers. However, in the presence of learning about ability, although firms cannot
or may not want to explicitly link wages to performance measures, they can still use them to form expectations about
workers’ ability, which influence offered contracts even if contracts do not explicitly depend on these measures. In
the Supplementary Appendix, we account for this effect of additional performance measures on the inference process

about ability and show that our characterization and identification results extend to this case as well.

7 Estimation

In this section, we discuss the estimation of the model, the fit of the estimated model to the data, and compare our

parameter estimates to analogous ones in the literature.

Estimation Sample. We estimate the model using the well-known BGH data discussed in Section 2. This firm-level
data set has been extensively studied in the literature and, as such, provides a natural starting point for investigating
how wages and, in particular, performance pay vary over the life cycle.** Being of administrative nature and high
quality (Baker et al. [1994a]), the BGH data are less likely to be contaminated by measurement error than commonly
used survey data such as the PSID. Crucially, the rich panel dimension of the data, coupled with their coverage of
individuals across all experience years, permits a meaningful life-cycle analysis, which is the focus of our exercise.
Indeed, in the BGH data, experience reaches 47 years. However, since sample size declines rapidly after 40 years of
experience, we exclude observations above this 40-year cutoff. The resulting sample consists of more than 22,000
person-year observations on male managers whose average age is 40 years with a standard deviation of 9 years. The
modal employee in our data holds a college degree. At entry in the firm, on average, managers are 33 years of age
with a standard deviation of 7 years and have 11 years of labor market experience with a standard deviation of 8
years. Their average tenure at the firm is of 5 years with a standard deviation of 4 years and a maximum of 18 years.

Wage profiles in our data are comparable with those documented in the literature. For instance, we find that the

log wages of male college-educated workers, who are the majority of workers in our sample, increase by 0.67 log

“Frederiksen et al. [2017] report several regularities in terms of the distribution of wages and performance management systems across
BGH and five other firm-level data sets, which suggests that the BGH data provide a sample of standard compensation and performance
management practices. Indeed, many features of the BGH data, which have been replicated by other studies, are now considered stylized facts
about careers in firms. See, for instance, Waldman [2012] on this point.
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points during the first 30 years of labor market experience. This estimate is consistent with that of an average wage
growth of about 1 log point reported on the basis of cross-sectional census data between 1960 and 2000 by Elsby
and Shapiro [2012]. Rubinstein and Weiss [2006] find estimates of similar magnitude using both the PSID and the

National Longitudinal Survery of Youth.

Parameterization. In estimation, we fix workers’ discount factor ¢ at 0.95 and let ¢ range from 1 to 40. Recall that we
have specified the effort cost function as g(e) = e? /2. To keep our specification parsimonious, we specify the rates of
human capital accumulation according to a polynomial of degree two in experience ; = 1o+ 1 (t — 1) + o (t —1)2.
In this baseline exercise, we assume that the drift terms 3y to 87— are zero.*> Then, we estimate eight parameters:
the parameters 03, o2, and Ug of the learning process about ability, those governing the human capital acquisition
process, namely, the coefficients g, 11, and ¥, and the human capital depreciation rate 1 — A, and the coefficient of
absolute risk aversion r. We estimate these parameters by equally-weighted minimum distance targeting one hundred
and twenty moments: the piece rate of the wage contract measured by the ratio of average variable pay to average
total pay, the variance of wages, and cumulative wage growth, computed as the difference E|w;;] — E[w;;] in average

wages between experience ¢ and experience 1, for each of the first 40 years of labor market experience.*®

Table 1: Estimates of Model Parameters

Parameters Estimates Standard Errors
03, variance of initial ability 2,024.099 0.0009736
a?, variance of noise in output 267,019.845 0.0638429
0’?, variance of shock to ability 29.458 0.0000632
1o, coefficient of degree O of v, 0.892 1.68E-07
1, coefficient of degree 1 of 7, 0.035 6.10E-08
19, coefficient of degree 2 of v, -0.001 1.25E-09
A, fraction of undepreciated human capital 0.955 3.48E-08
r, coefficient of relative risk aversion 0.0002 9.75E-13

Parameter Estimates. Table 1 reports the estimates of the model parameters together with their asymptotic stan-
dard errors. All parameters are precisely estimated and statistically different from zero at conventional significance
levels—for a sense of magnitudes, note that wages are measured in thousands of 1988 dollars. The estimates reveal
key properties of the process of learning about ability and human capital acquisition at the firm. Consider first the
parameters related to the uncertainty about workers’ ability and the process of learning about it. We estimate that the
standard deviation of the distribution of initial ability among workers oy is 44.99 thousand dollars and the standard

deviation of the distribution of shocks to ability o is 5.43 thousand dollars. Together, these estimates imply that after

43See below the discussion of the estimates for the case in which g(e) = ¢?/2 with c a free parameter. In the Supplementary Appendix, we
provide the estimates of a more general version of the model in which the law of motion of human capital is kit+1 = Akit + Yeeir + Blit,
where ¢+ represents a standard learning-by-doing investment in human capital that accrues for any period of employment and so equals 1 in ¢
if worker ¢ is employed and O otherwise. We find estimates very close to those reported here for the parameters that are common across these
different versions of the model and model fit only slightly improved, given the high quality of the fit of the baseline model.

4SWe compute these statistics after winsorizing top and bottom 1% of the distribution of wages at each level of experience and controlling
for year, education, race, and individual-specific unobserved effects. All targeted moments are scaled in estimation to be of comparable
magnitude. For the properties of the minimum distance estimator, see Newey and McFadden [1994].
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40 years of labor market experience, the standard deviation of the distribution of ability is 56.33 thousand dollars,
that is, about 25% larger than when workers enter the labor market. The estimate of the standard deviation of the
noise in output o, of 516.74 thousand dollars is an order of magnitude larger than the estimate of oy. Thus, learning
would occur very slowly even in the absence of shocks to ability.*’ In particular, without shocks to ability (¢ =0),
uncertainty about it as measured by the variance of posterior beliefs o2 would monotonically decline over time but
decrease only by 23% over 40 years of experience. Our estimates, however, imply that uncertainty about ability actu-
ally increases with labor market experience due to the shocks to ability and the slow speed of learning. Indeed, after
40 years of experience, the variance of posterior beliefs is more than 20% higher than when workers enter the labor
market. Since we estimate ag to be smaller than the limiting value of o7 given by 02, = [Ug + (021 + 40?052)1/ 2/2 =
2,819.38 reached as experience becomes (arbitrarily) large, uncertainty about ability eventually becomes 1.4 times
larger than at entry in the labor market.

Consider next the parameters that govern the process of human capital acquisition, that is, the parameters g,
11, and o of the marginal human capital product of effort ; and the depreciation rate of human capital 1 — \. The
positive estimates of ¢y and 1)1 and the negative estimate of ¢ imply a path of human capital accumulation that is
concave in experience, as apparent from the solid blue line in panel (f) of Figure 5. The implied estimate of ~;, which
is positive and sizable, suggests two important features of the process of human capital acquisition at the firm: this
process is of the learning-by-doing type, so efforts to produce output and human capital are complements, and the
return to effort in terms of additional human capital is fairly large. Specifically, at the margin, an increase in effort
that increases current output by 1 dollar raises the stock of human capital by 89 cents at experience 1, 1.12 dollars
at experience 10, 1.17 dollars at experience 20, 1.01 dollars at experience 30, and 63 cents at experience 40. At all
levels of experience, the contribution of effort to human capital acquisition is therefore substantial—it increases with
experience for younger workers but decreases with experience for older workers after peaking at a marginal return of

1.18 dollars at experience 17.48

We estimate that the depreciation rate of human capital 1 — X equals 4.5%, which
implies that it takes about 15 years for a unit of human capital to depreciate by half.

Our estimate of the coefficient of absolute risk aversion r as equal to 2 x 10~ is consistent with the estimates
in Handel [2013] of the coefficient of absolute risk aversion in the interval [1.9,3.25] x 10~* from data on health

insurance and medical utilization choices, as well as the estimates in Barseghyan et al. [2016] from data on home

and automobile choices. Since estimates of risk aversion may be difficult to compare across different settings as

“'To see what pins down these variances, note that for 7" large enough, Var[wir] ~ (0 + To?) — [1 — (b7)*]o2, + (br)?02. Since
Air — Dir—1 = [(b5)2 = 2(b%5_1)% + (b5_5)?] (0% + 02) with Ay, = Var|wis] — Var[wi¢—1] and o2 is independent of o3, changes in
the variance of wages late in the life cycle are informative about o2 given ag. As we argued, the variance of wages and its increase early in
the life cycle, by contrast, are informative about o2 and ag. The literature offers a range of estimates of the speed of learning. Ours suggest
that learning occurs more slowly than found in Lange [2007] or Kahn and Lange [2014] but are comparable to those in Pastorino [2019].

“These calculations rely on marginal increases in effort. Based on equilibrium effort levels, we find that human capital increases by nearly
the same amount as output, for instance, roughly by more than 20 thousand dollars by experience 20.
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preferences and choice problems may vary, we follow Cohen and Einav [2007] and assess the degree of risk aversion
by calculating the hypothetical amount X that would make an individual indifferent between accepting or rejecting a
lottery with a 50 percent chance of gaining 100 dollars and a 50 percent chance of losing X dollars. For a risk-neutral
individual, X is 100 dollars, whereas for an infinitely risk-averse individual, X is zero. According to our estimate of
r, X is 49 dollars so we estimate an intermediate degree of risk aversion.

Another way to interpret our estimate of workers’ absolute risk aversion is to convert it to an estimate of relative
risk aversion (RRA) using the result that the coefficient of absolute risk aversion A(w) evaluated at the wage w is
related to the coefficient of relative risk aversion R(w) evaluated at w by R(w) = wA(w). Then, our estimate of
corresponds to a coefficient of relative risk aversion of approximately 0.5 at the present-discounted value of average
yearly earnings in our sample (in thousands of dollars) over the 40 years of experience we consider. This estimate
of workers’ relative risk aversion is consistent with the range of estimates in the literature; see, for instance, Chetty

[2006], who documents an upper bound of 2.4

Decomposing Piece Rates. Expression (23) in Section 5 decomposes piece rates into five terms, each of which
captures a distinct economic force that determines how performance pay evolves over the life cycle relative to total
pay. This decomposition, shown in panel (a) of Figure 5 at the estimated parameter values, provides a useful lens
through which to interpret our estimates. Consider each component starting with the static piece rate bY = 1/[1 +
r(0? + 02)] given by the dashed red line in the panel. That this term is small and marginally increases over the life
cycle, as apparent from the figure, reflects the large estimated variance of the noise in output o2 and the estimated
degree of uncertainty about ability, as captured by the variance of posterior beliefs o7, which increases over time.

The second term of the decomposition that is relatively small is —b R¢. ¢, given by the dashed green line in panel
(a) of Figure 5. Recall that Rf,, = ST (1 — by +T)(H;11 titr—s)(1 — py) is the dynamic marginal benefit of
effort due career concerns: this term adjusts piece rates for the career-concerns incentives due to uncertainty and
learning about ability. Intuitively, the large estimate of o2 implies not only that the static piece rate b9 is small, as
noted, but also that the signal-to-noise ratio governing the speed of learning about ability is low. In particular, as the
weights 1 — p; = 02 /(02 +02) on output signals in the belief updating equation in (5) are small, the learning process
is not very sensitive to new observations about a worker’s output and, as a result, effort has a small effect on beliefs
about ability. Thus, career-concerns incentives are small and so have a limited impact on piece rates.

The third term of the piece-rate decomposition that is relatively small is —b?Rz pp,t given by the dash-dotted

teal line in panel (a) of Figure 5. Recall that R} 5, , = v Ef;lt STATL(b} +r + REc 4y r) is the dynamic marginal

% As a robustness exercise, we also estimated a version of the model with r fixed at the value of 0.00085, which corresponds to an RRA
coefficient of 2 at the present-discounted value of average yearly earnings in our sample, but allowing the effort cost function to be ce? /2.
Since in this exercise risk aversion is set to be four times larger than estimated for our baseline model, this estimated model implies a lower
degree of uncertainty about ability, consistent with intuition. However, the estimates of the parameters of the law of motion of human capital
are very similar to those for the baseline model.
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benefit of effort due to the impact of effort on a worker’s human capital process. This term adjusts piece rates for
the incentives for effort that arise from human capital acquisition, but it is a relatively minor contributor to piece
rates because the estimated piece rates by, . and, as just discussed, career-concerns incentives R, , are small
due to the estimated level of noise in output and degree of uncertainty about ability. Intuitively, the private returns
to accumulating human capital are relatively small because the slow speed of the learning process about ability
combined with workers’ risk aversion implies that acquired human capital has a small impact on future pay. Indeed,
if workers were risk neutral (r = 0), then by, . would be equal to one and R, would be equal to zero in each
period. In this case, the private marginal returns to acquiring human capital would equal the corresponding social
marginal returns at eachexperience, ~y; Zf;lt 6" A"~1, and the last two terms of the decomposition would cancel out.

The remaining two terms of the piece-rate decomposition are quantitatively important. The term —b{rH; with

;= o} Zf;f 07, given by the dashed orange line in panel (a) of Figure 5, represents the degree of insurance that
the equilibrium contract provides against uncertainty about ability. This term is negative and explains the relatively
low level of piece rates throughout the life cycle. As apparent from its form, this term is proportional to the level of
uncertainty about ability measured by the dispersion in posterior beliefs o2, which we estimate to be substantial, since
variability in beliefs leads to variability in wages that workers dislike. Workers therefore face a large degree of risk
resulting from the variation in performance pay induced by the variation in beliefs about their ability, as this ability
risk translates into performance risk each period. In order to reduce the lifetime risk in compensation associated with
the variability of performance due to uncertainty about ability, piece rates are correspondingly lowered for insurance
reasons by an amount proportional to H;—the more so the more risk-averse workers are. Over the life cycle, this
insurance motive tends to weaken as the working horizon shortens, despite the increase in uncertainty about ability
over time. These observations then explain why the dashed orange line in panel (a) of Figure 5, which represents this
term, eventually declines in absolute value with experience.

Another way to understand why the insurance component of piece rates is large is by reference to basic ideas in
asset pricing. A central insight of this literature is that risk-averse investors expect to be rewarded for holding assets
whose payouts are high when investors value consumption relatively less and whose payouts are instead low when
investors value consumption relatively more. Namely, assets whose payouts positively correlate with the market
portfolio are less desirable. In our framework, performance pay in any period is positively correlated with output
in the period and, through the process of learning about ability, with compensation in subsequent periods as high
performance pay is positive news about future compensation and low performance pay is negative news. As a result,
contracts that specify a large pay in periods with high performance realizations and a small pay in periods with low
performance realizations are less attractive to workers, who are akin to risk-averse investors, since performance pay

amplifies the variability of wages. Thus, equilibrium contracts will tend to have relatively low performance-pay
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components. Empirically, it turns out that this effect is strong, which confirms the intuition in Harris and Holmstrom
[1982] on the importance of the dynamic insurance provided by wage contracts for the evolution of wages and
provides an explanation for the low level of performance pay relative to total pay in the data. But, as we discuss in
the next section, this result does not imply that performance incentives have a small impact on wages.

The remaining term of the decomposition represents the social marginal return to human capital acquisition
b0, Ef;f 8"A7~! in period ¢, given by the dashed lavender line in panel (a) of Figure 5, which amounts to the
increase in lifetime human capital and output resulting from a marginal increase in effort. This positive term is rela-
tively large because the estimated human capital accumulation rates ~y; are substantial and the estimated depreciation
rate 1 — A is small, as noted above. This term therefore outweighs the negative insurance term just discussed in
determining piece rates at each level of experience and imparts to piece rates their characteristic hump-shape. As
workers accumulate experience, though, this term eventually declines imparting to piece rates their characteristic
hump-shape, as apparent from panel (a) of Figure 5. As workers accumulate experience, though, this term eventually
declines imparting to piece rates their characteristic hump-shape, as apparent from panel (a) of Figure 5.

The estimates of the components of piece rates are consistent with our characterization of the life-cycle profile of
piece rates in Section 5.2. Indeed, according to Proposition 3, when initial uncertainty about ability is small and the
variance of shocks to ability is not too large, piece rates are hump-shaped if the rates of human capital accumulation
are initially increasing and then decreasing. Our estimates satisfy these conditions, thus confirming these intuitions.

Estimated Piece Rates, Wage Dispersion, and Wage Growth. Figure 4 shows how our estimated model fits the

Estimated Piece Rates, Wage Dispersion, and Wage Growth. Figure 4 shows how our estimated model fits the
targeted moments. As apparent from the figure, the model successfully reproduces the experience profile of the ratio
of performance pay to total pay (left panel), the variance of wages (middle panel), and cumulative wage growth (right
panel) at each level of experience. Having discussed the implications of our estimates for the pattern of piece rates,
we now turn to discuss their implications for the life-cycle profiles of the variance of wages and wage growth.

Our model implies that the variance of wages, Var[w;] = (02 + tag) — o2 + (b})%(0? + 02), is the sum of
three terms. The first term JZ + to? is the variance of worker ability, which increases over the life cycle because
of the accumulating shocks to ability. The second term —o? accounts for the fact that learning about ability occurs
gradually over time over time. That is, in the absence of shocks to ability (Jg = 0), the first two terms sum to
o3 — o7, which increases to o7 in the long run as the dispersion in wages increasingly reflects the dispersion in
worker abilities. In the presence of shocks to ability (O'g > 0), as supported by our estimates, the law of motion for
o? in (5) implies that ag =+ ta? — o} increases without bound because the ability shocks progressively increase the

dispersion of worker abilities. The final term (b})%(0? + o2) describes the impact on the variance of wages of the

variability of performance pay due to the dispersion of worker abilities and the variability of the noise in (or shocks
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to) output. Since uncertainty about ability o7 eventually stops changing, the large estimated value of o2 and the
declining portion of the profile of piece rates towards the end of the life cycle imply that this third term is eventually
decreasing. All together, these terms allow the model to reproduce the first increasing and then decreasing pattern of
the variance of wages in the data, as shown in the middle panel of Figure 4.

Consider now wage growth. As each period firms make zero profits in expectation, wages on average equal out-
put, which varies over time, on average, because effort or human capital vary—see the next section for details. Hence,
the growth in average wages stems from the growth in either effort or human capital. Human capital accumulation
rates {7}, as discussed, peak in the middle of the life cycle and subsequently decline, whereas effort is relatively
more constant. So early in a worker’s career, the accumulation of human capital is rapid. However, the depreciation
of the stock of human capital, together with the decline in 7, over the second half of the life cycle, reduces and even-
tually reverses the growth in human capital. The result is a concave experience profile for mean wages, reproduced

in the right panel of Figure 4, which eventually plateaus as consistent with much evidence in the literature.

8 Performance Incentives and Wages

Our estimated model provides a laboratory we can use to perform counterfactual exercises and explore how perfor-
mance pay affects the distribution of wages over the life cycle. Based on these exercises, we illustrate the importance

of performance incentives for human capital acquisition and for the dynamics of wages and their components.
8.1 Performance Incentives and Wage Growth

In our model, average wages are given by E[w;;] = mg + ef + kf in any period ¢ so their cumulative growth,
E[w¢] — E[w], can be decomposed into the growth of effort and the stock of human capital. In panel (b) of Figure
5, we show how the evolution of effort as measured by e; — e] (the dot-dashed green line) and of human capital
as measured by k; — k7 (the dashed red line) contribute to wage growth over the life cycle (the solid blue line). A
comparison of the dashed red line to the solid blue line illustrates how closely the profile of human capital tracks the
profile of wages. By contrast, changes in effort do not appear to substantially contribute to the growth in wages.
Such a decomposition, however, only measures the direct effect of effort on wages. In particular, it does not
account for the indirect effect of effort on the dynamics of wages through its impact on the process of human capital
acquisition. Panel (c) of Figure 5 demonstrates the importance of this indirect channel by comparing the estimated
wage growth implied by our model (the solid blue line) with the counterfactual wage growth that would result if
we held effort constant over the life cycle at the average level implied by our estimates (the dashed red line). As
apparent from panel (c), wages would grow much less during the first 30 years of labor market experience in this

counterfactual case than in the baseline model. Intuitively, in the baseline model, workers exert greater effort early
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in the life cycle because both career concerns and the returns to human capital acquisition are largest over those
experience years. Only later in the life cycle, when piece rates, career concerns, and the returns to human capital
acquisition decline, effort in the counterfactual scenario exceeds that in the baseline. Panel (c) thus illustrates that the
variation in incentives and effort over the life cycle is central to observed wage growth.

This counterfactual exercise has further implications for understanding the determinants of the human capital
process. Specifically, it implies that standard models of human capital acquisition that do not allow for an intensive
margin of investment—effort here—may be misspecified. The human capital process in these “passive” human-
capital-acquisition models is usually just a function of the number of periods of employment and so conflates variation
in investment, e;, and variation in its marginal product, ;. But panel (c) shows that it is important to account for
variation in e; to correctly infer the impact of human capital acquisition on wage growth.>°

Another way to assess the importance of effort for wages is to explore the effect of performance pay on their
dynamics. Specifically, suppose that firms were restricted, say, for administrative or regulatory reasons, to offer
contracts without variable pay (b; = 0) at each experience ¢ as in the original career-concerns model of Holmstrom
[1999]. In this case, firms would lack an important instrument to reward performance and thereby encourage workers
to exert effort and acquire human capital. Panels (e) and (f) of Figure 5 indeed show that the resulting equilibrium
profiles of effort and human capital accumulation (the dashed red lines in both panels) would be much lower relative
to their profiles in the baseline model (the solid blue lines in both panels), especially early in workers’ careers. In
turn, lower effort and human capital would lead to a much lower wage growth over the life cycle as shown in panel
(d) of Figure 5, namely, 30% lower by the twentieth year of labor market experience (see the dashed red line relative
to the solid blue line in the panel). Hence, although performance pay is small relative to total pay, it has a substantial

impact on wage growth through its impact on workers’ effort and human capital acquisition.

8.2 Performance Incentives and Wage Inequality

To explore the impact of performance incentives on the dispersion of wages across workers over the life cycle, we start
by decomposing the variance of wages into the variance of fixed and variable pay. By performing this decomposition
at the estimated parameter values, we find that the variance of variable pay accounts for 44% to 100% of the variance
of wages over the first 30 years of experience; see panel (a) of Figure 6.5! Thus, even though performance pay
represents only a small fraction of total pay at each experience, it is highly variable and so responsible for a large

fraction of the variance of wages over the life cycle.

This logic applies to other counterfactual settings that have implications for workers” effort over the life cycle, for instance, when changes
in a firm’s production or organizational structure induce a different exposure of a worker’s output to firm risk, which in our framework would
lead to a different degree of output variability as measured by o2, different piece rates, and so different profiles of effort and human capital.

>ISee the related findings by Lemieux et al. [2009] on the importance of the incidence of performance pay for wage inequality. Using PSID
data, these authors estimate that the increased prevalence of performance pay between the late 1970s and the early 1990s accounts for about
21% of the increase in the variance of (log) wages over this period.
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Panel (b) of Figure 6 further shows that uncertainty about ability is a major source of the variance of wages.
In this panel, we compare the variance of wages implied by the model (the solid blue line) with the counterfactual
variance of wages that would result at the estimated piece rates if ability was identical across individuals and over
time, that is, when 03 = ag = 0 (the dashed lavender line). Note that the difference between the solid and the
dashed line significantly increases over the life cycle because shocks to ability accumulate with experience thereby
contributing to the increase in the variance of wages over time, according to our model.

This decomposition, however, ignores the possibility that wage contracts may be very different in the absence
of heterogeneity in ability among workers. To measure the variance of wages that would result if workers were
homogeneous in their ability, we need to take into account how equilibrium wage contracts would change in response
to the new distribution of workers’ abilities. Intuitively, if workers experienced neither uncertainty about ability nor
shocks to it, they would face much less risk so wage contracts would naturally feature higher-powered incentives
in the form of higher piece rates, which could lead to an overall increase, rather than a decrease, in the variance of
wages. That is, a potential tension exists between ex-ante wage risk, which arises because of the initial dispersion in
ability among workers, and ex-post wage risk, which arises because of the variability of performance pay. Indeed,
when ability differences among workers are erased, lifetime uncertainty declines so that the trade-off between risk
and incentives becomes less severe, piece rates increase, and so the variance of wages may increase.

This is precisely what we find when we mute uncertainty about ability altogether by setting ag = ag = 0. The
resulting variance of wages is shown by the dashed lavender line in panel (c) of Figure 6, which exceeds the variance
of wages in the baseline model, represented by the solid blue line, by up to six times. Panel (d) of Figure 6 reports
the profile of equilibrium piece rates in the absence of uncertainty about ability (the dashed lavender line), which are
up to three times as large as those in the baseline model (the solid blue line). These much higher piece rates, in turn,
amplify any residual productivity risk faced by workers leading overall to a much larger wage dispersion. Hence,
compressing the dispersion in ability among workers induces firms to offer contracts with a higher sensitivity of pay
to performance, which more than compensates for the lower dispersion in ability giving rise, on balance, to a higher
life-cycle variability of wages.

Although stylized, this exercise illustrates the importance of accounting for the endogeneity of the wage structure,
as defined by the composition of wages in terms of fixed and variable pay, when assessing the role of alternative
sources of wage dispersion among workers, in particular heterogeneity in ability. Specifically, this result implies that
popular reduced-form linear decompositions of the variance of wages can be misleading as they implicitly assume
that the degree to which firms’ attributes, including firm-level or “output” shocks, are reflected in wages does not
vary with the degree of heterogeneity in workers’ ability or, more generally, the level of uncertainty and risk in the

labor market (see, for instance, Abowd et al. [1999], Card et al. [2013], and specifically Guiso et al. [2005] on the
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importance of the pass-through of firm-level shocks to wages). Here we have shown that this premise may not always
be warranted, since the wage structure is a key endogenous dimension through which firms’ shocks are transmitted
to wages, which depends on the distribution of workers’ abilities. In particular, measuring the contribution to wage
inequality of “worker” and “firm” heterogeneity as separate primitive components linearly affecting wages may
be inaccurate when performance incentives matter. In fact, our analysis implies that these components are highly
interdependent and their impact on wages is subtly mediated by their dispersion once incentive effects are accounted
for. Specifically, once firms’ incentives to offer contracts with different sensitivities of wages to performance, in
response to different levels of uncertainty or output risk, are taken into account, lower dispersion in ability (or output
risk) can be associated with greater wage dispersion—although small such decreases, for given piece rates, do lead
to lower wage dispersion. Since the variance of wages is Var[w;;] = 03 + ta? — o2+ (b})%(0? + 02) in our model, it
is easy to show that this result holds at any level of experience for a given dispersion in initial ability 03, variance of

ability shocks ag, and degree of workers’ risk aversion 7, if the variance of the noise in output o2 is large enough.?

9 Conclusion

Workers tend to acquire more skills that are valuable in the labor market while working. That is, by exerting effort
on the job, workers may not only produce more output in a period but also eventually become more productive.
This simple insight is the starting point for our exploration of how performance incentives influence the dynamics
of wages with labor market experience both directly, through the impact of current effort on current output, and
indirectly, through the impact of effort on the human capital process. Our goal is to examine theoretically and
empirically how incentives for effort are affected by human capital considerations, including the uncertainty about
individual productivity, and, in turn, shape the structure and evolution of wages over the life cycle.

To this purpose, we develop and estimate a tractable model of the labor market that integrates three key sources
of the dynamics of wages, namely, human capital acquisition, uncertainty and learning about individual ability, and
performance incentives, in order to account for the life-cycle profile of wages, their dispersion across individuals, and
their composition in terms of fixed and variable pay. This framework nests several known models, including standard
models of investment in human capital, models of dynamic moral hazard, and so-called career-concerns models of
learning about ability and performance incentives. We characterize the optimal wage contract in this framework
and analytically decompose the implied sensitivity of pay to performance into the relative contribution of the basic
forces we incorporate: the trade-off between output risk and incentives for effort characteristic of moral hazard, the

insurance that firms provide to workers against output risk and uncertainty ability through wage contracts, and the

52Namely, when o7 and ag are lowered to zero, the variance of wages becomes —nyn + (bzn)Q(Jin + crg), where the subscript n stands
for “no uncertainty,” with b; , > b; and Ut2,n < o2. Then, a sufficient condition for the variance of wages to be higher in the absence of

uncertainty about ability is that [(b} ,,)* — (b;)?]o? exceeds the initial value of o5 + toZ, which can be guaranteed when o? is large enough.
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career-concerns incentives arising the workers’ desire to affect the market assessment of their ability and accumulate
human capital. Based on this characterization, we prove that the model is identified just from panel data on wages
and their components, and obtain simple estimators of the model primitives.

Although performance pay accounts for a small fraction of total pay, the estimates of the model illustrate the
centrality of performance pay to the dynamics of wages and their components. In particular, we find that through the
cumulative impact of effort on human capital acquisition, incentives for performance are a critical source of wage
growth and dispersion over the life cycle. We also show the importance of the wage structure as an endogenous
mechanism for the transmission of output risk to wages. That is, although lower dispersion in ability decreases wage
dispersion for a given combination of fixed and variable pay, lower dispersion in ability may lead firms to offer
contracts with higher-powered incentives, in the form of a higher fraction of performance pay to total pay, and so
may give rise to a greater variability of wages across individuals and over time.

Our augmented model further allows us to rationalize a novel empirical finding on the life-cycle profile of variable
pay. Namely, we document that the ratio of variable pay to total pay for most U.S. workers tends to decline over the
second half of their careers, precisely when standard models of career concerns predict that variable pay should
become more and more important. Our estimates suggest that two motives, namely, a desire for insurance against
uncertainty about ability and considerations of human capital acquisition, are especially important in determining
performance pay over the life cycle and have effects of opposite sign on the experience profile of performance
pay relative to total pay, which explains its peculiar hump-shaped pattern. The role of insurance emerges from the
substantial wage risk arising from the uncertainty about ability that workers face, due to the combination of dispersion
in ability at entry in the labor market and persistent shocks to ability that accumulate with experience. Furthermore, in
order to reward effort, performance pay is by design high precisely when output is high and workers receive positive
news about their ability and so future compensation, and is correspondingly low when output is low and workers
receive negative news. Then, wage contracts that specify large performance-pay components are unattractive to
workers because their payouts are positively correlated with lifetime income, that is, performance pay amplifies the
risk due to the uncertainty about ability. Accordingly, we find that the insurance component of wage contracts is
quantitatively large and depresses performance pay relative to total pay throughout the life cycle, especially early
in workers’ careers. We believe this rationale to be a leading explanation for why performance pay tends to be
empirically small for most workers. As for the role of human capital, note that, at the same time, performance
incentives provided through variable pay promote workers’ investments in human capital by encouraging effort on
the job. This force tends to increase performance pay relative to total pay but naturally becomes less relevant with
experience. This balance between the insurance and human capital determinants of performance pay rationalizes

the observed hump-shaped pattern of the ratio of performance pay to total pay over the life cycle, according to our
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model. Compared to insurance and human capital motives, career-concerns incentives and the life-cycle variation
in the strength of the static trade-off between risk and incentives—a key component of variable pay in static moral-
hazard models—are empirically much less important.

Our analysis has sidestepped questions related to how individuals sort, for instance, into distinct markets so as to
transparently integrate the alternative mechanisms of wage growth and dispersion we study within a framework that
can be analytically characterized and has empirical content.>> Such an approach naturally suggests avenues to enrich
our analysis and obtain a more complete picture of the forces shaping the structure and dynamics of wages. We hope
nonetheless that our results offer a promising first step toward richer models of incentives that can help interpret the

sources of the variability of wages across individuals and over time.
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Figure 5: Piece Rates, Wage Growth, Effort, and Human Capital
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Figure 6: Variance of Wages, Piece Rates, and Role of Ability Uncertainty

(a) Wage Variance Decomposition
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A Appendix: Equilibrium Derivation

Here we construct the equilibrium. We work with the more general case in which the law of motion for human
capital is
kitt1 = N + Fie(eit), (A1)

where the functions F} : R — R are thrice differentiable, strictly increasing, and weakly concave with sup, g F} () <
oo, F}/" nonpositive and nondecreasing, and F}’(c0) = inf.cr F}’'(e) > —oo. This case reduces to the case consid-
ered in the main text when F(e) = e, with v, > 0, for all ¢.

We first derive the first-order conditions for the optimal choices of effort when piece rates are noncontingent and
future effort choices are noncontingent as well. We then determine the equilibrium piece rates and show that they are
symmetric, noncontingent, and uniquely defined. We conclude by presenting our equilibrium characterization and
discussing conditions under which equilibrium piece rates are in the unit interval. Our equilibrium characterization
includes Proposition 1 as a special case.

A.1 First-Order Conditions for Effort

We first show that if the piece rates for a worker are noncontingent and given by {bt}tho, then the first-order condition
for the worker’s optimal choice of effort in period 0 < ¢ < T" when the worker’s future behavior is noncontingent is

et =bi+ Rocy + Rrppa(er), (A2)
where
T—t T—1 T—t
Rocy =Y 07(1—biyr) < 1T ut+7k> (1— ) and Rpppy(e) = F{(e) Y ™A (biyr + Rocir). (A3)
T7=1 k=1 =1

Note that (A2) reduces to (8) when F;(e) = ~:e. The assumption that sup,cp F}(€e) < oo ensures that (A2) always
has a solution. This solution need not be an optimal choice of effort for the worker, though. Additional assumptions,
which we will discuss, are necessary for this to be the case. We start with the following auxiliary result.

Lemma 5. Fix {&}1 . Foreach 0 <t < T — 1, we have that

T—t T—1—s8 T—t
Z5T(1 — biyr) Z ( H Mt — k) (1 — prygs)és = 25 &rRecyr-
T=1 s=1 k=1 =

Proof. The result is trivially true whent =T — 1 as Roccr = 0. Fix0 <t < T — 2 and let u,v € R7-*=1 be such
that u = (&, ...,&r—t—1) andv = (52(1 —Dbyga), ..., 00 71— bT)). Moreover, let A be the square matrix of order
T —t—1suchthat A;; = 0ifi < jand A;; = (Hz;jl figiti—k) (1 — pes) if i > j. If we let (v, Au) denote the
scalar product of the vectors v and Au, then

_ i i—j
ST = bry14s) Z ( H Mt+i+1—k> (1 — par5)&5
j=1

k=1

(v, Au) =

T—t—1

>

=1

T—t i—1 fi—1—j

Z(Si(l—bHZ Z( H Mtti— k) — pt+5)&5
=1

J=1

the second equality follows from the change of variables ¢ — ¢ — 1 and the fact that the term corresponding to 7 = 1
in the sum is zero.
Now let D be the diagonal matrix of order 7' — ¢ — 1 such that D;; = 6° and denote the transpose of a matrix M



by M. Then, since (v, Au) = v’ Au = (A'v,u), it follows that
(v, Au) = (v, AD™'Du) = ((AD™ Vv, Du) = (D™ A'v, Du) = (D7 *A’v, Du). (A4)
On the other hand, since (D1 A'v); = §7¢(A"v);, it follows that

T—t-1 T—t—1 / j—i
(D' AW); = 670 Y Ajwy =6 Y (H Mt+j+1—k:> (1= pegei) TN = begagy)
=1

j=i \k=1
T—t—i /j—1 '
= 2 < I1 Mt+ik> (1= pue4)8 (1 = betitj) = Roc,a
j=1 \k=1

foreach 1 <17 < T —t — 1. Therefore, (A4) implies that

T—t—1 -
(v, Au) Z §'&GRec i = Z 6'¢iRoc iris
i=1 i=1
where we used the fact that Rccr = 0 a second time. This establishes the desired result. ]

Suppose piece rates for a worker are noncontingent and given by {bt}g;o. The argument in the main text—
whether the functions { F; }_, are linear or not does not matter for the argument—shows that the first-order condition
for the worker’s choice of effort in period 0 < ¢ < T when the worker’s future behavior is noncontingent is

T—t
OE[wpsr Bt
q:m+§57[g:‘L (AS5)
=1 ¢

where h! and w;, , are, respectively, the worker’s history in period ¢ and wage in period ¢ + 7. In what follows we
show that (AS) reduces to (A2). In particular, the worker’s optimal choice of effort is independent of the worker’s
history in period ¢.

First recall from (3) that wy4r = (1 — byyr ) Elyitr | Li4+] + begryesr forall 7 > 1, where y;4 is the worker’s
output in period ¢ + 7 and I, - is the public information about the worker that is available in the same period (which
depends on h'). Let my, be the worker’s reputation in period ¢ + 7; note that m;, depends on I;y,. Since for
each 7 > 1 the worker’s (private) choice of effort in period ¢ affects E[y;;|I;+-] only through its impact on my,
as the other terms in the conditional expectation depend on the worker’s conjectured effort and stock human capital
in period t + 7, it follows that OE[y;4|I;++] = Omyyr/Oe;. Given the non-contingency of piece rates from period
t + 1 on, it then follows that

OE[wysr |1t]
8et

OE[myy-|h'] OE[yp+|h']

= (1= bys brir
( b ) 86,5 + b 86t

for all 7 > 1. Now note from the law of motion (A1) and the non-contingency of behavior from period ¢ 4 1 on that

OE[y;4-|h']

dey - )\TilFt/(et)
for all 7 > 1. Finally, note from Lemma 1 that

1 /17—1-s

OE[mus. 1] & OE 2145/ 1']
T = Z H pirr—t | (1= pggs) ——F5—— e,

S=

T—1 71 /17—1-s5
OE[z|ht OE[z4s|ht
= (H Mt+r—k> (1- Mt)éj] + E ( H Mt+r—k> (1- Ht+s)[5;|],
k=1 s=1 k=1

t



where 2, is the signal about the worker’s ability in period ¢ + s. Given that OE[z;|h!]/de; = 1, and the non-
contingency of behavior from period ¢ + 1 on implies that

OE[245[h"] _ OE[yets|h']

— — )\S*lF/
8€t 86,5 t (et)

for all s > 1, we can rewrite (AS) as

T—t 71 /7—1-s
e = bt + Ft'(et) Z 57—{(1 — bt+7) Z < H Mt-‘rT—k‘) (1 — ,uHS))\S_l + bt+7—)\7—_1}
k=1

=1 s=1

T—t T7—1
+ Z 0T (1 = biyr) ( H Nt+7—k> (1 — p).

T=1 k=1

The desired result follows from Lemma 5 with &, = A7~ L.

The first-order condition (A2) is necessary of optimality. In the benchmark case in which the functions {Ft}tT:O
are linear, this first-order condition is also sufficient for optimality. Indeed, the marginal benefit of effort to the
worker, which is the right-hand side of (A2), is independent of the worker’s effort, whereas the marginal cost of
effort to the worker, the left-hand side of (A2), is increasing in effort. When the functions {Ft}tT:0 are nonlinear,
(A2) need not be sufficient for optimality, though. A sufficient condition for (A2) to be sufficient for optimality is

T—t
D N (birr + Roopis) 2 0. (A6)

=1

Indeed, in this case Rygp (e) is nonincreasing in e, so that the marginal benefit of effort is nonincreasing in effort.
Condition (A6) holds if piece rates are in the unit interval. To see why, note that Roct4r > 01if by -y < 1 for all
1 <s<T~—t—r7,in which case by~ + Rcc i+ > 0if byyr > 0.

A.2 Equilibrium Piece Rates

We now derive the equilibrium piece rates and show that they are symmetric, noncontingent, and uniquely defined.
We consider the linear and nonlinear cases separately. We will see that whereas the characterization of the equilib-
rium piece rates in the first case is valid in general, the characterization of the equilibrium piece rates in the second
case requires some restrictions on the model’s primitives.

A.2.1 Linear Case

Suppose that F;(e) = e, with v, > 0, for all ¢. We first derive the last-period equilibrium piece rates and then
derive the equilibrium piece rates in previous periods under the assumption that future equilibrium piece rates and
effort choices are symmetric and noncontingent. We conclude the linear case by showing that equilibrium piece
rates are symmetric and noncontingent in every period, and using this fact to derive a recursive characterization of
the equilibrium piece rates. The uniqueness of the equilibrium piece rates follows immediately from this recursive
characterization.

Last-Period Piece Rates. A standard argument shows that the period-7" equilibrium piece rates are symmetric, a

1
- 14r(0f +02)

*

by

and so are noncontingent. Since it follows from the previous part that the period-T' effort choice of a worker with
piece rate b is e = b no matter the worker’s history, the period-7" equilibrium effort choices are symmetric and
noncontingent as well.



Piece Rates in Previous Periods. Let 0 < ¢t < T — 1 and suppose the equilibrium piece rates and effort choices
from period ¢ 4+ 1 on are symmetric and noncontingent; this is true for ¢ = 7" — 1. We show that the equilibrium
piece rates and effort choices in period ¢ are also symmetric and noncontingent, and derive an expression for the
equilibrium piece rates in this period. For the argument that follows, let by, . be the equilibrium piece rate in period
t+ 7, with1 <7 <T — ¢, and define R, , and REBD’t(e) to be given by (A3) with b;,, = by, for all 7. Note
that R} g, ,(e) is independent of e, that is, R} 5 ,(¢) = Rl pp ;-

Consider first a worker’s optimal choice of effort in period t. We know from the previous subsection that if the
worker’s piece rate is b, then the worker’s optimal choice of effort is

et =b+ Rooy + Ripp - (A7)

In particular, given that (A7) does not depend on the worker’s history, the worker’s equilibrium choice of effort in
period t is symmetric and noncontingent if the same is true for worker’s equilibrium piece rate in the same period. It
follows immediately from (A7) that e; = e;(b) is strictly increasing in b and such that de;(b)/0b = 1.

Now let wy - (b) be the worker’s wage in period t + 7 with 0 < 7 < T'— ¢t when the worker’s piece rate in period
t is b and define W;(b) to be such that W;(b) = ZZ;S 0wy, (b). The argument in the main text shows that the
worker’s equilibrium piece rate in period ¢ is the choice of b that maximizes

E[We(b)| 1] — (r/2)Var[Wy(b)| L] — e:(b)?/2, (A8)

where I; is the information firms have about the worker in period ¢. In what follows, we establish that there exists a
unique value of b that maximizes (A8) and that this value of b is independent of I;. Thus, the equilibrium piece rates
in period ¢ are the same for all workers and noncontingent.

We start by deriving the first-order condition for the problem of maximizing (A8). Let y.,(e) be the worker’s
output in period ¢ 4+ 7 as a function of the worker’s effort in period ¢. It follows from (3) that E[wy,(b)|];] =
E[yi+-(et(b))|I;]. Given that OE[y,(e;)|I;]/Oe; = 1 and OE[y;y-(er)|I;]/Oer = F{(e;)A\"~* for all T > 1, we then
have that

6E[Wt(b)|jt] Ty7T—1 8et AL
— = 1+ F/(ei(b Zé)\ —1+ tZ(S)\ (A9)

We show in the next paragraph that

OVar[W;(b)| 1]

b =2[b(o} + 02) + H;], (A10)

where H} = o; Z 5T L. From (A7), it then follows that we can write the first-order condition for the problem
of maximizing (A8) as

T
L+3 Y N = Ripp, — Rocy — rHf —b[1 +7(0f +02)] =0. (A11)
T—1

We now establish (A10). We know from the main text that

T—t
Var[W;(b)|I;] = b*(0? + 02) + 2 Z 5" Covwy(b), wiy, (b)| 1] + Var,

=1

where Vary is independent of b. We claim that Cov[w;(b), wii,(b)|I;] = ba? for all 7 > 1, from which (A10)
follows immediately. Given that the worker’s reputation in period ¢ is nonrandom conditional on I, it follows that

Covfwy(b), wr+ (B)|Zi] = bCovlye(er(8)), wesr(b) 1



for all 7 > 1 from (3). Now observe, once again from (3), that

Covlyi(et(b)), wesr(b)|It] = betrCovlyt(et(D)), ye+r(et(b))|It] + (1 — beir)Coviyi(et(b)), metr(ex(b))| 1]

for all 7 > 1, where my,(e;) is the worker’s reputation in period ¢ + 7 as a function of the worker’s effort in period
t. Hence, if z;15(e;) with s > 0 is the signal about the worker’s ability in period ¢ + s as a function of the worker’s
effort in period ¢, then Lemma 1 implies that

Covlye(er(b)); wrir (O)[e] = berrCovly(er (b)), yetr(er(b))]1i]

T—1-s

T—1
+ (1 = beyr) Z ( H Mt+rk> (1 — pre45)Covly(er(b)), ze4s(er(b)) | 1]
s=0

k=1
for all 7 > 1. Since Cov|y:(e()), yrrr(e(b))|I;] = o2 forall 7 > 1 and
o +02 if s=0
Covlyi(et(b)), ze+s(ec (b)) 1] = ,
o? if s>1
we then have that

71 /7—1-s5
Covlyi(er(b)), wesr(b)|I] = o} ((1 —biyr) Z ( H Nt+7—k> (1 — prpgs) + bt+r>
s=0

k=1

T—1
+02(1 = byyr) ( H Mt+7—k> (1 — ).

k=1

To conclude, observe that 02(1 — p;) = o2 and py ]_[k, | Httr—k = [[5—q fe+r—r together imply that we can
rewrite the above expression for Cov[y:(e:(b)), we+~(b)|1;] as
+ bt+T>

—1—
Cov{yi (e (b)), weir (b)| 1] = o ((1—% !Z( H Jtr— k) (1= preys) +Hum "

s=0 k=1

The desired result follows from the fact that the term in square brackets equals one.
The first-order condition (A11) has a unique solution,

1

A
t 1+7r(0? + 02)

T—t
L+7 Y 6N ' —Rég, — Rippy— rHt*] , (A12)

=1

which is noncontingent, and thus the same for all workers; note that b’ = 1/[1 + (02 + 02)]. That b} maximizes
(A8), and so is the equilibrium piece rate in period ¢, follows from the fact that OE[WW;(b)|I;]/Ob, the marginal benefit
to a worker of an increase in b, is constant in b, while

r OVar[Wy(b)|1;]

5 7% +e(b) = r[b(af + Jg)} + e(b),

the marginal cost to a worker of an increase in b, is strictly increasing in b. So, the first-order condition (A11) is
necessary and sufficient for optimality.

Recursive Characterization of Equilibrium Piece Rates. The above argument shows that if there exists 0 < ¢ <
T — 1 such that from period ¢ + 1 on the equilibrium piece rates and effort choices are symmetric and noncontingent,
then the equilibrium piece rates and effort choices in period ¢ are symmetric and noncontingent as well. Since the
last-period equilibrium piece rates and effort choices are symmetric and noncontingent, it follows by induction that



the equilibrium piece rates are symmetric and noncontingent in every period. From this it further follows, once
again by the above argument, that for each 0 < ¢ < T the equilibrium piece rate in period ¢ is determined by the
equilibrium piece rates in subsequent periods through equation (A12).

A.2.2 Nonlinear Case

Suppose now that the functions { F;}]_, are nonlinear for at least one ¢ < T — 1 and such that

2
9t

2
UE

2
< Fl(e) < %[14—?”(0,524—052)] foralle e Rand0 <t < T — 1.
0-8

We first derive the last-period equilibrium piece rates. We then derive a necessary and sufficient condition for the
equilibrium piece rates in previous periods when: (i) future equilibrium piece rates and effort choices are symmetric
and noncontingent; and (if) future equilibrium piece rates are in the interval (0, 1). Following that we show that the
equilibrium piece rates and effort choices are symmetric and noncontingent and the equilibrium piece rates are in the
interval (0, 1) if  is small enough, and use this fact to derive a recursive characterization of the equilibrium piece
rates. As in the linear case, the uniqueness of the equilibrium piece rates follows from this recursive characterization.
For simplicity, we assume that A = 1 in the final step of the equilibrium derivation. We conclude the nonlinear case
by showing how to extend the argument in the final step to the case in which ) is smaller than but close to one and
discussing the role of the restrictions on the model’s parameters in the equilibrium derivation.

Last-Period Piece Rates. Since only static considerations matter when ¢ = T, the last-period equilibrium piece
rates and effort choices are the same in the nonlinear case as in the linear case. In particular, they are symmetric and
noncontingent.

Piece Rates in Previous Periods. Let 0 < ¢t < 7' — 1 and suppose the equilibrium piece rates and effort choices
from period ¢ + 1 on are symmetric and noncontingent, and piece rates belong to the interval (0, 1); this is true when
t =T — 1. We show that the equilibrium piece rates in period ¢ are also symmetric and noncontingent, and derive an
expression for the equilibrium piece rates in this period. Once again, let by, . be the equilibrium piece rate in period
t+7withl <7 <T —tand define Rf,,, and R} 5, ,(e) to be given by (A3) with by = bj . forall 7.

Consider first a worker’s optimal choice of effort in period ¢. Since Zfz_f STAT (b} + Ricyyr) = 0 when
by, € (0,1) forall 1 <7 < T —t, we have that if the worker’s piece rate in period ¢ is b, then the worker’s optimal
choice of effort is the unique solution to the necessary and sufficient first-order condition

€t = b + R*C'C,t + REBD’t(et); (A13)

recall that ij STAT by + Rtey +,) = Oimplies that R} 5 p.(€) is monotone decreasing in e. As in the linear
case, given that (A13) does not depend on the worker’s history, the worker’s equilibrium choice of effort in period ¢
is noncontingent, and so independent of the worker’s identity, if the same holds for worker’s equilibrium piece rate
in period ¢.

Equation (A13) implicitly defines the worker’s optimal choice of effort in period ¢ as a function of the worker’s
piece rate in period ¢. Denote this function by e;(b). The implicit function theorem implies that e;(b) is continuously
differentiable, with

8615 (b) 1

Ob 1= F(e(0) X0 N (bfyr + Repys)

Given that F"(e) < Oforalle € Rand Y771 6"\ (b}, + REciyr) = 0, it follows from (A14) that de;(b)/9b
is positive, bounded above by one, and nonincreasing in b.

Once again, let Wy (b) be the present-discounted value of the wage payments to the worker when the worker’s
piece rate in period ¢ is b. Competition among firms and the mean-variance representation of worker preferences
imply that the worker’s equilibrium piece rate in period t is the choice of b maximizing (AS8). In what follows,
we first derive the (necessary) first-order condition for this problem. We then show that this first-order condition is
sufficient for optimality and has a unique and noncontingent solution.

(Al14)



We know from (A9) that

OE[W, (b)|1, . b).
I L

Since the functions {F; }7_, do not matter for the derivation of Var[W,(b)|I], it follows from (A10) that

OVar[W;(b)| 1]

5 =2[b(o} + 02) + H}];

recall that H} = o7 Z (V 1, So, the first-order condition for the problem of maximizing (A8) is

<1 + Fy(es(b ZéTAT 1_ )) 865?) —r[b(of +02) + H;] =0. (A15)

Using the first-order condition for effort (A13) and the definition of R} 5 Di(e), we can rewrite (A15) as

=+ 5)

Tt
N rH}
L+ Fy(en()) Y 6™ (1 = by = Ricer) = Recy — W)t/(% - (Al6)
=1

Note that the solutions to (A16), if they exist, are noncontingent, and so are the same for every worker.
In order to establish that (A15) is sufficient for optimality, let

M By(b) = <1+Ft e (b mef 1) D ()

be the marginal benefit to the worker of an increase in b and

aet (b)
0b

MCy(b) = r[b(o’t +o ) + H[] + e (b)

be the marginal cost to the worker of an increase in b. Given that e;(b) is nondecreasing in b and de;(b)/0b is
nonincreasing in b, it follows that M B, is nonincreasing in b. Now note that since F}” nonpositive and nondecreasing
implies that F}” (e)e > F/'(e) for all e € R, we then have from (A14) that>*

(%) - <8zé’”>2+et<b>825;5’”

T—
5 5 (0)F{" (ex(b Z‘ST)\T Ybr s + Rocper)
_ < et(b)> 1+ =1
ob T—t
1 — F{'(e(b 257)‘7 H (0F4r + RO, t4r)
L T=1 i
o (enld) 2 1 =0
- 0b '

T—t
1 — Fy'(e:(b)) Z 67 (bi1r + Rocpqr)
T=1

54The desired inequality is immediately true if e < 0. Suppose then that e > 0. Then F}’'(e) = F{'(0) + [; F;"(s)ds implies that
F/'(e) < [5 F{"(s)ds < [ F"(e)ds = eF{"(e), where the first inequality holds since F}’(0) < 0, the second 1nequa11ty holds since
F/"(s ) < F{"(e) for all s <, and the last equality holds since e > 0.



Thus, M C} is strictly increasing in b, which establishes the sufficiency of (A15).

We conclude this step by showing that (A15), and so (A16), has a unique solution b;, which we know is noncon-
tingent. First note that M B, is bounded given that supcp F}(e) < oo and Je;(b)/0b belongs to the unit interval.
On the other hand, since e;(b)de;(b)/0b is strictly increasing in b, it follows from the expression for M C that
limy_, oo MCy(b) = —o0 and limy,_, o, MCy(b) = 4o00. So, (A15) has a solution, which is unique given the
properties of M B, and M C; established above. Note that b% = 1/[1 + r(02 + 02)] since der(b)/0b = 1.

Recursive Characterization of Equilibrium Piece Rates. The above argument shows that if there exists 0 < ¢ <
T — 1 such that from period ¢ + 1 on the equilibrium piece rates and effort choices are symmetric and noncontingent,
and the equilibrium piece rates are in the unit interval, then the equilibrium piece rates and effort choices in period
t are symmetric and noncontingent. We now show that if A = 1, then the equilibrium piece rates in period ¢ are
also in the interval (0,1) if 7 is sufficient small. From this we are able to show that when A = 1 in every period
the equilibrium piece rates are symmetric, noncontingent, and belong to the interval (0, 1) as long as r is sufficiently
small. We conclude by using this last fact to derive a recursive characterization of the equilibrium piece rates when
A =1 and r is small enough.

Suppose that A = 1. We first show that F}(e) < (02/02)[1 + r(c? + o2)] for all e € R implies that b} < 1.
Observe from Lemma 5 that

T—t 71 /717—1-s
DICTETREY SRR SECRU ] (5 ol () 7ty ()|
=1

k=1
Since

71 /7—1-s5 T—1
Z( H esr— k>(1—m+s + [ resri =1, (A7)

s=1 k=1

we then have that

T—t T—t T—1 2
D 0T =iy = Rocyer) = D07 (1=bfy) [ [ ter—r = —5Récys (A18)
—1 =1 k=1 of

the second equality follows from (A3) and s /(1 — p1;) = 02/o?. Now observe that the right-hand side of (A16),
and so b}, is smaller than one if, and only if,

T—t
F{(es(D)) Z 0"(1 = bir — Rocprr) — Rocs <
=1

ol +o? ZN]‘ (A19)

recall that H = o7} Z 16771, Since de;(b)/9b < 1, (A18) implies that a sufficient condition for (A19) is

o: —}—UtZéT

The above inequality holds since F}(e) < (67/02)[1 + r(of + o2)] forall e € R and, by (A3),

o; —i—otZéT

We now show that F(e) > o2 /o2 for all e € R implies that there exists 7 > 0 such that b} > 0 for all 7 € (0, 7).

de(b) /b

o2
Rcm( SF(e(b)) — 1) <r

2 _
Ot

Tt
Roc, <(1—p)> 67 =
T=1

o} + 02 = Ut+2



For this, observe, again using Lemma 5, that

T—t T—t 71 /17—1-5
> 5 (beirr + Roopyr) = Y07 <bf+7 +(1=b50)) ( 11 Mt+7k> (1- Mt+s)>
T=1 T=1 s=1 k=1

T—t T—1 5
= Z o7 (1 — (1 —bt,) H Mt+r—kz> < 1_4
T=1

k=1

the second equality follows from (A17) and the inequality follows since by, . < 1 forall 1 <7 < T — ¢. Therefore,

T—t
_ rHf - - o o
8et( )/8[) F// et E 5 bt+T+RCCt+T ]Ut E 0 <7°0't (1—F//( )1—6>1—5 (A20)

=1
Now note that F(e) > o7 /a2 for all e € R and the argument leading to (A18) together imply that

2

F{(e:(b Z5T —biyr — Rocpsr) — Rooy = RCCt( SF{(es(b)) — 1) > 0;

t

since by, . < 1foralll <7 <T — ¢, we have that Ri,,, > 0. It then follows from (A20) that there exists 7 > 0
such that
T—t r H*
L+ F{(ex(b) Y 07(1 = by — Recurr) — Rbcy — W >0 (A21)
=1
if r € (0, 7). This, in turn, implies that the right-hand side of (A16) is positive, and so is b .

Summing up the argument so far, there exists 7 > 0 such that b} € (0,1) provided r € (0,7). Note that since o2
is monotonically decreasing if 03 > O'g and monotonically increasing if 0’3 < og, it follows that o7 < max{ag, a?}.
Thus, from (A20), we can take the upper bound 7 on the worker’s risk aversion to be independent of ¢. This fact is
useful below.

We established that if there exists 0 < ¢ < T — 1 such that from period ¢ + 1 on the equilibrium piece rates
and effort choices are symmetric and noncontingent and the equilibrium piece rates are in the interval (0, 1), then
there exists 7 > 0 independent of ¢ such that the equilibrium piece rates and effort choices in period ¢ have the
same properties provided r € (0,7) and A = 1. Since the last-period equilibrium piece rates and effort choices are
symmetric and noncontingent and the last-period equilibrium piece rates are in the interval (0, 1), a straightforward
induction argument shows that if A = 1 and » € (0,7), then in every period the equilibrium piece rates and effort
choices are symmetric and noncontingent and the equilibrium piece rates are in the interval (0, 1). Moreover, as

() (. Fled)
b ‘(1‘F;<et<b>>

by (A3) and (A14), equations (A13) and (A16) imply that the equilibrium piece rate in ¢ is defined recursively as

-1
RzBm(et(b»)

T—t
* 1 * T\T— * * *
by = e {1 + Fi(ep) 25 N = Rippier) — Rooy
Lt 0?4 2) 1= D R ()] =
i(er)

[1 - l;://(( ))RLBD t(et)] Hy }

where e} is the unique solution to ef = bf + Ri o, + Rjgp,(ef) and A = 1. This concludes the equilibrium
derivation in the nonlinear case.



Discussion. We can relax the assumption that A = 1 in the final step of the equilibrium derivation. First note that
(A13), (A14), and (A16) define the equilibrium piece rates continuously as a function of A2 So, foreach0 <t < T,
the map \ — Zf;f AT - b} +1 — RGcyyr) is continuous. From this, it follows that if we take A sufficiently
close to one, then the inequalities (A19) and (A21) will continue to hold when r € (0, 7), where T is the upper bound
on r in the case in which A = 1.

The restrictions on the marginal rates of human capital accumulation are natural. The marginal rates of human
capital accumulation cannot be too large, otherwise piece rates can be greater than one. Likewise, the marginal
rates of human capital accumulation cannot be too small, otherwise the learning-about-ability motive dominates,
and we know from Gibbons and Murphy [1992] that it can lead to negative piece rates. Workers cannot be too risk
averse as well, otherwise the demand for insurance against the lifetime risk in compensation due to uncertainty about
ability overwhelms all other factors determining equilibrium piece rates. Finally, since human capital depreciation
effectively acts to reduce the rates of human capital accumulation, it cannot be too large.

A.3 Equilibrium Characterization

We can now state our equilibrium characterization. It includes Proposition 1 as a special case.

Proposition 6. For each 0 <t < T, let H} = 0 3,71 67 and define Rtcp Ripp(e), Vi, and e recursively as:

T—t T—1
Recy =Y 6" (L=t )| [T serr—r | (1= po);
=1 k=1
T—t
Ripp.(e) = Fi(e) Z §TAT! (b r + REctir);
T=1
1 Tt
P = Ter) L+ F{(ef) ) 0"\ = Ripp(e)) — Rty
1 Z+o02)|1- R} ; =1
#rlof + )1~ T R (67
F”(e*) :|
—r|l—- L LRy e))| Hf ?;
l: Ft/(e?) LBD,t( t) t

et = b + Rocy + Rippa(er)-

1. Suppose that Fi(e) = e, with v > 0, for all 0 < t < T. The equilibrium is unique, symmetric, and
noncontingent, with the equilibrium piece rate and effort choice in period t given by b and ey, respectively.
2. Suppose the functions {Ft}tho are nonlinear for at least one t < T — 1 and satisfy

2 2

o o

;g < Fl(e) < G—g[l—i—r(af +02)| foralle e Rand 0 <t <T — 1.

g 3

There exist A € (0,1) and T > 0 such that if X € (A, 1] and r € (0,T), then the equilibrium is unique, symmetric,
and noncontingent, with the equilibrium piece rate and effort choice in period t given by b; and e}, respectively.
Moreover, the equilibrium piece rates are in the interval (0, 1).

Clearly, the conditions under which equilibrium piece rates in the nonlinear case are in the unit interval also
apply in the linear case with ; in place of F}(e). We conclude this part by providing an alternative set of conditions
under which equilibrium piece rates in the linear case are in the unit interval. Unlike the conditions of Proposition 6,
they apply even in the absence of learning about ability.’® It is easy to extend Corollary 2 to the nonlinear case, thus
obtaining alternative sets of conditions under which the equilibrium characterization of Proposition 6 holds.

55The recursive structure of the equilibrium piece rates implies that if future pieces rates depend continuously on )\, then current piece rates
are also continuous functions of A. Since the last-period piece rate is continuous in A, so are the equilibrium piece rates in all previous periods.
5%The upper bound for ; in Corollary 2 is tighter than the upper bound for -y, provided by Proposition 6 when o7 is large.
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Corollary 2. Consider the linear case and suppose that

7 1— 6\
%<%<T r(o? +02) forall 0 <t <T —1.
3

There exists A € (0,1) and T > 0 such that if A € (A, 1] and r € (0,7), then b} € (0,1) forall0 <t <T.

Proof. We only need to prove that piece rates are bounded above by one if 14 < §71(1 — §\)r(o? + o2) for all
0<t<t<T-—1.Recall that

T—t
1

b = ——mM——— |1+ SN - R — R3 —rHf

t 1+ r(a? +o2) i ;:1: CC\t LBD.t t

. -

Tt
= — |1 N1 -0 — RE — R}y, —THY
1+ (02 + 02 + 7 Z ( ttr COt4r) cet — T t]

=1

for all 0 < ¢ < T. First note that b = 1/[1 + r(c% + 02)] < 1. Suppose then, by induction, that there exists
1 <t <Tsuchthatbf,, < 1lforall0 <7 <T —t. Lets=1t— 1. We are done if we show that b; < 1. Since
Réc s4r > 0forall 0 < 7 < T — s by the induction hypothesis and H; > 0, it follows from the equation for the
equilibrium piece rates that b5 < 1 if

T—s
Y5 D OTNTH1 = bly,) <7(0d +02).

T=1

Using the induction hypothesis one more time, we have that the left-hand side of the above inequality is bounded
above by s Z $OTATTL < 446(1 — X)L, This implies the desired result. O

B Appendix: Equilibrium Properties

B.1 Proof of Lemma 2

Consider first the case in which 02 > JZO, so that atz is nonincreasing in t. Note that H7._; > H7y = 0 and, since
by € (0,1) and pp_1 € (0,1), that Rty = 0(1 — b7)(1 — pur—1) > Riop = 0. Thus,

0 0 0
b1 =br_1(1 = Roepoy — rHp_y) < br_y <bp = b,
where the weak inequality follows since o7 is nonincreasing in ¢, and so b) is nondecreasing in t. Now suppose, by
induction, that there exists 1 < ¢ < T — 1 such that Rt . > Rioyyrqq and bf < by forall 0 < 7 <
T —t — 1. We are done if we show that R}, _; > R}, and bj_; < b;.
Let s =t — 1. Then

T-s T—1 T—s—1 —1
REC,S = Z 57(1 - b:+‘r ( H Hs+r— k) 1 - Ms Z 57- b:+7.) ( H ,U,S+-,-k> (1 — /j/s)
=1

k=1 k=1
T—s5—1 T—1
> Z 6T(1— s+1+7—) < H Hs-i-’r—k) (1 — ps);
k=1

the first inequality follows from the fact that b%. € (0, 1) and y; € (0, 1) for 0 < ¢ < T whereas the second inequality
follows since b, (., > bg,, forall1 < 7 < T — s — 1 by the induction hypothesis. Holmstrom [1999] shows
that (1 — pus) HZ;% fstr—t = (1 — ps) HZ;% fsir is strictly increasing in pg for all 7 > 1. So, given that o7
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nonincreasing in ¢ implies that y; is nondecreasing in ¢, we then have that

T—s—1 T—1
Ric,> Y 07(1—=bi,,) ( 11 Ms+1+7k> (1= ps+1) = Rog s = Rooy
=1 k=1
To conclude the argument, observe that if b > b}, then
1= Regy = rHf =b[1+r(of +02)] <0.
Thus, given that REC’ & > RZ‘C,t’ H! > Hf, and 032, > of, it follows that b > b} implies that
1 - Roes —THS — b[l +r(c? +02)] <.

We know from the proof of Proposition 6 that the first-order condition (A11l) is necessary and sufficient for the
equilibrium piece rates. Thus, b} = b* 1 < b This concludes the case in which 09 > o2

Now consider the case in which 09 < a .FixTy >0and K > 0andletT =Ty + K we pin down Tg below.
Moreover, let jio, = 02 /(02 + 02) and consider the difference equation

T—t T—_1
b 1 T N T—1 2 T
bt:1+r(ago+gg)<1_§:6(1_bt+7)uoo (1= fhoo) = 702 ) 5)

=1 =1

for Ty < t < T. By construction, bt is the equlhbrlum piece that would prevail in period ¢ if uncertainty about
ability from period Tj on were constant and equal to o2,. We claim that lim,» 2 o2 bf = bt forall 7p <t < T.

First note that O'TO < O'T < o2 implies that hmg%0 So2, by = bT. Now suppose, by induction, that there exists
To <t < T suchthatlim,> o by, = bpyrforall0 <7 < T —1t. Lets =t — 1. We obtain the desired result if
0 oo

hmg% o2 b5 = bs. For this, note that

T—1 T-1
1
R S— 1—ZdT b:_i_q—)(HMS—FT—k)(l_MS) —ro2 Y 6.
1+ ’I”( k=1 =1
2

Since o7, < 0§+T < o2 forall0 < 7 < T — s, it follows that limg%oﬁago a§+7 =02 forall0 <7 < T — s, and

SO limo.%0 —o2, Mg = ,ugo forall 0 < 7 < T — s as well. This, in turn, implies that

T—s T-1
1 ~ ~
lim b} = 1= 67(1 = bsyr)puls '(1 — proo) — 102 Y 67 | =0
o3 =0l 14 r(c% + 02) ( ; ( str)Hize (1= poo) = °
by the induction hypothesis and the fact that b} is jointly continuous in (b%_ 4, ..., 0%, 02, sy oy T

To conclude, note from the first part of the proof that Eg is strictly increasing in ¢ for all Ty <t < 7. So, there
exists 7 > 0 such that if |by — bt| < nforall Ty <t < T, then bj is strictly increasing in ¢ for all Tp < ¢ < T as
well. Since limr o0 UTO = 02, it follows from the argument in the previous paragraph that there exists 7y > 0

such |bf — bt] < nforall Ty <t <T. This concludes the proof.

B.2 Proof of Lemma 3

Fix 0 < Tp < T — 1. We first show that 1 < (1 — 6A)(1 +r02)/5(1 — (6A)T=10) forall Ty < t < T — 1 implies
that by € [0,1] for Tp <t < T'. Note that b}, € [bo, 1]. Now suppose, by induction, that there exists 7o + 1 < ¢t < T
such that b}, . € [b°,1] forall 0 < 7 < T —¢t. Let s = t — 1. The desired result follows if b} € [6°,1]. First note
that b3, . < 1forall1 <7 < T — s, which holds by the induction hypothesis, implies that b5 > »0. Now note that
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D W forall 1 < 7 < T — s, which also holds by the induction hypothesis, implies that

T—s
b= 1)1+ 30 AT B

T=1

T—s
J1+7ero20® > 6TATH

T=1

<’

T—s
J1+7s > 6T (1 - bo)] = p°

=1

Thus, a sufficient condition for b5 < 1 is that

T—s
14 y,ro2b® Y " 6TAT < (09 = 14102,

=1

which holds if 75 < (1 — 6A)(1 +ro2)/6(1 — (6A)T—T0).

We now show that +; nonincreasing in ¢ for all Ty < ¢ < T — 1 implies that b} is strictly decreasing in ¢ for all
To <t < T. We known from the main text that b3._; > b%.. So, assume that Ty < 1" — 1 and suppose, by induction,
that there exists Ty +1 < ¢ < T — 1 such that by, > by, forall0 <7 <T —t—1. Lets=1— 1. Then

T—s—1 T—s—1
bt > b0<1+% > 5T>\7_1(1—b§+T)) > b0<1~|—% > 5TAT—1(1—b;+1+T)>

T=1 T=1

T=1

T—s—1
> b’ (1 + Ys+1 Z AT - :+1+T)> = b1

the first inequality follows since b}, € (0, 1), the second inequality follows from the induction hypothesis, and the
third inequality follows since piece rates are in [0, 1] and s > s4+1. This concludes the proof.

B.3 Proof of Lemma 4

Suppose there exists 0 < Ty < 7' such that b < 1 for all Tp < t < T and set y7, > 0; the assumption that
T, 1S positive is consistent with the assumption on the equilibrium piece rates from period 7p on. Since both

ZZ:_ITO A1 — bT, 1) and ZZ:{OH STATH1 - b7, _14-) are positive by assumption, there exists yr,-1 > 0

such that
T—To T—Tp—1
o1 D TN = bher) < Y ST = D).
=1 =1

By reducing 71,1 if necessary, we can ensure that vy, > y7,—1. From (24) it follows that b*TO_1 S (bo, b*TO).
Since by, ; < 1, we can repeat the step for t = Tp — 1 to show that there exists yr,—2 € (0,vy1,—1) such that
b*Tr2 € (bo, b*Tofl). Continuing backwards we obtain the desired result.

B.4 Proof of Proposition 2

We first show that when ag is small, there exists Ty > 0 such that if 7' > T, 7 is nonincreasing in ¢ for all
To<t<T-1,and0 < yr_1 < v, < (1 =8N (1 +7r02)/6(1 — (§X)T~10), then b} is strictly decreasing in ¢
for all Ty <t < T'. For simplicity, assume that ag = (. Since the equations for the equilibrium piece rates depend
continuously on ag and lim;_, o, 07 ~ 0 when ag ~ 0, we can extend the argument to the case in which ag is positive
but small. Fix 7y > 0 and K > 0 and let T' = Ty + K; we pin down Tj below. Consider the difference equation

T—t
b= — |1 STATI1 =),
n 1+ra§ +%TZ::1 ( t+1)

for Ty <t < T'. By definition, Zt is the piece rate that would prevail in period Tp < ¢ < T"if only learning by doing
were present. The same argument as in the proof of Lemma 2 shows that lim,> _,, by = b forall Ty <t <T.
0
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Since, by Lemma 3, /b\t is strictly increasing in ¢ for all 7o < ¢ < T" and lim7;, 0 0%0 = (), it then follows that there
exists 7y > 0 such that b is strictly decreasing in ¢ for all Tp <t < T

We now show that there exists To > 0 and v > 0 such thatif 7" > Tp and ¢ < «y forall Ty < ¢ <T — 1, then by
is strictly increasing in t for all Ty <t < T. Fix Ty > 0, let T > Tj, and assume that v, = O forall Tp <t < T —1;
since the equations for the equilibrium piece rates depend continuously on the rates of human capital accumulation,
we can extend the argument to the case in which 7, to yr_1 are positive but small. Given that from period 7} on the
equilibrium piece rates coincide with the equilibrium piece rates in the pure learning-about-ability case, it follows
from Lemma 2 that b is strictly increasing in ¢ for all Ty < ¢t < T'if Tj is sufficiently large.

B.5 Proof of Proposition 3

The first part of the proposition follows immediately by continuity and Corollary 1. We now show that equilibrium
piece rates can be u-shaped if human capital accumulation is important early on but its importance decreases quickly
enough over time. Suppose that A\ = 1. It follows from the proof of Proposition 6, see (A18), that

T—t

2
g

1+ Récy (%(j‘; — 1) —ro? E :57
t

=1

bf = (B22)

1+r(c? +02)

forall0 <t < T. Fix 0 < Tp < T and suppose that 4 = 0 for all Ty < ¢t < T. Moreover, assume that
03 > 02_; we know from the proofs of Lemma 2 and Proposition 2 that both assumptions can be relaxed. Then b}
is strictly increasing in ¢ for all Ty < ¢ < T'. Since it is also the case that by < 1 for all Ty < ¢ < T, we have that
R¢ e 1y—1 > 0. From (B22) we can choose 7,1 > 0 so that b, To—1 > bT Since b* < 1, we can ensure that
b7, 1 < laswell. Since by, ; < 1, we can repeat the step for ¢ = Ty — 1 to show that there exists a value of y7;, 2
for which b7, | <7, 5 < 1. Continuing backwards we obtain the desired result.

B.6 [Initially Increasing Piece Rates

Here we show that equilibrium piece rates are initially increasing when ag is large and o2 and ag are small. For
simplicity, assume that 02 = 0 Since the equations for the equihbrium piece rates are continuous in o2, the results
extend to the case in which o2 is positive but small. Note that 02 = 0 implies that 07 = 02 forall 1 < 1 < T and,
since py = 0, that RZ‘C,t =0(1 —0bf, ) forall0 <t <T —1. So,

. T—1
* 1 *
by = 1 3 (1 + " Z 6T(1 = by, — R*CC,t+T) - R*CC,tJrl - m? Z 5T>
+ ro; —r =1
T= =
T—t—1 It
T 14702 (1 + v Z (1 =bir) —m Z (1 - birar) =01 =biyy) - TJE Z 5T>
=1 =1

1 T—t
= 14—7“(7?(1 — 0470 + (1 —v)db; 1 — rog;57>
forall 1 <t < T —1with b7 = 1/(1 + r07); the second equation follows from the fact that R, = 0. We
claim that there exists 7 > 0 such that bf > nforall 1 <¢ < T'if a< is sufficiently small. Indeed, in the limit as a<
converges to zero the above equations for b; reduce to by =1 — § + v + (1 —~;)éby, forall 1 < ¢ < T — 1 with
b%. = 1. In this limiting case it follows immediately that b = 1 for all ¢ > 1. The desired result follows since the
equations for b; depend continuously on ag. Now note that

T
1
- 1—
bo = 7 TU%( —d+70 + (1 —0)db] — § )
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and so b is smaller than 7 if ag is sufficiently large. Since b does not depend on 03, it then follows that by < b7 if
o; is sufficiently large and o7 is sufficiently small.

C Appendix: Identification

C.1 Second Moments of the Wage Distribution

Here we compute the second moments of the wage distribution. From (3), we can write worker ¢’s wage in period
t as wiy = Wi + ri, where ryy = (1 — bf)E[0;¢|I;] + b} (0ix + €it). By construction, r;; is the random part of w;;.
Assume without loss that my = 0, in which case E[0;;] = 0, and so E[r;;] = 0. In what follows we use repeatedly
the fact that E[eztut] 16— E[@it|It].57

Variances of Wage Residuals. We claim that
Var[ry]| = Var[wy] = 03 + ta? — O't2 + (b;{)Q(Ut2 + 052).
Since
rit = E[0i| L] + b} (05t — E[0it| 1] + €it), (C23)
we have that

Var[ry] = Var[E[0;|I;]] + (b])*Var[0;; — E[0i| L] + (b})?c2. (C24)

£

Now observe that Var[f;; — E[0;;|I;]] = Var[0;;] — Var[E[0;|1;]].>® Moreover, given that ;;|I; = t; is normally
distributed with mean E[f;;|I; = t;] and variance o7, the random variable (6;; — E[03|I;])|I; = t; is normally
distributed with mean zero and variance o7. Therefore, Var(6;; — E[0;;|I;]] = o7, and so, since Var[6y] = oj +tog,
it follows that Var[E[0;| ;] = o3 + ta? — 02.5% The desired result follows from (C24).

Covariances of Wage Residuals. We claim that
Cov[rit, Titvs) = 08 + tag — o2 +bfo?

foralll < s < T —t. Letn}, = E[6itys|t1s] — E[0i|I:]. We claim that E[n3,|;] = 0.9 Indeed, given that
E[0;t+s| L] = E[0;¢| 4], the law of iterated expectations for conditional expectations implies that

E[ni|lt] = BIE[Ot+s|lt+s]| 1] — E[0i|I:] = El0i1s|It] — E[0i| 1] = 0.

Since
Titys = B[O |It] + 0745 (0i + Cit + - + Gitrs—1 — E[0ie| L] + irrs) + (1 — by 5)miy

we then have that
E[ririt+s]
= Var[E[0| I]] + bf b Var[0i; — B0y | 1] + (1 — by, ) { (1 — b} )E[E[0ic| Ii]03,] + byE[(0i + i) ] }
= 04 +tof — of + ;b 07 + (1= b JV;E[(0ir + €ir)ni] + (1 — b7y ) (1 — b))E[E[0e| ]3]

"This is a consequence of the fact that the conditional expectation is an orthogonal projection.

3Indeed, Var[A — B] = Var[A] + Var[B] — 2Cov|[A, B] and Cov|0;:, E[0::|I+]] = Var[E[0i:|L]].

Notice that Var[0;; — E[0i|I]] = E[(0:c — E[0::|1:])?] = E[E[(0sr — E[0:]I])?| 1] = E[E[oF|I¢]] = oF.

®This result is intuitive. By definition, 7, is the change in the conditional expectation about worker 4’s ability from period ¢ to period
t + s. Since shocks to ability have zero mean and the information about the worker’s ability learned in period ¢ and after is “orthogonal,” that
is new, to the information contained in I;, Bayes’ rule implies that ;, has mean zero conditional on I;.
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We now show that E[n$,E[0;|I;]] =0 and E[(6;; + :¢)n3,] = o7, which implies the desired result. First, note that

s—1 /s—1-k
=y ( IT wees- j) 1= perk) (Oits + itk — E0ie| I1])

k=0 j=1

by Lemma 1. Since 0,4 = 03 + (it + - - - + Cit+k—1, it easily follows that E[nf,E[6;:|1;]] = 0. Moreover,

s—1
(Oit + €ie)nf, = (Oi + €it) (Oir + €ir — E[0i¢| L)) ( H Mt+s—j> (1 — pue)
j=1

s—1 [/s—1-k
+01 (031 — E[0;1| 1] Z( H Htts— ]> 1 — pqr) + AL,

k=1

where Af is a zero-mean random variable. Thus, given that E[(0;; + ;1) (Git + ey — El0y| L] = 0 + o2 and
E[0;:(0: — E[0i|I;])] = o2, it follows that

— s—1-k
E[(0: + i)y = (0F + 02)(1 — ) (HMtJrs g) +Jt2( H Hi(s ) (1= puyr) =

the second equality follows from (A17) and the fact that (o2 + 02)(1 — py) = o?.

Summing Up. The following lemma summarizes the results we obtained. It provides a complete characterization of
the second moments of the wage distribution.

Lemma6. Forall0 <t<Tandl < s <T —t, we have that:
(i) Var[ry| = 0% + tUC — o2+ (b))%(0? + 02);

(ii) Cov[rit, itts]| = 03 + tUC — o} + bol.

C.2 More General Human-Capital Process

Here we consider first the case in which the econometrician observes a discrete version of the continuous performance
measure p;; discussed in Section 6 and then the case in which the performance measure p;; is a general function of a
worker’s effort and human capital.

The Case of Discrete Performance. Consider now the case in which the econometrician observes only a discrete
version of p;;. Namely, assume that for each 0 < ¢ < T, there exist thresholds p;; < ... < Pg, and that the
econometrician observes the performance measure p, given by

0 if pi <Dy
o =14 k if Dy <pit <Ppyre forke{l,...,K —1}.
K if pi>Dgy

Note that this is a plausible representation of performance scales in firms; see, for instance, the discussion in Baker
et al. [1994a]. Since P{p{, = K} =1 — P{pit < Px;} and P{p}, =k} =P{pix < Dpr11} — P{pir < Py} for all
ke {1,..., K — 1} by definition of p, it is immediate that the probabilities P{p;s < Py, } to P{pit < Dy} are
identified from the probabilities P{p$, =1} to P{p?, = K'}, that is, from the distribution of the discrete performance
measure in period ¢.

Once again, it is easy to show that the equilibrium is unique, symmetric, and noncontingent; see the Appendix
for details. Let k; and e; be, respectively, a worker’s equilibrium stock of human capital and effort in ¢. Then, using
Elwit] = mg+k; +e; and that P{p;; < pp, } =P{nit < Dy — e} =G(Pr —e; ) for each k with G strictly increasing
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and so invertible, we obtain a linear system of K + 1 equations

ki 4+ ef = Elw;] —myg
P —ef = G H(P{pi < P}

i — ¢ = G (P{pir < Pry})

in the K + 3 unknowns (e;, k;, Pyy, - - - , Pic¢) for each t. This system has a unique solution up to my and p,,. Indeed,
given that P{p;; < p,,} is identified from the distribution of the discrete performance measure in ¢, the sub-system
that consists of the first two equations of the system admits a unique solution for e; and k; if my and p,, are known.
We can then recover Py, for each k > 2 as py,; = ef + G~ (P{pit < Py, }) since the probabilities P{p;; < p;} for
k > 2 are identified as discussed. Hence, the vector (e}, k;, Dy, - - . , Dc¢) is identified from the mean wage and the
distribution of workers’ performance up to mg and py, in each period ¢. The rest of the argument proceeds as in the
case of continuous performance in the main text.

General Performance Function. Here we consider the case in which

pit = fi(eit, ki) + nit,

where the noise in performance has the same properties as in the main text and for each 0 < ¢t < T the function
fi : R — R is known and continuously differentiable. We only consider the case in which the econometrician
observes p;;, as it is clear that we can extend the analysis to the case in which the econometrician observes the
truncated version pgt by following the same approach used in the main text. Suppose that the equilibrium is unique,
symmetric, and noncontingent and let ej and &} be, respectively, the workers’ equilibrium effort and stock of human
capital in period t. For each 0 < t < T we have the following system of equations:

ef +kf = Elwy] —myg

, (C25)
fi(er, ki) = Elpie] — E[nu]

where E[w;;] and E[p;;] are observed by the econometrician and E[n;;] is known. We claim that (C25) has a unique
solution if e +— f;(e, o — e) is surjective for all & € R and df;(e, k)/Oe # O f;(e, k)/Ok for all (e, k) € R?. Indeed,
using the first equation in (C25) to solve for &k}, we can rewrite the second equation in (C25) as

fi(er, Elwi] —mg — €7) = E[pit] — E[nit]. (C26)

First notice that since e — fi(e,a — e) is surjective for all « € R, equation (C26) has a solution regardless of
mg, E[wit], E[pit], and E[n;¢]. Now let h(e) = fi(e, E[wit] — mg — €). Since Ofi(e, k)/0e # Ofi(e, k)/Ok for all
(e, k) € R? implies that h/(e) # 0 for all e € R, the solution to (C26) is unique.®'

We have thus established that if the functions f; to fr have the properties described in the previous paragraph,
then the workers’ effort and stock of human capital in each period 0 < ¢ < T are identified from mean wages and
mean performance measures in this period up to mg. The remainder of the identification argument is identical to the
argument in the main text.

We conclude by proving that 8 f;(e, k) /e # Ofi(e, k)/Ok forall (e, k) € R2and 0 <t < T and e — fi(e, o —
e) surjective for all « € R and 0 < ¢ < T are necessary for identification. Fix 0 < ¢t < T and let F} : R2 — R2
be such that Fi(e, k) = (e + k, fi(e, k)). A necessary condition for identification is that F}(e, k) = v has a solution
for any v € R2. Given that F} is continuously differentiable, it follows from Haddamard’s global inverse function
theorem, see, e.g., Gordon [1972], that F} is a ch diffeomorphism if, and only if, DF}(e, k), the Jacobian matrix
of Fy evaluated at (e, k), has non-zero determinant for all (e, k) € R? and limj|¢ )00 || F2 (€, k)|| = o0, where || ||
is the Euclidian norm.®> So, a necessary condition for identification is that det DF}(e, k) # 0 for all (e, k) € R? and

S'1f there exist 1 < e2 with h(e1) = h(ez), then the intermediate value theorem implies that there exists e € [e1, ez] such that A} (e*) = 0.
2A continuously differentiable function G : R™ — R™ with n > 1 is a diffeomorphism if G is invertible and both G and G~ are
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B e, —o0 [ Fe(e, )| =
Since det DFy(e, k) = 8ft(e k)/0k — Ofi(e,k)/De, it then follows that dfi(e,k)/0k # Ofi(e,k)/e for

all (e,k) € R? is necessary for identification. Now note that f; continuously differentiable implies that either
Ofi(e,k)/0k > Ofile,k)/Oe for all (e,k) € R? or dfi(e, k)/Ok < Ofi(e,k)/Oe for all (e,k) € R?. Assume
that the latter condition holds; the argument is the same when the former condition holds. Hence, f(e,a — e) is
strictly increasing in e for all « € R. Given that ||Fy(e,a — ¢)|| = /a2 + fi(e,a — €)2 and for all @ € R we have

that ||(e, , |e] — oo, a necessary condition for limj|(¢,i)||—oc || F2(€, k)|| = oo is that
limg| o0 | fr(€, 0 — €)| = oo for all @ € R. Since fi(e,a — e) is strictly increasing in e for all a € R, this last
condition is then equivalent to lim._,, fi(e,a —e) = oo and lim._, _ fi(e,a0 —e) = —oc0. Thus, e — fi(e, a0 —e)

surjective for all & € R is also necessary for identification. This concludes the argument.

D Supplementary Appendix

We provide here omitted model and estimation details.

D.1 Equilibrium Contracts in the Presence of Performance Measures

Here we extend our analysis to the case in which there exists an observable but unverifiable performance measure
for the workers. Since the derivations in this case follow many of the steps of the corresponding derivations in the
case without a performance measure, the exposition will be terse. The environment is the same as in the case with
the general human capital process except that now for each worker ¢ and in every period ¢ the firms observe a noisy
measure of the workers’ performance, p;;. Assume that

it = Yeei + vikie + Oir + it

where ¢ and /' are known constants and 7;; is an unobserved idiosyncratic shock to worker 4’s performance measure
in period ¢ that is normally distributed with mean zero and variance a% and is orthogonal to all other shocks in the
environment. For ease of exposition, assume that 7§ = 1 and 7} = 0; our analysis extends to the more general case
if, and only if, v # F forall 0 <t < T.

Since the performance measure is unverifiable, firms still offer linear one-period output-contingent contracts to
workers. So, worker i’s wage in period ¢ is again given by wy = (1 — bi)E[ys|I¢] + biryir, where by is the worker’s
piece rate in period ¢ and I; is the public information about the worker that is available in period ¢. However, unlike
the case without the performance measure, I; not only contains the worker’s output realizations before period ¢ but
also contains the realizations of the worker’s performance measure before period ¢. The definition of an equilibrium is
the same as before and so is the definition of a noncontingent equilibrium. We still consider pure-strategy equilibria.

Learning About Ability. We first discuss how the presence of the performance measure affects learning about the
workers’ ability in equilibrium. Consider worker 7 in period t and let e;"t and k7, be the worker’s equilibrium effort
and stock of human capital in period ¢, respectively.®® Let zh =y — ey — Kk}, and 28, = pi — e, be, respectively,
the part of worker 7’s output and performance measure in period ¢ that cannot be explained by the worker’s effort
and stock of human capital in the period. Since in equilibrium agents correctly anticipate a worker’s effort and stock
of human capital at any point in time, the same argument as in the main text shows that the posterior belief about
worker 'S ability in period ¢ is normally distributed with some mean m;; and variance o2. In an abuse of notation,
let o2 tj2 = = 0202 /(0% + 02). By standard results, m;; and o2, evolve over time according to

2 2 2 o2 o2 oy
a o o it+1/2 it+1/2
Mipr1 = 1 e _my+ —1t—2Y | + Y2 P oand o2 1= — /2T + 02
2 + 0. 2 + 0-2 0-2 + 0-2 it 2 0-2 it it+ 2 + 0-2 ¢
zt+l/2 € i € zt+1/2 zt+1/2

continuously differentiable.
83 As in the main text, e}; and k; can depend on the worker’s history in period ¢.
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the equations for the evolution of m;; and aiQt follow from a belief-updating process in which in each period agents
first update their beliefs about a worker’s ability based on the worker’s output and then update their beliefs based on

the realization of the worker’s performance measure.*
2 _ 2.2 2
Now let o2, = 070, /(0- + 0;) and
2 2
g g
Zit n__.y RS (D27)

e s 2o
2 2 7t 2 2 “it
o, + o0z oy, + o

Straightforward algebra shows that m;; and Uz‘zt = o7 evolve over time according to

2 2 2 .2
__%en o 2 _ %%y 2
Mitt) = 5= 5 Mt g5z and opy = s 4 og
oy + 0z, oy o2, oy oz,

So, the evolution of the posterior means and variances of the workers’ abilities follow the same laws of motion as in
the case without the performance measure, except that 052,7 plays the role of the variance of the noise in output and
;¢ given by (D27) plays the role of the signal about worker 4’s ability in period .5 If we let y; = 0'527; (02 + Ugn),
it then follows that the law of motion for a workers’ reputation is still given by the expression in Lemma 1 with z;

now given by (D27).

Dynamic Returns to Effort. We now consider the first-order conditions for worker effort when piece rates and
future behavior are noncontingent. Since 9E|[z;;|ht]/de; = 1 for any period ¢ and any period-t private history h’ for
a worker, it follows that the expressions for Rcc and Ry pp, are the same as in the case with the general human
capital process without the performance measure, and so are the first-order conditions for worker effort when piece
rates and future behavior are noncontingent.

Equilibrium Piece Rates. Since the first-order conditions for worker effort when piece rates and future behavior are
noncontingent are the same as in the case with the general human capital process without the performance measure,
the derivation of the equilibrium piece rates follows exactly the same steps as in Appendix A. The only step in which
the presence of the performance measure can alter the derivation of equilibrium piece rates is in the computation of
the derivative OVar[W:(b)I;]/0b, as the presence of the performance measure potentially affects the covariance of
wage payments across periods. We claim that 0Var[W;(b)I;]/0b has the same expression as in the case without the
performance measure, so that the expression for equilibrium piece rates remains unchanged; the only change relative
to the case without the performance measure is in the evolution of the posterior variance of the workers’ ability.
It still follows that

T—t
Var[W;(b)|I;] = b*(0? + 02) + 2 Z ST Cov[wy(b), wiir(b)|I;] + Varg,

T=1

where Varg does not depend on b; recall that w4~ (b) with 0 < 7 < T — t is a worker’s wage in period ¢ + 7 when
the piece rate in period ¢ is b. We claim that Cov[w;(b), wy4,(b)|I;] = bo? for all 7 > 1, which implies the desired

%The order in which agents use the information about a worker to update their beliefs about the worker is clearly irrelevant.

%SWhen 03, = oo and the performance measure is uninformative, the laws of motion for m,; and Uf reduce to the laws of motion in the
absence of the performance measure.

%More generally, OE[z;¢|h']/Oe;

(07 +02) ' (o7 +~/02), in which case

T—t T—1
RCC,t = Z (5T(1 — bt+-r) < H /Lt+7_k> (1 — ,U/t)(0'72, + 0'?)71(0'72] +4 ’7;10'?).
T=1 k=1

The expression for Rz, pp,; remains the same. Since, as we show below, we can identify the vector of variances (o3, o2, 03], a?) from a panel

of wages by experience with information on their fixed and variable components and p;: = f(eit, kit)+ni¢, where ﬁ (e, k) = 'yfeJr’yf k-+me
is known up to my and satisfies the conditions for identification in the case with the more general human capital process if, and only if,
~¢ # +F, we can adapt the identification argument below to this more general case.

19



result. As in Appendix A, Cov{w;(b), wes+(b)| 1] = bCov|y:(er(b)), wiy,(b)|¢] and

Covlyi(et(b)), werr(b)|It] = beirCovlyt(et(D)), e+ (et(b))|It] + (1 — beir)Coviyi(et(b)), metr(ex(b))| 1]

for all T > 1, where y;4,(e;) and my,(e;) still respectively denote a worker’s output and reputation in period ¢ + 7
as a function of effort in period ¢. Hence, if z;4(e¢) with s > 0 is once again the signal about a worker’s ability in
period t + s as a function of effort in period ¢, then Lemma 1 implies that for all 7 > 1,

Cov(yt(e(b)), wisr(b) 1] = biyrCovlye(er(b)), yerr(er(b))| 1]
—1—
+ (1 = btyr) Z ( H [t — k) (1 = peys)Covlye(er (b)), ze+s(et(b))]1e].
s=0 k=1

The presence of the performance measure does not change the fact that Cov[y;(e;(b)), ye+r(e:(b))| ;] = o? for all
7 > 1. Now observe that

Covlyr(ea(b)), zes(er(®)II] = —=—Covlyn(er(v)), s (D) + 2= Covlys(er(b)), 2y (en()I L.
n € n €

Since Covl[y: (e (b)), 2 ;(ex(b))|I;] = o and

o +o2 if s=0
Covlys(es(b)), 215 (ex (b)) 1] = {

2 : ’
o} if s>1

we then have that

T—1 /17—1-5
Covlye(et(b)), weyr (D) 1] = o} ( (1= biyr) Z ( H ,Ut+‘rk> (1 — pers) + bt+r>

s=0 k=1

7—1
+02,(1 = beir) ( 1T Mt+rk> (1 — pa).

k=1

The desired result follows from the fact that 02, (1 — u;) = 02,07/ (02, + 07) = 0} s

Identification. As before, we can identify the equilibrium piece rates from a panel of wages by experience with in-
formation on their fixed and variable components. Now notice that since Var[w;o] = (b)2(c2+02), Cov]wjo, wi] =
byog. and Var[pi] = oj + oy, the vector of variances (o, 07, 02) is identified from Var[wio], Cov|wio, w;1], and
Var[p;o]; in particular, we do not need to assume that the distribution of the shock terms 7;; is known in order to ob-

tain identification. The variance o7 is then identified from Var|w;1] since Var[wii] = o + 0§ — a7 + (b7)* (07 +02)
and o? is known given the vector (09, b 02). Finally, given that p; = f (eit, kit) + mit, where ft(e, k) =e+my
is known up to mg and satisfies the conditions for identification in the case with the more general human capital
process, the rest of the identification argument proceeds as in the main text.

D.2 Additional Estimation Results

Here we present and discuss the estimates of two augmented versions of our model in which we allow, respectively,
for a more flexible human capital process and for measurement error in wages.

Augmented Human Capital Function. We report in Table 2 the estimates of the parameters of a more general
version of our model in which the law of motion of human capital is k;; 11 = Aki + et + Biir, where ¢y represents
a pure learning-by-doing investment in human capital that accrues for any period a worker spends in the labor market
in that ¢;; equals 1 in ¢ if worker ¢ is employed and equals O otherwise. As apparent from Table 2, the estimates of
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the parameters of this version of the model are very similar to those of the baseline version—and the fit of the model
is virtually unchanged. For instance, the estimated standard deviation of the initial distribution of ability oy, the
noise in output o, and ability shocks o are, respectively, 44.99, 516.74, and 5.43 for the baseline and are 48.15,
529.50, and 5.77 for the augmented model, whereas the estimates of 7y, 2, and r are virtually identical across the
two models. The estimate of g is somewhat lower for the augmented model, 0.739, than for the baseline model,
0.892, much like the estimate of A, which is also slightly lower for the augmented model, 0.932, than for the baseline
model, 0.955. Intuitively, since in the augmented model we allow for an additional channel through which workers
acquire human capital—and they do so costlessly—it is not surprising that the marginal product of effort in the
production of human capital is lower. Interestingly, though, this reduction in the marginal contribution of effort to
human capital is very small, thus confirming qualitatively and quantitatively the implications of the baseline model.
That is, although workers now can also acquire new skills simply by working, effort still plays a key role in the
human capital accumulation process and so is central to wage growth.

Table 2: Estimates of Augmented Model Parameters

Parameters Estimates Standard Errors
o5, variance of initial ability 2,318.081 0.0013288
U?, variance of noise in output 280,372.479 0.1114008
U?, variance of shock to ability 33.286 0.0000792
1, coefficient of degree 0 of ; 0.739 0.0000006
1)1, coefficient of degree 1 of ~, 0.035 0.0000001
12, coefficient of degree 2 of , -0.001 1.45E-09
A, fraction of undepreciated human capital 0.932 0.0000001
r, coefficient of relative risk aversion 0.0002 1.52E-10
B, coefficient on experience investment 0.844 0.0000025

For a sense of magnitudes, at the margin, an increase in effort that increases current output by 1 dollar raises the
stock of human capital by 74 cents (89 cents in the baseline) at experience 1, 96 cents (1.12 dollars in the baseline)
at experience 10, 1 dollar (1.17 dollars in the baseline) at experience 20, 81 cents (1.01 dollars in the baseline) at
experience 30, and 39 cents (63 cents in the baseline) at experience 40. Like in the baseline model, the contribution
of effort to human capital acquisition is sizable in all years, increasing with experience for younger workers and
declining with experience for older workers after peaking at a marginal return of 1.01 dollars at experience 17.

In terms of identification, the variance and risk aversion parameters are identified as before. As for the remaining
parameters, consider first the case in which the rate of human capital depreciation 1 — A is known. By the argument in
the main text, e7_; and y7_ are identified. As a result, k7., and k7 are identified from k7, = Elwip-1] — er_1
and k7, = E[w;r] — ey, respectively. Hence, the law of motion of human capital in 1", k7. = Ak7_ | +B+yr—1ep_,
identifies 3 as 8 = k7. — Ak}_; —yr—1€}_,. Consider now the case in which the rate of human capital depreciation
1 — X is unknown. To see how the parameters A and 3 can be separately identified, note first that E[w;] = e( since
we have normalized kg to zero. Then, from the first-order condition for effort in ¢ = 0, it follows that

* * * Y0 T — * *
E[wio] — by — Roco = RLppo = 5 7:1(5)\) "(br 4+ Rer) (D28)

Ao
The expression of the equilibrium piece rate in £ = 0 implies

bg

T
0 (1= Reco—rHg) = 2> (N (1-b5 - Rée,)- (D29)

0

Bo

Denote the left side of (D28) by Ay > 0 and that of (D29) by By. Both Ay and By are known once the variance and
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risk aversion parameters are identified. Taking the ratio of (D28) and (D29) side by side yields

S (BN 1k - Reg.) By
SN+ Reg,) Ao

which can be further manipulated to obtain

T T
Y (6N [Ao(L—bi—Re )~ Bo(bi+ R )=

T=

1(5A)T*1 [Ao—(Ao+Bo)(b;+R5c,)] =0. (D30)

By Descartes’ rule of signs, it is possible to determine the number of positive roots of this polynomial equation for
0\ by counting the number of sign changes in the coefficients of the polynomial proceeding from lower to higher
powers, n. Then, n is the maximum number of positive roots, which in our case is one as apparent from the inspection
of (D30), since Ag+ By and b} + R¢¢ - ateach T are positive and Ap and (Ap+ Bo) (b + RZVC,T) cross only once if
T is not too large. Hence, d A is identified and so is A since d is assumed to be known. Once A is identified, the same
argument as the one for the case in which A is known establishes that /3 is identified. The rest of the identification
argument proceeds as in the main text.

Measurement Error in Wages. We now consider a more general version of the model in which we allow for mea-
surement error in wages. Specifically, we assume that wages are observed with additive and orthogonal measurement
error that follows an AR(1) process. Using the notation of Appendix C, we express the random component of the
wage as r;; and assume that 7;; = r;; + u;, Where

o2

Ujpr1 = PUip + Vigr1, Vi 1.1.d. with variance 03, and Var(u;) = 1_7”/)2

The identification of this version of the model proceeds as follows. We need to identify the covariance matrix of
it as well as the parameters (p, o2) in addition to the other parameters of the model. It is easy to verify that the
covariance matrix of r;; is identified from the covariance matrix of 7;; once (p, ag) are identified. Our task is thus to
show how we can recover (p, o2) from the covariance matrix of observed wages. Once this is established, we can
recover the covariance matrix of “true” wages and proceed with the identification arguments presented in Section 6.
To this purpose, consider

Cov(Tit, Fitts) = Cov(Tit, Titrs) + Cov(uip, wipys) = Cov(rig, Titts) + p° Var(ug).
Using the fact that Cov(ry, 7i¢+s) = Cov(ri, i1 ) for all k and s, we obtain that
Cov(Fit, Fit42 — Tit1) = p(p — 1) Var(u) and Cov(Fi, Firys — Tirr1) = p(p? — 1) Var(ui),
which implies that

- . 2
Cov(Tit, Tit43 — Tity1)  p~ — 1

—— = =14p. (D31)
Cov(7it, Tit42 — Tit+1) p—1
This ratio identifies p. To recover ag, Wwe can use
Cov(Tit, Fitya — Tirr1) = —poy/(1+ p). (D32)

The estimates of the parameters of this version of the model are available upon request.
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