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Abstract

We build an endogenous growth model to show how low interest rates can increase market
power and lower aggregate productivity growth. The model delivers both a traditional expan-
sion in productivity growth in response to lower interest rates, and a slowdown in productivity
growth from an increase in market power. When interest rates fall to low levels, the strategic
competition effect dominates: the distance between a market leader and a follower increases
which reduces investments in productivity by both. The model predicts that very low interest
rates lead to an increase in market concentration and mark-ups, a decline in creative destruc-
tion and firm entry, a widening productivity-gap between the leader and followers within an
industry, and ultimately a decline in productivity growth. We provide empirical evidence in
support of these predictions.
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search assistance and the Julis Rabinowitz Center For Public Policy and Finance at Princeton for financial support. Liu:
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1 Introduction

Long term interest rates in advanced economies have been on a downward trajectory since the

early 1980s, reaching very low values in the aftermath of the Great Recession. Such low interest

rates have sparked renewed discussion of causes and consequences. This study focuses on the

supply-side implications. In particular, is it possible that low interest rates make markets less

competitive thus lowering business dynamism and growth?

In traditional models, a decline in the interest rate has a neutral or positive effect on produc-

tivity growth. A lower interest rate increases the present value of future returns to productivity

enhancement and therefore encourages firms to devote more resources to boosting productivity.

This study builds a model rooted in the dynamic contest literature that highlights a second mech-

anism that can overturn the traditional result at very low interest rates. When interest rates fall

below a threshold, a further decline in the interest rate boosts market concentration enough to

endogenously reduce investment in productivity growth by both market leaders and followers.

Growth in the model is an outcome of a stochastic investment game between a market leader

and a follower in each industry (e.g., Aghion, Harris, Howitt and Vickers (2001)). An investment

in productivity enhancement in the model is a binary decision which stochastically increases the

relative productivity position of the firm. The economy has a continuum of product lines, each

of which is occupied by a high productivity leader and a lower productivity follower. Both the

leader and the follower make investments in productivity that stochastically improve their re-

spective positions. The heart of the model lies in the strategic incentives to invest in productivity

enhancement: the leader wants to maintain the higher profits associated with being more produc-

tive and the follower understands the difficulty in overcoming the lead already enjoyed by the

leader.

The state variable of the model is the productivity difference between the market leader and the

follower. A main result of the model is that the leader has a (weakly) more aggressive investment

policy in all states. When the productivity difference between the leader and the follower is small,

both firms invest. But when the productivity difference becomes large, the discouraged follower

gives up while the leader continues to invest in order to solidify her market position. We refer
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to the former as the “competitive region” of the state space, and the latter as the “monopolistic

region.” At the bifurcation of the state space, there is a large marginal benefit of investment by the

leader: if the leader can get into the monopolistic region, the threat of losing her position becomes

significantly lower as the follower is discouraged from investing to catch up.

The key question examined in the model is: what happens to relative market position and

productivity growth when there is a decline in the interest rate which the firms use to discount

profits? The traditional effect is present in the model: a drop in the interest rate causes both the

leader and the follower to increase investment in productivity enhancement for any difference

in productivity levels. All future profits from becoming a market leader are valued more highly,

inducing higher investment.

However, a decline in the interest rate also induces a strategic effect which lowers total invest-

ment in productivity enhancement in the industry. This occurs because the leader boosts invest-

ment by (weakly) more than the follower when interest rates fall. This is a crucial result of the

model, and so it is worth explaining why this occurs.

When interest rate declines, both leader and follower increase their investment due to the tradi-

tional effect of lower interest rate increasing present value of future profits. However, the increase

in investment is always (weakly) stronger for the leader. This results in an increase in the steady

state distance between the leader and the follower, i.e. industry market structure tends to become

more monopolistic. The leader enjoys greater advantage and hence stronger market power over

the follower. The increased steady state distance between the leader and follower at lower interest

rate discourages the follower from investing, and as a result the leader also feels less of a need to

invest. This is the key strategic effect that tends to reduce investment in steady state as interest

rate declines in a low interest rate regime.

If interest rates become low enough, the gap between the leader and follower becomes so

large that the model produces an additional effect which further reduces productivity growth:

the leader is more likely to behave as a “lazy monopolist” and reduces effort to innovate because

there is such a small chance that the follower will ever threaten her position. In the extreme, very

low interest rates both discourage the follower from innovation, and increase the share of leaders
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who behave like lazy monopolists since they feel no significant threat to their market leadership

position.

Aggregate growth of the economy is determined by the steady state distribution of industries

that are in the monopolistic region versus industries that are in the competitive region. Since

both leader and follower invest in the competitive region, growth is higher if a greater proportion

of industries are in the competitive region. However, as we show in our model, at low enough

interest rates the monopolistic region always dominates. In fact, the probability that an industry

belongs to the monopolistic region goes to one as interest rate goes to zero. In other words, the

magnitude of the negative effect of reduced market competition “explodes” as long-term real

interest rate nears zero.

This key result gives us an inverted-U relationship between long-term interest rate and pro-

ductivity growth. A decline in interest rate in the “normal interest rate regime” increases growth

as in traditional models. However, once interest rate enters the “low interest rate regime”, a fur-

ther decline in interest rate works to lower productivity growth. The last result is driven by the

strategic competition effect of low interest rate on market power.

Relative to the existing literature, the model provides an alternative interpretation for trends

in long-term interest rates, market concentration, productivity growth, and the phenomenon of

secular stagnation. In traditional models, equilibrium interest rates and growth are determined

by the intersection of aggregate demand from the household Euler equation and a supply curve.

A prominent explanation in the secular stagnation literature for the decline in long-term interest

rates is a long-term inward shift in the aggregate demand curve that started in the 1980s (e.g.,

Summers (2014)).

In response to lower long term interest rates driven by an inward shift in aggregate demand,

traditional models with no frictions predict either no change in growth or a positive effect.1 To

generate a lower level of GDP in response to a shift inward in aggregate demand, business cycle

1e.g. The supply-side relationship between growth and interest rate is flat in Solow and Ramsey style growth models
that assume exogenous growth. The relationship is downward sloping in endogenous growth models such as Aghion
and Howitt (1992) and Klette and Kortum (2004), i.e. the supply-side response to a fall in interest rate is to boost
growth all else equal. The downward sloping relationship can become âĂIJverticalâĂİ in the limit as in Grossman and
Helpman (1991) and Romer (1990)

4



models typically rely on frictions associated with the zero lower bound (e.g., Krugman (1998);

Eggertsson and Krugman (2012); Guerrieri and Lorenzoni (2017)). If such frictions are persistent,

they can eventually cause a decline in GDP growth Benigno and Fornaro (n.d.) as well as the level

of GDP (Eggertsson, Mehrotra and Robbins (2017)).

The model presented here proposes an explanation for secular stagnation that is distinct from

the mechanisms discussed in the existing literature. As in the existing literature, the model as-

sumes that the decline in long-term interest rates over the past 35 years has been driven by an

inward shift in aggregate demand. However, unlike previous models, the model presented here

illuminates an endogenous response of firms that generates higher market concentration, lower

productivity growth, and hence lower GDP growth. The model generates these outcomes with-

out reliance on frictions such as the zero lower bound on nominal interest rates. When interest

rates are already low, a further decline in interest rates driven by an inward shift in the aggregate

demand makes it more likely that firms enter the monopolistic region of the state space. In such

a circumstance, firms endogenously respond to lower interest rates by reducing investments in

productivity for the reasons outlined above.2

We provide a number of empirical results from the U.S. and other advanced OECD countries

in support of the mechanism highlighted by our model. First, the model predicts that a decline in

real interest rates driven by an inward shift in the aggregate demand curve will be associated with

a rise in industry concentration, markups and profit share, and a decline in business dynamism.

The relationship between operating profits as a share of GDP and long-term (10 year) interest rate

since 1985 is indeed strongly negative. Moreover, a fall in interest rate is also strongly associated

with a fall in business creation and business destruction. The rise in profit share and concentration,

and fall in business entry and exit is already discussed and analyzed in papers such as De Loecker

and Eeckhout (2017), Barkai (2018), Autor, Dorn, Katz, Patterson and Van Reenen (2017), Gutiérrez

and Philippon (2016, 2017), Grullon, Larkin and Michaely (2016), Davis and Haltiwanger (2014),

Decker, Haltiwanger, Jarmin and Miranda (2016), Haltiwanger (2015), Hathaway and Litan (2015),

and Andrews, Criscuolo and Gal (2016).

2There has been work in the past that links interest rates to the level of productivity (e.g. Caballero, Hoshi and
Kashyap (2008); and Gopinath, Kalemli-Ozcan, Karabarbounis and Villegas-Sanchez (2017)). This study focuses on the
relationship between interest rates and the growth rate of productivity.
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Second, our model predicts that as long-term interest rate declines, the productivity gap be-

tween industry leaders relative to followers increases, and it is this increase in productivity gap

that lowers aggregate productivity growth. These are quite unique predictions of our framework.

As we discuss in the empirical section, new firm-level data from the OECD confirms both of these

predictions. Berlingieri and Criscuolo (2017) and Andrews et al. (2016) show that the productivity

gap between 90th versus 10th percentile firms within narrowly defined industries has been in-

creasing since 2000 across a range of OECD countries. Furthermore, Andrews et al. (2016) show

that the productivity gap between market leaders and followers has risen the most in the indus-

tries where productivity growth has slowed down the most. These results provide reasonably

strong support for the mechanism underlying our theoretical framework3.

Third, our model has precise predictions regarding the relative valuation of industry leaders

versus followers as well as the relative P/E ratio of industry leaders versus followers. A fall

in long-term interest rate increases the expected profit flow for industry leader relative to the

follower, and makes industry leader’s position more persistent. Thus both relative valuation as

well as relative P/E ratio for leader versus follower in an industry should increase as interest rate

declines - especially at very low long term rates. Using data from compustat on publicly listed

firms, we find strong support for this hypothesis. Lower interest rates are associated with a rise

in the fraction of total stock market value of the top five firms in each industry. Further, the price

to earnings ratio of the top five firms in each industry relative to the price to earnings ratio of

remaining is also negatively correlated with long term interest rates. This suggests that the profits

of market leaders have become more persistent as interest rates have fallen, consistent with our

model’s predictions.

Finally, the ultimate prediction of the model is a positive correlation between long term interest

rates and aggregate productivity growth. This prediction is confirmed in data covering the United

States and OECD countries from 1985 and 2016. As long term interest rates have fallen, advanced

economies of the world have seen a rise in market concentration and a decline in productivity

growth, as predicted by the model 4.

3Relatedly Gutiérrez and Philippon (2016, 2017), Lee, Shin and Stulz (2016) show sharp decline of investment relative
to operating surplus and that investment gap is especially pronounced in concentrated industries

4While our focus is on steady state relationship between long-term interest rate and productivity growth, Cette,
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Our paper contributes to the endogenous growth literature, and the literature on dynamic con-

test games in particular. Our framework on competition within an industry differs from the sem-

inal work of Aghion et al. (2001) in that innovation happens step-by-step. The follower can thus

not leap-frog the leader instantly. Our model is thus more relevant for the “normal” process of

innovation where innovation is gradual and step-by-step. In periods or industries that are sub-

ject to major technological revolutions, a large exogenous boost to technological progress - driven

by leap-frogging technologies - can overcome the negative market competition effect even at low

interest rates.

2 A Theory of Interest Rate, Market Power and Growth

2.1 Model Setup

The economy has a continuum of markets indexed by ν ∈ [0, 1], each with two forward-looking

and risk-neutral firms engaging in dynamic competition. Time is continuous. For expositional

simplicity, we drop the market subscript ν and discuss the game in a generic market.

Let z1 (t) , z2 (t) ∈ Z>0 denote the productivity levels of the two market participants, and let

s (t) = |z1 (t)− z2 (t)| ∈ Z≥0 be the state variable that captures their productivity gap. When

s = 0, the two participants are said to be neck-to-neck; when s > 0, one of the firm is a temporary

leader (L) while the other is a follower (C). The leader earns flow profit πs and the follower earns

π−s given productivity gap s.

Assumption 1. The flow profits πs, −π−s, and (πs + π−s) are non-negative, bounded, weakly concave

and weakly increasing in s, with limits

lim
s→∞

πs = π̄,

lim
s→∞

π−s = 0.

Because higher states are associated with higher joint profits and more unequal profits between

the leader and the follower, we interpret state s to be more competitive than state s′ if s < s′ and

Fernald and Mojon (2016) show in two-variable VAR that a negative shock to long-term interest rate leads to a fall in
productivity growth, consistent with our framework.
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more concentrated if s > s′.

Each firm can invest in order to improve its productivity, which evolves in step-increments.

Investment in state s is a binary decision ηs ∈ {0, η}. Should the firm chooses to invest (ηs = η),

it pays a cost cη in exchange for a Poisson rate η with which the firm’s productivity improves by

one. Specifically, given investment decisions {ηs, η−s} over interval ∆ at time t, the leader and the

follower pay cost c · ηs∆ and c · η−s∆ respectively, and the state s transitions according to

s (t + ∆) =


s (t) + 1 with probability ∆ · ηs

s (t)− 1 with probability ∆ · (κ + η−s)

s (t) otherwise,

where κ is the exogenous Poisson rate of technology diffusion, enabling the follower to close pro-

ductivity gap by one step. The key assumption embodied in the investment technology is that

catching up is a gradual process: the productivity gap has to be closed step-by-step, and the fol-

lower cannot “leapfrog” the leader by overtaking leadership with one successful innovation.

Interest rate is modeled as the rate at which firms discount future payoffs. Each firm’s value

vs (t) in state s at time t can be expressed as the expected present-discount-value of future profits

net of investment costs:

vs (t) = E

[∫ ∞

0
e−rτ {π (t + τ)− c (t + τ)}

∣∣s] .

We look for a stationary symmetric Markov-perfect equilibrium such that the value functions and

investment decisions depend on the state but not the time index. The stationary HJB equation for

the two firms are respectively

rvs = πs + (κ + η−s) (vs−1 − vs) + max {0, η (vs+1 − vs − c)} (1)

rv−s = π−s + ηs

(
v−(s+1) − v−s

)
+ κ

(
v−(s−1) − v−s

)
+ max {0, η (vs+1 − vs − c)} . (2)
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Definition 1. A stationary symmetric Markov-perfect equilibrium is a collection of value functions

and investment decisions {ηs, η−s, vs, v−s}∞
s=0 that satisfy the infinite system of equations in (1) and

(2).

Given the investment decisions {ηs, η−s}∞
s=0, an equilibrium induces an ergodic Markov pro-

cess over state transitions and emits a unique stationary distribution over the state space. Let

Ms denote the expected time for a firm currently in state s to reach state zero. It is a measure of

dynamic monopoly power, as it captures the expected duration in which the firm stays as a leader.

Definition 2. A steady-state of the economy {µs}∞
s=0 induced by equilibrium investments {ηs, η−s}∞

s=0

is a distribution over the state space such that

2µ0η0 = (µ−1 + κ) µ1

µsηs =
(

η−(s+1) + κ
)

µs+1 for all s > 0,

and
∞

∑
s=0

µs = 1.

In a steady-state, the aggregate investment is I ≡ c · ∑∞
s=0 µs (ηs + η−s) and the productivity

growth rate of the economy is

g ≡ lim
∆→0

(
E

[
z1 (t + ∆) + z2 (t + ∆)

2

]
−E

[
z1 (t) + z2 (t)

2

])
.

Let M ≡ ∑∞
s=1 µs Ms denote the average duration of market leadership.

In the definition, the aggregate productivity growth rate is measured as the average produc-

tivity growth across individual firms. This is without loss of generality because in a steady-state,

leaders and followers in all markets have the same expected growth rate of productivity:

lim
∆→0

(E [z1 (t + ∆)]−E [z1 (t)]) = lim
∆→0

(E [z2 (t + ∆)]−E [z2 (t)]) .

We impose the following assumption on the investment technology η.

Assumption 2. 2cη > π̄ and η > κ.
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Because firms are risk-neutral, we can alternatively interpret the binary investment decision as

a continuous one, i.e. firms can choose bounded investment ηs ∈ [0, η] with marginal cost c. The

first part of the assumption ensures that the upperbound on investment is “not too tight”, in the

sense that it is unprofitable for both firms to undertake the maximum investment simultaneously

and permanently given the maximum joint flow payoffs. The second part of the assumption states

that when the follower does not invest, the leader’s endogenous investment can be large enough

to overcome the productivity diffusion such that his market power is expected to increase over

time.

2.2 Steady-state Equilibrium

In the model, firms not only invest for gains in the flow profits in higher states; more impor-

tantly, they invest in order to enhance the respective market positions, the advancement of which

enables the firms to reach for even higher profits in the future. For the follower, closing the pro-

ductivity gap by one step enables him further closes the gaps in the future and eventually catches

up with the leader. For the leader, widening the productivity gap brings higher profits, the op-

tion value to further increase the lead in the future, as well as the improved expected duration of

market leadership, because it would now take the follower additional steps to catch up.

To understand the equilibrium, we first describe the structure of value functions given any

sequence of (potentially non-equilibrium) investment decisions {ηs, η−s}∞
s=0. The fact that firms

are forward-looking implies that value function in each state can be written as a weighted average

of flow payoffs in all ergodic states induced by the investments, i.e.,

vs =
∞

∑
s′=−∞

λs′|s

(
πs′ − cηs′

r

)
, where

∞

∑
s′=−∞

λs′|s = 1 for all s. (3)

The term
(

πs′−cηs′
r

)
represents permanent-value in state s′, or in other words, the present-

discount value of the flow payoffs in state s′ if a firm stays in state s′ permanently. In equilib-

rium, the value in state s can be written as a weighted average of the permanent-value across all

ergodic states. The weight λs′|s can be interpreted as the present-discounted value of time that
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the firm is going to be in state s′, given that the current state is s. The weights
{

λs′|s
}∞

s′=−∞
is a

measure conditional on the current state. When the current state s is high, the firm is expected

to spend more time in higher states, and the conditional distribution
{

λs′|s+1
}∞

s′=−∞
first-order-

stochastically dominates
{

λs′|s
}∞

s′=−∞
for all s.

Lastly, the conditional distribution
{

λs′|s
}∞

s′=−∞
depends on the equilibrium investment deci-

sions as well as the interest rate. Holding investment decisions fixed,
∣∣λs′|s+1 − λs′|s

∣∣ is lower when

the interest rate r is low. This is because under low r, the value functions place higher weights on

future payoffs, and the temporary difference in value due to the different starting states becomes

less important. Specifically, holding investment decisions constant,

rvs → v̄ for all s ∈ Z.

We now analyze the equilibrium structure.

Lemma 1. In an equilibrium, value functions are monotone in the state: vs+1 ≥ vs and v−(s+1) ≤ vs for

all s ≥ 0.

Proposition 1. Consider a generic equilibrium. If η0 = η, then investment decisions follow “cut-off”

rules: there exists integers (n, k) ∈ Z2
>0 such that

ηs =


η for s ≤ n

0 for s > n,
η−s =


η for s < k

0 for s > k,

and η−k ∈ [0, η]. That is, leader strictly invests in states 1 through n, and strictly does not invest after state

n; the follower strictly invests in states 1 through (k− 1), weakly invests in state k, and does not invest

after state k.

For certain parameter range, there exists a trivial equilibrium in which neither firm invests in

state 0 (i.e., η0 = 0). State 0 is therefore an absorbing state, and aggregate investment is zero in

the steady-state. This equilibrium arises when the flow profit is state 0 is high relative to π1, and

firms in the neck-to-neck state do not have sufficient incentive to invest, despite that this state has

the least joint profits. We do not focus on this uninteresting equilibrium in our analysis.
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The proposition establishes that in a non-trivial equilibrium, investments are weakly decreas-

ing in the productivity gap s. This is a manifestation of two effects. First, when the follower is too

far behind, the firm value is low and the marginal value of catching up by one step is not worth

the investment cost. This is also known as the “discouragement effect” in the dynamic contest

literature (Konrad (2012)). Second, the leader’s strategy is monotone due to a “lazy monopolist”

effect: when the leader is far ahead of the follower, he ceases investment because the marginal

gain in value brought by advancing market position is no longer worth the investment costs. The

proposition also illustrates in a generic equilibrium, the leader is never indifferent between the

two actions while the follower is indifferent in at most one state, k, which is the last state in which

he weakly invests. For expositional purposes, in what follows we assume the follower strictly

invests in this state, with η−k = η.

Proposition 2. The leader weakly invests more than the follower in any state: n ≥ k.

The proposition shows that the leader invests in more state than the follower does, a phe-

nomenon we refer to as leader dominance. To aid the understanding of this result, we depict the

value functions in the following figure. The black curve represents the value function of the leader,

while the purple curve represents that of the follower. The two verticle lines respectively represent

k and n, the last states in which the follower and the leader weakly invests.
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Figure 1: Value functions

The intuition for leader dominance is as follows. In states that the follower does not invest, the

productivity gap closes at a slow rate κ. Conversely, in states that the follower does invest, the gap

closes at a fast rate (η + κ). Firms are motivated to invest because of the high future flow payoffs

in high states after consecutive successful investments. The leader is motivate to invest in all states

s ≤ n in order to reach state n + 1, so that he can enjoy the flow payoff πn without having to pay

the investment costs in the state. The state (n + 1) is especially attractive if the follower does not

invest in that state, because the leader can enjoy the payoff for a longer expected duration before

the state stochastically transitions down to n, after which he has to incur investment cost again.

The follower, on the other hand, is also motivated by future payoffs. He incurs investment costs

in exchange for the possibility of closing the gap and catching up with the leader, and for the

possibility of eventually becoming the leader himself in the future so that he can enjoy the high

flow payoffs. In other words, investment decisions for both forward-looking firms are motivated

by the high flow profits in the high states, and the incentive to reach these states is stronger for the
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leader because the leader is closer to those high-payoff states.

Another way to describe the intuition is to consider the contradiction brought by n < k. Sup-

pose the leader stops investing before the follower does. In this case, the high flow payoff πn+1 is

transient for the leader as market leadership is very much fleeting due to the high rate of down-

ward state transition, implying the payoffs for being a leader is low. Because firms are forward-

looking and their value functions depend on future payoffs, the low value of being a leader “trick-

les down” to affect the value function in all states. Therefore, low payoffs of being a leader in turn

diminishes the incentive for the follower to invest, generating a contradiction to the presumption

that follower invests more than the leader does.

The structure of an equilibrium can therefore be represented by the following diagram. States

are represented by circles, going from state 0 on the very left and state (n + 1) on the very right.

The coloring of a circle represent investment decisions: states in which the firm weakly invests

are represented by dark circles, while white ones represent those in which the firm does not in-

vest. The top row represents leader’s investment decisions while the bottom row represent the

follower’s investment decisions.

Leader invests in the first  states n

Follower invests in the first k
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 states 

. . .

. . .

lim
r�0

(n � k) = �
<latexit sha1_base64="60VapOBiQvsx1LJM9HwUzIlTbbI=">AAACAXicbVBPS8MwHE3nvzn/VT2Jl+AQ5sHRiqAehKEXjxOsG6ylpFm6hSVpSVJhlOHFr+LFg4pXv4U3v43Z1oNuPgg83vv9+OW9KGVUacf5tkoLi0vLK+XVytr6xuaWvb1zr5JMYuLhhCWyHSFFGBXE01Qz0k4lQTxipBUNrsd+64FIRRNxp4cpCTjqCRpTjLSRQnvPZ5SHufR1Ap1RTRwPji59KmI9DO2qU3cmgPPELUgVFGiG9pffTXDGidCYIaU6rpPqIEdSU8zIqOJniqQID1CPdAwViBMV5JMII3holC6ME2me0HCi/t7IEVdqyCMzyZHuq1lvLP7ndTIdnwc5FWmmicDTQ3HGoMk77gN2qSRYs6EhCEtq/gpxH0mEtWmtYkpwZyPPE++kflF3b0+rjauijTLYBwegBlxwBhrgBjSBBzB4BM/gFbxZT9aL9W59TEdLVrGzC/7A+vwBsd+WiQ==</latexit><latexit sha1_base64="60VapOBiQvsx1LJM9HwUzIlTbbI=">AAACAXicbVBPS8MwHE3nvzn/VT2Jl+AQ5sHRiqAehKEXjxOsG6ylpFm6hSVpSVJhlOHFr+LFg4pXv4U3v43Z1oNuPgg83vv9+OW9KGVUacf5tkoLi0vLK+XVytr6xuaWvb1zr5JMYuLhhCWyHSFFGBXE01Qz0k4lQTxipBUNrsd+64FIRRNxp4cpCTjqCRpTjLSRQnvPZ5SHufR1Ap1RTRwPji59KmI9DO2qU3cmgPPELUgVFGiG9pffTXDGidCYIaU6rpPqIEdSU8zIqOJniqQID1CPdAwViBMV5JMII3holC6ME2me0HCi/t7IEVdqyCMzyZHuq1lvLP7ndTIdnwc5FWmmicDTQ3HGoMk77gN2qSRYs6EhCEtq/gpxH0mEtWmtYkpwZyPPE++kflF3b0+rjauijTLYBwegBlxwBhrgBjSBBzB4BM/gFbxZT9aL9W59TEdLVrGzC/7A+vwBsd+WiQ==</latexit><latexit sha1_base64="60VapOBiQvsx1LJM9HwUzIlTbbI=">AAACAXicbVBPS8MwHE3nvzn/VT2Jl+AQ5sHRiqAehKEXjxOsG6ylpFm6hSVpSVJhlOHFr+LFg4pXv4U3v43Z1oNuPgg83vv9+OW9KGVUacf5tkoLi0vLK+XVytr6xuaWvb1zr5JMYuLhhCWyHSFFGBXE01Qz0k4lQTxipBUNrsd+64FIRRNxp4cpCTjqCRpTjLSRQnvPZ5SHufR1Ap1RTRwPji59KmI9DO2qU3cmgPPELUgVFGiG9pffTXDGidCYIaU6rpPqIEdSU8zIqOJniqQID1CPdAwViBMV5JMII3holC6ME2me0HCi/t7IEVdqyCMzyZHuq1lvLP7ndTIdnwc5FWmmicDTQ3HGoMk77gN2qSRYs6EhCEtq/gpxH0mEtWmtYkpwZyPPE++kflF3b0+rjauijTLYBwegBlxwBhrgBjSBBzB4BM/gFbxZT9aL9W59TEdLVrGzC/7A+vwBsd+WiQ==</latexit><latexit sha1_base64="60VapOBiQvsx1LJM9HwUzIlTbbI=">AAACAXicbVBPS8MwHE3nvzn/VT2Jl+AQ5sHRiqAehKEXjxOsG6ylpFm6hSVpSVJhlOHFr+LFg4pXv4U3v43Z1oNuPgg83vv9+OW9KGVUacf5tkoLi0vLK+XVytr6xuaWvb1zr5JMYuLhhCWyHSFFGBXE01Qz0k4lQTxipBUNrsd+64FIRRNxp4cpCTjqCRpTjLSRQnvPZ5SHufR1Ap1RTRwPji59KmI9DO2qU3cmgPPELUgVFGiG9pffTXDGidCYIaU6rpPqIEdSU8zIqOJniqQID1CPdAwViBMV5JMII3holC6ME2me0HCi/t7IEVdqyCMzyZHuq1lvLP7ndTIdnwc5FWmmicDTQ3HGoMk77gN2qSRYs6EhCEtq/gpxH0mEtWmtYkpwZyPPE++kflF3b0+rjauijTLYBwegBlxwBhrgBjSBBzB4BM/gFbxZT9aL9W59TEdLVrGzC/7A+vwBsd+WiQ==</latexit>

 Poisson rate of state transition:  
�

<latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit>

�
<latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit>

�
<latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit>

�
<latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit>

�
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. . .

. . .

. . .

. . .

. . .

. . .2�
<latexit sha1_base64="UZ4Wz4jfS6a1FuEoIERWKuWf1sQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMG2hDWWz3bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbRSs9blSEmvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5tdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0FUyESjPkii0WRZkkmJDZ66QvNGcox5ZQpoW9lbAh1ZShDahkQ/CWX14lfq16XfXuLyr1mzyNIpzAKZyDB5dQhztogA8MHuEZXuHNSZwX5935WLQWnHzmGP7A+fwBPoGOcg==</latexit><latexit sha1_base64="UZ4Wz4jfS6a1FuEoIERWKuWf1sQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMG2hDWWz3bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbRSs9blSEmvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5tdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0FUyESjPkii0WRZkkmJDZ66QvNGcox5ZQpoW9lbAh1ZShDahkQ/CWX14lfq16XfXuLyr1mzyNIpzAKZyDB5dQhztogA8MHuEZXuHNSZwX5935WLQWnHzmGP7A+fwBPoGOcg==</latexit><latexit sha1_base64="UZ4Wz4jfS6a1FuEoIERWKuWf1sQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMG2hDWWz3bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbRSs9blSEmvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5tdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0FUyESjPkii0WRZkkmJDZ66QvNGcox5ZQpoW9lbAh1ZShDahkQ/CWX14lfq16XfXuLyr1mzyNIpzAKZyDB5dQhztogA8MHuEZXuHNSZwX5935WLQWnHzmGP7A+fwBPoGOcg==</latexit><latexit sha1_base64="UZ4Wz4jfS6a1FuEoIERWKuWf1sQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMG2hDWWz3bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbRSs9blSEmvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5tdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0FUyESjPkii0WRZkkmJDZ66QvNGcox5ZQpoW9lbAh1ZShDahkQ/CWX14lfq16XfXuLyr1mzyNIpzAKZyDB5dQhztogA8MHuEZXuHNSZwX5935WLQWnHzmGP7A+fwBPoGOcg==</latexit>

. . .

. . .. . .

. . .

Leader invests in the first  states n

Follower invests in the first k
<latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit><latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit><latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit><latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit>

 states 

. . .

. . .. . .

. . .

Monopolistic region
Transition down at rate  

�
<latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit>

Competitive region
Transition down at rate  

� + �
<latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit><latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit><latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit><latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit>

Transition up at rate �
<latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit>

. . .

. . .

0 1 2 3 4 5 State

??

?

?

?

The fact that the leader invests in more states than the follower does enables us to partition

the ergodic state space into two regions: one in which both firms invest and another in which the

follower does not. In the first region, the state transitions up with Poisson rate η and transitions

down with rate (η + κ). In expectation, the state s decreases over time in this region, and the

market structure tends to move towards being more competitive. For this reason, we refer to

this as the competitive region. Note that this label is not a reflection of the static profits, which

can be very much concentrated on the leader. Rather, the label reflects the fact that joint profits
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tend to decrease dynamically. In the second region, the state transitions up with Poisson rate η

and transitions down with rate κ. Relative to the first region, the downward transition rate is

much lower while the upward transition rate is the same; thus the market structure tends to move

towards being more concentrated. For this region, we refer to this as the monopolisticregion.

Leader invests in the first  states n

Follower invests in the first k
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 Poisson rate of state transition:  
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� + �
<latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit><latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit><latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit><latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit>

�
<latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit>

�
<latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit>

�
<latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit>

�
<latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit>

�
<latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit>

. . .

. . .

. . .

. . .

. . .

. . .2�
<latexit sha1_base64="UZ4Wz4jfS6a1FuEoIERWKuWf1sQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMG2hDWWz3bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbRSs9blSEmvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5tdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0FUyESjPkii0WRZkkmJDZ66QvNGcox5ZQpoW9lbAh1ZShDahkQ/CWX14lfq16XfXuLyr1mzyNIpzAKZyDB5dQhztogA8MHuEZXuHNSZwX5935WLQWnHzmGP7A+fwBPoGOcg==</latexit><latexit sha1_base64="UZ4Wz4jfS6a1FuEoIERWKuWf1sQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMG2hDWWz3bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbRSs9blSEmvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5tdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0FUyESjPkii0WRZkkmJDZ66QvNGcox5ZQpoW9lbAh1ZShDahkQ/CWX14lfq16XfXuLyr1mzyNIpzAKZyDB5dQhztogA8MHuEZXuHNSZwX5935WLQWnHzmGP7A+fwBPoGOcg==</latexit><latexit sha1_base64="UZ4Wz4jfS6a1FuEoIERWKuWf1sQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMG2hDWWz3bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbRSs9blSEmvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5tdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0FUyESjPkii0WRZkkmJDZ66QvNGcox5ZQpoW9lbAh1ZShDahkQ/CWX14lfq16XfXuLyr1mzyNIpzAKZyDB5dQhztogA8MHuEZXuHNSZwX5935WLQWnHzmGP7A+fwBPoGOcg==</latexit><latexit sha1_base64="UZ4Wz4jfS6a1FuEoIERWKuWf1sQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMG2hDWWz3bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbRSs9blSEmvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5tdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0FUyESjPkii0WRZkkmJDZ66QvNGcox5ZQpoW9lbAh1ZShDahkQ/CWX14lfq16XfXuLyr1mzyNIpzAKZyDB5dQhztogA8MHuEZXuHNSZwX5935WLQWnHzmGP7A+fwBPoGOcg==</latexit>

. . .

. . .. . .

. . .

Leader invests in the first  states n

Follower invests in the first k
<latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit><latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit><latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit><latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit>

 states 

. . .

. . .. . .

. . .

Monopolistic region
Transition down at rate  

�
<latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit><latexit sha1_base64="jh07I84DDUTH4v/qoP9EK6NUXOA=">AAAB7HicbVBNSwMxEM36WetX1aOXYBE8lV0R1FvRi8cKbltolzKbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7BkM5EzS0zHLaVppCGnPaike3U7/1RLVhUjzYsaJRCgPBEkbAOqnZHYFS0KtU/Zo/A14mQUGqqECjV/nq9iXJUios4WBMJ/CVjXLQlhFOJ+VuZqgCMoIB7TgqIKUmymfXTvCpU/o4kdqVsHim/p7IITVmnMauMwU7NIveVPzP62Q2uYpyJlRmqSDzRUnGsZV4+jruM02J5WNHgGjmbsVkCBqIdQGVXQjB4svLJDyvXdeC+4tq/aZIo4SO0Qk6QwG6RHV0hxooRAQ9omf0it486b14797HvHXFK2aO0B94nz8CnI7z</latexit>

Competitive region
Transition down at rate  

� + �
<latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit><latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit><latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit><latexit sha1_base64="OLvLdaFl7flCpegwMEC/CJDgKRQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBEEoignorevFYwdhCE8pku2mXbjbr7qZQQn+HFw8qXv0z3vw3btsctPXBwOO9GWbmRZIzbVz32ymtrK6tb5Q3K1vbO7t71f2DR51milCfpDxV7Qg05UxQ3zDDaVsqCknEaSsa3k791ogqzVLxYMaShgn0BYsZAWOlMKAG8BkOhiAldKs1t+7OgJeJV5AaKtDsVr+CXkqyhApDOGjd8VxpwhyUYYTTSSXINJVAhtCnHUsFJFSH+ezoCT6xSg/HqbIlDJ6pvydySLQeJ5HtTMAM9KI3Ff/zOpmJr8KcCZkZKsh8UZxxbFI8TQD3mKLE8LElQBSzt2IyAAXE2JwqNgRv8eVl4p/Xr+ve/UWtcVOkUUZH6BidIg9doga6Q03kI4Ke0DN6RW/OyHlx3p2PeWvJKWYO0R84nz8ghZE6</latexit>

Transition up at rate �
<latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit><latexit sha1_base64="+A7Me1EOGhOSS49LvWLpVWS6Dww=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSEPY2k2TJ3t6xOyeEkN9gY6Fi6x+y89+4Sa7Q6IOBx3szzMyLUiUt+f6XV1hZXVvfKG6WtrZ3dvfK+wcPNsmMwFAkKjHNiFtUUmNIkhQ2U4M8jhQ2otHNzG88orEy0fc0TrET84GWfSk4OSlsI3HWLVf8qj8H+0uCnFQgR71b/mz3EpHFqEkobm0r8FPqTLghKRROS+3MYsrFiA+w5ajmMdrOZH7slJ04pcf6iXGlic3VnxMTHls7jiPXGXMa2mVvJv7ntTLqX3YmUqcZoRaLRf1MMUrY7HPWkwYFqbEjXBjpbmViyA0X5PIpuRCC5Zf/kvCselUN7s4rtes8jSIcwTGcQgAXUINbqEMIAiQ8wQu8etp79t6890VrwctnDuEXvI9vzPeONg==</latexit>
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The aggregate productivity growth rate in the economy is a weighted average of the productiv-

ity growth rate in each market and it depends on both the state-dependent investment decisions

as well as the distribution of market structure. In a steady-state, the distribution of market struc-

ture itself is a function of the investment decisions {ηs, η−s}∞
s=0. Let µC ≡ ∑k

s=1 µs be the fraction

of markets in the competitive region in a steady-state and let µM ≡ ∑n+1
s=k+1 µs be the fraction of

markets in the monopolistic region.

Proposition 3. In a stationary distribution {µs}∞
s=0 induced by cut-off strategies (n, k), the aggregate

productivity growth rate is

g = µC · (η + κ) + µM · κ.

Steady-state growth rate is increasing in k and decreasing in n.

The proposition shows that steady-state growth is increasing in the fraction of markets in the

competitive region and decreasing in the fraction of markets in the monopolistic region. In the

competitive region, both firms are investing and, as a result, productivity improvements are rapid,

state transition rate is high, dynamic competition is fierce, and market power tends to decrease

over time. On the other hand, only the leader is investing in the monopolisitic region, and the
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rate of state transition and productivity growth is low. The fraction of markets in the competitive

region, hence the steady-state growth rate, is increasing in k and decreasing in n.

Proposition 4. Let {e} be the set of equilibria. Let ve
s be the value function of state s in equilibrium e, and

let (ne, ke) denote represent the investment strategies in the equilibrium. Generically, all equilibria can be

Pareto-ranked. That is, there exists an equilibrium (?) such that v?s ≥ ve
s for all s and al equilibria e. In this

Pareto-optimal equilibrium, n? ≤ ne and k? ≥ ke for all e, and steady-state growth rate is maximized.

This proposition shows the existence, for any interest rate r, of a Pareto-optimal equilibrium in

which firm value is maximized across all states and features the highest steady-state growth rate

among all equilibria. In what follows, we refer to it as equilibrium (?) and its investment cutoffs

as (n?, k?), while we keep using (n, k) to represent any generic equilibrium.

Now consider the effects of a decline in the interest rate. Conventional intuitions suggest that

ceteris paribus, when firms discount future profits at a lower rate, the incentive to invest should

increase because the cost of investment is lower relative to future benefits. This intuition does

hold in our model, as manifested in the following proposition.

Proposition 5. The cutoff states n? and k?, are both decreasing in r. Moreover, in any non-trivial equilib-

rium,

lim
r→0

k = lim
r→0

(n− k) = ∞.

The proposition suggests that as interest rate declines, both the leader and the follower weakly

raise investment in all states in equilibrium (?). Moroever, as interest rate converges to zero,

firms become infinitely patient and they sustain investment despite being arbitrarily far behind or

ahead.

Our main theoretical contribution concerns the behavior of aggregate variables as r → 0.

Theorem. As r→ 0, the fraction of markets in the competitive region vanishes:

lim
r→0

µC = 0,

and the monopoly region becomes absorbing:

lim
r→0

µM = 1.

16



In the limit as r → 0, the aggregate variables in the economy behave as follows.

1. Average flow profits for leaders and followers converge to the limit:

lim
r→0

∞

∑
s=0

µsπs = π̄, lim
r→0

∞

∑
s=0

µsπ−s = 0.

2. Market leadership becomes permanently persistent:

lim
r→0

M = ∞.

3. Productivity gap between leaders and followers diverges:

lim
r→0

∞

∑
s=0

µss = ∞.

4. Relative market valuation of leaders and followers diverges:

lim
r→0

∑∞
s=0 µsvs

∑∞
s=0 µsv−s

= ∞.

5. Aggregate investment declines and productivity growth slows down:

lim
r→0

I = cκ lim
r→0

g = κ.

The theorem states that as r → 0, all markets are in the monopolistic region and leaders almost

surely stay permanently as leaders. In this region, leaders invest only to counteract the exogenous

diffusion of productivity, and as a result, aggregate investment and productivity growth rate de-

cline and are both fully determined by the exogenous rate κ, there lower bound c.f. Proposition 3.

The rest of the statements then follows.

To understand this result, note that

µC → µ0
2η + κ

κ
, µM → µn+1

η

η − κ
, and µ0 =

(
η + κ

η

)k ( κ

η

)n−k

µn.

The fact that µC → 0 implies that
(

κ
η

)n−k
converges to zero at a faster rate than

(
η

η+κ

)k
, or equiv-

alently,

lim
r→0

(
n− k

k

)
>

log
( η

κ

)
log
(

η+κ
η

) .
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Proposition 5 shows that in any equilibrium, both k and (n− k) diverges as r → 0. Why is(
n−k

k

)
asymptotically bounded below? The intuition is threefolds.

First, as the interest rate converges to zero, the value of being in state 0 diverges at a rate slower

than r−1 (i.e., rv0 → 0). This is because holding (n− k) constant, v0 is decreasing in the k, the size

of the competitive region. In this region, the state tends to transition downwards: for every step of

productivity improvement made by the leader, the follower is expected to advance by more than

one step on average. As a result, starting from state 0, it is exponentially more difficult to get out

of the region and as k increases. Because both firms invest at the maximum rate in this region, the

joint flow payoffs are negative, and v0 is therefore low.

Second, the leader stops investing in state n + 1 despite low r implies that rvn+1 → π − cκ/η

converges to a positive constant, and therefore v0 vanishes relative to vn. This observation in

turn implies that the decline in value as the leader falls from the monopolistic region into the

competitive region is steep, as manifested by the “cliff” around s = k in the leader’s value function

in Figure 1. In fact, one can show that the slope of the value function for the leader at the cliff,

(vk+1 − vk), diverges at the same rate as vn+1, which is on the same order as
(

η+κ
η

)k
:

vk+1 − vk = Θ (vn+1) = Θ

((
η + κ

η

)k
)

.

The third step is to realize that the slope of leader’s value function around state n converges

to a constant, vn+1 − vn = Θ (c). Since the slope of value functions at state n is increasing in the

slope at state k, which diverges and is on the same order as
(

η+κ
η

)k
, implies that (n− k) must be

sufficiently large to neutralize the impact of
(

η+κ
η

)k
on (vn+1 − vn).

2.3 Model Predictions

Our main theorem makes a number of predictions about the economy as interest rate drops to

zero. We plot various endogenous outcomes of our model against the interest rate by solving the

model detailed above numerically5. We start with the implied supply curve of our model, i.e. the

5Because of the discrete nature of the action space in our model, equilibrium variables move discontinuous with the
interest rate. To smooth out the discontinuity, we generate these figures by numerically solving a continuous-action
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relationship between endogenous productivity growth rate g and long-term interest rate r.

Figure 2 plots how growth rate varies with interest rate. Interest rates can be split into two

regions, a “normal interest rate regime” region and a “low interest rate regime” region. When

interest rates are in the normal interest rate regime, we have the traditional downward sloping

supply-curve: a reduction in interest rate increases growth rate. However, once interest rate enters

the low interest rate regime, the negative market competition effect highlighted by our theorem

becomes the dominant force and pushes growth rate down as interest rate declines. Supply-curve

is thus upward sloping in the low interest rate regime. Overall the supply-curve is non-monotonic

with an inverted-U shape.

The top-left panel of Figure 3 shows the model-implied relationship between profit share,

markup, and industry concentration. Profit share is measured as ∑∞
s=0 µsπs where total output

is normalized to one. Markup and profit are identical if we make an additional Bertrand limit-

pricing assumption, and industry concentration is measured as the probability an industry is in

the monopolistic region with at most one firm investing. A fall in interest rates monotonically

increases profit share, markup and industry concentration as a decline in interest rate increases

investment incentive more strongly for an industry leader relative to the follower.

The top-right panel of Figure 3 plots business dynamism against the interest rate. In the model,

this corresponds to plotting 1
M against r, where M is the average duration of market leadership.

M thus proxies the strength of business dynamism, i.e. how often do firms interchange their posi-

tion as industry leader versus follower. The model predicts a monotonic negative effect of lower

interest rate on business dynamics that progressively becomes stronger as interest rate approaches

zero. At zero the industry leader become permanently entrenched in its position and the proba-

bility that follower will overtake the leader approaches zero.

The lower-left panel of Figure 3 plots the average productivity gap between the leader and

follower,i.e. ∑∞
s=0 µss, as a function of r. The average productivity gap increases as interest rate

decline and in fact increases at an ever faster rate ultimately approaching infinity as r goes to zero.

version of our model. Specifically, we maintain the assumption that investment decisions lie in the range [0, η], but the
cost of investment is convex (rather than linear). These figures also illustrate that the main predictions of our model are
robust to using a continuous action space.
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The productivity gap is driven by the endogenous investment responses of leader and follower in

the steady state dynamic contest game.

The lower-right panel of figure 3 plots the relative market valuation of leader versus follower,

and the relative P/E ratio of leader versus follower against r. The model predicts that the market

valuation of leaders relative to that of followers diverges as interest rate declines to zero:

lim
r→0

∑∞
s=0 µsvs

∑∞
s=0 µsv−s

= ∞.

Equation (3) further shows that the divergence of relative market valautions is a manifestation

of two effects. First, low interest rate affects the steady states distribution of flow payoffs: lead-

ers enjoy higher relative flow profits due high productivity gaps (changes in {µs}∞
s=0), and the

endogenous investment costs are also affected (changes in {ηs, η−s}∞
s=0). Second and more inter-

estingly, the relative valuations also reflect changes in the persistence of market power as encoded

in the conditional measures
{

λs′|s
}∞

s,s′=−∞
. Under high rates, market power is transient, and rel-

ative market value could be moderate despite leaders enjoy high flow profits. As market power

becomes more persistent under low rates, the relative valuation diverges because the inequality

in flow payoffs gets magnified.

The results summarized in figures 2 and 3 illustrate how our model parsimoneously connects a

single “factor”, shifts in long-term interest rate driven by demand-side forces, with market struc-

ture and the nature of competition, and ultimately growth. In the following section, we compare

the analytical predictions of the model with empirical data.

3 Implications for Broader Economy and Secular Stagnation

3.1 Overview

The model’s emphasis on the supply-side response to lower interest rates offers distinct insights

into the relationship between aggregate demand shocks and growth, and a novel interpretation

of the source of secular stagnation. The top panel of Figure 4 presents a visual representation of
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many macroeconomic models in the growth-real interest rate space. In many models, the growth

rate is determined by the supply side of the economy. In the absence of frictions, the growth

rate is constant, which is represented by the horizontal line in the figure. The real interest rate is

pinned down by an upward sloping demand curve, which is determined by the Euler equation of

the household sector. Alternatively, as the middle panel shows, supply-side may be downward

sloping as a reduction in interest rate increases incentives to invest and increase the growth rate.

Let us suppose that changes in the real interest rate are primarily determined by shifts in the

aggregate demand curve. Such shifts could be due to short-run shocks such as a preference shock

(Krugman (1998)) or a tightened borrowing constraint (Eggertsson and Krugman (2012)). But

such a shift could also be due to long run structural changes in the economy, as highlighted by

Summers (2014).

In traditional models, an inward shift in the aggregate demand curve leads to a lower interest

rate with no effect on growth. In order to generate a lower GDP level in response to the inward

shift, a common assumption in the literature is the existence of a zero lower bound on nominal

interest rates, which together with nominal rigidities can lead to a real interest rate that is “too

high,” thus reducing the level of GDP. In the extreme, the real interest rates may remain persis-

tently “too high” and reduce even GDP growth considerably. The term “secular stagnation” has

been used to describe such a situation.

The model presented here offers a different view. As in the traditional models, let us assume

that a shift in the Euler equation is the primary determinant of changes in real interest rates and

growth. As shown in the bottom panel of Figure 4, the model presented here generates an upward

sloping supply curve in the growth-interest rate space for low levels of interest rates. If the aggre-

gate demand curve shifts inward substantially, then the model produces a lower growth rate with

no need to rely on frictions related to the zero lower bound on nominal interest rates.

The intuition is straight-forward from the discussion above. A large enough shift inward in the

aggregate demand curve makes it more likely that the supply side of the economy enters into the

monopolistic region of the productivity investment space. followers become discouraged from

innovating, and leaders may eventually become lazy due to the reduced threat to their position.
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This endogenous response of firm productivity investment to lower interest rates leads to a lower

growth rate. The model generates secular stagnation as an endogenous supply side response to

inward shifts in aggregate demand.

The rest of this section tests the empirical predictions from the model.

3.2 Model predictions in the data

This subsection examines the model predictions with data from the United States and the rest

of the OECD countries. The figures plot a variety of outcomes against the nominal 10-year U.S.

Treasury rate. The analysis uses the nominal rate given that inflation expectations have been well-

anchored during the time period we analyze. Estimating real interest rate introduces possible

noise given that their are multiple approaches to estimating the real rate and each approach relies

on some structural assumptions.

Country-level total factor productivity data comes from the multi-factor productivity database

from the OECD. Nominal interest rates are from the IMF except for the United States, wherethe

interest rate data is from FRED. Our measure of profits is gross operating surplus as a share of

GDP and it is also from the OECD.

The establishment entry and exit rates time series for the United States comes from the US Cen-

sus’ Business Dynamics Statistics database. We use Computat to construct market concentration

ratios and relative price-earnings ratios. The data on country-average productivity divergences is

from Berlingieri and Criscuolo (2017).

Fact 1: Rising market concentration Figure 5 plots the profit share of GDP against the 10-year

nominal U.S. Treasury rate and shows that there is a strong negative correlation, as predicted by

the model. 6

6The fact that the profit share has been rising while interest rates have been falling is the central empirical point
made in Barkai (2018).
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Fact 2: Reduced business dynamism We use business creation and destruction as a proxy for

followers successfully innovating and leaders losing their position. In particular, we use establish-

ment entry and exit information for the United States from 1985 to 2014. Figure 6 shows that lower

interest rates are associated with both a decline in the entry and exit rates of establishments in the

United States. Our interpretation of this decline in business dynamism is that it reflects higher

market power of industry leaders and the reduced incentives to enter new markets by followers.

Overall, we know that investment as a share of GDP has also gradually declined, consistent

with our model’s predictions. Furthermore, in related papers, Jones and Philippon (2016) show

that increase in industry concentration is associated with lower firm investment. Gutiérrez and

Philippon (2016) show that investment is not correlated with market valuation and profitability

after 2000s.

Fact 3: Widening productivity gap Berlingieri and Criscuolo (2017) provide evidence in support

of this prediction. The bottom two panels of Figure 7 show their findings. The bottom left panel

uses data from the OECD multi-prod data set, and it shows the gap between the labor productivity

of market leaders and followers. Leaders are defined to be firms in the 90th percentile of the labor

productivity distribution for a given 2-digit industry, and followers are defined to be firms in the

10th percentile. The gap between leaders and followers has been increasing steadily from 2000 to

2014 as long term interest rates have fallen.

The bottom right panel extracts the year fixed effects from a country by industry level panel

containing this same gap. As it shows, there is a steady increase in the productivity gap between

market leaders and followers across countries and industries. A similar result is in Andrews et al.

(2016), who show a widening gap in labor productivity of frontier versus laggard firms in both

manufacturing and services for OECD firms.

Andrews et al. (2016) also show cross-sectional evidence supporting the predictions of the

model. They show that industries in which the gap between leader and follower multi-factor

productivity is rising the most are the same industries where sector-aggregate multi-factor pro-

ductivity is falling the most. This empirical finding is constistent with the model. Low interest

rates lead to a large gap between the leader and follower in productivity investment; as a result,
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total investment in productivity of the industry falls.

Fact 4: Stock market values Data on stock market valuation can also be used to assess the model.

The left panel of Figure 8 plots the average share of market value captured by the five largest firms

in each 2-digit industry in the U.S. against the 10-year nominal U.S. treasury rate. As predicted by

our model, the correlation is strongly negative. To isolate the effects of market power persistence,

on the right panel we plot the relative P/E ratios between market leaders and followers (5 largest

firms v.s. the rest) against the nominal treasury rate. The model prediction is again supported in

the data.

Fact 5: Interest rates and productivity growth This prediction is borne out in figure 9. The figure

use data covering the OECD countries. The left panel shows the log total factor productivity level

against the 10-year nominal U.S. Treasury rate. The right panel shows the scatter plot of total

factor productivity growth against the interest rate. There is a clear negative relationship.

In summary, lower interest rates are associated with higher market concentration, a decline in

business dynamism, a widening of the gap between the productivity of leaders and followers, and

a slowdown in productivity growth. This is true both in the model and in the data.

4 Conclusion

The focus of this paper is on understanding how the supply-side of the economy responds to

a reduction in long-term interest rates driven by demand-side forces. The existing literature in

growth either assumes no supply-side response to declining interest rates, or a positive response

driven by increased incentive to invest in the face of higher discounted present value of future

profits. Our point of departure from this literature lies in explicitly modeling competition within

an industry and analyzing how lower interest rates effect the nature of competition. We build on

the dynamic contests literature to show that in a fairly general set up and without relying on any

financial or other forms of frictions, the effect of lower interest rates on growth in a low interest

rate regime can be negative.
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A reduction in long-term interest rates tends to make market structure less competitive within

an industry. The reason is that while both leader and follower within an industry increase their in-

vestment in response to a reduction in interest rates, the increase in investment is always stronger

for the leader. Thus in equilibrium the gap between the leader and follower increases as interest

rate declines, making an industry less competitive and more concentrated. This negative effect

of lower interest rates on industry competition tends to lower growth and overwhelms the tra-

ditional positive effect of lower interest rates on growth when interest rates are sufficiently low.

There is thus a hump-shaped inverted-U supply-side relationship between growth and interest

rate in our framework.

Our model delivers a distinctive upward sloping supply-curve in a low interest rate regime. We

think that this insight is useful in understanding the slowdown in productivity growth in recent

decades and the broader discussion regarding “secular stagnation”. The slowdown in productiv-

ity growth is global as it shows up in almost all advanced economies. The slowdown started well

before the Great Recession, suggesting that cyclical forces related to the crisis are unlikely to be the

trigger. And the slowdown in productivity is highly persistent, lasting well-over a decade. Thus

explanations that rely on traditional Keynesian forces such as price stickiness or zero lower bound

are less likely to be sufficient.

This paper introduces the possibility of low interest rates as the common global “factor” that

drives the slowdown in productivity growth. The mechanism that our theory postulates delivers

a number of important predictions that are supported by empirical evidence. A reduction in long

term intrest rate increases market concentration and market power in our model. A fall in interest

rate also makes industry leadership and monopoly power more persistent. There is strong support

for these predictions in the data, both in aggregate time series as well as in firm-level panel data

sets.

For example, productivity gap has indeed expanded between leaders and followers, and in-

dustries where this gap has widened the most tend to have slower aggregate growth. Similarly,

market value of leaders within an industry has risen relative to followers as long-term interest rate

declined. There is additional evidence that the market leader position becomes more persistent

with lower interest rates as the relative P/E ratio of leaders versus followers also rises. All of these
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are quite unique predictions of our model that are confirmed in data.

A natural implication of our analysis is that we need to understand more carefully the forces

behind the reduction in long-term interest rate in the first place. This is a fruitful area of research

going forward.
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Figure 2: Model prediction: growth and interest rate
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Figure 4: Supply and demand relationships in growth models
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Figure 5: Aggregate profit share and interest rate
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Figure 6: Business Dynamism
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Figure 7: Widening productivity gap between leaders and followers
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Figure 8: Value of stock market as a fraction of GDP

35



Figure 9: Productivity growth and interest rates
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