Appendix to Hébert and Woodford, “Rational Inat-

tention with Sequential Information Sampling”

A Proofs

A.1 Proof of Lemma 1

The problem in the continuation region is (everywhere the value function is twice differen-

tiable)

1
sup  =1r[6] D(q:)Vyq(q:)D(q:) 0] = K,
o €M(q;)

subject to

1
Etr[G,Tk(q,)O}] S X-

First, suppose that the constraint does not bind and a maximizing optimal policy exists:
1
Etr[cz*Tk(%)Gt*] =ax,

where o/ is a maximizer, for some a € [0,1) (a > 0 by the positive semi-definiteness of
k(g,)). Forany c € (1,a™ 1), witha~! = oo for a = 0, if we used 6; = co;" instead, the policy

would be feasible and we would have
1 1 . .
Etr[GzTD(Clt)qu(‘It)D(Clz)Gt] =’k > 5”[@ TD(‘]t)qu(Clt)D(%)Gz |=x,

a contradiction by the fact that k¥ > 0. Therefore, either the constraint binds under the

optimal policy or an optimal policy does not exist. The latter would require that, for some

69



vector z € RX! with zz" € M(q,),

ZTD(%)qu(C]t)D(Qt>Z >0

and z7k(g,)z = 0, but the null space of k(g;) consists only of vectors whose elements are
constant over the support of g;, and therefore satisfy g’z # 0, implying that zz' ¢ M(q;).
Therefore, the constraint binds.

Using 6 as defined in the lemma, it must be the case (anywhere the DM chooses not to

stop and the value function is twice differentiable) that

s )Lr[ota? (D(ar)Vaala)Dlar) — Ok(ar))] = 0.

Because of the homogeneity assumption on V,

al Vg(ar) = V().

Differentiating again,

‘]tTqu(CIz) =0.

It follows that, for any @ € R,

Jirl(016] + i (D(g:)Vag ) Dlar) — Ok()] =

%tr[(o'zo}T)(D(Qt)qu(%)D(qr) — 0k(q1))]-

Suppose that we relax the requirement that g’ o; = 0 and simply require that o; by a square
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matrix. Let 6; be any square matrix. Setting
o=—q! 66/ q,
and performing an eigendecomposition,
vDvT = 6,67 +au’,

we construct a matrix

6, = VD?

that achieves the same utility and satisfies 6; € M(q,). Therefore, ignoring this restriction
is without loss of generality.

It immediately follows that, in the continuation region, the maximum eigenvalue of

D(Clt)qu(CIt)D(%) — 0k(qr)

must be equal to zero. If it were less than zero, we would always have

S17l(6167 ) (D) Vag (4)D(as) — k()] <0,

and if it were greater than zero, we could achieve

%”[(G@T)(D(%)qu(%)D(%) — 0k(q:))] >0

by setting 6; = v elT, where v is an associated eigenvector of the maximal eigenvalue.
Finally, note that the DM would always choose to stop if V(g;) < ii(q,), and there-

fore we must have V(g;) > ii(q;). If V(q;) > #(q:), the DM must choose to continue, and
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(assuming twice-differentiability) the HIB equation must hold.

A.2 Proof of Theorem 1

Define ¢(qg;) as the function described in the statement of the theorem (we will prove that
it is indeed equal to V(g;), the value function of the dynamic problem). We will first show
that ¢ (g,) satisfies the HIB equation, can be implemented by a particular strategy for the
DM, and that any other strategy for the DM achieves weakly less utility.

We begin by observing that

lTk(Qt)D(‘]t>_l =0= lTD(Qt)qu(CIt) = QtTHqC]<%‘>'

We claim that, without loss of generality, we can assume that H(g;) is homogeneous of
degree one,

H(ag:) = aH(q:)

for all @ € R" and ¢, € £2(X). Differentiating with respect to o and then with respect to

q:, and evaluating at o = 1, implies that

‘]tTqu(‘]t) =0,

consistent with the claim above.
We start by showing that the function ¢ (g, ) is twice-differentiable in certain directions.

The function is

¢ (qo0) = max Y n(a)u} -g.— 0 71(a)Dr(qallq0),

ﬂe'@(A)v{qae'@(X)}aeAaeA acA
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subject to the constraint that

Z 7(a)qa = qo-

acA

Substituting the definition of the divergence, we can rewrite the problem as

= max ﬂaug-a—kQH -0 w(a)H(q,),
#(0) ne@(A),{qae@(X)}ueAa% (@)uq -q (0) % (a)H (q0)

subject to the same constraint. Define a new choice variable,

By definition, g, € Rm, and the constraint is ) ,c4 4o = qo. By the homogeneity of H, the

objective is

= max uZ-Aa—i—GH -0 H(g,).
P)= o) e P B tae P00 n 2, (@0) 2 ()

Any choice of g, satisfying the constraint can be implemented by some choice of 7 and ¢,

in the following way: set

n(a) =174,
and (if w(a) > 0) set
_ 4a
qa 7(a)

If 7(a) =0, set g, = qo. By construction, the constraint will require that 7(a) < 1,
Y .ca T(a) = 1, and the fact that the elements of g, are weakly positive will ensure 7(a) > 0.
Similarly, 17g, = 1 for all a € A, and the elements of g, are weakly greater than zero.

Therefore, we can implement any set of g, satisfying the constraints.
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Rewriting the problem in Lagrangian form,

0(qo) = max min Z ug “Ga+0H(qo)
{qAaER‘X‘}aeA KER‘X|,{V‘,€RK(‘}(IGA acA

_QZH(Qa)—i_KT(qo_Zéla)+zv36?a~

acA acA acA

We begin by observing that ¢(qg) is convex in gg. Suppose not: for some g = Ago+ (1 —
A)q1, with A € (0,1), ¢(q) < Ad(q0) + (1 —A)¢(q1). Consider a relaxed version of the
problem in which the DM is allowed to choose two different g, for each a. Observe that,
because of the convexity of H, even with this option, the DM will set both of the g, to
the same value, and therefore the relaxed problem reaches the same value as the original
problem. However, in the relaxed problem, choosing the optimal policies for go and g
in the original problem, scaled by A and (1 — A) respectively, is feasible. It follows that
0(q) > Ad(qo)+ (1 —21)(g1). Note also that ¢ (go) is bounded on the interior of the sim-
plex. It follows by Alexandrov’s theorem that is is twice-differentiable almost everywhere
on the interior of the simplex.

By the convexity of H, the objective function is concave, and the constraints are affine
and a feasible point exists. Therefore, the KKT conditions are necessary. Moreover, the
objective function is continuously differentiable in the choice variables and in gg, and there-

fore the envelope theorem applies. We have, by the envelope theorem,

04(q0) = OHy(q0) + K,

and the first-order conditions (for all a € A),

ug— OHy(§a) — K+ va =0.
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Define §,(qo), k(qo), and v,(qo) as functions that are solutions to the first-order conditions
and constraints.

Consider an alternative prior, §o € &?(X), such that

Go =Y, at(a)dalqo)

acA

for some o(a) > 0. Conjecture that §,(go) = o(a)da(qo), x(go) = k(qo0), and v,(Go) =

Va(qo). By the homogeneity property,

Hq(a(a)qAa(QO)) = Hq(éa(QO))a

and therefore the first-order conditions are satisfied. By construction, the constraint is
satisfied, the complementary slackness conditions are satisfied, and g, and v, are weakly
positive. Therefore, all necessary conditions are satisfied, and by the concavity of the
problem, this is sufficient. It follows that the conjecture is verified.

Consider a perturbation

q0(€;2) = q0 + €z,

with z € R, such that go(€;z) remains in 2(X) for some € > 0. If z is in the span of
da(qo), then there exists a sufficiently small € > 0 such that the above conjecture applies.
It follows in this case that x is constant, and therefore ¢,(go(€;z)) is directionally differ-
entiable with respect to €. If go(—¢€;z) € &(X) for some € > 0, then ¢, is differentiable,
with

‘qu(CZO) L= quq(‘ZO) %,

proving twice-differentiability in this direction. This perturbation exists anywhere the span

of 4u(qo) is strictly larger than the line segment connecting zero and ¢ (in other words, all
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da(qo) are not proportional to gg). Define this region as the continuation region, Q. Outside

of this region, all §,(qo) are proportional to gg, implying that

¢ (q0) = rggguc{-qo,

as required for the stopping region. Within the continuation region, the strict convexity of

H (qo) in all directions orthogonal to go implies that

¢(q0) > rggu?-qo,

as required.
Now consider an arbitrary perturbation z such that go(€;z) € le_(‘ and go(—¢€;z) € R'j_(l

for some € > 0. Observe that, by the constraint,

ez=Y (Ga(€:2) = 4u(q0))-

acA

It follows that

(k" (qo(€32) — &7 (90))ez =) (k" (q0(€:2)) — K" (40))(qu(€:2) — dGa(q0)).
acA

By the first-order condition,

(k" (q0(€;2)) — k" (90))(4a(€:2) — Galqo)) =

[0Hy(qa(0)) — 0Hy(Ga(€:2)) + Vg (q0(€:2)) = Vq (40))(da(€:2) — da(q0))-
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Consider the term

(Va (q0(€:2)) = V4 (90))(da(€:2) —dalq0)) = Y (Va (q0(€32)) = Va (q0))exey (Ga(€32) —Ga(qo))-
xeX

By the complementary slackness condition,

(V2 (qo(€:2)) = v (90))(da(€:2) — Galqo)) = — V4 (q0(€:2))da(g0) — Vi (90)da(€:2) <O.

By the convexity of H,

6(Hy(4a(q0)) — OHy(qa(€:2)))(qa(€52) — Galqo)) < 0.

Therefore,

(k" (qo(&:2)) — k" (q0))€z < 0.

It follows that anywhere ¢ is twice differentiable (almost everywhere on the interior of the
simplex),

‘pqq(Q) = 9qu(‘1)>

with equality in certain directions. Therefore, it satisfies the HIB equation almost every-

where in the continuation region. Moreover, by the convexity of ¢,

(Hqg(qo(€:2) = Hy(q0))" €2 > (#4(q0(€:2)) — #4(90))" €22 0,

implying that the “Hessian measure” (see Villani (2003)) associated with ¢, has no pure
point component. This implies that ¢ is continuously differentiable.
Next, we show that there is a strategy for the DM in the dynamic problem which can

implement this value function. Suppose the DM starts with beliefs g, and generates some
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da(qo) as described above. As shown previously, this can be mapped into a policy 7(a,qo)

and g,(qo), with the property that

Y 7(a,40)qa(90) = go-
acA

We will construct a policy such that, for all times ¢,

g =Y, m(a)qa(qo)

acA

for some 7 (a) € Z(A). Let Q (the continuation region) be the set of g, such that a m; €
P (A) satisfying the above property exists and m;(a) < 1 for all a € A. The associated
stopping rule will be the stop whenever m;(a) = 1 for some a € A.

For all ¢; € Q, there is a linear map from 2?(A) to Q, which we will denote Q(qo):

0(qo)m = q;.

Therefore, we must have

Q(qO)dnt = D(q;)thBt

By the assumption that |X| > |A|, there exists a |A| X |X| matrix oy, such that

Q((]O)Gn,t = D(q;) O;

and

dﬂ:, - Gﬂ.’,tdBt-

Define
o(m) = ¢(qr)-
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As shown above,

QT(CIO)%q(‘]t)Q(CIO)

exists everywhere in Q, and therefore

¢(m) — OH(Q(q0)m)

is a martingale.

We also have to scale oy ; to respect the constraint,

1
Etr[GIGITk(q;)] = % > 0.

This can be rewritten as

31710%108,0" (40)D" (Ql40) 7)K(Q(40)7))D (Q(g0) ) Qlg0)] = .

where D' denotes the pseudo-inverse.

By the positive-definiteness of k in all directions orthogonal to 1, we will always have
%tr[oywoy{ ;] > 0. Under the stopping rule described previously, the boundary will be hit
a.s. as the horizon goes to infinity. As a result, by the martingale property described above,
initializing mo(a) = w(a,qo),

¢ (70) = Eo[¢(7:) — OH(Q(q0) ) + OH (Q(q0) 7).

By Ito’s lemma,

O (Qla0) )~ O (Qlaw) ) = [ " y8dt = .
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By the value-matching property of ¢, ¢(7;) = &i(Q(qo) 7). It follows that

¢(q0) = ¢(m0) = Eoli(qz) — u1l,

as required.

Finally, we verify that alternative policies are sub-optimal. Consider an arbitrary control
process o; and stopping rule described by the stopping time 7. We have, by the convexity
of ¢ and the generalized Ito formula for convex functions (noting that we have shown that
the Hessian measure associated with ¢, has no pure point component), interpreting ¢, in
a distributional sense,

Eop(a)] ~0an) = 3ol | 7167 D{an) (0Dl )i

By the feasibility of the policies, anywhere in the continuation region of the optimal policy,

%tr[GtTD(%)(pqq(%)D(%)Gz] < %Gtr[GtTk(qt)G,] <0x.

In the stopping region of the optimal policy,

317167 Dlar) oy (a)D(a) i) = 0 < 0.

Therefore,
T

0(q0) > Eolo(qe)] — /0 0 dr.

By the inequality

0(q:) > 1(qr),
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we have

¢(qo0) > Eoli(gr) — utl

for all policies, verifying optimality.

A.3 Proof of Lemma 2

Let p and p’ be information structures with signal alphabet S. First, we will show that
mixture feasibility and Blackwell monotonicity imply convexity. By mixture equivalence,

letting pys denote the mixture information structure and Sy, the signal alphabet,

C(pm,q:Sm) < AC(p,q;S) + (1 —=2)C(p,q;S).

Consider the garbling IT: S x {1,2} — S, which maps each (s,i) € Sy to s € S. By Black-

well monotonicity,

C(pm,q:Su) > C(Ilpa,q:S).

By construction,

elMpy = Ael p+(1—2A)el p/,

and the result follows.

Now we show the other direction: that convexity and Blackwell monotonicity imply
mixture feasibility. Let p; and p, be information structures with signal alphabets S and
S>. Because the cost function satisfies Blackwell monotonicity, it is invariant to Markov

congruent embeddings. Define Sy = (S; US>) x {1,2}. There exists an embedding IT; :
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S1 — Sy such that, for some sy = (s,i) € Sy,

0 i=2
ey TIipi =10 s S

el'p1  otherwise

\

Define an embedding I, along similar lines, and note that these embeddings are left-

invertible. It follows by invariance that

C(ILip1,q;Sm) =C(p1,4;S1),

and likewise that

C(I2p2,9;Sm) = C(p2,4;S2).

By convexity,

CAIL p1+ (1 = Ao pasq;Sy) < AC(Myp1,q;Su) + (1 —A)C(ITapa, q; Su)-

Observing that

Allipi+ (1 = A)Ihpr = pyu

proves the result.

A.4 Proof of Theorem 2

Parts 1 and 2 of the theorem follow from a Taylor expansion of the cost function. Using the

lemmas and theorem of Chentsov (1982), cited in the text, we know that for any invariant
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cost function with continuous second derivatives,

Clp.4:8) =58 ¥ T (el kg)ew)eha(r)+o(A).

xeXxeX

The second claim follows by a similar argument.
We next demonstrate the claimed properties of k(g). First, k(g) is symmetric and con-
tinuous in g, by the symmetry of partial derivatives and the assumption of continuous sec-

ond derivatives (Condition 4). Recall the assumption that

Dx = r—l—A%rx-i-o(A%),

which implies that Y;cgel r = 1 and Y;cge! 7, = O for all x € X. Consider an information
structure for which 7, = ¢elv, where v € RIX and (NS R8I, with Y.esel ¢ = 0. Suppose

that both v and ¢ are not zero. For this information structure,

|
C(p,q;S) = EAgka(CI)HO(A),

where ¢7 g(r)¢ = g > 0. Suppose the information structure is uninformative for all A. This

would be the case if v is proportional to t, and therefore
1Tk(g)1=0

by Condition 1. Regardless of whether the information structure is informative, by Condi-
tion 1, we must have

v k(g)v >0,

implying that k(g) is positive semi-definite. If z and —z are in the tangent space of the

simplex at g, there exists an x,x’ el z # e}{,z with x,x" in the support of ¢g. Using z in the
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place of v above, by Condition 1, we must have
ZTk(g)z > 0.

Suppose now that the cost function satisfies Condition 5. Let v be as above, non-zero,

and not proportional to 1. We have

|
C(p,q;S) = EAgka(CI)V +0(A),

and therefore for the B defined in Condition 5 there exists a Ag such that, for all A < Ag,

C(p,q;S) < B. Therefore, we must have

m
C{pikrex:a) = 5 Y (el pa)llgs — allx-
seS

By Bayes’ rule, for any signal that is received with positive probability,

(D(q) —qq" ) p"es
g’ pTes

q4s —q4 =

By convention, g; = ¢ for any s such that e/ pg = 0.
The support of gy is always a subset of the support of ¢, and therefore (by the equiva-

lence of norms),

C{pr}eex.q) > =% Z el pq)(qs—q)"D*(q)(qs —q)

for some constant mg > 0.
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For sufficiently large A, ! pg > 0 if el ry > 0, and therefore

m (e P(D(q) —qq" )D*(q)(D(9) —qq" )p"es)
C({Px}xeXaQ) > ESGSEDO (esqu) ,
C({px}x€X7Q) Z %A Z (eZ(P)ZvT(D(q) _qu)(De_;’(‘)qu(q) _qu)V -I—O(A).
s€S:el'r>0 S

Noting that

€T 2
y gy,

T
s€S:el pg>0 (es pQ)
and that

(D(q) —qq")D*(q)(D(q) —qq") = g™ (q),

we have

m
C({px}rex,q) > TgAg'ngWQ)v +o(A).
It follows that we must have

1 m
EVTk(CI)V > TgngWq)v

for all v.

A.5 Proof of Corollary 2

Under the stated assumptions,

Px = r+A%‘Ex+0(A%).
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By Bayes’ rule, for any s € S such that e/ pg > 0,

gs = D (‘Z)pTes
T qTpTe
It follows immediately that
I D)
im =gq.
asor B8 =M T K

Next,

(D(q) —qq" )pTes
q" pTe;
e — quTTes +o(1)
q" pTes '

By Theorem 2,

C(p,q;S :—AZZ (el k(q)e)tlg(r) T +0(A).

xeXxeX

By the result that 17 k(g) = 0, we have

C(p.q:S ——A Y Y elk(q)ex - (to—qt) g(r)(n—q7)

x'eX xeX

+o(A).
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By the definition of the Fisher matrix, and the observation that lTTx =Q0forallxe X,

Z (eTr) (TX’_qT)T T(Tx—qr)‘

(Tx’ _qT)Tg(r)<Tx_qT) = ése

s€S:el r>0 (ezr) ' (eSTr)
Substituting in the result regarding the posterior,
1
Clp.g:S) =5 ), (e5n)(as—a) D (9)k(9)D" (9)(as —9) +0(4),
s€S:el r>0

which is the result.

A.6 Proof of Corollary 3

The cost function is directionally differentiable with respect to signals that add to the sup-
port of the signal distribution.

By directional differentiability and the continuity of the directional derivatives, there
exists a function

. C(pa+Aw,q;S) —C(pa,q:S)
(D, 5 7S =1 :
flo,r,q:;8) = lim A

Observe that, if we, is in the support of r for all x in the support of g, we must have
flo,p,q;S) =0, by the results of Theorem 2. Relatedly, if ® and o’ differ only with
respect to the frequency of signals in the support of  for all x in the support of g, we must

have

flo,rq:S) = f(@',r,q;S).

Assuming there are signals not in the support of p, we can write @ = @ + @ + .. .,

where each ; is a perturbation that contains only one signal not the support of pg. Let
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N < |S| denote the number of these perturbations. We can define

C(pi- A(J)‘, 3S)—C(pi_ , )
filwi,r,q;S) = lim (pi-1+Aw0;,4;8) —C(pi-1,9 )’
A—0F A

where p; 1 = pa+ AZ’}’ 11 ;. By the assumption of the continuity of the directional deriva-

tives,

fi(wiar?q;S) :f(wiar7q;S>‘

It follows that

flo,rq:8) =) flwn,rqS).

=

~
—_

By invariance, the function f(w;,r,q;S) does not depend on r or S. By the argument
above, it is only a function of ey, @;, where s; € S is the unique signal in @; with esTir =0.
By Bayes’ rule,

e5,0; = (e5,019)D(q) * qs;,
where g, is the posterior associated with signal s;. By the homogeneity of the directional

derivative, we can rewrite this as

f(a)i,r,q;S) = (esiwiQ)F(QSNQ)'

By the requirement that the cost of an uninformative signal structure is zero, and every-

thing else is costly, we must have

F(q,9) =0,
F(q,q) >0

for all ¢’ # q. Therefore, F is a divergence, which we write D*(¢'||q). The finiteness of

D*(q||q) is implied by the existence of the directional derivative. The approximation of
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the cost function follows from this result and Corollary 2.

By invariance, there exists a Markov congruent embedding that splits each signal in §
into M > 1 distinct signals in §’. As M becomes arbitrarily large, the probability of each
signal becomes small — and in particular, can be of order A. It follows for all s € S’ such

that ||gs — ¢q|| = O(A%) (e.g. the signals described in Corollary 2), we must have

D (4 la) = 5Ala! k(@) (g —q) +O(a).

Moreover, by this argument, D*(¢’||q) must be twice differentiable for ¢’ in the neighbor-

hood of g.

A.7 Proof of Lemma 3

We will show that Conditions 1-5 are satisfied. Recall the definition:

Cn(p.q:S)= Y. @Y elpiDi(gisllai)
i€S(q) s€S

A.7.1 Condition 1

Condition 1 requires that if the information structure is uninformative, the cost is zero, and
if it is not, the cost is weakly positive. If the signal is uninformative, for any signal received
with positive probability,

dis = 4qi,
and by our convention that g; ; = ¢g; if g; ¢ = 0, this also holds for zero-probability signals.
By the definition of a divergence, D;(g;||q;) = O for all ¢;, and therefore the cost of an

uninformative information structure is zero.

The cost is weakly positive by the definition of a divergence (being weakly positive)
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and the fact that probabilities are weakly positive.

A.7.2 Condition 2

Mixture feasibility requires that

C(pM’q’SM) < lC(Pla%Sl) + (1 _A)C(pZM],Sz)

By definition,
_ Yiex,pmexelq
PiM=—T"7""—
qi
and
Eiqs.m
qgisM =

erXi e){ qs.M

for any s such that g; s ps > 0. For any (s,1) € Sy, if i s i > 0, we must have g; ; > 0, and
therefore g; s = gi 5,1 (denoting the posterior under py). The same argument holds for the
second information structure.

It follows that

C(pm,q:Sm) = ai Y, e pim Di(gismll4i)
i€f(q) sE€Su

= Y GAY el piiDilgisalla)+(1=2) Y el pi2 Di(gis2ll9:)

i€9(q) SES] SES)

=AC(p1,¢;:51)+ (1 =2A)C(p2,4;52),

verifying that the condition holds.
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A.7.3 Condition 3

By Blackwell’s theorem, for any Markov mapping IT: S — §’, we require that
C(p,q;8") < C(p,g;S).

Consider a neighborhood i € .#(g). By definition,

o ZXEX,' Hpexe;{q o
Pi= - =
qi

I1p;
and

_ Eigy

- erXi egqs’

B E:D(q)p"T ey

 Liex, el D(g)p ey

_ D(g)Eip ey
ﬁiTHTes/

qis'

where the second step follows by Bayes’ rule,

D(q)p" 1" ey = (eI T1pg)qy.

Also by Bayes’ rule,

D(qi)Eip"es = (el pET qi)qi s

= (! pi)qis.
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and therefore

Gig = ZSESQi,SﬁITHTes’
b ﬁiTHTes

It follows by the convexity of D; in its first argument that

(pi T eg)Di(givllgi) < Y pi 1" ey Di(qis|lqi)-

sES

Therefore,
C(Nlp,q;S") = Z gi Z el TIp; Di(q;v|qi)
i€d(q) s
< Y @ Y Y pl"eyDi(qisl|q).
zeﬂ (q) s'eS'seS
By definition,

Y Dfey =1

s'es’
and therefore
C(Ip,q;S") < C(p,q;S).

A.7.4 Condition 4

By the definition of the neighborhood structure,

Cn(p,@:S) =Y., @Y el piDi(qisllqi),

iEf(q) ses

and the twice-differentiability of D; in its first argument, it is sufficient to show that p; and
qi s are both twice-differentiable with respect to perturbations to p, in the neighborhood of

an uninformative information structure.
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Suppose that

pe)=rnl +et+vo,

where r € Z(S) and the support of Te, is in the support of r, and likewise for we,;, for all
xeX.

By Bayes’ rule, for all s € S such that e’ r > 0,

D(q)p(e,v)" e

q 8,\/ = *
(V) = T (e, v)Te,
Simplifying,
(e,v) = e Dlg)t e
B Ty Y eqTtT e+ vl wle,  rles+eq tles+val ole,
vD(q) @ e;

rTeg+eqltlTeg+vgl wles
In the neighborhood around € = v = 0, the denominator is strictly positive, and therefore

d (e, ) (&) q" o’ e; D(q) @ e;
Y ) = - yV
v’ s rTes+eqltles+vgl wTey  rlTeg+eq’ tleg+ vgl ol e

and

Jd d g’ o’ e, g T e,
xﬁ%(& V) =4s(&.v) rTes+eqltles+vgl wlegrTeg+eq’ tleg+ vgl o e;
q o' ey D(g)t"es
et eqTtles+vgToles rTes+eqT 1l e+ vl o ey
ae) gT ol e g'tleg
rTes+eqTtTes+vql oTes rTes+eqTtles+ vgl o7 e
D(q) @ e; gl tles
Teg+eqTtTes+vgloTes rTes+eqT tles+vgl ol ey

For s € S such that el r = 0, g5(¢,v) = ¢, and therefore %%qs(s,v) = 0. Therefore,
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%qs(e, V) can be written as a quadratic form in vec(7) and vec(w). It follows that g4(€,V),

in the neighborhood of an uninformative information structure, is twice-differentiable in the
directions that do not change the support of the distribution of signals.

Foralli € .#(q), define §; € Z(X) as

o
=~
<

x€eX;

3
=

ef qi =
0 otherwise.
By definition,

pi(&,V) = pgi = r+ €14; + v g;.

and therefore is twice-differentiable in the required directions. Moreover, by construction,
if eI'r =0, then el p;(e,v) = 0, and if el r > 0, then e! p;(&,v) > 0 in the neighborhood
around € = v =0.

By definition,

EiQS(Sa V)
erXi e){qs(e, v)

qi,S(ev V) =

Foralli € .#(q), in the neighborhood of an uninformative information structure, )., cx. el'qs(e,v) =~
gi > 0, and therefore the twice-differentiability of g; in the required directions implies the

twice-differentiability of g; ; in those directions.

A.7.5 Condition 5

This condition requires that, for some m > 0 and B > 0, for all C(p,q;S) < B,

m
C(p.q:8) = 5 3 (€5 pa)llas — allx
seS
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where || - ||x is an arbitrary norm on the tangent space of &?(X). It follows immediately by

the strong convexity of the divergence for the neighborhood that contains all states.

A.8 Proof of Lemma 4

Consider Corollary 2. Under the stated assumptions,

Px= r+A%Tx—|—0(A%)

T

1 e (Te— Y vex Toqgy 1
CIs7x:(Zx+A2%c s(x x'eX xCIx)

T +0(A2).

N

By definition,

k(q) = D™ (q)k(q)D™ (q),

and the cost function can be written as

C({pr}rex, 4:8) = % X‘g(ef r)(gs — q)" k(q)(gs — q) +o(A).

Now consider the definition of neighborhood cost function (20):

Cn({pctsex.@:8) = Y. @ Y. e! pi Di(qisllai).

i€ (q) SES

By definition,

qibi= Y pexelq
xeX;

=rgi+o(1).
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Note that

pq=r+o(1)

as well.

By Chentsov’s theorem (Chentsov (1982)) and the approximation above,

Di(qis|lai) = ci(qis — q:)" 8(qi)(qis — qi) +0(A).

The approximation described in equation (21) follows.

Define the |X| x |X;| matrix E; that selects the elements of X that are contained in X;.

We have
S (510
b Zx’EX,- qs.x (A)
_ qx —l—A% qx e?(fx —Yiex Tx’%c/)
Zx/ eXx; qx' Zx’ eXx; qx' ez r
T
T — " T {11
—A% qx . qu/es(x Z)}EX qu>—|—0(A%).
(Zx/eXi qx') Xex; e r
That is,
1
qis = qi+ —Ei(qs— q) — —qiq; D" (q:)Ei(gs— q) +0o(A?),
l 1
Using this,

(gis — 9i)" 8(qi) (qis — i) = (qi.s — 9:) D" (4:) (qi.s — qi)

= é (¢s—9)"El D" (q:)Ei(gs—q") — (qt)z (95— )" E! D™ (¢:)qiq] D" (q:)Ei(qs — q)
“ g q9)"E! D* (qi)qiq! D* (4:)Ei(gs—q)
+——(qs—9)"E' DY (g:)qiqi D" (¢:)Ei(g; — q) +o(A).

(g:)?
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Therefore,

Cn({Pxtrex, 4:8) = Z Ciqi Z(esTr)(qz',s - Cﬁ)Tg(qz')(qz',s —qi) to(A)

i€4(q) ses

=AY adi ) (efr)(as—a) ki(g)(gs —q) +o(),

i€s(q) seS

where

ki(q) = _LE,T (D*(qi) — D" (qi)qiq} D™ (q:))E;.

(g:)?

ci
= ) E (D"(a:) D" (a)aiq D (a))E:.
i (q) 7"

Thus, the associated k(q) matrix is

kn(q) = D(q)k(q)D(q)

= L %D(Q)E,T (D™ (qi) — D™ (qi)giqi D (4:)EiD(q)
i€ (q) !

=Y {c;EI D(q)E; — c:igiEl qiq] E:D}
i€f(q)

= Y cgE ¢ (q:)E:
i€?(q)

A.9 Proof of Lemma 5

Using equation (30) from the proof of Lemma 4, we have

— C‘l'
kv(q) =Y. —E! (D" (q;))—D"(q))qiqi D* (:))E:.
ie.7 () 11
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Consider the function

Hy(g)= Y, ci| Y (efq)In(efq) — () (elq))In( Y (efq))

ief(q) xeX; XEX; XEX;
= Y o) (elg)In(giy)
i€S(q) x€Xi
- Z ciquShannon(qi)‘
i€ (q)
Differentiating,
JdH,
D _(ing) 1) ¥ @ ¥ (L ().
qx €9 (q):x' €X; €9 (q):x' €X; XEX;

Differentiating again,

82HN(q) . 5x’,x” i Ci
1

= T
0009w v e plgivex,  ies (g arex; Lxexi(€xd)

Y

where 6y, is the Kronecker delta. By definition,

Ci T,.T T Ci
Tl.ex’Ei D+(Qi>%%’ D+(Qi>Eiex” = Z—EeT)
i€7(q) ai i€ (q)x x'eX; =xeXi\"x 4q
and
C; Ci
Tle)]c;EiTD—’—(qz')Eiex” = 6x’,x” Tl s
; 9 : (evq)
i€ (q) 1! i€ (q)x' X'eX; \"x'

proving that ky(g) is the Hessian of Hy(q). Differentiation of Hy(q) then yields the form
given in the lemma for the associated Bregman divergence.

The posterior-separable static information-cost function is defined as

CN(p,q:S) =Y (el pq)(Hn(qs) — Hy(q))-

seS
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Using the definitions above,

C}s\;atic (p,q;S) = — Z(esqu) Z ciqtsHShannm (Qi,s)

s€S i€.9(qs)
+ Z CiéiHShannon(%)-
i€t (q)

Note that g; ; = 0 fori € .#(q) \ 7 (qs), and # (q5) C -#(q), and therefore

C}s\;atic (p7q;s) — Z(ezpq) Z c,~(c7,~7sHShann0n (qm) i quShannon(qi))‘
scS i€#(q)

By Bayes’ rule,
(e} pQ)Gis = Gibi.s

and by definition,

Zﬁﬂs = 17

seS

and therefore

C}s\;atic (p’ q;S) - _ Z ciGi Z Pis (HShannon (qu) _ g Shannon ((]i))
i€f(q) seS

= Y ) pisDrr(qis|lai)-

i€ (q) ses

The claim that

Cls\;atic(p,q; S) _ Z Ci Z (e?q)DKL(peprEiqu
ieﬂ(q) xeX:xeX;

follows from the usual alternative ways of expressing mutual information and definitions.
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A.10 Additional Definition and Lemmas

Definition 1. Let XV be a sequence of state spaces, as described in section 5.2. A sequence

of policies {py € Z(XN)}nen satisfies the “convergence condition” if?:

1) The sequence satisfies, for some constants cy > ¢z > 0, all N, and all i € XN,

CH T CcH
— > > —.
Nt1=GPN= N

ii) The sequence satisfies, for some constant K > 0, all N, and all i € XV \ {0, N},
31, 7 T T
N |§(€i+1 +e;_1—2¢; )pn| <K,

and

1
N?|5 (en —en—1)pn] < Ki

and

1
NZ\E(ﬁT —eb)pn| < Ki.

Lemma 11. Given a function p € 2 ([0,1]), define the sequence {py € Z(X")}nen.

where XN is the state space described in section 5.2. If the function p is strictly greater
than zero for all x € [0, 1), differentiable, and its derivative is Lipschitz continuous, then the
sequence {py € P(XN)}nen satisfies the convergence condition, and satisfies, for some

constant K > 0, all N, and all i € XV \ {0,N},

1 1
Nz‘ln(i(eiT—i—l +€iT)61N)+1n(§(€iT—1 +e/ )gn) —21In(ef gn)| < K
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and

1
N| 111(5(6{ +e))an) —In(egqn))| <K

and

1
NJIn(Z (ey +ey-—1)an) —In(engn))| < K.

Proof. The function p is strictly greater than zero, and continuous, and therefore attains
a maximum and minimum on [0, 1], which we denote with ¢y and c, respectively. By

construction,

crL
eiTPN > N+l

and likewise for cy, satisfying the bounds.

For all i € XV\ {N},

i+1

(o =elon= [ (plet ) - pla))ds

N+1
N+l
/ / '(x+y)dydx

and therefore, letting K, be the maximum of the absolute value of p’ on [0, 1] (which exists

by the continuity of p’), we have

1

T T
|(eiy1 —ei )pn| < N+ 1)2K27

satisfying the convergence condition for the endpoints.
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For all i € XV\ {0,N},

it
N+

T T T
(eir1+ei1 —2¢ )pn = /i

N+1

/ / P (x+y) = p'(x—y))dydx.

By the Lipschitz continuity of p/, it is absolutely continuous, and therefore

1

1<p<x+m>+p<x—]%+l>—2p< )

pllx+y)=p'(x)+ /0 yp”(HZ)dZ-

It follows that

i+1 1
N+1 N+ [V

el 2w = [ [ [ e 2)dadya
v J0 -y

Let K3 denote the Lipschitz constant associated with p’. It follows that

2K;

(ef 1 +el_1 —2e] )py| < NFIP

Therefore, the convergence condition is satisfied for K = max(%Kz, K3).

By the concavity of the log function, and the inequality In(x) < x—1,

%(eiTHJreiT)PN)Hn(%(, | te )pN) n (%( l+1+ez 1+2eNpy

ln( S 2 )
el pn el pn el py
< slel +ei1—2e] )PN_
- eiTPN
Therefore, by the bounds above,
ln(%(eﬁrl +eiT)pN)—|—ln(%(eiT_l —I—el-T)pN) - (N+ 1)K _ 2K
el.TpN eiTpN ~— N3¢, ~ Nic
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By the inequality — ln()—lc) <x—1,

1 1 1 1
ln(i(ezTH +€ZT)PN)+IH(§(%'T—1 +eiT)PN) s(el —elpy  5(el—el)pn
el py el py T3l +eNpy (el +elpn
We can rewrite this as
1/ T T 1/.T T
s(ei 1 +ei)pn s(ei_+e;)pn
ln( l+eT l )—Hn( i - i ) >
i PN €, DN
1 1 1
(E(eiT-H +eiT—l _2eiT)PN E(eiT—l eiT)PN z(eiTH +€,~T)PN —1)
sl +el)pn sleli +el)pn 3(el +el)pw

By the bounds above,

sl tel —2¢))py 2K
W+ Na
and
1 1
sl eiT)pN(%(ez]:H +el)py )= slel i —ei)py 3lel —el )Py
s(efy+el oy 5(el +el)pn (el +elpn zel  +elpn
N 1 5
—————(K
=g wen
> —(55-)"
2NCL
Therefore,
1/,T T 1/,T T
(el + ¢! sler_;+e; 2K K
NZHH(Z( l+lT z)pN)+1n(2( zflT l)pN)’ < __+_(_2)2.
e; DN e; PN cL 2cp
For the end-points,
sel —ef)an (%(6{+eg)q/v) - sel —ef)an
s(el +ef)an ehan T ehan
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and therefore

|11’1(%(€1 +60)QN)| K K2
quN ~ (N+1)cL NcL'
A similar property holds for the other endpoint, and therefore the claim holds for K| =
max (%2 2K+(2KTZL)2). O

cL’ cL

Lemma 12. Let {py € Z(XN)}nen be a sequence of probability distributions over the

state spaces associated with Theorem 3. Define the functions py € Z(]0,1]) as, for x €

[2(N1+1) 1= 2(N1+1))7
oy (x) = 1 Dxt 2 Dxt 2 ))e
PN(x) = (N4 DV + Do 5 = [V D+ 5 D)el iy 1 ot
1 1
+(N+l)(§—(N+1)x+L(N+l)x+ J)ef(NH)er%Jfle’
1
ana’, forx € [0,m),

A

pr(x) = (N +1)egqn,

and. for x € [1 — m, 1],

pn(x) = (N+ l)eﬁq]v.

If the sequence {py € P (XN)}nen satisfies the convergence condition (Definition 1), then

there exists a sub-sequence, whose elements we denote by n, such that:

i) pn(x) converges point-wise to a differentiable function p(x) € (|0, 1]), whose deriva-

tive is Lipschitz-continuous, with p(x) > 0 for all x € [0, 1],

ii) the following sum converges:

fm? ¥ {5l o)+ sepm) 285 e} = 5 [ E
n—»oo ieXm {n) i PN i+1PN 7\ i+1/PN 4 0 p(x> ’

where g(x) = xIn(x),
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iii) for all a € A, lim, e ul ,pp = fol uq(x) p(x)dx, and

iv) if the sequence {py € P(XN)}nen is constructed from some function p(x), as in

Lemma 11, then p(x) = p(x) for all x € [0, 1].

Proof. We begin by noting that the functions py(x) are absolutely continuous. Almost

. 1 1
everywhere in [2(N+1) 1= 2(N+1)],

Pr(x) = (N+1)*(e],

T
[(N+1)x+3] _eL(N+1)x+%Jf1)pN’

and outside this region, py(x) = 0. Let fy(x) denote the right-continuous Lebesgue-

integrable function on [0, 1] such that

v(x) = p(0) + /0 ) dy,

which is equal to p(x) anywhere the latter exists.

The total variation of f3 (x) is equal to

N—1
TV(fi) = Y (N+1)*|(ef . + el —2¢] )pw)|+
=1

~

+(N+1)*[(ef —eh—1)pn| + (N +1)%((e] —ef)pwl.

By the convergence condition,

(N+1)3

TV(fy) < 52K,

and therefore the sequence of functions f} (x) has uniformly bounded variation. The func-
tion is also uniformly bounded at the end points, and therefore Helly’s selection theorem

applies. That is, there exists a sub-sequence, which we denote by n, such that f, (x) con-
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verges point-wise to some p’(x).

1 1

Forany 1 — N XY > INESIE the quantity
L(N+1)x+1 ]
=M=+ Y (el +el_y —2¢] )pw|
i=|(N+1)y+1]
N+1)2 D(x—y)+2
< WHDTWHDE—y)+ )2K1.
N3
At the end points, for all x € [O,m),
1 2K
/ /
S, <
and for all x € [1 — m, 1],
. 2K
- dim ) <
Y= +

Therefore, by the point-wise convergence of f;, to f,, for all x >y,

1f'(x) = f ()| < 2K (x—y),

meaning that f’ is Lipschitz-continuous. By the fact that f/(0) = 0, this implies that
|f'(x)| < 2K, forall x € [0,1].

By the convergence condition, ¢;, < py(0) < cy. Therefore, there exists a convergent
sub-sequence. We now use n to denote the sub-sequence for which lim,,_,. p,(0) = p(0)
and for which f} (x) converges point-wise to p’(x). By the dominated convergence theorem,

for all x € [0, 1],

tim () = Jim (50(0)+ [ i)y} =p(0)+ [ )y

106



Define the function p(x) = p(0) + [ p'(y)dy for all x € [0,1]. By the convergence condi-
tions, this function is bounded, 0 < ¢, < p(x) < cp, by construction it is differentiable, and

its derivative is Lipschitz continuous. Moreover,

[ =1,

and therefore p € 22([0,1]).

Next, consider the limiting cost function. We have, Taylor-expanding,

80) =8+ —0) + 58 (e + (1))

for some ¢ € (0, 1). Therefore,

1

gef ) +8(efr1pn) =285 (el +efi)py) =
1 1
gg//(cleiTpN +(1— C1)§(€f +el1)pn) (el — el )pn)?
1 1
+ gg”(CZeszN +(1— 02)5 (el +el )pn)((el 1 — el )pn)?

for constants cy,c; € (0,1). Note that, by the boundedness py(x) from below, e/ py >

(N+1)"1¢p forall i € XV. It follows that

1

crel py+ (1 —cl)%(eiT~|—eiT+1)pN

1
g'(crei py+(1=c1)5 (€] +ejr1)py) = < (N+1Der.

Therefore,

(N—l— 1)CL

T E (el e pw)

| =

0 < g(el pn) +glely 1 pv) —28(= (el +el\)pw) <
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By construction,

1 2i+1
el N = (N+1)pN(2(N+1))'
Therefore,
(N+1)(g(el pn) +g(el1pn) — Zg(%(ef +el 1)) =
gy )+ o)~ 28 )
and
slel pw) + #(elapw) =285 (e + el o) < et (Plgres) — Py
By the boundedness of fy(x),
241 . 2i+3 o 2i42 K?cp,
g(P(m)) g(P(m))—zg(P(z(NJrl))) < (qutl)z'

Writing the limiting cost as an integral, and switching to the sub-sequence n defined

above,
DY {g(eiTpn)+g(eiT+1pn)—2g(%(ef+ef+l)pn)}:
ieX™\{n}
] +1 o 2lnx]+3 - 2|nx]+2
n+1/ {a(p 1) )>+8(Pn(m))—2g(pn(m))}dx.
By the bound above,
[2x] +1 s (2[nx] 43 . 2nx|+2
n+1/ {s(p 1) )>+g<Pn(m))—2g(pn(m))}dx§
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Applying the dominated convergence theorem,

. 1
r}g{}onz Z {g<ezrpn)+g(eiT+1pn)_2g(5(6?+eiT—i-l)pn)} =
ieX™ {n}

2| nx]+1 2|nx]+3 2|nx]+2

1 n3 A A A
/0 r}ggon+l{g(Pn(m))+g(Pn(m))—Zg(l?n(m))}dx~
By the Taylor expansion above,
.o . 2 nx]+1 . 2|nx]+3 L 2lnx]+20 0
fim (e )+ ) =28 e ) =
1, " L 2|nx) 430, 2|nx]+1
lim o 8" O+ O oGy = PGy )
By definition,
L 2 nx]+30 0 2[mx]+1.0  , 2|nx]+2
(”+1)(Pn(m)—l9n(m)) = ful( 2n+1) )
and
. 2|nx]+2 L 2lnx] 430, 2mx]+2. 1
with ¢, € (0, 1) for all n, and therefore
.o .2 nx]+1 . 2nx|+3 L2 nx] 42000
r}glolon-l-l{g(pn(m))—’_g(pn( 2(n+1) )) —28(Pn( 2(n+1) )} =
L 1)
n=ed4  p(x)

proving the second claim.
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Turning to the third claim, recall that, by definition,

We define the function, for x € [0, 1), as

ua,N(x) = eLT(NJrl)xj Ug,N,

and let u, y(1) = elu, n. We also define the function

2L(N+1)x] +1
2(N+1)

X(x) =

By construction, py(%(x)) = (N + l)e{( pan for all x € [0,1), and equals el p, v for

N+1)x]

x = 1. Therefore,

ugnon =Y, (€] uan) (el pn)
iexN

= /01 P (X(x))ugn(x)dx.
By the measurability of u,(x),
Alrlgio U N(x) = uq(x).
Therefore, by the boundedness of utilities and the dominated convergence theorem,

1
lim ugjnpn :/ p(x)ug(x)dx.
0

n—oo
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Finally, suppose that, for all N

N+1 B
e pan = |  p(x)dx
N~lH
It follows that lim,,_,. po n(x) = p(x) for all x € X, and therefore j(x) = p(x). O

Lemma 13. Let niy(a) € P(A) and {qan € P(XY)}aea denote optimal policies in the
discrete state setting described in section 5.2. For each a € A, the sequence {q, N} satisfies

the convergence condition (Definition 1).

Proof. We begin by noting that the conditions given for the function f(x) satisfy the condi-
tions of Lemma 11, and therefore the sequence gy satisfies the convergence condition. We

will use the constants cy and ¢y, to refer to its bounds,

and the constants K| and K to refer to the constants described by convergence condition
and Lemma 11 for the sequence gy. By the convention that g, y = gy if v (a) =0, gan

also satisfies the convergence condition whenever my(a) = 0.

The problem of size N is
VN(C[N; é) = max 71']\](61)( q N 9 7[N )
ﬂNeg(A)v{‘Ia,Negz(XN)}aeALEA GN “ agq
subject to

Z iy (a)qan = gN-
acA

Let uy, denote that [ XV| x |A| matrix whose columns are u, y. Using Lemma 5, we can
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rewrite the problem as

Vn(gn;0) = max eTpD(q)uNe
{Px,NGW(A)}ieXEA ¢ ¢
N—1 T T
- pin(e; gn) + pivin(e 1gn)
— 6N Y (el qn)Dxr(pin|| —— — )
; l l (ef +eliy)an
N T T
~ pin(ej gn) + picin(e;_1qn)
—ON?*Y (ef'qn)D ; ! !
Z( i qN) KL(Pz,NH (ei]"_}_elz;l)qN )

=1

1

N-1
—on! Y (el gv)Dkr(pin|lpngw)-

i=0
The FOC for this problem is, for all i € [1,N — 1] and a € A such that el p; y > 0,

T A2 ey pin(el +el )an
e; ug N — ONIn( = T T
ey (pin(ej )+ pivin(ei 19n))

eqPin(el +el1)an _gln(egﬂ)_e,TKN:()
el pngn l ’

—6N?1n(
el (pin(el gn) + picin(el 1qn))

where ky € RV*1 are the multipliers (scaled by e/ gy) on the constraints that ¥, 4 €X p; y =

1 for all i € X. Defining g_; v = gy+1ny = 0, and defining p_; y and py, 1y in arbitrary

fashion, we can recover this FOC for all i € X.
Rewriting the FOC in terms of the posteriors, for any a such that 7y (a) > 0,

T T
_ (€] qan) (142 (ef gan)(1+7E2) T,
el (ugn — 1v) = —ON?In( : ' SNy _ BN In( : = Gy Glanl(—eT“ PiN )
(eiv1+ei) qan (ei—1+e) qan e, PNGN
T T T
_ e — e — e
= ON2In(1 + S TNy gn2in (1 4 SNy | g2 (g 4 SE19eN
€ qaN € 4N €i qa.N
T T
— BN In(1 + SNy gyt (S e
¢ dN € 4N
l 1
1 _
= 9N2(1n(§(eiT+1 +e¢] )qa) +ln(§(€iT—1 +ef )gan) = (2+N7?)In(ef gan) +21n2)
_ 1 -
- 9N2(1ﬂ(§(€iT+1 +e] )an) +1n(§(€£1 +ef )gn) — (2+N7)In(e] gv) +21n2).
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Using Lemma 11, for all i € XV \ {0,N},

1 1
N2 In(5(ely + el Jaw) +1n(5 (s + el Jaw) — 2In(el an) | < K.

By the boundedness of the utility function,

T T T
€iTKN > —i— 0K+ éNZ(ln( €i 9a.N )+In( ¢; 4a.N ))+9N_1 ln(ei Qa,N).

%(eﬁq "’eiT)an %(einl + e,‘T)Qa,N €; gn

By the concavity of the log function,

1 1 _
In(3(efp1+ef )gan) +In(5 (el + €] )gan) + N In(e gn) <

(24 N3)In( N

T T T
(eip1+ei1+2€ )gan+ TN

- T
22+N3) € qN).

and therefore

1 1 . _
In(3(efpr + el )gan) +In(5 (el + €] )gan) + N In(ef gn) = (2+N ) In(e] gan)

1 T T T N3 T
n( 2(2+N3) (efs1 ey +2€ )qan+ N3¢ 4N

<(2+N7)1 -
€; 4a.N

It follows that

1 T T T N3 T
22+N3) (ejy1 +ei1 +2¢; )qan + 2aN3€ 4N

Ty > —ii— 0K — (2+N~3)GN?In(2

T
€; 4a,N
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Exponentiating,

1

(e] gan) eXP(—méqN*z(WF 0K +e Kky)) <

-3

1 N
m(%‘al +el | +2e] )qan+ 2+N,3€iTCIN- (31)
Summing over a, weighted by 7y (a),
|
(€?QN)CXP(—WQ 1]V z(u—l—eK—l—elTKN))S
1 -3
m(%ﬂl +el+2el )y + AN el qn.
Taking logs,
1 T T T N3 T
1 . m(ei+l+ei—l+2ei )CIN+2+N_36’,' qnN
— 6 'N2(a+6K+el ky) <In
2+ N3 ( 7 ) < Inf (el qn)
N3 1 KNN3

In(1
n(+ o =ty N1

where the last step follows by Lemma 11, recalling that ¢z, is the lower bound on f(x). We

have
el ky > —26N?1n(1 + N + L& 2)—i— 6K
PN = 24-N3 "24N3¢
_ N1 1 K
> _ji— 0K — — —
- 24+N3 24N3¢
_ 1 1K,
> _i— 0K — - — —— .
=4 2 2¢

where the second step follows by the inequality In(1 +x) < x for x > 0.
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Turning to the end points, the FOC can be simplified to

- 1
g (uan — Kyv) = ON*(In(5 (€] +¢€9)ga.n) —In(ef gan))

65%,1\7)

T

_ 1 ~
— 0N2(ln(§(elT + eg)qN) — ln(egqN)) — 6N In(
€y4qnN

By the concavity of the log function,

1 . .
In(5 (el +eg)gan) +N " In(eggn) = (14 N"7)In(eg gan)

11 N3
( 1N9) z(elT + eg)Qa,N + Wengv

<(1+N ) - ). (32)
€0 9aN
Therefore,
1(,T T T
_ 5ler +e — _
9n21n(2( 1 O)qa’N) +6n In( eTOqN )— 6K
€0 4a.N €0 9a,N

~ 1
< f (e — k) + ON?(in(5 (e] +¢f Jan) ~In(ef )

1 1/, T T N3 T
(]+N73)§(61 +ep )C[a,N+ N3¢ 9N

T
€y4da,N

<6(1+N3)In( )+ OK.

By the boundedness of the utility function,

11 -3
( ) s(ef +ef)gan+ #engv

e qaN
€SQN
s(el +ef)an
1/,T T T
5(e; +e - e
2( 1 O)qa’N)—i—QN_lln( OTq‘“N)—l—ﬁ.
€yo4qa.N €y 4N

—6(1+N?)In —i

< egKN—{— éNzll’l(

< —6N?In(
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By the inequality In(x) < x—1,

T T
An—11.609a.N an—1,604aN
04N €y 4N
n.—1
< GCL )

where the latter follows from eg gn > ctN~!. Exponentiating,

(egQa,N) exp(—é—l(l +N_3)_1N_2/1) <
1 1 N3

and

1 = eTCIN
( (el +e)gan)exp(07 N 2ef ky) 2
2 ¢ %(elT —I—eg)qN

Summing over a, weighted by 7y (a),

(eggn)exp(—=6 ' (1+N7)"IN"?0) <
1 1 N3

1

(= egqN
2

(ef +ef)an)exp(8™ N 2ef kn) T 5 —

3(e] +ef)an
Taking logs,

-3

e+ D+ 2oy

%(elT + el )qn

—ON*(1+N"3)(In
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egqN) exp(é‘1 (1 +N_3)_1N_265KN)

T A1 A3\l pn-2.T
eoqn)exp(0 (1+N"7)" N “egky) T
%(elT—l—eg)qN

T
€y 4N

s(el +ef)an

< (el qan)exp(8 !N 2 (L + e ')).

T
€y 4N

Y

< (el qn)exp(6~'N2(fi + 6c;1)).

)—ii < eqky <ii+0cp".



‘We can write

1 1/.T T N3 T -3
. ((1+N3)?(61 +60)4N+W60‘1N) (! T=edan
n = In
(el +el)an L+N7 J(el + el gy
1 2N3

1.

< _
— 14N + 14+N-3

Therefore,

-3
( v 2 (el e0)ay + iy

%(6{ +el)an

—ON*(1+N3)(In )>—-6N"1 > —0.

By Lemma 11,

—0—ia<elxy<i+0c;'.

A similar argument applies to the other end-point (e](, Ky). Summarizing, eiT Ky > —By for
some constant B; > 0, and el-T Ky < By for some By > 0ifi € {O,N}.

Returning to the FOC, for all i € XV \ {0,N},

T
€, 4aN

%(eiTH + eiT)Cla,N %(eiT_l +eiT)Cla,N €; qN

el ky < ii+ 6K+ 6N?(In(

and as argued above,

T
éNil ll’l(eT—
€; gN

l

Using this bound,

6N (In(

el qan
1 1
E(eiT-H +eiT)61a,N z(ei_l +61T)Qa,N
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For the end-points, the FOC requires that

T T T
€y 4N ) €yqa,N A1 €o4qa,N
T )+6N ln( T T )+0N hl(T—)

T — N AT2
ey kv <ii—ON-In(
%(6{“‘60 )CIN %(61 +e )qu €y gnN

and

T
éndaN

T T
T _ A2 A2 énda,N =1 énda,N
eyky < ii—ON“In( )+ ON“1In( )+ ONIn(——).
s(eh el 1)dan S(el +ek_)gan engn

Using Lemma 11, we can rewrite these inequalities as

T

énda,N
1. T ,.T
sleytey_1)qan

T
en9a,N
1,,T T
2 (eN + eN—l)QmN

6N In( ) > ~N""(a+Br+0c;')+6NIn(

> -N"'a+Br+0c.')— 0K
> —(a+6K+BrL+6c "),
and likewise

T

€g 9a,N
1, T T
§<e1 +e )qa,N

ONIn > —(i+ 6K+ By +06c ).
L

Define g, n(x) as in Lemma 12. Define the function

() = (N-+ 1) () = Ind (s = 57777))
for any x € [m, 1]. For any i € XN\ {0},
2i+1 | . (N+1)el gun
Vawan) =T D e g
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and for any i € X"\ {N},

2i+2 LN+ 1) (el +el' ) gan

a,N(m) = (N+1)In( (N+1)el gan

).

Therefore, for any i € XV\ {0,N}, the lower bound can be written as

5 NV 2i+2 2i+1 i -
~lan(575—5)) < (@+6K+B ,
9N+1(la,N(2(N+1>) a7N(2(N_|_1))) < (i+6K+Br+06c")

The lower endpoint bound is

) < (d+6K+Br+0c; ).

5N lN((

6
N+1“"Y(N+1)

The upper endpoint bound is

N

éN——Hla’N(l) 2 —(I/_l+ éK+BL+éCZ1)

We also have, for all i € XN\ {N}

_ N2 2i+3 2i+2
0— (L2 y (2
N+1<a’N(2(N+1)) "’N(z(N+1)>)

(N+ l)eﬁ_lqaw %(N+ 1)(eiT + eiT+1)an

= ON?(In( ) —In( )

SN+ 1) (el +elgan (N+1)el gan

<0,

by the concavity of the log function. Therefore, for all j € {2,3,...,2(N+1)}

_ N? j+1
6N+ 1 (l“’N(z

J

(N+1)) _l“’N(z(N—m)) < (a+6K+Br+0c").
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It follows that, for all j € {2,3,...,2(N+1)}

j 2 -l k+1 k
la,N(m) = la,N(m) +];2(107N(2(N+ 1)) _l“’N(z(NJr 1)))

_ _ ~ | N+1 i—2
<0 '(@+6K+BL+6c;") n (1+JN ).

Similarly, for all j € {2,3,...,2(N+1)},

j N k41 k

la7N(1):la,N(m)+ Z (la,N(z )_la7n(2(N+1)

Plarll (N+1) )

and therefore

2N k+1 k

J —
el 0 I ) e )

N+1,. 2(N+1)—j

<0 '(@a+6K+BL+6c ") n V2

(I+ ).

It follows that

J

N+1
2(N+1)

)| <2671 (a+6K+Br+0c; ")

la7N(

<46 Y (a+6K+Br+0c;").

1

Note that there must exist some 7,y € X" such that e/ JdaN = N

implying that

In((N+1)e] gan) >0

By the definition of /, v, for any i € XV \ {0},

2i+1 2i (N+1)el qun
T V4L n(———)=(N+1)n i daN y
2(N+1)) “’N(Z(N+1)) ( ) ((N+1)e{_1qa,N

a,N(
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For any i > faw,

(N+1)€T61 N
(N +1)ej gan) =In((N+1)ej gan)+ Z ‘
] lan+1 (N+1) lqu
1 i 2j+1 2j
=In((N+1)e> —_ —_— / —_
(( + )6’ an)+N+1j_;Z+1 07N(2(N+1))+ a’N(Z(N-i-l))

Z 80~ '(a+6K+BL+0c; ")
] lan+1

—80 '(a+6K+B.+6c; ).

Similarly, for any i < i, ,

an  (N+1)el €jy19aN
In N+1e~ daN In N+le-Tq,N+ In( L
(4 1] ) = I+ Del ) + 3] Il

Therefore,

fa N—I—l qaN
1((N+1ean Zln )]Ha
i N+1)ejqajN

~80 " '(a+6K+BL+6c;").

Repeating this argument, there must be some fa7N such that e;T JdaN <N-! and using the

bounds on /[, y in similar fashion yields

In(N+1)el gan) <807 '(@+ 6K +BL+6¢c. ).

It follows that there exists a constant ¢ € (0, 1) such that, for all N, a € A such that 7y (a) >

0,and i € XV,
o

C
>elguny > ——
(N+1)_elqa7N_N+17

121



demonstrating that g, y satisfies the first part of the convergence condition.

Using the bound on /, v, and a Taylor expansion, for some a € (0,1)

TN+ 1) (el + el )gan _ (N+1)|5(el, ; — el )gan]
(N+1)el' qan el qan+5(el —el)qan

|(N+1)In(

<407 '@+ 06K +BL+0c; "),
and therefore, by the bound on eiTqa’N,

1
(N+ 1)2|§(€iT+1 —e] )qan| < B

for some B > 0. By a similar argument,
ol o7 T
(N+1) |§(€i+1 —¢;_1)qan| < 4B.

Returning to the first-order condition, for i € X'\ {0, N}, and using some of the bounds

employed previously,

T e AR B 1 AN el gaN el ga
ej ky <it+0K+0c,+ON(In(1— T +In(y— T
3(€iy € )qan (et )qan
By the inequality In(x) < x—1,
1, T _ T 1,7 _ T
— = — 5\ €; e: le: —e:
eiTKNSL_t‘f‘GK—f-GCL—f-QNz(%(’T z+T1)qa,N %(,T ,_Tl)qazv
26 te )daN Z(el 1 te )qa.N
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Multiplying through,

I o
sl tel)qan(el oy —a— 6K — ber)

_ 1 1 S(el  +elqan
< ON?(= (el —el, 4+~ (e] —el 2 it TR
= (2( i t+l)qa,N 2( i i l)qa7N%(€?_1+€?)qa,N
< éNZ(l(z T T T ) + 1( T T ) (%(elcrl —el{l)qaw
< =(2e; —e;j 1 —ei_1)qaNn+=(€; —e€i_1)qanN
2 i i+1 i—1/4a 2 i i—1/4a %(el'T_l‘f’eiT)Qa,N
Using the bounds above,
! ! 4B ;
_ A = ~ N+1
~(ef 1 +e] )qan(e] ky—ii—OK —0cr) < ON*(=(2e] —e], | —e] |)qan+ 2(( - 2))
2 (N+1) T
| 4B*N?
2
< ON (5(2€iT—eiT+1—eiT—l)Qa,N)+_C(N+1)3'
Therefore,
oA N+1 51 4B?
c(eiTKN—u— 0K — Ocr) < B—N N3(§(ZeiT —el-TH —eiT_l)qu) +—c )

Summing over a, weighted by 7y (a), and applying Lemma 11,

T = 4B’
cle; ky—u— 0K —0cp) < 29K1+T.

Therefore, |e! ky| is bounded below by some By > 0 for all i € X" (recalling that this was

shown for i € {0,N} previously). It also follows the term

1 (N+1)? L . 4R
(N+ 1)3(5(26? —el —el )gan) > Tc(eiTKN —id—60K—0cp — c_z)
2

S 4
> —2¢(Bx+i+ 0K+ 0cr+—5)
C

1s bounded below.

123



Recalling equation (31), and employing the upper bound on |el-T Kn|,

1 - e
(e;rqu)eXp(—me 1]V 2(”+9K+BK))
-3
T T T T
SEaixﬁg@wr+%4+2ﬁNMN+EIN§ﬁQM
Rewriting this,
(e-Tan)(exP(—;é”N*Z(ﬁJr 6K +By)) —1)
ree 24+ N3
1 T T T N3
< 22+ N3) (ei—H +e;i1+2¢; )qan+ 2N e; (qn — qan)
By the upper bound on e/ gy < 5% and e/ gan > 757
N+1)3
%(Q’T-ﬁ-l +el | —2¢])qan >
_ 1 P CH—C
(2+N 3)(N+1)2(exp(—m9 INT2(i+ 6K +By)) — 1) — V3 (N+1)2.
By the inequality exp(x) — 1 > x,
N+13 N—f—lz—i = cy —C
%(e,ﬂﬁe% —2¢] )qan > —(N—2)9 N+ 6K +By) — - (N +1)?

> 20" (ia+ 6K + By) — 2cy +c.

Therefore, the first statement in the second part of the convergence condition (Definition 1)

1s satisfied.
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Finally, we consider the endpoints. The first-order condition is

- 1
9N2(ln(5(61T +ef)qgan) —In(ef qan)) =
T A2 L 7 7 T Aar—1 egqu
ety ) + ON*(In(5 (] +-ef Jgw) ~In(efign)) + BN~ n( L),
04N

We can bound this as

—N"Y(ii+By) — 6K + 0N 2In(—)

_ 1
< 9N(ln(§(elT +eb)qan) —In(ef gun))

<N '@+ B+ 0c; ") + 6K,

CH

and note that because ¥ ;cyn ¢! gan = Yiexv €l gy = 1, we must have ¢y > c. Therefore,

_ Iss _
OIn(—) < ON 2In(—).
n(CH)_ n(CH)

Using a Taylor expansion,

1 l(e]T _eT)(IaN
In(= (] +¢f)qan) —In(ef qan) = 2 0 /74
R ) (¢09a, e(T)qa7N+%(e1T+eg)qa7N

for some a € (0, 1). Therefore,
2ol or 7 € - AK LD CHy -1
N ]§(e1 —ey)qanN| < 5(u+BK+9K+ Gmax(ln(T),cL ))-

A similar logic holds for the other endpoint, and therefore the convergence condition is

satisfied. ]
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A.11 Proof of Theorem 3

By the boundedness of &7(A), there exists a convergent sub-sequence of the optimal policy
7y (a), which we denote by n. Define

n(a) = r}l_r&ﬂn(a)

By Lemma 13, for all a € A, each sequence of optimal policies {g, n} satisfies the conver-
gence condition (Definition 1). Therefore, by Lemma 12, each sequence {g, n(x)} has a
convergent sub-sequence that converges to a differentiable function f; (x), whose deriva-
tive is Lipschitz continuous, with full support on [0, 1]. We can construct a sub-sequence in
which 7, (a) and all {g,,(x)} converge by iteratively applying this argument. Denote this
sequence by n.

We can write the discrete value function as, using Lemma 5, as

Vn(gn:0) = max eq PD(q)une
{PxA,NE?/F’(A)}ieXc;L‘ ¢ ¢
N-1 T T
A €; 4a,N €iy19a,N
—ON*Y (el pg) Y [(e] qun) In(—-=) + (ef 1 gan) In(——=)]
acA i=0 4iaN qi.aN
N—1 T T
A €; gN €ir19N
+ON? Y [(ef gn) In(Z—=) + (ef 1) In (-]
i=0 q£7a7N %,a,N
N—

|
—6N"'Y (¢ gn)Dxe(pinlpran).
=0

1
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We can re-arrange this to

Vn(gn;0) = max e pD Juye
{PxNEX(A )}zexé ¢

N—1

1

—ON*Y (elpg) Y. [g(eiTQa,N)+g(eiT-i-1Qa,N)_2g<§(eiT+eiT+l)Qa,N)]
acA i=0

_ 1
+6N? Z [g(e] an) +g(ely 1an) —28(=(e] +ef\1)an)]

i=0 2

N—1
—0N'Y (e qv) D (pinllpvan).

i=0
By Lemma 12 and the boundedness of the KL divergence,

1
1im V(g,:0) Zn/ ) fu(x)dx

aeA

K )P PP,
L (e /0 Tl “4/0 i)

aeA

Suppose that 7w(a) and the f,(x) functions do not maximize this expression (subject to the

constraints stated in Theorem 3). Let 7%(a) and f; (x) be maximizers. Define, forall N € N,

T, LS
¢ qaN = Ja (x)dx.

N+1

Note that, by construction, §,y € Z(XN) and Y, #v(a)Gan = qn. That is, the con-
straints of the discrete-state problem are satisfied for all N. Denote the value function
under these policies as Vy(qy; 0).

Because of the constraints stated in Theorem 3, each f; satisfies the conditions of
Lemma 11, and therefore the sequence G,y satisfies the convergence condition for all

a € A. It follows by Lemma 12 that this sequence of policies delivers, in the limit, the
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value function V(f;0). If this function is strictly larger than lim,,_c. V,,(¢,; 6), there must

exist some 7 such that

Vii(gi; 0) > Va(qa; 0),

contradicting optimality. Therefore, the functions f,(x) and 7(a) are maximizers.

It remains to show that

|xn]
hm Z €; dan = / fa

Note that
i+1
nrl 2i+1
Faan=001) [ unla oy

n+1

)dy,
where g, , 1s the function defined in Lemma 12. Therefore, the sum is equal to

ZJ KGRV ESIES S
Qan dan (n+ 1) y.

By the boundedness of g, , (which follows from the convergence condition) and the domi-

nated convergence theorem,

[xn]+1

. n+l L(”‘*’l))""zj"’z
I )d
i [ A = [0

as required.

A.12 Proof of Lemma 7

We begin by observing that any information structure p € &?1;,G(A) defines unconditional
action frequencies = € &(A) and posteriors f, € Z1i,c([0,1]) satisfying (25), using def-

initions (26). And conversely, any unconditional action frequencies and posteriors satisfy-
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ing (25) define an information structure, using definitions (27). Hence the set of candidate
structures is the same in both problems, and the problems are equivalent if the two objective
functions are equivalent as well. It is also easily seen that in each problem, the first term
of the objective function is the expected value of the DM’s reward u(x,a), integrating over
the joint distribution for (x,a). Hence it remains only to establish that the remaining terms
of the objective function are equivalent as well.

Consider any information structure p € &;;,;(A) and the corresponding unconditional
action frequencies and posteriors, and let x be any point at which f(x) > 0, and at which
pa(x) is twice differentiable for all a (and as a consequence, f,(x) is twice differentiable
for all a as well). (We note that, given the Lipschitz continuity of the first derivatives, the
set of x for which this is true must be of full measure.) Then the fact that Y ,c4 pa(x) =1

for all x implies that

Y. pi(x) =0, (33)

acA

and similarly, constraint (25) implies that

Y wla)fy (x) = f"(x). (34)

acA
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At any such point, the definition of the Fisher information implies that

IFisher(x) = Z(p;(x))z

acA pa(x)
2 (0] X

= LAl - X pul) oL

a acA

a X 2

— T 2 llog () + og u(x) - log S 4]
I B P /1) G U ROVOSN V1)) NN
- f(x) _a§4n< ) fa(x) ;47[( )fa( ) f(x) +f ( )
[y o )P ()2
B GAR S i

Here the first line is the definition of the Fisher information (given in the lemma), and the
second line follows from twice differentiating the function log p,(x) with respect to x. In
the third line, the first term from the second line vanishes because of (33); the remaining
term from the second line is rewritten using (27). The fourth line follows from the third
line by twice differentiating each of the terms inside the square brackets with respect to x.
The fifth line then follows from (34).

Since this result holds for a set of x of full measure, we obtain expression

! Fisher . a l(fz/z(x>)2 X — I(f,(x))z X
J sernegas = Exto | Cpean [V

for the mean Fisher information. This shows that the information-cost terms in both objec-
tive functions are equivalent, and hence the two problems are equivalent, and have equiva-

lent solutions.

A.13 Proof of Lemma 8

Write the value function in sequence-problem form:
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W (qo,A;A) = max Eoli(qz) — KT)]—

PAj}ST

TA~!

MBI P Y {%C({ij,x}xex,qu<~>>P — APy,
=0

Define

i= max u(a,x).
acAxeX

By the weak positivity of the cost function C(-), it follows that

tA -1
W(qo,A;A) <ii+maxEo[—kT+A ) AcP].
T y
j=0

Because A € (0, kc¢™P), the expression

A~ -1
—KT+A Z AcP = (AP — )T
J=0

is weakly negative, and therefore

W(qo,A;A) <.

By a similar argument, there is a smallest possible decision utility u, and because stopping

now and deciding is always feasible,

W(q0,A;A) > u.

Therefore, W(qo,A;A) is bounded for all A € (0, kc¢™") and all A. Note that this argument
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also shows that
Eo[t](k —AcP) <ii—W(qo, A;A),

and hence that

Eo[t] < (K”_—_ﬁp)

We can define the “state-specific” value function, W(gq,,A;A,x) , which is the value
function conditional on the true state being x. The state-specific value function has a recur-

sive representation, in the region in which the DM continues to gather information:

W(g,A;Ax) = —KA+7LA1P(APCP—%C(.)P)+

Z (ezp;kex)W<Q;<+A7sa)L;A7x)'

s€S: el pre>0

In this equation, we take the optimal information structure as given. Note that, by con-
struction, wherever the DM does not choose to stop, the expected value of the state-specific

value functions is equal to the value function.

Z qt,xW(qt7)“;Aax) = W(Ql‘?l’A)

xeX

By the optimality of the policies, we have

W(g, MA) > Y g W(d,A3A,x),
xeX

for any ¢’ in &2(X). Suppose not; then the DM could simply adopt the information structure
associated with beliefs ¢’ and achieve higher utility, contradicting the optimality of the

policy.
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The convexity of the value function follows from the observation that

W(ag+(1-a)gd,A;A) = anx (ag+(1—0a)g',A;A,x) +

xeX
a) Y ¢ W(ag+(1—a)q A:Ax),
xeX

and using the inequality above,
W(og+(1—a)g, A:A) < aW (g, A:A) + (1 — )W (g, A;A).

A.14 Proof of Lemma 9

Consider an alternative policy that mixes (in the sense of Condition 2) the optimal signal

structure and an uninformative signal, with probabilities 1 — a and a, respectively. We must

have
o ~19C(Pin(a), i)
—Z € rtn q,7n7s,7L;An)—W(C[z,n,l;An))—lAi pC(Pt7n>‘It,n)p ! [7’18(1 & |a:0+ SO?
ses

which is the first-order condition at the optimal policy in the direction of adding a little bit

of the uninformative signal (decreasing a). By the convexity of C(-) and Condition 1,

ac(pt,n(a)a %,n)
da

C(p:rnql‘,n) + ’a=0+ S 07

and therefore we must have

Y (€)W (G0 i An) = W (e, As ) = AATPC(py 1)

seS
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Applying the Bellman equation in the continuation region,
p A =y p 1=p(p* p
(K_)‘C )Aﬂ+ EAn C(pt,mqwl> = )L‘An C(pt,m%,n) .

Therefore,

A(l - %)AnPC(p;:n,q[’n)P < (K—lcp).

It follows by the assumption that A € (0, kc¢~") and that p > 1 that

1
C(PrnyGrn) < An(5) P

)

> @

p—1
K—AcP )7 >0.

for the constant 6 = A (p 75-5

A.15 Proof of Lemma 10

We begin by discussing the convergence of stopping times. We have assumed that
EO[Tn] S fa

for some strictly positive constant 7 and all n. It follows by the positivity of 7, that the
laws of 7, are tight, and therefore there exists a sub-sequence that converges in measure.
Pass to this sub-sequence (which we will also index by n), and let T denote the limit of this
sub-sequence.

The beliefs g, , are a family of RXI-valued stochastic processes, with ¢; , € Z(X) for
all t € [0,00) and n € N. Construct them as RCLL processes by assuming that ga,j+e, =

ga,jn forallm, € € [0,A,), and j € N. We next establish that the laws of ¢, , are tight. By
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Condition 5 and Lemma 9,

o,

> @

|% S C<pn(CIt,n)7CIt.,n;S) S An(

m
D) Z(esTpn(CIt,n)Qt,n> |1Gs5,1(Gr.n) — 1.
ses

where ¢, »(¢) is defined by p,(q) and Bayes’ rule. It follows that, for any € > 0, there exists

an N; such that, for all n > Ng,

P(||qrra,n— Grall > €) < KeA,

for the constant K¢ = 2m_18_29P%1. By Theorem 3.21, Condition 1 in chapter 6 of Ja-
cod and Shiryaev (2013), and the boundedness of ¢, ,, it follows that the laws of ¢; , are
tight. By Prokhorov’s theorem (Theorem 3.9 in chapter 6 of Jacod and Shiryaev (2013)),
it follows that there exists a convergent sub-sequence. Pass to this sub-sequence, and let
q: denote the limiting stochastic process. By Proposition 1.1 in chapter 9 of Jacod and
Shiryaev (2013), g, is a martingale with respect to the filtration it generates. By Skorohod’s
representation theorem, there exists a probability space and random variables (which we
will also denote with ¢, ,, and ¢g;) such the convergence is almost sure. We refer to this
probability space and these random variables in what follows.

Note that, by Bayes’ rule, if el g, , = 0 for some x € X and time ¢, then el g;, = 0 for
all s > ¢. By Proposition 2.9 and Corollary 2.38 in chapter 2 of Jacod and Shiryaev (2013),

we can write the “good” version of the martingale with characteristics
t
B—— / ( / v () xdx)dA,
0 JRIXN\{o0}

t
Cz/ YdAg
0

vV =dAsys(x).
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Because beliefs remain in the simplex, W (x) has support only on x such that g; +x €
P(X). Relatedly, 17X, = 0. By the property mentioned above, g; +x < ¢s, and X can be
decomposed as Xy = D(g,-) 050! D(q,-).

By the convexity of the cost function and Corollary 3,

C(pn(Grn),@m:S) = Y. (ed Pu(Gr.n)den) D" (Gs,n(Gr.0) | 1.m)-
seS

Defining the process, for arbitrary stopping time 7,

Ds,n = lim D*(CIS*-Fe,nHQS*,n)v
e—0t

1

T
Dz,T,n = Et[/ Ds,nds] < eﬁAnEt”A_l(T_tﬂL
t

n

we have by Ito’s lemma, almost sure convergence, and the dominated convergence theorem,

. ol :
Dyr = lim Dy = E [/ {5trloco] k(g,-)] +/ Ws(X)D™ (g5~ +x||gy- )dx}dAs].
n—soo ;2 RIXI\ {0}

Hence, for all such stopping times 7',

r 1
B[ Grloolka ) [ w(9D' g+l e < ()P BT 1)

Note also by this argument that

Tn
lim E()[/ Ai_pc(pn(%,n)aqt,n;S)pdt]
0

n—o0

Tl . dA;
> 5l (grlool e+ [ WD ol e (P
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A.16 Proof of Theorem 4

Let m index a sequence of Markov optimal policies, p;,(g), and of stopping times 7,. Let
g » denote the associated process for beliefs. By the uniform boundedness and convexity
of the family of value functions W (g, A;A,,), a uniformly convergent sub-sequence exists.
Rockafellar (1970) Theorem 10.9 demonstrates that a uniformly convergent sub-sequence
exists on the relative interior of the simplex, and Rockafellar (1970) Theorem 10.3 demon-
strates that there is a unique extension to a convex and continuous function on the boundary
of the simplex.

Pass to this sub-sequence, which (for simplicity) we also index by m, and let W(q, 1)
denote its limit. By Lemmas 8 and 9, the sequence of optimal policies and stopping time

satisfies the conditions of Lemma 10. It follows by that lemma that

*

Tn
lim Eo| / A PP ) S)Pd]

n—oo 0

> B[ uloio ke N+ [ WDl +alle )axy (P

X\ {o} ds
where g} is the limiting stochastic process and o, , Y ,dA} are associated with the charac-
teristics of the martingale ¢;.

We also have, by weak convergence,
lim Eoli(gs; n) = (i = A¢)7,)] = Eoli(gr) — (= 2¢”)")].
Recall also the bound, for any stopping time 7" measurable with respect filtration generated

by g5 ,

1

Vo TE[T —1].

)

d 1 X ok % * * * *
B[ Grloio ke )+ [ WD (gl dxjaa] <
z RIYI\ {0}
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It follows that

W(g,A) <W*(q,1)

forall g € Z(X), where

Wi(g,A) = sup  Eli(ge) — (k= AcP)(T—1)]-
{q“’WHdAMT}
A T . dA;
SSEl[ GrlooTkal+ [ weD (e +xllay (s
pJir 2 RIXI\ {0} ds

subject to the constraints, for all stopping times 7" measurable with respect filtration gener-

ated by q; ,

1

T
B[ Grloolkall+ [ w0 (0 i de)da) < (PTEIT
and

EO[T] < f?

and the evolution of beliefs as implied by the characteristics derived from oy, Wy, dA;. Ob-
serve, by the arguments in the proof of Lemma 8, that W (g, ) is convex in gq.

Also note that, for W, it is without loss of generality to set dA; = ds. Scaling dA; up
and scaling 656, and y; down, or vice versa, does not change the constraint, and setting
dA; = 0 is clearly sub-optimal by the assumption that Kk — AcP > 0. Note also that there is

a version of the optimal policies which satisfy the constraint everywhere:

yrlool kg )+ [

. 0. 1L
Y5 (0)D"(gs- +llgs-)dx < ()71
RIX1\ {0}
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The associated Bellman equation, in the continuation region, is

o:maxE[dwqu,z)]—(x—xc%ds—&{%rr[csof k(gs)]+ / Y5 (x)D" (g +x]lgy )dx}P.
p R

o ¥s ¥i{o)

Let 6, and ;" denote optimal policies for this problem (which we have yet to show are
equal to o and y;). Suppose that the constraint does not bind, and consider a perturbation
which scales 6,7 0,7 and ;" be some constant (1 + ¢). Note that such a perturbation
would also scale E[dW ] by (1+ €), and that at least one of 6, and W, must be non-zero

by the assumption that kK — AcP > 0. The first order condition for this perturbation is

A1
(= 2eP)+ 2 (5triof o Tka )+ [ W (WD (g vl )an)? =
p'2 RN (0}

1
A{5trlos o T k(g )] + / ¥, (x)D" (g~ + x|g-)dx}P,
2 RI¥I\{0}

which must hold at the optimal policies for this problem. It follows by the definition of 6
(see the proof of Lemma 9) that the constraint binds.
Consider a sub-optimal policy which sets y,(x) = 0 and satisfies the constraint. The

above FOC applies, and therefore we must have
tr(6,6] (D(qs- )W, i (g5, 2)D(q,-) — Ok(q-))] <0,
where qu is understood in a distributional sense. It follows that, for all feasible x,
|-
WH(gs- +x,A) —=WH (g, A) —x" W, (g,-,A: —x) < 3 / x"k(qs- +1x)xdl.
0
By Condition 6, this implies that

W+<Qs* —|—)C,A) - W+(Qs*7)b) _XTWqJ’_(CIs*aA';_x) < GD*(QS* +x||£]s*)'
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Hence, it is without loss of generality to assume that y;" (x) = 0 for all x. Note that, if there
is a strict preference for gradual learning, the above inequality is strict for all non-zero x.
As a result, in this case y;"(x) = 0 for all x. Note also that our control problem involves
direct control of the diffusion coefficients, and hence satisfies the standard requirements
for the existence and uniqueness of a strong solution to the resulting SDE (Pham (2009)
sections 1.3 and 3.2).

Noting that W (q,A) > W(q,A), it follows that if there exists a sequence of policies
that converge to the stochastic process g;", characterized by o+, and whose costs A 'C(-)
converge to Gﬁ, then such a sequence of policies achieves, in the limit, at least as much
utility as any other sequence of policies. It would then be the case that there must be
sequence of optimal policies that converges a.s. (as in Lemma 10) to some optimal policy

C

of WT (not necessarily o and y¢, but this does not matter for our argument). Note,

however, that if there is a strict preference for gradual learning, and W™ is achievable,
all optimal policies of W generate diffusions, and hence all convergent sub-sequences of
beliefs induced by optimal policies in the discrete-time model must converge to diffusions.

Define the function

~*(q) =D(q9)0" (q)07 (9)"D(q).

We will construct a sequence that converges to this diffusion process.

Consider the eigenvector decomposition of the matrix

L(q)Y(q)L(g)" = au(q)E¥(q),

where a,,(¢) > 01is a scalar function of g. For each pair (s;,s;11) € S, wherei € {1,2,...,|X|}
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is an even integer, set esTir,, = eSTiHr,1 = 3 and set
qs:n(q) —q =
q - QS;H.,H(Q) =
1
L(g)Y>(q)ei-

Set all other eSTrn = 0. By construction,

Z(ezrs7n)(QS,n(Q) —q) =0,

seS

and
Z;g(ef ) (@5.0(q) — 4)(@s.(q) — q)" = 0(q)Z7 (q)
and
Z(esTrn) = 1.
SES

We would like to have, for this policy, C(p,(g),q;S) = A,07-T always. Note that under
this policy, C(+) is a function of ¢, and g. By the convexity of C(-) and the definition of its

derivatives,

C0) 0u(a) o |uco = (g (s1rlk(g)o™ () (0 (4)))).

and hence
1

C(-) = on(q)077T.

1
It follows that a,(q) < Ay, it is feasible to have C(p,(g),q;S) = A,07T.

Note, by the finiteness of X (g) (due the positive definiteness of k(g)), that g; »(q) —q =
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O(Aé ). It follows from lemmas 11.2.1 and 11.2.2 in Stroock and Varadhan (2007) that the
law of g, under this process converges to a solution to the martingale problem associated
with the coefficients 67 (g). By the uniqueness of this solution established earlier, this law
is the law of ¢;", a diffusion.

By the arguments in Amin and Khanna (1994), it is possible to construct from these
sequences a Brownian motion and a probability space such that the random variable 7
is a stopping time that is measurable with respect to the limiting stochastic process. It
follows that W(q,A) = W+ (g,4). Note that we have constructed a sequence of policies
that converge to an optimal policy of W (g, 7).

We next demonstrate equality of the primal and dual. We have shown that

*

Wiag.2) = Ealilar) (= 2e)e)] - ol [ ()7 1as]

Recall the definition of 6,

K—AcP _p-1
6=21 P
a1
Define A* by
K— A*cP o
Ap—1) 7
which is
«_ K
=

Note that A* € (0, kc¢™P), as required. For this value of A,

W(qo,A") = Eoli(qr-) — k77],
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and the limit of the constraint is satisfied:

EEO[/OT (%)pplds] :A*Eo[/OT cds).

Consider a convergent sub-sequence of V(go;A,) (which exists by the uniform bound-
edness and convexity of the problem), and denote its limit V(qo) (again, we will index this

sequence by n). By the standard duality inequalities, for all A,
V(qo;An) < W(qo,A;An),

for all n, and therefore

V(qo) < W(qo, ).

Consider the value function V(gq), which is the value function under the feasible optimal
policies for W (go,A*). It follows that V(go) = W (qo,A*), and V(go) < V(qo), and there-
fore V(qo) = W(qo,A").

‘We can define

Note that every convergent sub-sequence of V(go;A,) converges to the same function. By
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the boundedness of value function, it follows that

V(qo) = AIE&V(C]O;A)-

= Eold(gr) — KT7].

The constraint can be written as

0" 1

Sirlovol kg, )] < ()7,

with

(= (ot Pt = epr = .

o

The optimal policy satisfies this constraint, and hence it follows that the value function is

the maximized over all policies satisfying

S0l Kas)] < 1.

concluding the proof.
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