
A Appendix

Lemma 2. (U-Statistic with Estimated Parameter) Let {Zi}Ni=1 be a simple random
sample drawn from some population FZ and ϕ (Zi, Zj; β, γ) be a function from Z × Z to
RJ indexed by β ∈ B and γ ∈ C (with B and C compact subsets of Rdim(β) and Rdim(γ)

respectively). Suppose that ϕ (z1, z2; β, γ) is twice continuously differentiable in γ for all
z1, z2 ∈ Z× Z with

E [‖ϕ (Z1, Z2; β, γ)‖2] <∞ (117)

E
[∥∥∥∥∂ϕ (Z1, Z2; β, γ)

∂γ′

∥∥∥∥
F

]
<∞ (118)

E
[∥∥∥∥ ∂

∂γ′

{
∂ϕ (Z1, Z2; β, γ)

∂γp

}∥∥∥∥
F

]
<∞, p = 1, . . . , dim (γ) . (119)

Then, for γ̂ a
√
N-consistent estimate of γ0, and defining ϕ̄N (β, γ)

def
≡(

N
2

)−1∑N
i=1

∑N−1
j=i+1 ϕ (Zi, Zj; β, γ) and Φ (β, γ)

def
≡ E [ϕ (Z1, Z2; β, γ)], we have

√
N
[
ϕ̄N (β, γ̂)− Φ (β, γ0)

]
=

2√
N

N∑
i=1

ψ0 (Z1; β, γ0) + Γ0,βγ (β)
√
N (γ̂ − γ0) + op (1) (120)

where ϕ1 (z; β, γ) = E [ϕ (z, Z1; β, γ)] and

ψ0 (Z1; β, γ) =ϕ1 (Z1; β, γ)− Φ (β, γ)

Γ0,βγ (β) =E
[
∂ϕ (Z1, Z2; β, γ0)

∂γ′

]
.

Proof of Lemma 2

A Taylor expansion of ϕ̄N (β, γ̂) in γ̂ about γ0 yields, after some re-arrangement and center-
ing,

√
N
[
ϕ̄N (β, γ̂)− Φ (β, γ0)

]
=

√
N
[
ϕ̄N (β, γ0)− Φ (β, γ0)

]
+ΓN,βγ (β, γ̄)

√
N (γ̂ − γ0) , (121)

with γ̄ a mean value between γ̂ and γ0 which may vary across the rows of the Hessian
ΓN,βγ (β, γ)

def
≡ ∂ϕ̄N (β,γ)

∂γ′ . Next recall the definition of the L2,1 norm:

‖A‖2,1 =
n∑

j=1

[
m∑
i=1

|aij|2
]1/2

. (122)
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The mean value theorem, as well as compatibility of the Frobenius matrix norm with the
Euclidean vector norm, gives for any γ and γ∗ both in C,

∥∥∥∥∂ϕ̄N (β, γ)

∂γ′
− ∂ϕ̄N (β, γ∗)

∂γ′
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2,1

≤
dim(γ)∑
p=1

∥∥∥∥ ∂

∂γ′

{
∂ϕ̄N (β, γ)

∂γp

}∥∥∥∥
F

‖γ − γ∗‖2 . (123)

Observe that ∂
∂γ′

{
∂ϕ̄N (β,γ)

∂γp

}
is a matrix of U-statistics with kernels whose first moments are

finite (by condition 106 above). By Serfling (1980, Theorem 5.4A) these U-statistics converge
in probability and hence, from (123)∥∥∥∥∂ϕ̄N (β, γ)

∂γ′
− ∂ϕ̄N (β, γ∗)

∂γ′

∥∥∥∥
2,1

≤ Op (1) · ‖γ − γ∗‖2 .

This condition, as well compactness of C, continuity of ∂ϕ̄N (β,γ)
∂γ

in γ, and condition
(118), allow for an application of Lemma 2.9 in Newey & McFadden (1994) such that
sup
γ∈C

∥∥∥∂ϕ̄N (β,γ)
∂γ′ − Γβγ (β, γ)

∥∥∥
F

p→ 0 with Γβγ (β, γ) = E
[
∂ϕ(Z1,Z2;β,γ)

∂γ′

]
. This, along with con-

sistency of γ̂ for γ0, is enough to ensure that ∂ϕ̄N (β,γ̄)
∂γ′

p→ Γ0,βγ (β). Equation (120) then
follows by observing that ϕ̄N (β, γ0) − Φ (β, γ0) is a vector of mean zero U-Statistics with
Hájek projections equal to the corresponding components of the first term to the right of the
equality in (120) (see, for example, Theorem 5.3.3. of Serfling (1980) and invoke condition
(117) above). See Mao (2018, Lemma S1) for a related Lemma.

Order of variances and covariances for pth order induced subgraph frequencies

Here I present the order of the covariance between empirical subgraph frequencies, where
the subgraph is of arbitrary order. For general pth-order graphlets R and S we have that

C (PN (R) , PN (S)) =

(
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p
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q=1

(
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)(
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q

)(
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(
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)(
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)(
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)
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−
[
1− (N − p)!2

N ! (N − 2p)!

]
P (R)P (S) . (124)
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Normalizing by ρN raised to the number of edges in R and S, respectively ρ
e(R)
N and ρ

e(S)
N ,

yields

C
(
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)
=
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. (125)

There are 2p− q vertices in each element of Wq,R,S.

Case 1 (q = 1):

If q = 1, then e (W ) = e (R) + e (S) for all W ∈ Wq,R,S. This gives

O
(
N−qρ

−e(R)
N ρ

−e(S)
N

)
O (Ξ (W1,R,S)) = O

(
N−1ρ

−e(R)
N ρ

−e(S)
N

)
O
(
ρ
e(R)
N ρ

e(S)
N

)
= O

(
N−1

)
.

Case (q = p):

If q = p, then Ξ (Wq,R,S) = 0 unless R = S. In that case, the “variance case”, we have that
e (W ) = p since W = R = S. This gives

O
(
N−qρ

−2e(R)
N

)
O (Ξ (Wp,R)) = O

(
N−pρ

−2e(R)
N

)
O
(
ρ
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N
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(
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−e(R)
N

)
.

If R is a p-cycle, then p = e (R), yielding the simplification O
(
N−pρ

−e(R)
N

)
= O

(
λ−p
N

)
.

If R is a tree, then e (R) = p − 1, yielding the simplification O
(
N−pρ

−e(R)
N

)
=

O
(
N−1λ

−(p−1)
N

)
.
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Case (1 < q < p):

For q = 2, . . . , p−1 we have that e (W ) = e (R)+e (S)− (q − 1) if R and S are both p-cycles
so that

O
(
N−qρ

−e(R)
N ρ

−e(S)
N

)
O (Q (Wq,R,S)) = O
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N ρ

−e(S)
N

)
O
(
ρ
e(R)+e(S)−(q−1)
N

)
= O

(
N−qρ

−(q−1)
N

)
= O

(
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N

)
.

Whereas we have that e (W ) ≥ e (R) + e (S)− (q − 1) if R and S are both trees, or one is a
tree and the other a p-cycle, so that

O
(
N−qρ

−e(R)
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N

)
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.

Proof of Theorem 3

Without loss of generality set i = 1. By the definition of degree we have that

E
[
Dm

1+

]
= E

[(
N∑
j=2

D1j

)m]
,

the multinomial theorem allows us to write the term inside the expectation above as

Dm
1+ =

(
N∑
j=2

D1j

)m

=
∑

q2+···+qN=m

(
m

q2, q3, · · · , qN

) N∏
j=2

D
qj
1j (126)

where
(

m
q2,q3,··· ,qN

)
= m!

q2!q3!···qN !
. Since D1j is binary Dqj

1j = D1j for all qj = 1, 2, . . . ,m and zero
when qj = 0. This implies that

∏N
j=2D

qj
1j = D1j1 × · · · ×D1jk for D1j1 , D1j2 , . . . , D1jk the set

of 1 ≤ k ≤ m link indicators with qj ≥ 1. Consider agents j1, j2, . . . , jk, with, say, qj1 = p1,
qj2 = p2, . . . , qjk = pk such that p ∈ Pk,m, it follows that

N∏
j=2

D
qj
1j = Dp1

1j1
× · · · ×Dpk

1jk
. (127)
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By the multinomial theorem the coefficient on (127) equals m!
p1!×···×pk!

, but since

Dp1
1j1

× · · · ×Dpk
1jk

= D
p∗1
1j1

× · · · ×D
p∗k
1jk

= D1j1 × · · · ×D1jk

for any p,p∗ ∈ Pk,m, the coefficient on D1j1 × · · · ×D1jk after combining identical terms in
(126) equals

∑
p∈Pk,m

m!
p1!×···×pk!

. Putting these pieces together yields

E
[
Dm

i+

]
=

m∑
k=1

 ∑
p∈Pk,m

m!

p1!× · · · × pk!

E

[ ∑
j1<···<jk

Dij1 × · · · ×Dijk

]

The expectations of the summands in
∑

j1<···<jk
Dij1 × · · · ×Dijk are all identical with car-

dinality
(
N−1
k

)
. The assertion follows.
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