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Abstract

Historic levels of public debt and conditions of r < g for advanced economies have
prompted a reassessment of debt sustainability. Using a continuous-time model in
which the debt-to-GDP ratio is stochastic and r < g on average, we find that theoretical
conditions for sustainability are not closely tied to common metrics of sustainability:
the level of debt or whether r < ¢g. However, when the primary surplus is bounded,
a state-dependent threshold level of public debt determines sustainability. Secular
stagnation factors like slow population growth, low productivity growth, or higher

output risk carry differing implications for debt sustainability.
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1 Introduction

A decade after the end of the Great Recession, output growth in advanced economies remains
historically slow with economies saddled with increased levels of public debt. The 2020
coronavirus pandemic will leave public debt levels far higher.

The combination of slow growth and historically high levels of debt would appear to
be problematic for debt sustainability. However, advanced economies have benefited from
historically low real interest rates. Even prior to the pandemic, short-term rates were close to
the zero lower bound and long-term rates fell over the decade, keeping the difference between
interest rates and output growth, which we call the cost of debt servicing, low for these
economies. This combination of low growth and low real interest rates—sometimes labeled
the secular stagnation hypothesis—carry contradictory implications for debt dynamics.

Among fiscal authorities and in much of the applied literature (Reinhart and Rogoff,
2010), discussions of debt sustainability center on two approaches. The first approach,
which we label the stock approach, focuses on the level of the debt-to-GDP ratio or its
distribution. Under the stock approach, debt-to-GDP ratios must remain below a threshold
level or converge to a stable distribution.

The second approach, which we label the flow approach, focuses on the trajectory of the
debt-to-GDP ratio (Ball, Elmendorf, and Mankiw, 1998; Barrett, 2018; Blanchard, 2019).
The flow approach recognizes that debt dynamics depend on the difference between the
interest on government debt r and the growth rate of the economy ¢g. As Figure 1 shows,
many advanced economies today enjoy conditions of r < ¢ and, consequently, a negative
cost of servicing the debt. These favorable dynamics have prompted a reassessment of the
risks of high public debt.

In this paper, we analyze debt sustainability from a more theoretically grounded per-
spective. We define debt sustainability as conditions under which forward-looking investors

willingly hold public debt. We label this the economic approach to debt sustainability. The



central message of this paper is that these three approaches to debt sustainability need not
coincide, and the drivers affecting r and g may have diverging effects on debt sustainability
defined in these three ways.

We start by summarizing some basic facts about the historical relationship between inter-
est rates on government debt and economic growth. Using data on 17 advanced economies,
we find that cases in which the real interest rate is less than GDP growth are fairly common.
Taking 5-year averages, r < g for nearly half the country-period observations. If r — g was
permanently negative, a government in primary balance would see its debt-to-GDP ratio
shrink to zero. However, the cost of servicing the debt exhibits substantial variability. The
interquartile range for » — ¢ is approximately five percentage points, with substantial and
rising persistence in the postwar period.

Consistent with these empirical facts, we analyze a continuous-time general equilibrium
endowment economy that produces closed-form solutions even with aggregate risk. In the
baseline model, output follows an exogenous geometric Brownian motion. The government is
assumed to follow a fiscal rule; we separately consider rules that ensure the safety of public
debt in all future states and rules that result in default in some states. Households are
willing to hold public debt if fiscal policy satisfies the household’s transversality condition
and the present value of the government’s primary surpluses equals the outstanding value of
the public debt. These conditions define debt sustainability under the economic approach.

The transversality condition and the government budget constraint are satisfied so long
as the primary surplus responds at least linearly to the debt-to-GDP ratio. This requirement
on fiscal policy turns out to be quite mild—the size of the (positive) primary surplus can be
arbitrarily small at any particular debt-to-GDP ratio but must nevertheless scale linearly,
implying unboundedly large primary surpluses as the debt-to-GDP ratio becomes large.
Crucially, neither the level of the debt-to-GDP ratio nor whether r < g matters for debt
sustainability; put starkly, the stock and flow approaches of debt sustainability are unrelated

to the economic approach.



The debt-to-GDP ratio has a stationary distribution that can be characterized in closed
form if the fiscal surplus reacts in a stronger than linear fashion to the debt-to-GDP ratio.
In this case, fiscal policy satisfies both the stock and economic approach. Conversely, we can
construct cases where the flow approach and stock approach are satisfied, but the economic
approach is not. In the former case, the debt-to-GDP ratio evolves as an Ornstein-Uhlenbeck
process and converges to a log-normal distribution. In the latter case, the debt-to-GDP ratio
converges to a Pareto distribution.

When the stationary distribution exists, the mean debt-to-GDP ratio is decreasing in
population growth and increasing in productivity growth when the elasticity of intertemporal
substitution (EIS) is less than one.! Lower population growth leaves the borrowing rate
unchanged while directly lowering output growth, shifting the average debt-to-GDP ratio
higher. By contrast, when the EIS is less than one, a decline in productivity growth has a
more than a one-for-one effect on the real interest rate, lowering » — g and thereby reducing
the average debt-to-GDP ratio. A rise in output uncertainty raises the variance of the
debt-to-GDP ratio but may well reduce the mean by lowering the interest rate r.

The assumption that the primary surplus (as a share of GDP) can be unboundedly
large is a strong one and separates completely theoretical conditions for sustainability from
the flow and stock notions of sustainability. The stock view—specifically the idea of a
debt threshold—can be resurrected if the primary surplus is bounded above and default
becomes possible, a property Ghosh, Kim, Mendoza, Ostry, and Qureshi (2013) labeled as
fiscal fatigue. To preserve tractability and highlight key results, we assume that the only
force that generates r < g is aggregate risk due to rare disasters. The possibility of a rare
disasters ensures r < g, but once aggregate uncertainty is realized, » > ¢g. This time-varying
probability of disasters generates interest rate variation that can force a government into
default.

In the presence of a maximum primary surplus over GDP, an endogenous maximum debt-

'Tn the Pareto case, parameters must be such that higher moments of the distribution are finite.
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to-GDP ratio emerges, labeled the fiscal limit. The fiscal limit is closer to the stock approach
of debt sustainability, but is state-dependent as it depends on the time-varying probability of
disasters. For levels of debt below the limit, the interest rate on government debt rises with
the debt-to-GDP ratio reflecting default risk. In contrast to the no default case, stagnation
forces like slower productivity and population growth affect debt sustainability. Perhaps
counterintuitively, lower productivity growth relaxes the fiscal limit (when EIS < 1), while
lower population growth tightens the fiscal limit.

Our model also gives rise to a flipping point level of debt—a debt-to-GDP ratio above
which r becomes greater than g. An increase in disaster risk has opposing effects on the
flipping point and the fiscal limit, raising the former and lowering the latter, showing again
that flow and stock notions of debt sustainability need not be closely linked. When disaster
risk rises, the fiscal limit falls compressing fiscal space. However, because the flipping point
has increased, policymakers may enjoy a greater range of the debt-to-GDP over which r < g.

Calibrating our model to pre-pandemic (2019) US data and making somewhat pessimistic
assumptions: i) relatively high disaster risk (probability of 6.5 percent annually), ii) zero
recovery value in default, and iii) a maximum fiscal surplus of 5 percent of GDP, we never-
theless find substantial fiscal space. The fiscal limit is 222 percent of GDP in low risk state
and 144 percent of GDP in high risk state, and the flipping point is 106 percent of GDP.?
Furthermore, our calibration highlights the potential benefits of higher population growth.
Reverting back to the postwar average growth rate would push these various thresholds
higher by more than 50 percentage points.

The paper is laid out as follows. Section 2 presents basic statistics on the average cost of
servicing the public debt and its variability. Section 3 presents and solves the model without
default, while Section 4 analyzes the model with fiscal fatigue and sovereign default. Section

5 concludes.

2The recent papers that estimate fiscal limits in advanced countries are Ghosh, Kim, Mendoza, Ostry,
and Qureshi (2013), Collard, Habib, and Rochet (2015), and Pallara and Renne (2019).
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Related Literature. This paper builds on the literature analyzing fiscal policy when
interest rates are low. Darby (1984) shows that the condition of r < ¢ turns the famous
unpleasant monetarist arithmetic in Sargent and Wallace (1981) into a pleasant one. Abel,
Mankiw, Summers, and Zeckhauser (1989) argue that low or negative rates do not necessarily
imply under-consumption and excess saving. Blanchard and Weil (2001) show that even in
cases when r < g due to the effects of uncertainty, it may not be feasible for the government to
operate a debt Ponzi game. Bohn (1995) establishes that empirical tests of debt sustainability
that rely on r < g are not appropriate in stochastic economies—a finding that we build on
in our analytical framework.

More recently, Reis (2021) shows how monetary and fiscal policies affect public debt lig-
uidity and, ultimately, debt sustainability when r» < ¢g. Relatedly, Jiang, Lustig, Van Nieuwer-
burgh, and Xiaolan (2019) find that the market value of US public debt exceeds the expected
present value of future government surpluses.

The paper also builds on a recent literature that seeks to explain the decline in safe
interest rates. Eggertsson and Mehrotra (2014) and Eggertsson, Mehrotra, and Robbins
(2018) emphasize factors like low population and productivity growth. Caballero and Farhi
(2017) stress a shortage of safe assets and an elevated risk premium in accounting for low
interest rates. The model here is closer to the literature that cites the risk premium as the

chief factor behind low interest rates.?

2 Stylized Facts onr — g

This section briefly summarizes some basic facts on the relationship between the return on
government debt and the growth rate of the economy. We show that, for advanced countries,

r is frequently less than ¢ and r — g exhibits substantial variability over time.*

3See, for example, Del Negro, Giannone, Giannoni, and Tambalotti (2017) and Farhi and Gourio (2018)
for a quantitative analysis of how risk and liquidity premia account for low interest rates on government
debt.

4Mehrotra (2018) provides further empirical analysis on the risk of reverting to periods of r > g and the
historical relationship of » — g with both productivity and population growth.
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The importance of r relative to g for debt dynamics can easily be seen by inspecting the

government’s flow budget constraint, expressed here in continuous time with no shocks:

dB, = [r,B, + (G, — T))]dt, (1)

where T} is real tax revenue (net of any transfers), G, is real government expenditures, B,
is real government debt, and r; is the effective real interest rate paid on government debt.
Y; is real gross domestic product (GDP), hence the debt-to-GDP ratio is B;/Y;. Along the
balanced growth path with constant interest rate and output growth, equation (1) gives the
primary surplus that keeps the debt-to-GDP ratio constant:

T, — Gy
Y,

B,
Y,

=(r—g)

The difference between the return on public debt r and output growth rate g represents
the unit fiscal cost of servicing public debt. When r > ¢, the fiscal authority must raise real
resources to keep the debt-to-GDP ratio constant. Equivalently, when r > ¢, the debt-to-
GDP ratio will be on an ever increasing trajectory even in primary balance, justifying the
flow approach focus on whether » > g or r < g.

To analyze the behavior of r — g, we draw on the historical macroeconomic dataset of
Jorda, Schularick, and Taylor (2016). This dataset provides macroeconomic and financial
variables for seventeen advanced economies including the US from 1870 to 2016.

To compute measures of the cost of servicing the debt r — g, we need a measure of the
ex-ante real interest rate. A three-year moving average of inflation is used as a proxy for
expected inflation in line with the approach in Hamilton, Harris, Hatzius, and West (2016).
The real interest rate is then the nominal measure less the three-year moving average of
inflation. When using annual data, we drop extreme observations of r — g above ten percent
and below negative ten percent. The resulting dataset is an unbalanced panel of 2145
observations.

Table 1 provides basic summary statistics for the real interest rate, population growth
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rate and real GDP per capita growth rate in the dataset. Values are shown for all countries
and for just the US. For all countries, the median nominal long-term rate is 4.6 percent with
a median inflation rate of 2.1 percent. For the US, both interest rates and inflation rates are
slightly lower than the global median. Population growth is somewhat higher in the US, as
is per capita real GDP growth. Public debt-to-GDP ratios are, on average, slightly lower in
the US.?

Real interest rates (negative in the US) and population growth were in the bottom quartile
of the distribution of historical observations prior to the start of the COVID-19 pandemic.
By contrast, the value of the US debt-to-GDP ratio before the pandemic (80% of GDP) was
in the top quartile.

Figure 2 plots the debt servicing cost for the US—long-term real interest rates less GDP
growth. The blue and more variable line shows this measure for the US and the smoother red
line is a five-year moving average of the blue line to smooth out business cycle fluctuations.
As the figure shows, the cost of servicing the debt has frequently been negative historically
and for a large part of the postwar period. Indeed, the period between 1980 and 2000
is the exception, namely one of the few periods where real interest rates on government
debt consistently exceeded real GDP growth. In the postwar period, US r — g displays less
volatility and greater persistence than the prewar or interwar periods.

Table 2 presents statistics on the fiscal cost of servicing the debt: r—g. We take averages
over five year periods (non-overlapping) of r — g for the US and 16 other advanced economies,
presenting median values and ranges.® As the table shows, over the full sample of advanced

economies, the median value of r — g is nearly zero (eight basis points). In the US, that

5The macrohistory data set contains general government gross debt when data are available and central
government gross debt further back in time when data are scarce. These data do not net government
debt-like assets holdings, which is a more appropriate measure of public debt for sustainability purposes.
Using the data from the IMF World Economic Outlook, which contains gross and net debt after 1980 for
these countries, we document that the difference between gross and net debt-to-GDP ratios is on average 15
percent. However, gross debt variance over time—the statistic that we use for calibration of the model—is
almost identical to net debt variance.

Finally, the data do not include unfunded future government liabilities, such as Social Security.

6Five-year periods with fiscal cost above ten percent or below minus ten percent are winsorized at these
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median value (—16 basis points) has been negative over the past 140 years. The finding
that r — g is close to zero is not a function of historically extreme periods. Excluding the
world wars and the interwar years (including the Great Depression) leaves the median value
slightly higher for all countries and unaffected for the US. Limiting the sample to only the
postwar period, r — g becomes more negative for both the full sample and the US.

Though the median value is negative, there remains substantial variability in the cost
of servicing the debt. Table 2 provides the interquartile range of r — g for both the full
sample and the US. The 75th percentile is roughly one percent in the US, while the 25th
percentile is substantially negative. These percentiles for the USdisplay the same level shift
as the median; r — g is lower at each quartile than the corresponding figure for the all country
sample. An interquartile range of four to five percentage points demonstrates the substantial
variability in r — g.

Table 2 also shows the fraction of observations with a negative debt servicing cost or a
substantially negative cost (less than negative two percent). In the all-country sample, half
of the observations are negative and between 20 to 35 percent of five-year periods feature a
substantially negative value for the fiscal cost depending on the time period. In the case of
the US, these percentages are somewhat higher than those for the global sample. Again, the
percentage of years with a negative cost for the public debt are not driven by the interwar
years and the Great Depression, or the world wars. If anything, the postwar period features
a greater percentage of years with r — g negative. Quite remarkably, 70 percent of five-year
periods in the US and 55 percent of five-year periods across all advanced countries show
negative net fiscal cost in the postwar period.

Nevertheless, values for r» — g at the 75th percentile illustrate the perils of carrying a high
public debt level. Sustained periods of even relatively moderate levels of debt servicing costs
would require a substantial primary surplus to stabilize the debt-to-GDP ratio, particularly
among countries with debt-to-GDP ratios above 100 percent. This section treated r — g as

a statistical object; in the next section, we turn to the analysis of debt dynamics when r — ¢



is determined endogenously.

3 Debt Sustainability without Default

This section introduces a continuous-time general equilibrium model in which aggregate
output follows an exogenous geometric Brownian motion process, and fiscal policy rules out
default. The model allows closed-form solution for the real interest rate on government
debt, the return on risky assets, and the distribution of the debt-to-GDP ratio. Here,
we define and contrast the three approaches to public debt sustainability. We show that
theeconomic approach to debt sustainability is not related to the stationarity of the debt-
to-GDP distribution (the stock approach) and the sign of r — g (the flow approach) and
conclude with a numerical exercise that assesses the importance of secular stagnation forces

that may account for low r and low g.

3.1 Households

Time is continuous, infinite, and indexed by t. The economy is populated by a representative
household with a continuum of identical infinitely-lived members whose measure N; grows
deterministically at a constant rate n with the initial value at time zero of one. The household
members derive utility from consuming and from holding safe and liquid bonds that only
the government can supply. The household is endowed with a traded Lucas tree that yields

per capita dividends that follow geometric Brownian motion:

d
YW _ gydt + o,dZ; (2)

Yt

2

Y is the variance of shocks to the

where g, is the growth rate of per capita endowment, o
growth rate, and dZ} is standard Brownian motion. The initial value is yo. Total output Y;
equals to Nyy;. We refer to y; as productivity. We draw a distinction between the growth

rate of output g that we have referred to earlier and the growth rate of output per capita (or

productivity), g,. In the model, average output growth ¢ is the sum of population growth n
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and productivity growth g,.

Financial markets are dynamically complete, i.e., agents have access to government-
issued liquid bonds, safe bonds that are non-liquid, and risky securities.” The safe bonds are
assumed to be in zero net supply. Equity—a claim on a Lucas tree that pays consumption
goods at flow rate y,—is in positive net supply that increases at the rate of population
growth. There is no international trade in either goods or assets.®

A typical household chooses paths for consumption {¢;}, wealth {w;}, investments in
liquid, safe, and risky assets {bs, s¢, z;w;}, where z; denotes a fraction of wealth invested in

risky assets, to maximize

o =11 b
]Eo/ 6_(p_n)t |:Ctl— + Et_vytu (—t):| dt, (3)
0 -7 Yt

subject to the flow budget constraint
dw; = (178¢ + by — ¢ — 7 — wen)dt + wyaydry (4)
and subject to the wealth breakdown into safe, liquid, and risky assets
wy = 8¢ + by + T4, (5)

together with a no-Ponzi game condition expressed below. All the variables in the above
optimization problem represent per member of household quantities: ¢; is consumption of a
member of the household, w; is the financial wealth, b; is the purchases of safe and liquid
government bonds, s; is purchases of safe assets that do not provide liquidity services, 7
are taxes. Note that the part of the drift in financial wealth of a member of the household

—nw, captures the fact that new members dilute the household level of wealth. The returns

"When the households are free to re-optimize their portfolios at each instant, their access to just three
securities mentioned above and optimal portfolio choice is equivalent to the presence of complete markets,
i.e., the access to state-contingent Arrow-Debreu securities.

81t is potentially important to allow international trade in assets given a high level of integration in
financial markets. We leave this fruitful avenue of research for future work and focus our analysis on a closed
economy.
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on liquid, safe, and the risky assets over a short period of time dt are ridt,r;dt, and dry
respectively.” Finally, ¢, is an economy-wide average consumption of members of households.
It will be equal to ¢; in equilibrium, but an individual household does not internalize this
fact.

The members of the household derive utility from consumption {¢;} and from holding
government bonds {b;}. Formally, the utility function (3) consists of two terms that capture
the utility from consumption and utility from holding government bonds. The assumption
that households have non-pecuniary preferences over government debt is a non-structural
way to represent special features of government debt such as safety and liquidity.!® The
main reason for having non-pecuniary preferences in our model is to introduce a deviation
from Ricardian equivalence in a representative household setting. In this case, changes in the
supply of government bonds affect the interest rate on these bonds contributing to changes
in 7 — g over time that facilitate bringing the model to the data.

The preferences over holding government bonds (second term in equation (3)) are additive
over time. The instantaneous utility over liquid bonds depends on average consumption ¢,
the exogenous endowment, and liquid debt holdings relative to this endowment. As a result,
demand for liquid debt over aggregate output is a function of the liquidity yield only. We

choose the following structural form for tractability:

Yt Yt Yt

where «a, are 3, are non-negative real numbers. Equation (6) implies that the marginal
preferences from holding government debt, i.e., u'(b;/y;) = a, — Bulog(bs/ys), is decreasing
in debt holdings. The fact that the marginal utility turns negative after a certain level of

debt-to-GDP can be thought of as a reduced form way of capturing the idea that people may

9 All equalities featuring random variables hold “a.s.”, and all stochastic differential equations are assumed
to have solutions.

10This assumption has been used to improve asset-pricing properties of the standard finance models
(Krishnamurthy and Vissing-Jorgensen, 2012), explain business cycles (Fisher, 2015), solve for optimal gov-
ernment debt maturity (Greenwood, Hanson, and Stein, 2015), resolve New Keynesian puzzles (Michaillat
and Saez, 2018), and fit the consumption response to income shocks (Auclert, Rognlie, and Straub, 2018).
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worry about holding government debt when it is too large. It is worth emphasizing that our
qualitative results do not depend on government debt providing liquidity services.

We guess and later verify that the equity price ¢; follows the process dg;/q = (u —
yi/qi)dt + opdZ} , where p; and oy are determined in equilibrium. The return on risky equity
is

_ dqy + ydt

dr{ = ———— = udt + 0,dZ}, (7)
a

so that u; and o, are interpreted as the drift and diffusion of the risky equity return. We
next turn the flow budget constraint in equation (4) into an intertemporal budget constraint.
To do this we assume (and verify in Appendix C) that there exists a unique continuous-time
stochastic discount factor & that follows a diffusion process of the form
o _ gy~ T 8)
& Ot
with some initial value &. The no-Ponzi game condition can be expressed using this stochas-

tic discount factor as

lim Eo[e”TgTwT] Z 0. (9)
T—o0
The following lemma presents the intertemporal budget constraint of the household.

Lemma 1. The flow budget constraint (4) together with the no-Ponzi game condition imply

the intertemporal budget constraint

entft

€o

wy > Eo / o+ 71+ (5 — )] St (10)
0

The proof is in Appendix A.1. The inequality (10) states that the value of initial wealth,
comprised of the value of Lucas trees and the stock of government debt, must be enough to
cover expected integral of future discounted spending on consumption, taxes, and government
debt holding costs. Note that the last term in the brackets on the right-hand side of the

inequality (10) is like the costs of renting a durable good, e.g., housing. However, in our
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model, durable goods are government bonds that provide liquidity services. The inequality
reflects the imposed no-Ponzi game condition. The number of members in the household,
i.e., €" on the right-hand side (10) reflects the fact that all expenditure terms are expressed

per household member.

3.2 Government

The government issues instantaneous riskless real debt B; that satisfies the flow budget
constraint (1). Our assumption that government debt is real can be taken at face value.
Alternatively, one can assume that the debt is nominal and nominal prices are sticky in the
short run, making debt effectively real. Yet, a third possibility is to imagine that monetary
policy keeps inflation stable. This possibility will only add a constant term to our analysis
1

that would not change the analysis.!

The primary deficit drift D;, the difference between total spending and revenues, follows

D, B, B, B,
-t _ -t _ 1 _ 11
Y, aDYt ﬁDY} Og(Y})’ ( )

a fiscal rule of the form

where ap is a real number and p is a non-negative real number.'? This fiscal rule has two
important properties. First, the deficit reacts proportionally to the level of debt as captured
by the first term in equation (11). Second, when (p is strictly positive, the government
reacts to increases in the debt-to-GDP ratio by strongly reducing (i.e., more than one-for-
one) the primary deficit-to-GDP ratio. The particular functional form of the second term
implies that the law of motion for the log of the debt-to-GDP ratio is linear in the log of
debt to GDP as in equation (13) below. This allows us to solve the model in closed form.
The fiscal rule (11) only specifies the behavior of the primary fiscal deficit. To complete

the description of fiscal policy, we assume that the government engages in wasteful spending,

Unflation risk would alter our analysis. However, Hilscher et al. (2014) show that the government cannot
inflate a significant part of its debt away for plausible maturities of government debt.

12We assumed that the rule does not explicitly respond to changes in the interest rate on public debt.
Nevertheless, this rule implicitly depends on the interest rate because the interest rate is related to the
debt-to-GDP ratio in equilibrium.
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which is a constant fraction of total output:

9t = VGYt- (12)

where g; is government spending per capita. Public debt dynamics in equation (1) can be
re-expressed in terms of the log debt-to-GDP ratio denoted as Et. We summarize this useful

intermediate result in the next lemma.

Lemma 2. Given the productivity process (2) and the fiscal policy (1), (11), (12), the log
debt-to-GDP ratio follows

dB, = (r, — g, —n+ ap — BpB, + 02/2)dt — 0,dZ. (13)

See Appendix A.2 for details. Equation (13) states that the drift of the log of debt-to-
GDP ratio depends positively on the interest rate, the deficit-to-debt ratio ap — 3 DE, and
the volatility of the productivity process. The drift depends negatively on the growth rate of
total output g,+mn. A convenient property of expression (13) is that the diffusion is constant,

allowing a closed-form solution.

3.3 Equilibrium Characterization

An equilibrium is a collection of interest rates {rydt, ridt,dry} and allocations {c;, wy, by, sq,
xt, G, T, &} such that households solve (3)-(5), (9), the government acts according to (1),
(11), (12), average consumption equals per member consumption, i.e., ¢ = ¢, and the
markets clear: (i) N;b; = B; (government bonds), Nys; = 0 (safe bonds), ¢;+¢: = y; (goods).

Asset returns are

y(y+1) ,
2 v

re =1 — ay + BuBy, (15)

= p+gy — (14)

and the risky asset return is characterized by the drift u; = 7““'4—705 and the diffusion oy = o,,.
15



The standard derivation of these formulas are in Appendix C.

The safe real interest rate is constant while the return on government bonds varies with
the debt-to-GDP ratio so long as (3, is not equal to zero. This lemma shows how candidate
explanations for secular stagnation affect the safe and liquid rates. A lower rate of trend
output growth (equivalently, productivity growth) or an increase in the variance of the output
process lower the safe rate of return. The elasticity of the real interest rate with respect to
trend growth is governed solely by the intertemporal elasticity of substitution 1/v. For a
coefficient smaller than unity, the real interest rate responds more than one-for-one with a
change in trend growth. A rise in endowment volatility lowers the safe interest rate and raises
the risk premium, with the strength of the effect rising with the coefficient of risk aversion
~. Importantly, neither the risk premium nor the safe interest rate depends on population
growth. Lower population growth—modeled as a slower rate of birth of new members of the
representative household—leaves the real interest rate unaffected. Equation (15) shows that
as the debt-to-GDP ratio rises, the marginal benefit of liquid wealth decreases, raising the
required rate of return on government debt.

Using the law of motion for the debt-to-GDP ratio in Lemma 2 together with the expres-

sion for the return on liquid government bonds in equation (15), we have:

Proposition 1. In equilibrium, the log debt-to-GDP ratio is an Ornstein- Uhlenbeck process:
dB, — (a _ @ét) dt — 0,dZ?,

where « = ap — oy +p+ (v = 1)gy —n—[y(y+1) = 10 /2 and 8 = Bp — Pu.

The parameter « is a sufficient statistic for all of the forces that increase the drift of
the debt-to-GDP ratio and that are independent of the level of debt-to-GDP, while 3 is a
net effect of the forces that reduce the drift and that are proportional to the level of the
debt-to-GDP ratio. The law of motion is an Ornstein-Uhlenbeck (OU) process, which is the

continuous-time analog of an AR(1) process.
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Finally, we define the government transversality condition and the intertemporal budget
constraint. A combination of the no-Ponzi game condition (9) and the household transver-

sality condition (a necessary condition of optimal behavior) imply
lim Eole" érwy] = 0. (16)
T—o0

In equilibrium, total financial wealth of the household is a sum of the value of Lucas trees
and the government debt, i.e., wy = q; + b;. Because ¢; and b, are always non-negative, the

condition (16) necessarily implies that in equilibrium:
lim Eole" érbr] = 0. (17)
T—o00

We will call the limit in equation (17) the government transversality condition (TVC).
The household intertemporal budget constraint (10), equation (16), and the market clear-
ing conditions yield

by = Eo/ [Tt — gt + (Tf - rt)l%]e“?dt, (18)
0 0

the intertemporal budget constraint of the government. Equations (17) and (18) place equi-
librium restrictions on the set of feasible fiscal policies. Intuitively, fiscal policy must satisfy
these equations if the households purchase government debt in equilibrium. If this is not the

case, then equilibrium does not exist.

3.4 Three Approaches to Debt Sustainability

We are now ready to define and compare the three approaches to debt sustainability.

Definition 1. Fiscal policy is sustainable according to the stock approach if the debt-to-GDP

ratio has a stationary distribution.

Because the debt-to-GDP ratio process in Proposition 1 is a continuous-time analog of
an AR(1) process, it is straightforward to derive the evolution of the distribution of the

log of debt-to-GDP ratio and the conditions for the existence of its stationary distribution
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by solving the Kolmogorov forward equation (see, e.g., Section 3.8 of Stokey, 2009). The

following proposition does precisely this.

Proposition 2. If > 0, then in equilibrium, the stationary distribution of the log debt-to-
GDP ratio exists and it is a normal distribution with mean o/ and variance 05/26. In levels,
the stationary distribution of the debt-to-GDP ratio is log-normal with mean exp|(a+o;)/ 5]

and variance [exp(oy /23) — 1] exp(20/B + 07, /213).

Proposition 1 states that the debt-to-GDP process has a stationary distribution when it
is mean-reverting. When, instead, § < 0, the mean of the log debt-to-GDP ratio drifts
to minus or plus infinity, and its variance becomes unbounded. Interestingly, the sufficient
condition for the existence of the stationary distribution is also necessary if we exclude a

trivial degenerate distribution with zero debt.

Definition 2. Fiscal policy is sustainable according to the flow approach if r, — g, —n < 0.

The interest rate net of aggregate output growth rate can be written as r, — g, —n =
a—ap — 05 /2 + ﬂué\t. This expression implies that there is a cutoff level of the debt-to-
GDP ratio, which we call the flipping point, where the interest rate differential changes its
sign. Formally, BFf = —(a — ap — 07/2)/Bu. Comparing the definitions of the stock and
flow approaches makes clear that they are distinct. The stationarity of the debt-to-GDP
distribution depends only on [, while the sign of the debt servicing cost depends on other

parameters of the model and also on the endogenous level of the debt-to-GDP ratio.

Definition 3. Fiscal policy is sustainable according to the economic approach if it satisfies

equations (17) and (18).

To be clear, these conditions are necessary for the existence of equilibrium in our model.

The next proposition summarizes necessary and sufficient conditions.

Proposition 3. Fiscal policy is sustainable according to the economic approach if and only

if 6>0, or =0 and o, — ap > 0.
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The proof is in Appendix A.4. Proposition 3 collects several results in a compact form.
First, when § < 0, debt to GDP explodes fast enough that the conditions of sustainability
under the economic approach are violated. Second, when 3 > 0, public debt is sustainable.
Combining it with the fact that the same condition is necessary for the stationarity of
the debt-to-GDP ratio (excluding the degenerate distribution with a zero public debt), we
conclude that the stock approach implies the economic approach conditional on the assumed
fiscal rule. However, the opposite is not true. To explain why this is so, we proceed to the
case when [ equals zero.

When g is zero, the law of motion of the level of debt-to-GDP in Proposition 1 implies
that it either shrinks to zero when « is below zero or grows to infinity when « is greater than
zero. In the latter case, the debt-to-GDP is exponential in time. Importantly, Proposition 3
states that the transversality condition (17) can fail in the former case but still holds in the
latter case. To understand this, consider two situations. First, even when the debt-to-GDP
ratio grows without limit over time, i.e., a is positive, debt is sustainable when a,, — ap is
above zero. This scenario is sustainable because the growth rate of debt is lower than the
growth rate of the discount factor so that the transversality condition of the government
is satisfied. In this case, the intertemporal budget constraint of the government is satisfied
automatically. A critical parameter that ensures sustainability is the sum of the sensitivity
of the primary surplus to the stock of government debt —ap and the constant part of the
liquidity yield «,. Interestingly, note that it is sufficient for this object to be positive; it
does not have to be large. Furthermore, if the government surplus does not respond to the
level of debt at all, i.e., ap is zero, then it is still possible for the debt to be sustainable
because of the remaining term «,, which reflects profits that the government collects due of
its unique ability to issue liquid debt that households value for their non-pecuniary returns.
This profit is analogous to the seigniorage that the central bank receives on printing money
that provides liquidity services.

Second, even if the debt-to-GDP ratio is shrinking with time on average (« is negative),
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it is not necessary that the TVCs are satisfied. For example, consider the case when ap and
o, equal zero, which implies that the primary surplus is zero and there are no seigniorage
revenue. At the same time, assume that « is negative because, for example, the interest rate
is low due to high volatility of shocks to output growth 02. If the government starts with a
positive level of debt, the intertemporal budget constraint does not hold because the present
value of future surpluses is zero. As a result, the economic approach implies that debt is not

sustainable in this case.

3.5 Lower Bound on Public Debt

When « is negative, the debt-to-GDP ratio tends to zero. However, governments rarely repay
their debt in full. Here, we impose a lower bound on the log of debt-to-GDP ratio, which
we denote B\mm, establishing that stationarity of debt-to-GDP distribution is not sufficient
to satisfy the economic approach.'

Formally, we assume that the log of debt-to-GDP ratio B, follows a reflected Brownian
motion with a lower reflecting barrier at Emin (Harrison, 1985). Intuitively, Et is pushed
in the positive direction every time it falls to its lower reflecting barrier. When we impose
this assumption, the debt-to-GDP ratio admits a closed-form solution for the stationary

distribution.

Proposition 4 (Lower reflecting barrier). If 8 = 0, a < 0, and By > Boin > —00, then
there is a stationary distribution of log debt-to-GDP ratio which is a negative exponential
with rate parameter & = —2(1/05. In levels, the stationary distribution of the debt-to-GDP
ratio 1s a Pareto distribution with shape parameter &. Moreover, the transversality condition

(17) holds if and only if v, — aup > 0.

The proof is in Appendix A.5. Given that the debt-to-GDP ratio has a Pareto distribu-

tion, its mean and variance depend crucially on the shape parameter. The mean and variance

13In 2001, Federal Reserve Chair Alan Greenspan famously worried that the possibility that the US may
payoff the public debt would complicate the implementation of monetary policy.
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of a Pareto distribution only exist when the shape parameter is larger than two. Notably,
a higher negative drift o or lower volatility shocks to output raise the shape parameter,
lowering both the mean and variance.

To understand why the stock approach does not imply economic approach in this case
note first that a combination of a negative drift a and a lower reflecting barrier mechanically
imply existence of the stationary distribution. Next, consider an example where o, —ap = 0,
implying a zero present value of government revenues. In this case, the investors are not
willing to hold government debt because no real dividend is ever paid. In this case, the
stationary distribution exists in mechanical but not in equilibrium sense.

These results starkly highlight the importance of the primary surplus and how both
the stock and flow approach to sustainability can differ from the economic approach to

sustainability.

3.6 Output Disasters

Anticipating our calibration exercises in Section 3.7 where we match asset pricing moments
with realistic values of risk aversion, we discuss the consequences of adding rare disaster
shocks to the above setup with a lower reflecting barrier. Now we replace output process (2)
with

d
49 _ gydt + o,dZ} + (efzt — 1) dJy, (19)

Yt

where J; is a Poisson process with constant intensity A > 0. Z; is a positive, independent,
and identically distributed random variable that describes an instantaneous change in log
output when a disaster occurs.

Following the steps in Wachter (2013), we compute the interest rate when the endowment
jumps. This allows us to derive the law of motion and the corresponding stationary distri-
bution of the debt-to-GDP ratio. We present all details in Appendix A.6 and summarize the

results in the following proposition:

Proposition 5 (Disasters). If 5 = 0 and there is a lower reflecting barrier B\mm, then the
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law of motion of the log of the debt-to-GDP ratio for Et > B\min 15
dB; = adt — 0,dZY + ZidJ,,

where & = a — MNEz[e7?] —1). If & < —\Ez[Z], then there is a stationary distribution of

the log debt-to-GDP ratio which is exponential with the rate parameter £ that solves
o2
GE+ 26 = M1 - Eg[e”)). (20)

In levels, the stationary distribution of the debt-to-GDP ratio is a Pareto distribution with
shape parameter £. Moreover, when a > —AEz[Z], the transversality condition (17) holds if

and only if a, — ap > 0; when o < —ANEz[Z], it holds if £ > 1.

The shape parameter £ solves equation (20), which depends on the disaster intensity A,
the distribution of disasters, the drift v, and the diffusion o, of the debt-to-GDP ratio. Thus
our model can accommodate an output process where rare disasters lead to discontinuous
jumps in the debt-to-GDP ratio—of particular relevance for the discrete jumps in debt-to-

GDP experience in recent decades.

3.7 Calibration

This section quantifies effects of various secular stagnation forces on the stationary distri-
bution of the debt-to-GDP ratio. There are three distinct calibrations corresponding to the
model in Sections 3.1-3.4, its extension with a lower bound on debt in Section 3.5 and disas-
ters in Section 3.6. Considering three calibrations allows us to analyze the effects of different
fiscal policies and different kinds of shocks.

In these calibrations, we use a richer model than the one presented so far. First, instead of
separable utility function (3), we use Epstein-Zin-Weil (EZW) preferences to separate the IES
coefficient and the coefficient of relative risk aversion. Equations (B.1) and (B.2) in Appendix

B formally present these preferences. Second, we add shocks to the flow budget constraint
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of the government to dampen the covariance between the interest rates and productivity

growth. Formally, the modified budget constraint is
dBt = TtBtdt + Dtdt + BtO'BdZtB,

where D, is given by equation (11). The last two terms can be thought as the primary and
random terms of the primary fiscal deficit. A more detailed description and the solution of
this richer model is in Appendix B.

The parameters in Table 3 are fixed across the three calibrations. We set the intertem-
poral elasticity of substitution to 1/6 to 0.75.'* The average growth rate of annual GDP
per capita since 1950 of 0.02 is used to set g,, while annual postwar population growth of
0.0115 determines n. The diffusion term on output growth o, is 0.025 to match the standard
deviation of annual output growth in the US since 1950. The difference between AAA cor-
porate debt and the US 10-year Treasury yield, and its elasticity to the debt-to-GDP ratio
pin down both «, and 8, (Krishnamurthy and Vissing-Jorgensen, 2012).'> As mentioned
above, we introduce a fiscal policy shock op to match the correlation of the real interest rate
and output growth for the 17 countries in our dataset since 1950. This correlation is —0.055,
meaning that our model requires the relative variance of the fiscal policy shocks to be higher
than that for productivity growth to dampen the correlation between r; and dy;/y;.'°

The remaining parameters, presented in Table 4, differ across the three calibrations.
Calibration 1 assumes that all shocks are Brownian and that fiscal policy strongly reacts to
the level of debt-to-GDP ratio so that the stationary distribution is log-normal as described in

Proposition 2. Calibration 2 changes a fiscal response relative to calibration 1 by introducing

14 An extensive literature has attempted to measure the elasticity of substitution by examining how house-
hold’s consumption growth responds to changes in the real interest rate faced by these households. The IES
is commonly assumed to be less than one in macroeconomics literature, with some estimates suggesting that
it is in fact substantially less than one (e.g., Hall, 1988; Campbell, 1999).

15 A regression of the AAA-10 year Treasury spread on the log debt-to-GDP ratio determines 3, and a,,
which is the constant from this regression plus 3,,.

16 An alternative way to dampen correlation between the interest rate r; and the growth rate of produc-
tivity without setting a high variance of instantaneous shocks to the fiscal rule op is to assume that the
fiscal rule parameter ap is not constant but rather a mean-reverting Ornstein-Uhlenbeck process with a
sufficiently high persistence.
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a lower reflecting barrier and by setting 5p — 3, to zero for levels of debt-to-GDP above the
reflecting barrier as in the first extension in Section 3.5. Finally, calibration 3 adds disaster
shocks to calibration 2, which allows us to lower the coefficient of relative risk aversion
required to match the equity premium.

We now describe calibration-specific parameters in detail. The average postwar real
return on long-term government bonds of 0.025 in the US is used to pin down the rate of
time preference p. The equity premium of 0.052 in the US is used to determine the coefficient
of relative risk aversion given the size of the shocks.!” In calibration 1, the fiscal response
parameters ap and Bp are set to match the mean log debt-to-GDP ratio in the US postwar
period of -0.92, where we used gross federal debt held by the public from 1950 to 2016 as the
measure for public debt, and match the variance of the log debt-to-GDP ratio across the full
set of 17 countries in the Jorda, Schularick, and Taylor (2016) data set.'® We use the full
set of 17 countries given the high degree persistence in the debt-to-GDP ratio and absent
strong evidence on how systematically fiscal policy responds to the debt-to-GDP ratio. In
calibrations 2 and 3, the same empirical moments for the debt-to-GDP ratio determine ap
and the position of a lower reflecting barrier min(B,;/Y;). Bp is just set to offset the effect
of liquidity parameter 3, so that 8 is 0 in calibrations 2 and 3. Finally, in calibration 3,
we assume that productivity follows the stochastic process with disasters in equation (19).
Following Barro and Jin (2011) and Rebelo, Wang, and Yang (2018), we assume that sizes of
disasters (a log change in productivity) are distributed exponentially with the lowest value
of zero and the mean of Z > 0. We set the values of A and Z to their empirical counterparts
in Barro (2006). Importantly, due to the presence of disasters, calibration 3 requires a
coefficient of relative risk aversion of around 4 to match the equity premium relative to its
value of 84 in calibrations 1 and 2.

Table 5 presents several moments from our three calibrations. “Baseline” shows the

1"The bonds return and equity premium are from Jorda, Knoll, Kuvshinov, Schularick, and Taylor (2018).
8The data for gross federal debt held by public is from the Economic Report of the President by the
Council of Economic Advisers.
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moment for baseline parameters where the three calibrations are split into the three panels.
Columns “Ex. 1,” “Ex. 2,” and “Ex. 3” contain the moments of three comparative statics.
We see an important difference across the three calibrations in the baseline column. The
stationary distribution of debt-to-GDP ratio is log-normal in calibration 1 and Pareto with
the shape parameter between one and two in calibrations 2 and 3. As a result, the second
moment of the stationary distribution does not exist in the latter two calibrations.

In column Ex. 1, we show the effect of a decline in population growth rate to 0.7 percent—
a projected US population growth over the next decade. Slower population growth directly
lowers GDP growth while leaving the real interest rate unchanged thereby worsening debt
dynamics.'® All rates of return are left unaffected by changes in population growth, so the
effects on the debt-to-GDP ratio come solely through the effects on GDP. Calibration 1
shows a modest increase in the mean of the debt-to-GDP ratio relative to calibrations 2 and
3. This is because a change in population growth affects a tail of the Pareto distribution
with a stronger effect on the means in calibrations 2 and 3, while this effect is limited under
calibration 1 when the stationary distribution is log-normal. Quantitatively, the decline in
population growth raises the mean debt-to-GDP ratio by 2, 16, and 16 percentage points in
calibrations 1, 2, and 3, respectively.

Column Ex. 2 in the table presents the effects of a decline in productivity growth to
0.7 percent—in line with the post-2008 productivity growth. Slower productivity growth is
beneficial for debt levels, shifting the debt-to-GDP ratio downward as the fall in 7, outpaces
the decline in GDP growth when the IES is below one. Under calibration 1, the mean debt
to GDP ratio falls by 1 percentage points. A decline in productivity reduces the government
interest rate to 0.7 percent. As before, the quantitative effects on the debt-to-GDP ratio are

modest under calibration 1. Calibrations 2 and 3 feature 12 percentage points decline in the

9The finding that population growth does not affect the interest rates is specific to this model. As
Eggertsson, Mehrotra, and Robbins (2018) show, in a quantitative life-cycle model, slower population growth
generally lowers the real interest rate. However, this effect in unlikely to be strong enough in standard
quantitative life-cycle models (Carvalho, Ferrero, and Nechio, 2016) to overturn a rightward shift in debt-
to-GDP distribution.
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mean debt-to-GDP ratio. This again results from the fact that the mean is quite sensitive
to the changes in the tail of the Pareto distribution.

Finally, column “Ex. 3”7 presents the model moments after an increase in volatility of
GDP such that the equity premium rises by 2 percentage points. In calibrations 1 and 2,
we achieve this by increasing the value of o, from 0.025 to 0.029, while in calibration 3,
we change the arrival rate of disasters A from 0.02 to 0.028. A rise in volatility shifts the
debt-to-GDP distribution leftward in all of the cases. The real rate of return on government
debt falls to 0.1 percent under calibrations 1, 2, and 3. The mean debt to GDP ratio falls by
7, 36, and 33 percentage points in the three calibrations, respectively. Overall, our findings
show that the indirect effects of output volatility on the interest rate and consequently the
drift of the debt-to-GDP ratio dominate the direct effects of spreading out the distribution

of output.

4 Debt Sustainability with Default

In this section, we resurrect the stock approach but show that the flow approach remains
distinct. To do this, we assume that the primary surplus (as a share of GDP) is bounded
above. In this case, there exist threshold levels of debt-to-GDP ratio, which we label as
fiscal limits with and without risk, after which the government defaults. These thresholds

are state-dependent, implying that there is no single critical level of the debt-to-GDP ratio.

4.1 Model

As the model is nearly identical to the previous section, we only outline the differences.
Household preferences are the same as in equation (3) except that we dispense with non-
pecuniary benefits of holding government bonds to focus solely on the riskiness of public debt
as the level of debt varies. Second, productivity grows stochastically over time according to
equation (19) that allows for jumps. We assume that the Brownian motion term is absent

(0, = 0). Moreover, after a single realization of a disaster, there are no further disasters
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or any other sources of uncertainty. Third, the government’s flow budget constraint follows

equation (1) as before, but we assume that the primary deficit D, takes the form:

- s (%), o

Importantly, unlike in Section 3, we assume that the surplus function s(-) is bounded above
by a positive maximum primary fiscal surplus 5. This limit would emerge in a production
economy with distortionary labor taxation; the government would not be able to raise ad-
ditional revenue beyond the peak of the Laffer curve. Ghosh, Kim, Mendoza, Ostry, and
Qureshi (2013) label this property of the surplus function as fiscal fatigue. Moreover, we
use a step function shown with green solid horizontal lines in Figure 3.2° This function is
positive and equals 5 for positive values of debt-to-GDP, is zero when debt is zero, and it
equals a negative value of s when debt is negative. Together, these assumptions allow us to
solve the model in closed form.

Combining the flow budget constraint of the government and the endowment process, we

get the law of motion for the debt-to-GDP ratio:

d (%) — [(rt — gy — n)% — s <%)} dt + %(ezt —1)dJ;. (22)

The first term on the right-hand side is the standard law of motion of debt-to-GDP ratio
in a deterministic setting. The second term incorporates the effect of uncertainty; when a
rare disaster decreases output by Z; in log terms, the debt-to-GDP ratio jumps by Z; in log

terms.

4.2 Equilibrium and the Three Approaches

The model is solved using backward induction as there is no uncertainty after the first

disaster shock. We first solve the model after uncertainty has realized, and then describe the

20The qualitative results that we highlight in this section also hold for monotonically increasing sigmoid
functions with the fiscal fatigue property. This can be verified by redrawing the phase diagram in Figure 3
below.
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evolution of the economy before disaster shock hits the economy.

After the resolution of uncertainty, the interest rate on instantaneous risk-free debt is
standard: r = p + 7g,. To understand the dynamics of the debt-to-GDP ratio after the
resolution of uncertainty, we plot the two forces affecting debt in equation (22) in Figure 3.
The upward-sloping straight black line shows the difference between the interest rate and
GDP growth rate times the debt-to-GDP ratio, while the green step-function is the primary
surplus over GDP. The black line must be upward sloping. If this were not the case, the
present value of output would be unbounded.

Without uncertainty, equation (22) admits two steady states: a stable one at zero debt-
to-GDP and an unstable one at B}, where the black and green lines intersect at a positive
debt-to-GDP ratio. We label the second steady state the fiscal limit without risk.> The black
arrows on the horizontal axis show the dynamics of the debt-to-GDP ratio on either side
of this fiscal limit. Debt-to-GDP grows without bound to the right of the unstable steady
state. At a sufficiently high level of the debt-to-GDP ratio where the presence of constant
surplus does not materially matter anymore, debt-to-GDP grows exponentially. Importantly,
this path does not satisfy the transversality condition of the government in equation (17)
because debt grows at the rate of interest that is also used for discounting in the case of no
uncertainty.

Before the shock occurs, the interest rate on a riskless asset must reflect the fact that the
discount factor jumps by vZ percent whenever the disaster occurs. Moreover, if the shock
is large enough and the debt-to-GDP level jumps over the fiscal limit B%}, the government
defaults. For simplicity, we assume a complete default, but it is straightforward to relax this

assumption as in Yue (2010) and Lorenzoni and Werning (2019). The riskless interest rate

2IThere is a third steady state with a negative value of the debt-to-GDP ratio. However, the presence
of this steady state is inconsequential for our analysis because the debt to GDP can never become negative
with only negative disasters and a positive initial level of debt.
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and the interest rate on public debt are

ri =p+79, — AMEz[e??] — 1), (23)

B
re=p gy — A {Ez {e”z]l (7%2 < EL)] - 1} : (24)

t

The standard derivation is in Appendix A.7. Equation (23) states that, in the presence of
disaster shocks, households willingness to save is higher, which reduces the safe interest rate.
The interest rate falls when the intensity of disasters A is higher, risk aversion ~ is greater,
or the distribution of disasters has a fatter right tail.

Equation (24) shows that government debt features an endogenous credit spread. For-
mally, the variable inside the expectations operator is positive only when a disaster does not
trigger a default. The interest rate on government debt depends on the arrival rate of disas-
ters A, the probability of crossing the fiscal limit BY;, and the output decline conditional on
a disaster. The default premium rises as the debt-to-GDP ratio approaches the fiscal limit.
Notice that a rise in the arrival rate of disasters A\ has an ambiguous effect on the interest
rate on government debt. On the one hand, higher disaster risk increases the likelihood of
default. On the other hand, elevated disaster risk increases precautionary saving demand
for public debt.

Figure 3 plots the dynamics of the debt-to-GDP ratio before the arrival of a disaster
shock. The two red dashed lines show the debt-servicing cost, the interest rate net of GDP
growth rate multiplied by the debt-to-GDP ratio, in two cases. First, a downward sloping
line corresponds to riskless debt that pays interest rate 77, where we assumed that the risk of
disasters is sufficiently high to make r — g negative. Second, the upward sloping line shows
the case of debt that always defaults when a disaster arrives.”? The actual debt-servicing
cost curve, a solid red line, lies between these two extremes.

The unstable steady state of this system—a point in which the solid red debt-servicing

22The interest rate on the debt that always defaults when a disaster occurs is 7 = p+~g, + A. It follows
from equation (24) by setting the fiscal limit to zero.

29



cost curve intersects the surplus line—is B}, which we label the fiscal limit with risk. This
fiscal limit is distinct from the fiscal limit without risk BY%;. Debt-to-GDP levels to the
right of the fiscal limit with risk cannot be an equilibrium when risk is still present in the
economy because points to the right of B%.; do not satisfy standard backward induction.?’
We summarize this and the earlier observations in the following lemma. Appendix A.8

provides details of the backward induction argument.

Proposition 6. The government defaults if debt to GDP exceeds B}, before the resolution

of uncertainty and if it exceeds BY; > B}, after the resolution of uncertainty.

This proposition shows that the government can default even at levels of debt-to-GDP
below the fiscal limit without risk. This observation underscores that there is no single fiscal
limit in our environment.?*

The debt-servicing cost changes its sign at the flipping point Brp shown in Figure 3. This
point does not coincide with either of the two fiscal limits indicating highlighting the flow

approach is once again distinct from the economic or stock approaches to debt sustainability.

4.3 Secular Stagnation Forces

In this section, we present comparative statics of the debt limits with respect to the probabil-
ity of disasters and changes in productivity and population growth.?> These results highlight
that different approaches to debt sustainability can offer diverging assessments of how forces
lowering r and ¢ affect debt sustainability.

We start with an increase in disaster intensity A. Figure 4 illustrates the dynamics of

the debt-to-GDP ratio with a higher probability of disasters A\. The figure copies the curves

23We thank Fernando Broner, who pointed out that this logic was absent from the previous version of
our paper.

24We note that the model in this section also has rollover crises (e.g., Cole and Kehoe, 2000) with a
possibility of default at any level of debt. However, we focus on more gradual debt dynamics generated by a
possibility of future default, which is also the approach taken in Ghosh, Kim, Mendoza, Ostry, and Qureshi
(2013) and Lorenzoni and Werning (2019). Formally, we assume that the government does not default if it
can roll over its debt at a finite interest rate. At the same time, our setup does not have multiplicity in the
spirit of Calvo (1988) because we assume that the government first chooses the amount of bonds it sells to
investors. Then the investors determine the interest rate on these bonds (Eaton and Gersovitz, 1981).

25 Appendix A.9 also presents comparative statics with respect to the sizes of disasters.
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presented in Figure 3 in pale red and adds the comparative statics of higher A in blue. The

next proposition summarizes what is evident from the Figure.

Proposition 7. A higher disaster intensity A does not change the fiscal limit without risk
B but unambiguously moves the fiscal limit with risk By to the left and the flipping point

Brp to the right.

The proof is straightforward. A higher A has two opposing effects on the government
bond interest rate because the interest rate is a weighted average of the riskless rate and the
interest rate on the debt that always defaults conditional on a disaster. With higher A, the
riskless interest rate declines uniformly for debt levels because of a stronger precautionary
saving motive. The corresponding downward-sloping debt-servicing cost rotates clockwise
with A as shown with dashed blue line in Figure 4. At the same time, debt that always
defaults conditional on disaster is riskier with higher A, uniformly raising interest rates.
The debt-servicing cost curve for this type of debt rotates counterclockwise with A. The
first effect dominates at low levels of debt, and the second effect dominates at higher levels
because the probability of default increases with debt. This is shown with the solid blue
line in the figure. Point O is where the effect of a decline in the safe interest rate exactly
balances the higher probability of default due to a higher arrival rate of disasters.”® As a
result, the blue solid debt-servicing cost is always higher to the right of point O relative to
its analog under a lower A. The last observation implies that the new fiscal limit with risk
B;,L is lower than the original one By .

At the same time, the flipping point Brp, where the debt-servicing cost changes its sign,

shifts to the right because the debt servicing cost curve falls for levels of debt-to-GDP between

26The fact that the point O lies on the black line can be deduced by observing that the only situation in
which the interest rate on government debt does no depend on the intensity A is when the term in brackets of
equation (24) is zero, implying that the interest rate is p +~g,. The equation that defines the debt-to-GDP
level B* that corresponds to this fixed point is

BRI

log 55
/ e*dF(z) = 1.
0

Clearly B* < B}, otherwise the left-hand side of this equation is negative.
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zero and B*. This result shows how periods of elevated disaster risk can simultaneously cause
r < g while tightening the fiscal limit.

A decline in productivity growth g, has unambiguous effects on the debt cutoffs. To
understand the intuition, note first that the lower growth rate lowers the interest rate on
bonds after uncertainty has resolved. As a result, the debt-servicing cost, represented by the
black line in Figure 3, turns clockwise (under the assumption of a low IES, i.e., v~ < 1).
Hence the fiscal limit without risk increases. Before disaster arrival, the safe interest rate
and the interest rate on debt that always defaults also declines. Moreover, a higher fiscal
limit without risk reduces default probability. The last two observations imply that the debt
servicing cost, the solid red curve in Figure 3, shifts down for all positive debt levels. Hence
the fiscal limit with risk and flipping points move to the right.

In our environment, a decline in the population growth rate is a mirror image of a decline
in the growth rate of productivity just discussed. Lower population growth directly reduces
GDP growth but leaves the riskless interest rates unchanged. Consequently, the fiscal limits
with and without risk and the flipping points move to the left. Thus, higher output risk
and slower population growth reduce fiscal space, but lower productivity growth may raise
fiscal space. As our model reveals, the impact of secular stagnation on debt sustainability

depends on assessing the drivers of low r and g.

4.4 Calibration

We now assess the quantitative magnitudes of the effects discussed in the previous section.
We keep the IES parameter 1/0 and the average size of disasters z at the values used in
calibration 3 presented in Section 3.7. We choose the remaining parameters to reflect the
recent state of the US economy in 2019 before the COVID-19 pandemic. The growth rate
of real GDP per capita g, is set to 1.7 percent, and population growth n is 0.5 percent.
We use a higher value for the arrival rate of disasters A of 0.065 based on the structural

estimate in Farhi and Gourio (2018). The subjective discount factor p is set to match the
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average yield on 10-year inflation-protected Treasury bonds of 0.004. When computing p,
we take into account that government bonds are defaultable in this version of the model.
Specifically, we match the interest rate at the net public debt-to-GDP ratio of 80 percent.
As a result, the parameter p varies with the maximum fiscal surplus in the calibration. We
set the coefficient of relative risk aversion v to 2.74 to match the equity risk premium of 5.5
percent. Faced with some uncertainty about the maximum fiscal surplus (see Eichengreen
and Panizza, 2016), we experiment with two values: 5 percent and 10 percent.

Table 6 reports values of the three debt-to-GDP thresholds discussed in this section under
the baseline calibration and the three comparative statics experiments. These experiments
are the opposite of those in Section 3.7. Specifically, we investigate how the fiscal thresholds
change if one parameter reverts from its end of 2019 (baseline) value to its post-WWII
average value.

Consider first Panel A in Table 6, where the maximum fiscal surplus to GDP ratio is 5
percent. In the baseline calibration, the fiscal limit without risk is 222 percent of GDP, a
number more than twice larger the current value of US public debt. The fiscal limit with
risk is at 144 percent, well above the 90 percent level considered unsustainable in Reinhart
and Rogoff (2009). The flipping point at which r > ¢ is at 106 percent of GDP. A reversion
to post-war rates of population growth (column Ex. 1) leads to a substantial increase in all
three cutoffs, while an increase in the growth rate of productivity, column Ex. 2, somewhat
reduces these thresholds. A decline in the arrival rate of disasters, column Ex. 3, does
not change the fiscal limit without risk. However, it slightly lowers the flipping point and
somewhat increases the fiscal limit with risk. The small changes in Experiment 3 reflect that
the equity premium is only modestly impacted, falling from 5.5 percent to 5.2 percent.

Panel B demonstrates the considerable sensitivity of the thresholds to the maximum
fiscal surplus. If the government can extract a surplus-to-GDP ratio of 10 percent, it can
sustain the level of debt of nearly 300 percent when risk is absent and about 200 percent in

the presence of risk. It is worth emphasizing that the numerical values that we presented
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here are likely to represent lower bounds. First, we have not included a liquidity yield or
seigniorage revenue. Second, we assumed a zero recovery value of the public debt after
default, ignoring substantial physical assets held by the US government. Third, we have

modeled US debt as exclusively short-term debt.

5 Conclusion

For advanced economies, the previous decade has seen rising levels of public debt and low
rates of growth. Public debt levels are set to rise sharply in the wake of the coronavirus
pandemic. Despite this, interest rates on government debt remain remarkably low for most
advanced economies. Conditions of < ¢g have prompted a reassessment of debt sustainabil-
ity for these economies.

In this paper, we contrast informal ideas of debt sustainability with a more theoretically
grounded approach. Policy debates on sustainability typically center on the level or stability
of the debt-to-GDP ratio (stock approach) or whether r < g (flow approach). By contrast,
we consider an economic approach to sustainability— will forward-looking investors willingly
hold the public debt? Our key finding is that the economic approach to sustainability is not
closely tied to either the stock or flow approach. Debt is sustainable so long as the primary
surplus rises linearly with the level of debt.

The stock approach can be partially resurrected when the primary surplus is bounded. In
this case, a state-dependent fiscal limit emerges. Secular stagnation forces—explanation for
low r and low g—have counterintuitive effects on sustainability. Slower population growth
tightens the fiscal limit, but lower productivity growth could loosen limits; higher output
risk can lower rates but tightens fiscal limits.

This paper does not consider the optimal level of debt.?” We leave to future work the

27See Barro (1979) and Lucas and Stokey (1983) for optimal debt policy with distortionary taxes. See
Bhandari, Evans, Golosov, and Sargent (2017) for optimal debt policy with heterogeneous agents and in-
complete markets. Woodford (1990) showed how high levels of debt may be welfare improving and may
crowd-in capital in the presence of financial frictions, while stressing the empirical fact of low r relative to g
for the US. Angeletos, Collard, and Dellas (2016) consider optimal policy when interest rates on public debt
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question of optimal debt policy when r < g on average and taxation may be either econom-

ically or politically costly.

are low due to financial frictions.
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Online Appendix

A  Proofs

A.1 Proof of Lemma 1

First, take the household flow budget constraint
dwy = (r{sg + riby — cp — 7 — nwy)dt + wyzdry,

together with s; + b; + xywy = wy.
Second, consider the process & such that

d .8
Do gy - P T g
ﬁt gt

Third, compute d(&;e™w;) to get

— rrs
d(§te"twt) = e”tzft [(Tt — 7";) bt — Ct — Tt] dt + (l‘t — Mt0_2 ¢ ) e"tat«ftwtdZty.

t

Fourth, integrate the above process forward and take expectations

T T s
—r
Ere™wr — Eowo = / €& [(re —r§) by — cp — ] dt + / (xt - 'utag : ) e"o&udZy
0 0 7

take expectations

T
Eoére™ wr — &ouo = IE0/ & (re — i) by — ¢ — 7] dt,
0

and, finally, take the limit

o0
Sowo = lim Eoére" wr + ]Eo/ €& (r — 1) by + ¢ + 7] d,
T— o0 0
where in the last equation we assumed that limit and expectations are interchangeable.
Assuming that &7 is the stochastic discount factor, the no-Ponzi game condition is limy_, . Eoére™  wp >

0, which results in

60"(1)0 Z Eo / €ntft [(Tf — T't) bt + ¢ + Tt] dt.
0
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A.2 Proof of Lemma 2

Log GDP is
dy, 1 (dy\?
dlogyy = — — - | —
Y 2\ W
1
= gydt + 0,dZ} — 3 (gydt + Ude,;y)2
o2
=gy — ?y dt + o,dZ}.
Log debt is

(TtBt + Gt — Tt) dt 1 (TtBt + Gt — Tt) dt 2
log By = - =
dlog B, B, 2 B,

Gy —T,
= <Tt+ tBt t)dt

The low of motion of By = log [B;/(Nyy:)] is

~ 0'2—0'2 ~
dB; = rt—gy—n—l—aD—l—yTB—BDBt dt—odegl.

A.3 Derivation of Asset Prices in Section 3.3

Step 0: preliminaries. We evaluate a part of the value function that depends on the stream of consump-

tion
o0 1—
V=, / e~ (o=t S g,
t 1—v
Note that i
g dt + o,dZY
Ct
implies
o2
dloge,” = (1-7) (gy - 5’) dt + (1 = y)oydZy.
Hence
1—v 1—v 0-13
A= expd (1= (9= 2 ) (w1 + (1= )0, 2L,
and

1_e [*p+n+(1*v) (gr wj )] (T—t)

p*n*(lfv)(gyfg)

As long as p —n — (1 —v)(gy —v0;/2) > 0, we have

T
E, / e~ (P=m)(u=t) (1= gy, —
t
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1—y
Ct

Vt:p—n—(l—v) (gy—”?)'

Note that the condition p —n — (1 —v)(gy — 70,/2) > 0 is necessary for the household problem to have a

solution.
Step 1: household problem. The household problem when the budget constraint takes the intertemporal

-1 b
G Ly ()] dt
1—7v Yt

o0 nt
st.:wo 2 ]Eo/ et + 7 + (17 — 7¢)bi] %&dt,
0 0

form is

max IEO/ e~ (p—n)t
0

ct,be

The Lagrangian of this problem is

0 1—v ~1 b
Lo = Eo/ elommyt |G T & Yy (t>
0 1—7 Yt

Note that Lg is a functional such that £y : L x . — R, where L is a space of square integrable progressively

ent&

0

— K |:E0/ [Ct —+ 7 + (Tf — T‘t)bt] dt — wo
0

measurable processes with values in R.

Step 2: optimal choices and liquidity yield. The first order conditions for this optimization take the

following form
Ocy e Ple, Y = K&y,
bt

o e () =t (= o).
t

together with the transversality condition
lim Ege"T &rwp < 0.
T—o0

Together the transversality condition and no-Ponzi game condition imply that

lim Ege"T&rwr = 0.
T—o0

Individual optimality condition with respect to consumption can be solved to get consumption

er = (") 7,

and with respect to liquid bonds for bonds

by

_ulfl e —r)] = u/fl Ezeptﬁtrf_” )
Z/t_() [tt(t )] () [ el )]
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Substituting out x&; from the first order conditions, we obtain

It can be rewritten as

In equilibrium, where ¢; = ¢;, we will have

b
ri—ry =1 <t>
Yt

Note that the Lagrange multiplier x solves the intertemporal budget constraint after substituting out

for optimal consumption and bond holdings:
o E/ {(erhe) ™ - mi 4 (7 = e (@) [FewEi(r — 1) e
0

Step 3: SDF. First, we apply Ito’s lemma to the first order condition with respect to ¢; to get the law of

motion of &:
kdg =d (e ) ;" +e "d(c; ") +d (e ) d (e )
1
= —pe e Vdt — e Pl e + ’Y(WTHe_”tct_'y_Qdcf.

Divide both sides by k&

d d +1) (de\?
G _ gy do 200+ 1) (Ct) .
&t Ct 2 Ct
Next, we use the goods market clearing condition y; = ¢;+Gy to note that (1—vg)y: = ¢; and dy; /y: = dei /ey
As a result,
d d +1) (dy,\?
N T D) (y)
&t Yt 2 Yt
+1
= —pdt — (g, dt + o, dZ}) + %azdt
y(y+1
= - {p +79y — (2)03] dt — yo,dZ}. (A1)

Step 4: safe rate. No arbitrage implies that the price p; of any security that pays dividends d, to its
holder equals

1 oo
Pt = gEt/ €9d€d5 (A2)
t

The differential version of this equation is

0 = &dedt + By [d(Eepr)] - (A3)
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The safe bond is a security with the price of 1 and the dividend 7. As a result,

= &ridt + Epdéy,
s 1 d§ Yy +1
Ty = ——Et (f:) =p+9, — %05.

This confirms the guess of the drift in equation (8).

Step 5: equity price. The value of Lucas trees ¢; to the household that growth at rate n and collects

*Et / €se ys

We can compute the last integral explicitly. First note that f; = &e™ly; = e’(p*”)tytl 7 follows the geometric

y.e™ in dividends is

Brownian motion
dfy

fi

which has the following solution

-1
Maﬂ dt — (v — 1)oy,dZ},

[ﬂnJr(vl)gy 5

I fteXp{ [pnﬂvl)gyz] (St)(vl)ay(Z:ithy)}-

Thus, we obtain

*Et / deS
y(y=1)o2

p—n+(7—1)gy— 2
Yt
rs—gy—n—i—wfg'

The last formula is a version of Gordon’s growth formula with risk. It implies that dg;/q: = dy:/y:, which,
in turn, yields

Ot = Oy,
o Yo s 9
pe=gy+ — =r"+10,.
qt
The last finding allows us to verify the diffusion part of the guess in equation 8. Specifically,

S
Mt — Ty
(o7

= Y0y,

which is the same turn as we obtained in equation (A.1).

A.4 Proof of Proposition 3

In the first part of the proof, we derive some preliminary results. Then, we show that fiscal policy is
unsustainable according to the economic approach when 5 < 0. Afte that we show that when g = 0, fiscal
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policy is sustainable if and only if o, — ap > 0. Finally, we present the case with 5 > 0.

Preliminaries: TVC. First, consider the transversality condition

-
E, |:en(5t)§sbs:| =E, en(sft)efp(sft) <ys) b,
3 Yt

t
—e—(1=7)log yt+(p—n)t]Et [e—(p—n)5+(1—’y) log ys+Bs

To compute the expectations, we note that the term in the exponent in every point of time s is a normal
random variable because it is a sum of the Brownian motion with drift—term logys—and the Ornstein—

Uhlenbeck process, which is also a normally distributed in a given point in time. As a result
E, [en(s—t)gsbs] — o~ (=M logyi+(p—n)t  JEe[~(p—n)s+(1—7) logys+B:|+5 Ve[~ (p—n)s+(1—7) log y:+B]

t
— ¢~ (=M logyr—(p—n)(s—t)+E: [(1—) log ys+B: |+ 5 Ve [(1—) log ys + B | (A.4)

To compute the moments of (1 —v)logys + Es, we note that

o2 s
logys = logy; + (gy - 2y> (s—1t)+ ay/ dz,, (A.5)
t
N ByeBs—t) L a (1 _ ¢=B(s—1)) _ SeBls—wqz, if 0,
B, )b 5 ( ¢ ) =0y [ie itp# (A.6)
BtJroz(s—t)—Jyft dz,, if =0,

where the second equation can be obtained by first expressing the law of motion for eBSES from the law of

motion for B, and then by integrating it. Combining (A.5) and (A.5), we get

~ 2
(1= logy + Bie 260 + (1 =) (g, - 3 ) (s = 1)
(1 —=9)logys + Bs = +5 (1 —ePb0) 4 ay2ft (1—y—ePe=w)dz,,  ifB#0,
(1 —=~)logy: + By + [(177) (gyf%y) +a} (s—t)—gyfyftSdZu, if 6=0.

Conditional expectations and variance of the last expressions are

g

~ 2
(1 =) logy: + Bie P71 4 (1 =) (g, — 7y> (s—t)+ 3 (1—eP6m9), it B £0,

Et{(1_7)10g95+§5}: (177)1ogyt+1§t+{(177)( %y)+a (s — 1), if 8= 0.

and

v, [(1 — ) logys + ES} = o2 / (1 e e—ﬁ(s—u>>2 du
t

2 28(y —1)2 (s —t) — 4 (1 — ) (1 — e PE=0) 4 (1 — e=28(s=1)
Yy 25 ,

when S # 0 and
Vi (L= logy, + By| = o245 — 1),

when = 0.
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We are ready to compute the exponent in the TVC condition (A.4). When 8 # 0

~ 1 ~
—(I=9)logy: — (p—n) (s —t) +E¢ [(1 — ) log ys +Bs} +5Ve [(1 — ) log y, +Bs}
2

= — (1= )logy = (p—n) (s = ) + (1 =) logs + Bre 7= + (1 =) <gy - 2) (s =)+ 5 (1-e7)

22800 =1 (s = 1) —4(1 =) (1= e PC7Y) 4 (1 — 7070

+oy, i3
~ g i —4(1—7) (1= e PlD) 4 (1 = ¢ 200-0)
- Blt—s) L X (1 _ —B(s—1) 2
Bie + 3 (1 e ) + 0, Z
2
Yo
_[p—n—(l—v)<gy—2y> (s —1). (A7)

When g = 0, the last equation becomes

— (=) logy — (p—n) (s = ) + B2 [ (1 =) logy, + By + 5V [(1 - 7) logys + B

:§t+a(8_t)+052’72—1(8_t)_ lp_n_(l_'Y) <9y_vgy>] (s —1)

. 2y —1 yo,
:Bt+{aD—au+p+(7—1)gy—n—[7(7+1)—1]0§/2+0§ 5~ [p—n—(l—y) (Qy_y>

=B, + (ap — aw)(s — t). (A.8)

The case of 8 < 0. In this case, the Ornstein-Uhlenbeck process in Proposition 1 is exploding instead
of being mean-reverting. As a result, the transversality condition of the government, equation (17), is not
satisfied. The easiest way to see why the transversality condition fails is to note that conditional expectation
of the log of debt-to-GDP ratio increases or decreases exponentially depending on initial conditions and its
conditional variance grows exponentially, as can be seen by solving the differential equation in Proposition
1. At the same time, the log of the discount factor decreases only linearly with time according to equation
(8). As a result, the expectations term in the transversality condition increases without bounds. To see this
formally, take equation (A.7) and observe that as s goes to infinity, this equation becomes approximately

equal to
,e 280t

Yy _45 ’

g

which increases to infinity with s.

The case of § =0. Equation (A.8) implies that the TVC holds if and only if ap — a,, < 0.
The iBC of the government is

by = ]Eo/ (7 — g + (rf — Tt)bt]entédt
0 o

= Eo/o [y, —ap + ﬁlog(bt/yt)]bte"tg—édt.
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After imposing S = 0, the budget constraint becomes

Note that

or

As a result,

bo = (Oéu — aD)Eo/ bte

0

n St gy
0

S P~ ~
= bo(a, — aD)]EO/ eBt—Bo+nt—pt+(1—7)(log y:—log yo) J¢
0

Et—éozat—oy(Ztnyg),
0.2
logy: —logyo = | gy — 79 t+o,(Z) - ZY).

By — By~ (p—n)t+(1—7) (logy: — logyo)

52
B /oo e§t+nt7pt77(log ci—log cO)dt _ 6§0E0 /oo . |:afp+n+(1*’y) (gy*Ty>:| t*’YUy(Zf*Zg)dt
0

0

:eBO/ 6[@4*P+n+(1*v)(gy*7)+ 3 }tdt
0

. + e
gohmt_,oce

2 2

a—p+n+(1—7n ( 7’) ’“7“

o ptmstin (a5 ) 7

Replace « in the following expression

7o

0_2 2
a—ptn+(l-9)|gy— 5 |+—5 =ap—au

As a result, we get

o ~ ~
EO/ eBtJrntfptf'y(logctflogco)dt — eBg 1 )
0 Oy — Op

Plug this in the original equation

1

bo = (Oéu — OéD)b()i.
Oy — ap

The last equation holds for any initial value by and for any a, — ap > 0.

The case of 8 > 0.

When § > 0, equation A.7 is dominated by the last term which tends to minus infinity

as s goes to infinity. This is because for equilibrium to exist the parameters must satisfy p—n— (1 —)(g, —

705 /2) > 0. It is easy to check that the government budget constraint also holds following steps similar to
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the case with 8 = 0.

A.5 Proof of Proposition 4

It is a standard result in the analysis of continuous-time stochastic processes (e.g., Dixit, 1994) that the
stationary distribution of a reflected Brownian motion is exponential. As a result, we only derive the
conditions for which the TVC is satisfied. Specifically, we will show that a necessary and sufficient condition
for limg_, o E¢[e"Térbr] = 0 is o, — ap > 0. The challenge in proving this result stems from the fact that
the log of debt-to-GDP ratio is not just Brownian motion with drift, but a reflected Brownian motion with
drift.

To slightly simplify the notation (but without any loss of generality), we assume that EO =0, Emm =0
and v = 1. In the end of the proof, we comment on the consequences of dropping these assumptions.

First, note that

by 1
I=va)yr 1-1¢

E;e"Terby = Eie"Te rT Ete_(”_")TegT.
Second, we use the observation, which is straightforward to prove (see, for example, Harrison, 1985)
using the so-called reflection principle from probability theory, that the cdf of the reflected Brownian motion

with negative drift and a single (lower) reflecting barrier is

P (B, <alBy=0) =2 (xg;/o‘;) —e o (_x\[_to‘t) = F(a), (A.9)

where ®(-) is the cdf of the standard normal distribution. Equation (A.9) implies that the PDF of the B; is

1 T —at 1 %}’ —x —at _2&%‘“ —x — at

When 2a/02 + 1 # 0 (we will consider the special case when 2a/07 + 1 = 0 separately), we have
5 ° 1 x—at 1 2 (—z—at 200 22 —x—aot
[t () o () T ()
=) vt ) T ol ) i

B < 1 T —at > (if‘g+1>x 1 —z —at
_/0 ‘ O—y\/{gb(oy\/i)dx_'_\/(; ‘ Uy\/5¢< oVt >dm

@

<

A1 AZ
—2a
o2 —at 1 > (%H)z (x — at)
4+ —2 |- — +7/ e\%y — ) dx]|. A1l
5 ()t o . oV A
As

To compute Ay, As and Az, note that

e (bx +¢) = efﬂ¢ (bo:Jrcf 7) .
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As a result,

24
Ai=e 2 '@ (07’ Oé\/z , (A.12)

o2 (2% 41 2
Y o2 _|_
Ay = 64<—2 >t¢ (oy a\/i> — A, (A.13)

Oy
—2a (,2<27a+1) 2
o2 — v\o2 o+ «
Ag= 2o ([ Z2VE) e e [ Ve ) (A.14)
U—‘;—i—l oy oy

Plugging equations (A.12)-(A.14) into (A.11) and rearranging, we get

a?(%ﬂ) 2 a?(%ﬂ) 2
B Y\og o, + Y\og o, +a
EoePt =2 '@ ( Y \/i) +e 2 'd ( Y \/%)

Oy Oy
—2a a2(2a +1) 5
2 — vieZ oo+«
o Z L) g (e,
=+ 1 Oy oy

o o2 ( 20 44 —2a

LA )] e ()
v Ty

When 2a/07 + 1 > 0, then o/o; +1 > —a/o > 0, so that the first term in equation (A.15) is positive.
Moreover, when again 2a/ O':LQ/ + 1 > 0, the first term on the last line always goes to infinity when ¢ tends to
infinity dwarfing the second term in equation (A.15). At the same time, when 2a/02 +1 <0, thenast— oo
the first term in equation (A.15) disappears leaving only the second term to be non-negligible. We now use
these properties to compute the transversality condition.

Now, we can compute the limit

33 +)
N T | & —ptn|t —2
2 2 J—
lim e~ P"™'EgePt = lim { 2 ;Z e i) |:O'y (1 + c;) \/f] — ¢~ ()t 2aoy i) < Oé\/i)
t—00 t—o0 = +1 o, = +1 Oy
Y
3(2)
o s
— lim {220 O oy (14 =) Vi
=S 29 + 1° % o2
Y

where the second equality took into account the fact that lim; ., e~ (p=n)tgp ( ;—a ﬂ) = 0. Finally, we obtain
y
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that

2
g
0, - < -—a+p—-n,
—~ < +1 2
; —(p—n)t By _ o5 9y —
tlggloe Epe”t = 2%“7 5 = —a+p—n,
v 2
U’K
+00, - > —a+p—n.
After noting that
2
a—pt+n+ L =ap—ay
we can write
0, Q, —ap >0,
tm B Szt
lim e~ (P~ Eqe”t = 2ﬁ+1, o, —ap =0,
t—o0 05
00, a, —ap < 0.

Remark 1. So far, we have considered the case when 2a/o§ 4+ 1 # 0. When, instead, 2a/o§ +1=0,
the above calculations simplify considerably. The key difference starts from equation (A.15), which will not
feature 2c./07 4+ 1 in the denominator anymore.

Remark 2. While the assumptions that §0 = Emm = 0 are clearly non-consequential. The assumption of
v =1 can look suspicious. In fact, all of the calculation go through. The only non-standard feature is that
we need to deal with a joint distribution of correlated Brownian motion (i.e., logyr) and reflected Brownian
motion (i.e., ET) because we have to compute the following object

Eie"Tépbr = Ee(p—)T (1= va)yr] T br = (1 - 7@)_76_(”_")TEte(1_7) log yT"FET.

This is straightforward but needs some care.

A.6 Proof of Proposition 5

The law of motion. Taking the difference between the low of motion of the log of debt and the log of
output, i.e.,

Gy —T,
dlogBt:(rt—i— tB t>dt,

t
2

o
leg Y = (gy — 22/) dt + O'dety — thJt,
We obtain the law of motion of the log of debt-to-GDP ratio

~ 0'2 ~
dBt = <Tt — 9y — n—+ap + 7y — BDBt> dt — O'de;/ + thJt.
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The interest rates are

1
P =p+ygy — RRALEY (V; )05 — AEze” — 1),

re =1° — ay + BuBs.

As a result
dB; = (a — ﬁﬁt) dt — o,dZY + Z,dJy.
where
~ 1 o2
a=p+y9y — 77(7;_ )05 —ay —gy—n+ap+ Ey —AMEze?? — 1) =a — ANEze? —1).

which is similar to the definition of o before but that takes into account rare disasters.

Stationary distribution. Taking into account the fact that § = 0, we can write the Kolmogorov forward
equation for the density function f = f (]§, t) in the region B> émm as

of _ _of oy 0*f = =
EZ—Q£+7'§+A{E{f(B_Z>t)}_f(th)}' (A16)

The stationary distribution satisfied 9 f /0t = 0. We guess and verify that

f(g) :?'eigBa

where f and B are constants to be determined. Plugging this guess in equation A.16 and taking into account
that 0f/0t = 0, we obtain the implicit equation that determines the rate parameter £

2
GE+Le =\ (1-E[e57]). (A.17)

This equation has one obvious solution of £ = 0, which immediately implies that f (E) = 0 for all
B> émm. This must not be the case for the reflected process. As a result, we discard this solution. It
is easy to see by plotting the left- and the right-hand sides of equation A.17 as functions of £, that the
remaining solution of the equation is positive when a + AE[Z] < 0 and it is negative in the opposite case of
a+ AE[Z] > 0. In the knife edge case of \E[Z] = —a, there is only one solution of £ = 0. The stationary
distribution exists only for negative £.

Constant f is determined by requiring that

/Oo f(B)dB = 1.

Bmin

As a result,

f — é‘egBWLin7

and o
F(B) = gt (F=Bn),
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Transversality condition. To prove that the transversality condition holds if and only if «,, — ap > 0,
we consider two separate cases.

First, consider the case when the stationary distribution does not exist. Specifically, suppose that
a+ AE[Z] > 0. In this case, the debt-to-GDP ratio increases unboundedly on average. As a result, we
can ignore the influence of the lower reflecting barrier. As a result, the expectation in the transversality

condition
Ee" T ¢rbr = 1 QEte—(p—n)TeET-S-(l—v) logyr

(1-1c)

Next, express By + (1 =7)logyr as

2

~ g,
dB; + (1 — y)dlogy, = adt — 0,dZY + ZydJ, + (1 — ) Kgy - 2”) dt + 0,dZY — Z,d.J,

2

o
adt + (1 —7) (gy - ;)1 dt —yo,dZ{ +~Z,dJ,

2
= [p - %05 —ay —n+ap — ANEze?? — 1)} dt —~yo,dZ} +~vZ,dJ;.

Integrate the last equation
2

Br+ (1 =) logyr — [B; + (1 — ) logy] = [p— %05 —a, —n+ap —AMNEze?? —1)| (T —1)

ne,T

k=1

where n, r is a (random) number of Poisson event arrivals between ¢ and T. As a result,

E,e— (P~ Br+(1-7)logyr
— e~ (p~n)t+Bi+(1-7)log ytEte[—"/zai/?—auﬁ-aD—/\(]Ezewz—1)}(T—t)—vay(z%—zf)+7 St Zy,

- 2 2,2
:ef(pfn)t+Bt+(17'y) log ytEte[—%Ui—auﬁ‘aD—)\(]Eze'VZ_l)] (T—t)+7 5L (T—t)+(T—t)AE, [ert—1]

—e—(p=m)t+Bit(1-7)logyi [ ol—ou+apl(T—1),

It is clear from the last expression that the transversality condition holds if and only if —«a,, + ap < 0.
Consider now the second case in which the stationary distribution exists, that is, @ + AE[Z] < 0. For

simplicity of exposition, we consider the case of v = 1, which allows us to write
nT 1 —(p—n)T B
Eee™ Erbr = sEe” TP
1

1 * 5 5.5
= 726_(p_n)T/,\ ePee BdB
B

min

)
~-nTe [T 0-9Bg(1_¢) B
e e
(1_'7G)2 (1 _5) Buin
= 5 e_(p_n)Tfe(l_E)émin
(I=7c)" (£-1)

where the last inequality is only valid under £ > 1. As a result, the TVC holds if £ > 1 and p > n.
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A.7 Derivation of Asset Returns with Default

We lay out a heuristic derivation here.

Safe interest rate. The discount factor is

—pdt ol e~ Pdte=r9ydt no disaster,
Mtpdt =€ 7T =y T dt dt z .
€t e Pdte=19vdte=7(=2) = disaster,
e~ (ptygy)dt no disaster,

e~ (PT19y)dt+7Z  (igaster,

the return is

Ritiar =€t at,

The Euler equation is
1=E, (mt,t+dth,t+dt) .
Use the values of the SDF and the return

1= (1 — Adt)e~(PHr9v)dteridt L \giR, , e~ (PHygu)dt+rZ gridt
and simplify

elPtrgy—rdt — 1 4 N\d¢ (IEZGVZ _ 1) ,
s =p+ 79y —)\(Eze'yz -1).
Note that this last formula is just a special case of a more general formula in Proposition 8 in Appendix
B.
Defaultable interest rate. The return is

redt
9

e no default,

Riirar =
0 default.
The Euler equation is

1=E, (mt,t+dth,t+dt) .

Use the values of the SDF and the return

BTI,T' BTLT‘
1= (1= \dt)e~(Ptrg)dteridt 4 3 gre=(ptrgy)dtgredtp (Z <lo ( FL )) E [e'YZ Z<lo ( FL )} ,
( ) .\ B/v; Z <loe|\ 3,7y,
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and simplify

Bn’l‘ B’n’l‘
(ptygy=re)dt —(1 _ \dt) 4+ \dt]P <Z <1 ( FL >> E [ 217 <1 ( FL ﬂ
e 0, e 0 ,
( ) e\ BV | e\ By

B’I’LT
—r)=MP|Z <1 FL E o 721
(p+79y — 1) { < og (Bt/Y't)) Z|Z<log<%> [e7] ;

BTL'I"
- ~MP(z<1 FL )R v [P =10,
Ty =p+ Y9y { < <og (Bt/Yt>> Z‘Z<1°g(%)[e |

In the case of the exponential distribution of random variable Z, i.e., a change in log output, with the

probability distribution function
Ee™8% 2>0,

0, z <0,

fz(2) =

we have

log Bt /Yt
e =p+79y — A / edFy(z) — 1

log 575
=p+7g9y — A 5/ e 92dz —1

=pt+rgy —A

nr v—¢
‘p”gyA{ffvll@j?@) ]1}

A.8 Proof of Proposition 6

To see why the points to the right of B fail the backward induction argument, start with the debt-to-GDP

level of By, and the situation when uncertainty has not been resolved yet. In the next instant, the debt-

to-GDP will exceed B} because the debt servicing cost is larger than the surplus. Since the government
defaults after disaster of any size in this region, the interest rate on public debt is 7¢ = p+7vgy+ . However,
the highest level of debt-to-GDP that the government can sustain at this interest rate is 5/(r¢ — g, — n),
which is smaller than B % As a result, the households refuse to purchase government bonds leading to
immediate default. However, predictable defaults with capital losses are not possible in our model where
agents have rational expectations. This means that B%} could not be an equilibrium level of debt-to-GDP in
the first place. Continuing this logic all the way from B} to B, we deduce that when risk is still present,

all point to the right of By, are not an equilibrium.

BFormally, BY; =5/(p+7v9y — 9y —n) >5/(p+ 79y + X — gy — n).
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A.9 Change in Distribution of Disasters

In this section, we study how a rightward shift in the distribution of disaster sizes affects fiscal limits.
Formally, we consider a change from distribution F(z) to F (z), where the latter first-order stochastically
dominated the former. Recall that sense. If the distribution F (z) first-order stochastically dominates the
distribution F'(z), then, for any increasing function, including D(z) = €7%, we have that Erg(z) < Ezg(2).

This change has two opposing effects on the debt servicing cost curve. First, it reduces the safe interest
rate in equation (23) via the household’s stochastic discount factor. Second, it increases the probability
of default conditional on a disaster and, as a result, raises the sovereign default premium. Each of these
two forces can dominate at any level of debt - a contrast to the previous case where a change in A had an
unambiguous effects on the interest rate for debt-to-GDP ratios above or below B*.

To illustrate this point, consider a special case when the distribution F is exponential with the mean of Z
that satisfies Zy < 1. Without this parameters restriction, which states that either the risk aversion is small
enough or the average disaster is not too large, the demand for safe assets is infinite. Figure A.1l presents
three examples in which the net effect of the above two forces is either negative for all levels of debt, positive
for all levels of debt, or negative for some and positive for the other levels of debt. The left panel presents
the case in which the households are risk neutral, i.e., v = 0. In this case, the effect of larger disasters on the
safe interest rate is absent and, hence, a higher probability of default conditional on a disaster dominates.
As can be seen from Figure A.1, for all levels of the debt-to-GDP ratio between 0 and the fiscal limit without
rigk, the interest rate r; under larger disasters rises relative to r; . By contrast, the right panel of Figure A.1
draws the change in the interest rate in the case when the risk aversion is relatively high, such as vy = 1. In
this case, a safe interest rate decline is the dominant force that pushes down the public debt interest rate for
all debt-to-GDP levels considered. Next, the middle panel of Figure A.1, presents an intermediate case with
the coeflicient of relative risk aversion v = 0.5. In this scenario, there is a cutoff value of the debt-to-GDP
ratio below which the decline in the safe interest rate dominates and above which a higher probability of
disasters dominates. Finally, we note that this interest rate behavior directly translates into the behavior of
the debt-servicing costs. As a result, in general, it is impossible to determine the direction of a change in
the fiscal limit without risk and flipping points.

0.095
0.09 -
0.085

0.08 -

0.2 0.4 0.6 0.8 1
B/Y;
By

0.2 0.4 0.6 0.8 1
B/Y;
By,

Figure A.1: The three plots of this figure illustrate how the public bonds interest rate changes from r;
to 7, when the distribution of disasters, represented by the exponential distribution with the density of
f(z) = z Yexp(—z/Z), changes its mean from % to z > Z. The left panel presents the case of v = 0. The
middle panel shows the case for v = 0.5. The right panel plots the interest rate for v = 1. All the other
parameters are kept constant.
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B A Model with EZW Preferences

This section of the Appendix provides the details omitted in Section 3.7 and 4.4 by first describing the

recursive preferences and then by stating some results that we prove in an online appendix C.

B.1 A no-Disaster Case

In a model without disasters, a typical household maximizes the following preferences

W, =V, + E,; /too T, sYsU (§Z> ds, (B.1)
where
V= E, /too f(eas Va)ds,
fewviy = LD oo (= v,
N S o R [p e ae (Qy o )] e e

Formally, the utility function (3) consists of two terms that capture the utility from consumption and
utility from holding government bonds. We assume that the utility from consumption is represented by
the Epstein-Zin-Weil preferences with subjective discount factor p, the coefficient of relative risk aversion =,
and the intertemporal elasticity of substitution 1/6. One advantage of using these preferences is that they
allow for separation of the coefficient of relative risk aversion (CRRA) and the intertemporal elasticity of
substitution (IES) that will be convenient in our calibration. We use the continuous-time formulation of
these preferences introduced by Duffie and Epstein (1992). When v = 0, the preferences in (B.1) reduce to
the preferences we used in the main text and that are given by equation (3).

With the process (B.2) entering the preferences for public debt (3), the demand for liquid bonds does
not depend on current consumption of the household in equilibrium, i.e., the wealth effect on demand for
government bonds is zero in equilibrium.

By repeating steps is the proof of Lemma 2, which can be found in the Appendix A.2, we can write the
following law of motion for the log of debt-to-GDP ratio.

~ o2 — o2 ~ ;
dB; = (Tt —gy—n+ap+ yTB —5DBt> dt"‘UBdZtBa
where dZB = (0p/05)dZf —(0y/05)dZ} and 0% = 0% +0,. Note that we added disasters in this expression.
Asset market clearing conditions combined with optimal choices by households gives the asset pricing
equations summarized in the next proposition.
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Proposition 8. In equilibrium, the interest rate on safe assets and liquid government bonds are:

. 0+1
r =p+ggy—¥aﬁ,

T =1 =y + Bu +Bu§t7
and the drift and diffusion terms for the return on the risky asset are given by:
.8 2
Ot = Oy.

The proof is in Appendix C. Proposition 8 states that the only difference in the asset pricing in this
extended model compared to the model in Section 3 is the explicit presence of the IES parameter in the safe

interest rate

B.2 A Case with Disasters

Adding disasters is straightforward. Equation B.2 has to be modified to take into account the fact that the

household faces not only Brownian but also disaster risk. The law of motion of debt to GDP becomes

N 05 — o, 5 B
dBy = \ri—gy—n+ap+————PpB | dt +0pdZ + ZidJ:, (B:3)

We present the extension of Proposition 8 to the disaster case.

Proposition 9. In equilibrium, the interest rate on safe assets and liquid government bonds are:

~y(@+1) 00—, 1 g P
?“s :p"‘egy — TU;‘F)\E ﬁ(e (1= _1)—(6’Y —1) s
Tt :Ts_au+6u+6u§t7

and the drift and diffusion terms for the return on the risky asset are given by:

pe =10+ 702 +AEz [(7Z —1)(1 — e )],
Ot = Oy.
It is straightforward to extend the proof of Proposition 8 to the case with disasters by following, for

example, Tsai and Wachter (2015).
As a result, the law of motion of the log of public debt-to-GDP ratio is

dB; = (a — BE) dt + 0 5dZ8 + Z,dJ,.

where

0 —
a=p+rgy—{op+(0+1)—1]0}}/2 —ay, — gy, —n+ap+AEyz [1_1 (e‘“"”z - 1) — (7% 1)} :

which is similar to the definition of & in Proposition 5 but that takes into account the fact that the IES and
CRRA are not equal each other.
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Note that the stationary distribution of ﬁt when there is a lower reflecting barrier §min and g =0 is

again exponential with the rate parameter that solves

o’
ag+ 7 = A1 - Eg[et)).

Assume that government defaults when the debt jumps over the debt limit as in Section 4. The household
needs to be compensated for this risk. The next proposition presents the interest rate paid on government
debt absent default.

Proposition 10. Conditional on no default, public debt pays

re=1"4+ A\E [e'YZ‘H <Z> log (5;;))} .
e/ Ye

The proof of this result uses Proposition 1 from Tsai and Wachter (2015). As a result,

1 _
re =p+0g, — 7(9;‘ )UZ—F)\‘?ZE {e_(l_"’)z — 1} —)E [e'yz]l (Z < log <£1;§/t)> — 1] )

When we assume that Z has an exponential distribution with the pdf fz(z) = Z7'e™*/% for z > 0, we

1—-=vy
v(@+1) o 0—~ _ 1 B/JY,\ =
= fg, — - A - A 1-— —1].
=Pt gy 2 %y 1+§—§’yz 1 -2y Brr,

where T used the fact that lim, o, e7~1/Z=D% = lim,_, . e(7=1/2)% = 0, which can only happen when

get

v < € <&+ 1, where the second inequality holds automatically. Moreover, the equity premium is

1+z+1-2y L
1-72)1+2)(1—1z2+7%)

ut—rszfyai—i—)\

and the safe rate is

y(9+1) 2 _ Ofy Yy
S— 9 A _ —_ =, °
TEAT 7 : 1+z—-2y 1-%y

C Proof of Proposition 8
Step 0: preliminaries. First, the partial derivatives of function

[(1— V] -0

feV) = e = (=) (L=

1-0
are
—0 9=~
file, V) =" [T =)V,
70 v St
fale, V) =V p+n



Second, we now evaluate the value of V; when the consumption follows a geometric Brownian motion

process. Formally, we solve the follow system of equations

1—y)V]1=~ _
fle, V) = . 120} {01 9_(p_n)((1_7)v)14’ )
d
S — g dt + o,dZY
Ct
We guess the solution of the form
‘/t = Uct_’ya
where v is a positive constant. We plug this guess
o0—ry
(1=t ] s
flewVe) = ————g—=—[el " = (b= m) (A = y)ve; )]
(1= 7)0] ™
—v)v 1—~ 1-0 _
= 1= m (=)

As a result

T
v, = B, / F(cu, Via)du + Vi
t

L [ e eme

To compute the last expectations note that

dCt 1 dCt 2
dloge, = — — = (=) =g, —
opei ="t (%) = (o

o ‘Uﬁql\:

>m+%ﬂg
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As a result,

o
=T
2
I
H-Q,_.
!
e}
]
gl
—N
—
\
2
/
Q
<
|
v ‘@qw
~
=
|
N
+
—
\
2
)
<
:N
i\
——

This implies

N (A

T
[1 —(p—n)((1- ’y)v)%} Et/ etV du + vEsey
1-6 t
00—~
] T 1-6
oo (o= )emn | R [ - m (- ]
—=e Ct 7

S L n (-

) L _17_)2]? =(p—n) 7(11__79)0 —v(l—17) (gy - 70y> ;

As a result, we obtain

Vi =

702 _i_f’ey
—n—(1-86 -t .
Third, we will later show that the discount factor in this economy is given by

2;5 — e (S_t)efos fz(CT’VT)del(C& V)
t

We next compute the equilibrium stochastic discount factor multiplied by population increase and show that
it equals my 5.

%ens - ef(f fZ(CT)VT)del(Cs, VS) = e-[‘os[b'ﬁ_
0

11—y Vi

8;7
A (AL

o6



Consider the argument of the exponent first

1—-0
= —1—= .1-06 1_
e[o fa(er,Vy)dr — efo [ﬁ'ﬁ[(lf'y)vu] T ’Yc114 *(P*n)ﬁ] du

_1-0 B
fo[l 2 g [(muel ] I 0 o) 455

_ 6{9% [o-n--0)(,-252) |- G-m1- } 25

As a result,

Ejens _ e{% [P—n—(l—e) (gy—gﬂ—(p n)(1— 7)}1 0 _9 Kl _ ’y)vci_’y] e

€o
e L NPT

The last expression equals 7o ¢ introduced in the text.
Note that in the case of the CRRA utility, s has the following familiar look

To,s = e*(ﬂ*")SC;WQ

Step 1: Intertemporal Budget Constraint.

max Wo,

{ct,wt,,Tt,bt,5¢ }
t.: dwy = (r{ s + by — cr — Ty — nwy)dt + wexedry,

st + by + Tyw = wy,
Rewrite the problem by substituting out dry and s; as follows

max Wo,
ct,We,Pe,Te,bt

d(e"twt) + ni [Ct + Tt + ( — Tt) bt] d

emw = [rf + (e — )] dt + xp00dZY + ¢t0detB,
t

s.t.:

Let the discount factor be &, which exists and is unique under the complete markets assumption, and must

satisfy
g,

&

where ¢ = (u — r§)/o,. Note that & is the per member of the household discount factor. Under such

= —rjdt — k7 dZ} . (C.1)
interpretation, optimally invested wealth must satisfy

wt:IEt/ [cs + Ty + (5 — rB)b,]ents~ t)gs
¢ ft
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As a result, the household problem is

max Wp(ao; Eo),

Ct,0¢

o0 nt
st i wo = EO/ [ee + Ti + (r{ — 74)by] e?gtdtv
0 0

where we omitted z; and w; from maximization arguments because we assume that the wealth is optimally

allocated across assets safe and risky assets. The Lagrangian of this problem is

nt

£0:WO—I€|:E0/ [Ct-‘th"f‘(?"f—?“t)bt]eggtdt—wo
0 0

Note that Lg is a functional such that £y : L x L. — R, where LL is a space of square integrable progressively
measurable processes with values in R.

Step 2: First Order Conditions. The first order conditions for this optimization take the following

form, where we use notation of Duffie and Skiadas (1994),

Vﬁo(c,a = 07 VE,
VLo(b,b) =0, Vb.

The last two equations state that the Gateauz derivative of the Lagrangian with respect to consumption and
bond holdings processes are zeros in any direction ¢ (in case of consumption) and b (in case of liquid bonds).
We next compute these derivatives explicitly. We start with VVj(c,¢) and VV;(b,b).

VWO(C,E) = Eo/ efos fQ(CT’VT)del(Csa Vs)zsdsv
0

VWo(b,b) = Et/ (1- e)y;*f’ziu’ <b> ds,
t

S

As a result, the derivative of the Lagrangian with respect to consumption process is
0= Vﬁo(c, E)

s ~ . entft
= IEO/ elo fz(CﬂVT)del(cs, Vi)csds — HEo/ Ct € dt
0 0

0
:]EO/ (6105 fz(CT’VT)del(Cw‘/s) _ I*iBf@) Csds.
0 0

Because, the last equation has to hold for any ¢, we must have that

ke

€o

el eV (e, V) =

Taking the ratio of this equation at times ¢ and s and using explicit expression for partial derivative f;, we

obtain

—0 6=y
It faler Voydr [ Ct VENTT _ -0 &t 9
e (Cs> <Vs) e £ (C.2)
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Analogously, the optimality wrt to liquid debt is

b ke €
al [ =) = (rF — pl) 58 C.3
et <ys> (rs =rs) €o (©3)

Diving the last two equations, we obtain

1 be

b s
Ty =Ts— —7 .
eft fQ(CﬂVT)del (057 ‘/s)
In equilibrium, we have
’I“b =7 — 7Tt75’u/ (%)
s s efts ch(cT,VT)de1 (Cs, Vs)
b
=r; —u <f) (C4)
Yt

Finally, when households optimize, it must be true that
V.= f1. (C.5)

Step 3: Stochastic Discount Factor. First, we want to compute the law of motion of & (here we
assume k = k/&). We will apply the Ito’s lemma to the FOC wrt to ¢. To do it, we separately compute
several stochastic differentials
—0 09—~
dfy (0, Vi) =d {we? [(1 = Vi = |
= - - 0= _ 0=y
o (I =V a e} + el {[0 =WVl |+ afe?} dl(1 - )Vl =)

0—v Ct C?
oy ([(1 - (o) [ 100

-6/ _ _ % dVy 1 _ d‘/t2
0= 0= | s S0 )
# (o0e?) [ 2= 2 S 0= 0 - Wl | 0 )

dey 1+9.dcf} 0—y |dll-V] 1 ,
L=y | A=V 2 1-7 [1-yW

_ee—v.dct_du—v)vt)

ct 2 c?

L=y a (1-7V
Note that the preferences have the following differential representation

dVvi flet, Vi)
— = ~2dt dz? C.6
‘/t ‘/f + O-Vﬁll to ( )

29



where oy can be time varying. As a result, (also taking into account that ¢; = (1 — v¢)ye)

Ct 2

i Ly | =V 2 1-7 [1-yV]

146 0—~ 0—~( fi ov, 6-1
= [9 <gy — TU; + 1_’y(7y0'v7y> + ﬁ *Vt + Ty . m

Next

df e[dct 146 dct} 0—7[(1[(1—7)%] 1 9-1 (d[(1-)V)?

0—~
dt + <1 OV 9cry> dzy.

t t 2
dels Foler VT _ oI foter Voir g / faler, Vo) + ol (om0 [d/ foler, mm]
0 0
= efcf f2(677VT)de2(Ct’ ‘/t)dt
Note that the last expression implies that delo fQ(CT’VT)defl(ct, ;) = 0. As a result,

et kdgy + rEretndt = delo 22V £ (¢ V) 4 elo F2en VT gfy (¢4, V3) + delo 2(er VAT g (c4, V)

dfl(Ct,Vvt):|.

— /@gtent |:f2(Ct7 Vt)dt + f1(Cta V;&)

Collecting previous results, we obtain

d: dfi(ct, Vi)
— = —ndt + f1(c, Vi)dt + ———F=
& file V) file, Vi)
1460, 0-7 0-1 o, +ots
p+0g, —0—— 5 y T - <00yav,y 1=~ 5 dt
0—~ Y
— 60'y —_ mg‘ﬂy dZt' (C.?)

Step 4: Riskless Rate. No arbitrage implies that the price p; of any security that pays dividends dg to

its holder equals

- —Et/ £odyds. (C.8)
The differential version of this equation is
0 = &§dydt + By [d(&spe)] - (C.9)
The safe bond is a security with the price of 1 and the dividend ;. As a result,

ft’l"t dt + Etdft,

, 1 1 6 — 0—1 oi, +ot
rp=——E (d&)ZerHgy—e(ejL Jo2 4 7(9%0%— e V’B>.

dt P\ g 2 V11—~ 1—~ 2

First, by guessing a verifying that the value function in equilibrium is a power function of total wealth, we
show that

1 —
oy = 7 k. (C.10)
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Second, we have two expressions for d¢; in equations (C.1) and (C.7)

0 —
—kedZY = — <90y _ 7%> dzy,
1—v 7
Again, because the last expression has to hold for all realizations of shocks, we obtain

9 —
ke = 0oy — ﬁmf’y, (C.11)

Equations (C.10) and (C.11) lead to
ovy = (1—7)oy.

As a result, the riskless rate is

0(6+1 0— 0—1
ri =p+0g, — (+)2+ 7<90y— ) 2

2 w14 \Uoy, 20-7))7"
6+1

Step 5: the risky asset price.

<€
ai :Et/ 2 y,ds
¢ &
00 — _—ns
Ts€
:Et/t mysds

:CzEt /OO e{% [P*”*(179) (gyf“’;g)]*(f)*”)(lfw)} — o [p - (1-8) (gy - M>‘| =0 e,n(s,t)ysds
t

it 4

=Yt lp_n_(l_e) (99‘?)1 _

2 2
AT AT

./°° At [pon-a-0 (0220 ) | =2 v (0= 5 ) oo
t

61



References

Andrew B. Abel, N. Gregory Mankiw, Lawrence H. Summers, and Richard J. Zeckhauser.
Assessing dynamic efficiency: Theory and evidence. Review of Economic Studies, 56(1):
1-19, 1989.

George-Marios Angeletos, Fabrice Collard, and Harris Dellas. Public debt as private liquidity:
Optimal policy. Technical report, Mimeo. MIT, 2016.

Adrien Auclert, Matthew Rognlie, and Ludwig Straub. The intertemporal keynesian cross.
Working Paper 25020, National Bureau of Economic Research, September 2018. URL
http://www.nber.org/papers/w25020.

Laurence Ball, Douglas W. Elmendorf, and N. Gregory Mankiw. The deficit gamble. Journal
of Money, Credit and Banking, 30(4):699-720, 1998.

Philip Barrett. Interest-growth differentials and debt limits in advanced economies. 2018.

Robert J. Barro. On the determination of the public debt. Journal of Political Economy, 87
(5):940-971, 1979.

Robert J Barro. Rare disasters and asset markets in the twentieth century. The Quarterly
Journal of Economics, 121(3):823-866, 2006.

Robert J Barro and Tao Jin. On the size distribution of macroeconomic disasters. Econo-
metrica, 79(5):1567-1589, 2011.

Anmol Bhandari, David Evans, Mikhail Golosov, and Tom Sargent. Optimal fiscal-monetary
policy with redistribution. Technical report, Mimeo. New York University, 2017.

Olivier Blanchard. Public debt and low interest rates. American Economic Review, 109(4):
1197-1229, 2019.

Olivier Blanchard and Philippe Weil. Dynamic efficiency, the riskless rate, and debt ponzi

games under uncertainty. Advances in Macroeconomics, 1(2), 2001.

Henning Bohn. The sustainability of budget deficits in a stochastic economy. Journal of
Money, Credit and Banking, 27(1):257-271, 1995.

Ricardo Caballero and Emmanuel Farhi. The safety trap. Review of Economic Studies, 85
(1):223-274, 2017.

62


http://www.nber.org/papers/w25020

Guillermo A Calvo. Servicing the public debt: The role of expectations. The American
Economic Review, pages 647-661, 1988.

John Y Campbell. Asset prices, consumption, and the business cycle. Handbook of macroe-
conomics, 1:1231-1303, 1999.

Carlos Carvalho, Andrea Ferrero, and Fernanda Nechio. Demographics and real interest

rates: Inspecting the mechanism. Furopean Economic Review, 88:208-226, 2016.

Harold L Cole and Timothy J Kehoe. Self-fulfilling debt crises. The Review of Economic
Studies, 67(1):91-116, 2000.

Fabrice Collard, Michel Habib, and Jean-Charles Rochet. Sovereign debt sustainability in

advanced economies. Journal of the Furopean economic association, 13(3):381-420, 2015.

Michael R Darby. Some pleasant monetarist arithmetic. Technical report, National Bureau

of Economic Research, 1984.

Marco Del Negro, Domenico Giannone, Marc P Giannoni, and Andrea Tambalotti. Safety,
liquidity, and the natural rate of interest. Brookings Papers on Economic Activity, 2017
(1):235-316, 2017.

Avinash Dixit. The Art of Smooth Pasting. The Routledge, 1994.

Darrell Duffie and Larry G Epstein. Stochastic differential utility. Econometrica: Journal
of the Econometric Society, pages 353-394, 1992.

Darrell Duffie and Costis Skiadas. Continuous-time security pricing: A utility gradient
approach. Journal of Mathematical Economics, 23(2):107-131, 1994.

Jonathan Eaton and Mark Gersovitz. Debt with potential repudiation: Theoretical and
empirical analysis. The Review of Economic Studies, 48(2):289-309, 1981.

Gauti B. Eggertsson and Neil R. Mehrotra. A model of secular stagnation. Technical report,
NBER Working Paper No. 20574, 2014.

Gauti B. Eggertsson, Neil R. Mehrotra, and Jacob A. Robbins. A model of secular stagna-
tion: Theory and quantitative evaluation. American Economic Journal: Macroeconomics,
Forthcoming, 2018.

Barry Eichengreen and Ugo Panizza. A surplus of ambition: can europe rely on large primary
surpluses to solve its debt problem? FEconomic Policy, 31(85):5-49, 2016.

63



Emmanuel Farhi and Francois Gourio. Accounting for macro-finance trends: Market power,

intangibles, and risk premia. Brookings Papers on Economic Activity, page 147, 2018.

Jonas DM Fisher. On the structural interpretation of the smets—wouters “risk premium”
shock. Journal of Money, Credit and Banking, 47(2-3):511-516, 2015.

Atish R Ghosh, Jun I Kim, Enrique G Mendoza, Jonathan D Ostry, and Mahvash S Qureshi.
Fiscal fatigue, fiscal space and debt sustainability in advanced economies. The FEconomic
Journal, 123(566):F4-F30, 2013.

Robin Greenwood, Samuel G Hanson, and Jeremy C Stein. A comparative-advantage ap-
proach to government debt maturity. The Journal of Finance, 70(4):1683-1722, 2015.

Robert E Hall. Intertemporal substitution in consumption. Journal of political economy, 96
(2):339-357, 1988.

James D. Hamilton, Ethan S. Harris, Jan Hatzius, and Kenneth D. West. The equilibrium
real funds rate: Past, present, and future. IMF Economic Review, 64(4):660-707, 2016.

J Michael Harrison. Brownian motion and stochastic flow systems. Wiley New York, 1985.

Jens Hilscher, Alon Raviv, and Ricardo Reis. Inflating away the public debt? an empirical

assessment. Technical Report 20339, National Bureau of Economic Research, 2014.

Zhengyang Jiang, Hanno Lustig, Stijn Van Nieuwerburgh, and Mindy Z Xiaolan. The us
public debt valuation puzzle. Technical report, National Bureau of Economic Research,
2019.

Oscar Jorda, Moritz Schularick, and Alan M. Taylor. Macrofinancial history and the new
business cycle facts. NBER Macroeconomics Annual, 31, 2016.

Oscar Jorda, Katharina Knoll, Dmitry Kuvshinov, Moritz Schularick, and Alan Taylor. The
rate of return on everything. Technical report, Mimeo. Federal Reserve Bank of San
Francisco, 2018.

Arvind Krishnamurthy and Annette Vissing-Jorgensen. The aggregate demand for treasury
debt. Journal of Political Economy, 120(2):233-267, 2012.

Guido Lorenzoni and Ivan Werning. Slow moving debt crises. American Economic Review,
109(9):3229-63, 2019.

Robert E. Lucas and Nancy L. Stokey. Optimal fiscal and monetary policy in an economy
without capital. Journal of Monetary Economics, 12(1):55-93, 1983.

64



Neil R. Mehrotra. Implications of low productivity growth for debt sustainability. Technical

report, Mimeo. Brown University, 2018.

Pascal Michaillat and Emmanuel Saez. A new keynesian model with wealth in the utility

function. Manuscript, page 34, 2018.

Kevin Pallara and Jean-Paul Renne. Fiscal limits and sovereign credit spreads. Awvailable at
SSRN, 2019.

Sergio Rebelo, Neng Wang, and Jingiang Yang. Rare disasters, financial development, and

sovereign debt. Technical report, National Bureau of Economic Research, 2018.

Carmen M. Reinhart and Kenneth S. Rogoff. The aftermath of financial crises. American
Economic Review, 99(2):466-72, 2009.

Carmen M Reinhart and Kenneth S Rogoff. Growth in a time of debt. American economic
review, 100(2):573-78, 2010.

Ricardo Reis. The constraint on public debt when rj g but gj m. 2021.

Thomas J Sargent and Neil Wallace. Some unpleasant monetarist arithmetic. Federal reserve

bank of minneapolis quarterly review, 5(3):1-17, 1981.
Nancy L. Stokey. The Economics of Inaction. Princeton University Press, 2009.

Jerry Tsai and Jessica A Wachter. Disaster risk and its implications for asset pricing. Annual
Review of Financial Economics, 7:219-252, 2015.

Jessica A Wachter. Can time-varying risk of rare disasters explain aggregate stock market
volatility? Journal of Finance, 68(3):987-1035, 2013.

Michael Woodford. Public Debt as Private Liquidity. American Economic Review, 80(2):
382-388, 1990. ISSN 0002-8282.

Vivian Z Yue. Sovereign default and debt renegotiation. Journal of international Economics,
80(2):176-187, 2010.

65



Main Text Tables and Figures

17 Advanced Countries United States

Median 25th perc. 75th perc.  Median 25th perc. 75th perc.

Long-term nominal interest rate ~ 4.61 3.62 6.38 3.92 3.32 5.48
Inflation rate 2.14 0.11 4.39 1.75 0.00 3.51
Real interest rate 2.71 1.17 4.82 2.66 1.52 4.29
Real GDP per capita growth 2.01 0.28 3.82 1.89 -0.45 3.75
Population growth 0.80 0.44 1.17 1.39 0.97 1.91
Debt to GDP ratio 442 243 68.6 36.4 15.1 59.0
No. of observations 2145 134

Real interest rate is the long-term nominal interest rate less a three-year moving average of inflation rates. All
variables expressed as percentage points. Statistics based on data set after observations with fiscal cost more
than 10 percent or less than -10 percent are dropped.

Table 1: Moments of macro variables
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17 Advanced Countries United States

1870-1914, 1870-1914,
1870-2016 1946-2016 1946-2016  1870-2016 1946-2016 1946-2016

r - g (percent)

25th percentile 2.7 -1.8 -3.0 2.2 -2.2 2.2
Median 0.1 0.2 -0.8 -0.3 -0.4 -1.0
75th percentile 2.5 24 1.4 1.7 1.7 0.9
Fraction <0 49 47 58 52 55 71
Fraction <-2% 30 24 34 31 27 36
No. of observations 491 373 238 29 22 14

Real interest rate is the long-term nominal interest rate less a three-year moving average of inflation
rates. "Fraction < 0" is the fraction of years experssed in percent with negative debt servicing cost.
"Fraction < -2%" is the fraction of years with the debt servicing cost of less than negative two
percent. Statistics are based on the dataset after observations with the fiscal cost more than 10
percent or less than -10 percent are winsorized at thresholds.

Table 2: Moments of the debt servicing cost.
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Parameter

Gy
Oy
n
1/6
Qly,

Bu

0B

Description Value Source/target

Productivity growth rate 0.02 US data
Output per capita std 0.025 US data
Population growth rate 0.0115 US data
Intertemporal elasticity of substitution 0.75 Standard in macro lit.
Liquidity yield independent of debt 0.0052 AAA bonds & gov. yield
Semi elasticity of liquidity yield 0.0028 AAA bonds & gov. yield

Public bonds growth rate shocks std 0.45 cor(dyt /ye,r¢) = —0.056

Table 3: Parameters common across the three calibrations.
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Parameter Description Cal. 1 Cal. 2 Cal. 3 Source/target

5 CRRA 83 83 3.47 Equity premium

p Subjective disc. factor 0.07 0.07 0.06 Mean 10-year Treasury yield

Ba Fiscal rule parameter 0.16 —Bu —Bu Debt-to-GDP distribution

Qg Fiscal rule parameter -0.04 -0.02 -0.03 Debt-to-GDP distribution
min(B;/Y;) = Reflecting boundary - 0.18 0.18 Debt-to-GDP distribution

A Disaster’s arrival rate - - 0.02 Barro (2006)

zZ Mean log disaster size - - 0.23 Barro (2006)

Table 4: Calibration-specific parameters. Columns Cal. 1, Cal. 2, and Cal. 3 refer to our calibrations 1-3.
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Variable

E[B:/Yt]
std(B:/Y:)
Elr]
Elpe] —r*

E[B/Y]
std(Bt/Yy)
Elr]
Elpe] —r*

E[B;/Yi]
std(B;/Y;)
E[r,]
Efp] —r®

Table 5: Moments generated under Calibrations 1-3. Column “Baseline” shows the moments under
the baseline version of a calibration, while columns “Ex. 1,” “Ex. 2,” and “Ex. 3” shows the moments
for the three experiments that correspond to a decline in the population growth rate (Ex. 1), a decline in

Description Baseline
Panel A: calibration 1

Mean of debt-to-GDP 0.55

Std of debt-to-GDP 0.53
Safe rate 0.032
Average liquid rate 0.024

Equity risk premium 0.052

Panel B:

Mean of debt-to-GDP 0.92
Std of debt-to-GDP -
Safe rate 0.032
Average liquid rate 0.024
Equity risk premium 0.052

Panel C:

Mean of debt-to-GDP 0.92
Std of debt-to-GDP -
Safe rate 0.032
Average liquid rate 0.024
Equity risk premium 0.052

0.57
0.54
0.032
0.025
0.052

calibration 2

1.08
0.032
0.025
0.052

calibration 3

1.08
0.032
0.025
0.052

0.54
0.51
0.014
0.006
0.052

0.80
0.014
0.006
0.052

0.80
0.014
0.006
0.052

productivity growth rate (Ex. 2), and an increase in equity premium (Ex. 3).
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Ex. 1: n| Ex. 2:g] Ex. 3: E[u] —7r°1

0.48
0.45
0.009
0.001
0.072

0.56
0.009
0.001
0.072

0.59
0.009
0.001
0.072



Variable Baseline Ex. 1: n1 Ex. 2: g7 Ex. 3: E[u] —7r°]
Panel A: 5=0.05

Brp 1.06 1.59 1.01 1.04

By, 1.44 1.98 1.39 1.45

2 2.22 3.12 2.14 2.22
Panel B: 5=0.1

Brp 1.18 1.59 1.13 1.14

Brp 1.95 2.36 1.91 1.96

B 2.90 3.58 2.83 2.90

Table 6: Thresholds. Column “Baseline” shows the cutoffs under the baseline version of a calibration,
while columns “Ex. 1,” “Ex. 2,” and “Ex. 3” show the cutoffs for the three experiments that correspond
to an increase in the population growth rate (Ex. 1), an increase in the productivity growth rate (Ex. 2),
and a decline in equity premium through lower probability of disasters A (Ex. 3). The values of subjective
discount factor p are 0.022 in Panel A, and 0.034 in Panel B. The variables Brp, B%, and B} denote the
flipping point, the fiscal limits with and without risk, respectively.
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Total debt servicing cost: (r - g)B/Y
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Figure 1: The left panel shows the total public debt servicing costs, while the right panel presents the unit
costs. Both panels present average values over 2016-19 period.

Unit debt servicing cost: 1 - g
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Figure 2: US (unit) debt servicing cost r — g.
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Figure 3: Debt-to-GDP dynamics before (red arrows) and after (black arrows) resolution of uncertainty.
The shaded areas represent the regions where government defaults absent uncertainty (darker gray region)
and with uncertainty (lighter gray region).
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Figure 4: Debt-to-GDP dynamics before the resolution of uncertainty under different arrival rate of disasters
A. The light red solid and dashed lines correspond to a low value of A, while the blue solid and dashed lines
correspond to high levels of A\. To avoid cluttering the diagram, we omitted explicit labels that are similar
to those in Figure 3.
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