Online Appendix D: Additional Proofs

D.1 Bounds on U ensuring non-negative equilibrium wages.

We make explicit here the restrictions on U ensuring that: (i) zx(t) > 0, for all 9] (ii) firms
want to keep L types on board. We then provide sufficient conditions for all of them to hold
jointly. In Region III, zg(t) = U + 9.(t)A0 — u(y*) — Oxy* is decreasing, so it suffices that
limy o0 zr (t) = 2J} > 0. In Regions I and II, zg(t) = UL(t) — 0r9u(t) — w(yu(t)); its variations
with ¢ are ambiguous, but since U(t) is (weakly) declining toward U and gy () strictly decreasing
from §%,(0) = y%, it is bounded below by U — 01y% — u(y$;). Combining this with , we require:

Unin = max {u(y*) + 0gy* —y' A0, u(ygy) +0rys} < U < w(yf') +0.B — (qu/qr)yE A0 = Unax.

This defines a nonempty interval for U as long as Umin < Umax, Which can be insured in at least
two ways. First, for ¢r, close enough to 1 (thus also satisfying the requirement of ) y7* is close
to y*, 50 Umin & u(y%) + 00y5 < w(y$y) +00y5 < w(y*) + 0B = Umax, ensuring the result.
Alternatively, one can slightly modify firms’ technology so that the revenue generated by each
worker of type 6 becomes instead Aa + B(# + b) + d, where d is a constant reflecting some other
“basic” activity, performed at a fixed (e.g., perfectly monitored) level by all employees, and for
which their compensation is therefore part of the fixed wage z. This augments total surplus w(y)

by the same amount d, which can be made large enough to ensure that Upin < Upax. B

D.2 General optimization program

Let C = (Ug, U L,9m, Y1) denote the (presumptive) symmetric-equilibrium strategies and pay-
offs, given in Proposition 4, and played by the other firm. For all u € R, let X'(u) = min{max {u, 0},
2t}. The firm’s general problem is to choose (Ug, Ur,ym,yr) to solve the program:

max{qHX(UH +t— UH)[w(yH) +0ygB — Uy

+qr, X(Up +t — UL)l{ULZU}[w(yL) +0.LB — UL]} (D.1)
subject to:
Ug > Up+yrLAd (D.2)
Up > Un—yald (D.3)
yr = 0. (D.4)

Note that the objective function is not everywhere differentiable, nor (as we shall see), is it
globally concave. Note also that if either Uy, < UL —tor Uy < U, the firm employs zero (measure
of) low types, in which case it clearly must sell to a positive measure of H agents, requiring
Ug > max{U r — t,U}. We first rule out such “exclusion” of low-skill workers, and likewise for

high-skill ones. We then show that is also not optimal to “corner” the market on either type.

30Recall that 21 (t) > zu(t) everywhere by incentive compatibility. As to the bonus rates yi(t), they all are bounded
below by y7*, which is positive since we have assumed that w'(0) > (gu /qr)A0.



D.2.1 No exclusion

Lemma 9 There exists i, € [q},1), independent of t, such that, for all qr, > qr, it is strictly

suboptimal not to employ a positive measure of L-type agents. In particular, Uy, > U.

Proof. Selling only to H agents under some contract (yg,Up) is less profitable than sticking
to the symmetric strategy (9, UH) if

aumy = qux(Ung —Ug +t) [w(yg) + B0y — Uy
< qutlw(@n) + By — Un) + qrtlw(ir) + B0, — UL] = quiy + quftp = 7. (D.5)

For any ¢t > 0, 7, > 0, so the inequality is satisfied for gz low enough, or equivalently qr,/qy large
enough. To ensure a lower bound independent of ¢, however, the ratio (7 — 7g) /77, must remain
bounded above as t tends to zero, even though lim; g7, = 0. We will in fact show a stronger
property, namely that 7z (t) < 7g(t) for ¢ small enough.

Observe first that to exclude the L types, it must be that Uy < maX{U, UL —t}. Forall t < t;
we have U 1, > U , so for small ¢t the relevant constraint is Uy, < U 1, — t. The firm thus solves:

max {X(UH — Uy +t) [w(yy) + By — UH]} , subject to:

Un > UL +yrAf (1m)
UL > Uy —ygAd (k)
U, < Up—t (¢)
yr >0 (¥).

To have a positive share of the H types it must be that Uy — UH > —t > Up — UL, therefore
Ug —Up, > UH — UL = gy Af, implying yg > g)H Consider now the first-order conditions:

—2t < py, — py < w(ym) + BOy — 2Uy + Up — t,

with equality for Uy — Uy >tand Uy — Uy < ¢, respectively;
—tg +pp =9 =0,

X(Un = U + t)w'(yu) + pp A0 =0,

If yui; = 0, the third condition and x(Ug — Uy +t) > 0 imply yg = y* < §u, a contradiction.
Therefore py; > 0, so that Uy — Up, = ygAf, with gy < yg. Next, it cannot be that b > 0,
otherwise y;, = 0 and Uy — U, = y A6 so yg = yr, = 0, another contradiction. Hence py = 0, so
¢ =py > 0,U, = Up—t. Since Uy —Up, = A8 for t < ty this implies Uy — U +t = (yg — i) A6,
which furthermore cannot exceed 2t, since —2t < uj, — . Thus, x(Ug — UH +t)=Upyg — ﬁH +t.

Next, eliminating puz,,

37We ignore the constraint Uz > U, since the result is trivial if it does not hold (7 (t) = 0).



w(yg) + By — 22Uy + Uy —t+ (U — U + t)w' (ygr) /A0 > 0, (D.6)

with equality for Uy — Up < t.
We also have, from and — with g, = y*, a similar condition (with equality) for g :

w(Gy) + By — U — t + tw' () /A0 = 0. (D.7)

Subtracting and replacing Uy — Ugr 4+t by (yg — §:) A0 yields:

Y(ym; Ju,t) = w(yn) — w(fn) — 2 [(yn — Ja) A0 — 1]
+(yr — Ga)w' (yr) — tw'(§r) /A0 > 0, (D.8)

with equality for Up—Up < t. 1t cannot be that Uy —Upy = t, moreover, otherwise (yg—ym)A0 = 2t
and Y(yg;9m,t) = w(yy) —w(Gm) — 2t + 2w (yg) —w'(9m)](t/A0) < 0, a contradiction. Therefore
is an equality, and since Y /0y = 2w’ (yr) — 280 + ygw” (yg) +t [w'(yr) — w'(Ym)] < 0, it
uniquely defines yp as a function yg = Y (9m,t). Taken now as a function of ¢, yr(t) = Y (gm(t),t)
tends to Y (9r(0),0) = yu(0) = y§;, as can be seen from taking limits in as an equality. A
Taylor expansion of Y (yg(t); ym(t),t) = 0 then yields

2[A0 —w'(yp)] (yu (t) —9u(t)) = t[2—w'(y)/A0] + OF) =
yr(t) = gu(t) = wt+O(t), (D.9)

where w = [2 — w/(y§;)/A0] / [2A0 — 2w'(y%;)] € (0,1). Turning now to the associated profit mar-
gins, we have from and (now known to be an equality) respectively,

w(gn) + By — Uy = t[L—w'(gu)/Ad],
w(yg) + By — Uy = Uy —Ug + )1 — o' (yg)/A6].

Consequently, as t — 0,

a(t)  (Un—Upg+1)2?1—w'(yu(t))/A0 . 2
aa() Iz = w(gn)/as WA <L

which concludes the proof. m

We now rule out excluding high-skill workers.
Lemma 10 [t is always strictly suboptimal not to employ a positive measure of H-type agents.

Proof. If a firm, say Firm 0, employs no H agent it must sell to a positive measure of L agents
and reap strictly positive profits from their contract (yr,Ur). Furthermore, the optimal level of yr,
is clearly y*. Thus, it must be that U < Uy, and Uy, —t < Uj, < w(y*) + BOL.

In Region III, let the firm deviate and offer the single contract (yr,Ur). By taking it, an agent
of type H gets Uy = Up +y*A0 > U, —t +y*A0 > Uy —t, so it is preferred by a positive measure



of them to going to work for Firm 1, as well as to the outside option (Ug > U). Each of these
workers then generates profits w(y*) + By — Uy = w(y*) + Bl — Ur + (B —y*)A# > 0. Therefore,
a contract excluding H workers could not in fact have been optimal.

In Regions I and 11, we will show that there always exists a contract (g, U 1) that can be offered
alongside with (yr,Up) so as to attract a positive measure of H types, not be strictly preferred
by any L type, and generate positive profits. Note first that if Uy, > U, we can simply choose
(Um, ﬁH) = (9m, 0H), that is, the same contract as offered by Firm 1. Indeed, since U, > U >
U — a0 = Uy —ijg A0, the L types employed at Firm 0 (weakly) prefer their original contract,
(yr,Uz). For the H types, clearly Uy = Ug > U and getting it from Firm 0 is preferable to getting
it from Firm 1 for all such agents located at x < 1/2. Such a deviation is thus strictly profitable.

Suppose from now on that Uy, < U; and consider the contract (Um, UH) = (9, UL + g A6).
The L types have no reason to switch (they are indifferent), while for the H types we have Uy =
UL +9aA0 > U+ g A0 —t = Uy — t, so a positive measure of them prefer this new offer to what
they could get at Firm 1. Furthermore, since Uy > Uy, + y* A6, they also prefer it to the L types’
contract at Firm 0. The firm can thus offer the incentive-compatible menu {(yr,, Ur), (71, Uz )} and

attract a positive measure of H agents, on which it makes unit profit

w(QH)-I-BQH—UH = w(yy)+ BO0g —ygA0 — Uy,
> w(ﬂg)—i—BQH—QHAQ—UL:w(@H)+BGH—UH>O.

The deviation is therefore profitable, which concludes the proof. m

D.2.2 A key property

By Lemmas |§| and at an optimum it must be that Xg = X(Uyg + t — ﬁH) > 0 and
X, =XUL+t— ﬁL)l{UL>U} > 0. This, in turn, implies:

Lemma 11 At any optimum, it must be that either:
(i) yr, = yv* <yg and Ug — Up = yg A0, with multiplier pug =0 on , or
(i) yo < y* =yu and Uy — Ur, = yp A8, with multiplier p;, =0 on (D.3).

Proof. Consider the sub-problem of maximizing (D.1)) over (ym,yr), while keeping (Ug, Ur)
and therefore (Xgy > 0, X1 > 0) fixed. This is a differentiable and concave problem; denoting
by pg and p; the multipliers on the high and low type’s incentive constraints, the first-order

conditions are:

0 = quXnw'(yn) + up A0, (D.10)
0 = qLXLw'(yL)—uHAQ—i-l/J. (D.ll)

Once again it cannot be that uy > 0 and p;, > 0, otherwise (D.2)-(D.3) and (D.10) imply that
yr, = yg > y* and so ¢» = 0, yielding a contradiction in (D.11)). Suppose first that pgy = 0,

implying that ¥ = 0 and y; = y*. If (D.3) were not binding, we would have p; = 0, hence



yg =y* =yr and Uy, > Uy —ygAO = Uy — y A0 > Uy, a contradiction. Thus it must be that
yg A = Uy — Ur, > yr, A0 = y*Af, which corresponds to case (i). If pg > 0, then (D.2)) is binding
and p; must equal 0, hence yg = y*. Furthermore, y; A0 = Uy — U < ygA6 = y*Af, which

corresponds to case (ii). m

D.2.3 No cornering.
Lemma 12 At an optimum, Xy = Uy +1t — Uy and X, = Uy +t — Uy, must both lie in (0, 2t].

Proof. The fact that Xy > 0 and X; > 0 was established previously. Suppose first that
min{Ug +t — U, U+t — [)'L} > 2t. Note that this implies U, > UL, +t > U. The firm can then
reduce both Upg and Uy, slightly while keeping the full market of both types, Xz = Xy = 1 and
not violating any constraint; this increases profits, a contradiction.

Suppose next that Uy +t — Ug <2t <Up+t— UL, which again implies Uy, > U; furthermore,

one must also have Uy — Uy, < Uy — Up,. The chosen allocation must thus solve
max {qu(UH +t— UH)[w(yH) + 0B —Ug|+ qp(2t)[w(yr) + 0B — UL]} ,

subject again to (D.2)-(D.3)), plus the participation constraint Uz > U, which in this particular

case is not binding. Maximizing over Uy, thus yields the first-order condition
0=—-2tqr — pyg + pr, (D.12)

which must hold in addition to — with X7 = 1. Clearly, it cannot be that pu; = 0.
Therefore, py = 0 < p; = 2tqr, implying that becomes qr (Xg/2t)w'(yg) + qr A0 = 0.
Furthermore, yg A0 = Uy — U, < Uy — U, < Yy A0, so yg < y§;. But then the interim-efficiency
condition implies that ggw'(yg) + qr. A0 > 0, a contradiction since Xp < 2t.

Suppose now that Uy, +t — UL <2t <Ug+t— UH The allocation must be a solution to

max {QH(Qt) [w(yw) + 0B — Un) + qrx(Ur +t — Up)[w(yr) + 0.8 — UL]} ;

subject to (D.2)-(D.3)) and the constraint U > U, with associated multiplier v > 0. Maximizing
over Up thus yields the first-order condition

0= —2tqu + pyg — pr.- (D.13)

This precludes pg = 0, so pup, = 0 < py = 2tqy, yg = y* and ¢ Xpw'(yr) = 2tqu A0 — ¢ =
2tqrw’ (y7') — . If ¢ > 0 then yr, = 0 < 7, and if ¢» = 0 then (X /2t)w'(yr) = W' (y}") so
yr < y7', as Xy, < 2t. But we also have yy A0 = Uy — Ur, > Uy — UL > y7'Af, a contradiction. m

D.2.4 Proof of global optimality

The objective function in (D.16]) is not globally concave, as can be seen computing the Hessian.

The proof of global optimality will therefore require several steps. First, we will show that for any



C = Upy,Ur,ym,yr) to be an optimum, it must lie in either the following subspaces:

S = {(Un,Ur,yr,yr) lyr =v* <ymg <yy and Uy —Up = yu A6}, (D.14)
St = AWUn,Ur,ym,yr) lyn =y" >y >y; and Ug — U = yp A0}, (D.15)

We will then show that the program is strictly concave on Sy and on Sy, separately, which implies
that C = (U H, U L, UH,Yr) achieves a maximum over all feasible allocations in the subspace to which
it belongs, namely Sy for t < to (Regions I and II), or Sy, for t > t5 (Region III). Finally, we will
show that the global optimum can never lie in the other subspace than the one to which C belongs,

concluding the proof.
Lemma 13 A global optimum C = (Ug, UL, ym,yr) must lie in Sy or in Sg.

Proof. Let S7; be denote the superset of Sy obtained by omitting the inequality yg < y%
from (D.14)), and similarly let S} denote the superset of Sy, obtained by omitting the inequality
yr, >y} from (D.15). By Lemma|ll] an optimum must belong to S%; or S;. Furthermore, given no

exclusion nor strict cornering (Lemmas [9] [10] and [12), solving (D.1])-(D.3)) is equivalent to solving

the smooth program

max ¢ (Ug +t — Up)[w(ys) + 0uB — Un] + qu(Us +t — U)[w(yr) + 0.B — Ug] ,(D.16)
subject to:
Xy=Ug+t—Ug <2t (ry)
Xp=Up+t—-Up <2t (r1)
(kw)
)

Uy > UL +yL A0 I
Ur > Un —ya A (per,
U,>U (v)
yr >0 ().

The first-order conditions are:

ant [wlym) + BOu — 20y + On —t] + g —pp — 71 = 0, (D.17)
qr, [w(yL)+BHL—2UL—|—UL—t] +u, —pg+v—1 = 0, (D.18)
air (UH — Uy + t) W' (ym) + AN = 0, (D.19)

qL (UL ~ UL+ 75) w(yr) — pgA0+9 = 0 (D.20)

and we also know that Xz > 0 and X; > 0 at an optimum.

Case A. Consider first C' € S%;. We have yr, = y* (so ¢ = 0) and ppy = 0, so eliminating p,

/
w(yH)+BeH—2UH+UH—t+(UH—UH+t)w§’;)—;H = 0, (D21
H

/
w(y®) + By — 20 + U —t— W (U — Uy 4 W) Y TL g (g
qr A . 9L




Subtracting and using Uy — U, = yg A and Uy — U, = §A0 (with § = gy in Regions I and II
and ¢ = ¢, in Region III) yields

oy
w(yg) —w(y*) + (B+9 —2yg)A0 = (Ug — Uy + t) <1+QH> M+1+T—H—T—L.
qr Af . qm 4L

Next, subtracting w(y$;) — w(y*) + (B — y§;)A# = 0, we have

w(yn) — w(yy) — (yr — yi) A0 — (yg — §)A0

!
= (UH—UHJFt)(_l_QH)w(yH)JFVJFTH_TL,
qr. A0 q. 9 4L

or

—an!
wlyi) — w(yy) — (Cyi — vy —§) A6 = (U — O + ) =2 W) V[ TH _TL g g

If yg > y§ > 9 the left-hand side is negative, while the right-hand side is positive, since Uy — Uy, >
UH — UL implies that Uy, — UL < Uy — UH < t, so 71, = 0. Hence, a contradiction, from which we
conclude that yg < y%, so that C € Sy.

Case B. Consider now C' € S7. We have yg = y* and pj, = 0, so eliminating s :

. - qr N w'(yr) 0 TH
Bby — 2U 4+ Ly, — t - D.24
w(y*) + By g +Ug —l—qH( L —UrL+1) Ag +qHA9 = 0, ( )
!
wlys) + By — 20+ Uy —t— (U — Oy + )08 L v ¥ TL g

Af . Al qr

If yz, <y then Uy — Uy =y A0 < §A0 = Uy — Uy, so Uy — Uy < Uy, — Uy, < 2t, hence 757 = 0.
Suppose first that Uy, > U; then v = 0 and from the two above equations we have

w(y*)—i-B@H—QUH—{—UH—t < O<w(yL)—|—Bl9L—2UL+UL—t<:>
w(y*) —wyr) + (B —yr) A0+ (§ —yr)A0 < 0,

a contradiction since this last expression is clearly positive. Therefore, Uy, = U. Next, for yy, < YT
we have w'(yr) > w'(y}") = (qu/qr) A, hence, by (D.24)):

—/quN0 > w(y*) + By —2Uy + Uy —t +Up — Up +t
= w(y")+ Bl — U+ (B —yp)A0 — [Uyg — U, — (Ug — Up)]
= w(y*)+BOr — U+ (B —yr)A0 + (§ — yr) AG.
This last expression is strictly positive, however, since y;, < y7* < § < B, where § = gy when ¢ is

in Region I or II and ¢ = ¢ when ¢ is in Region III. Hence another contradiction, from which we
conclude that yr, > y7', so that C' € S;. =



Lemma 14 The objective function in 18 strictly concave over Sy and over Sp,.

In passing, note that this result implies that the symmetric solution C= (UH, U L,UH,Yr) always
satisfies the local second-order conditions for a maximum of the program (D.16) [¥]

Proof. First, over Sp, the objective function becomes

oUm,yn) = qu(Ug — Uy +1t) [w(yg) +05B — Ugl
+qr.(Ug — yag A — UL +t)[w(y*)+ 0B — Uy + ygAd], (D.26)

for which the Hessian is

-2 quw' (ym) + 2qL A0

H = A
(@) quw'(yp) +2q.A0  qu(Un — Uy + t)w" (yy) — 2q1, A6

and its determinant equals
—qhw' (yr)? — dqrarw’ (ym) A0 — 4q7 AP* + 4q,A0% — 2qiw” (ym) <UH —Un + t)
= —quw'(ym) [gaw' (ym) + 49 A0] + 49 A0 — 2qpw” (y) (UH — Uy + t) ;

which is positive since yg < y$; implies that ggw’(yr) +4qrA0 > qrw’(y$) +4qr. A6 > 0, by .

Next, over S, the objective function becomes

o(Ur,yr) = qu(Ur +yrA0 — Uy + t)[w(y*) + 0B — Ur, — yr A0 ]
+qr(Up +t —Up)[w(yr) + 0B — Uy, (D.27)

for which the Hessian is

-2 qrw'(yr) — 2qg A0

H = -
(¢) qu’(yL) — 2qg Al qL(UL - U + t)w”(yL) — QqHA92

and its determinant equals:

—qiw'(yr)® + 4qmqrw’ (yr) A0 — Agh A6® + dqg A6® — 2qpw” (y,) (UL, — UL + 1)
= qrw'(yr) [~arw'(yr) + 4guA0] + 4quqr A6 — 2qrw” (yL) (U — Up, + t),

which is positive since yz, > y7* implies grw’(yr) < qrw’(y]") < 4qu A6, by . |

Proposition 19 The unique global optimum to — is the allocation C = (UH, [jL,g]H,gjL)
characterized in Proposz'tz’on which is therefore an equilibrium (the unique symmetric one) of the

game between the two firms.

38 This can also be shown directly, by computing the appropriate bordered Hessians, given each of the constraints
binding in Regions I, IT and III respectively. The proof is available upon request.



Proof. By Lemmas |§| and the global solution C = (Uy,Ur,ym,yr) to - is also
the global solution to and satisfies the associated first-order condition —, with
Xg=Uy—Up+tand X, = Uy — Uy +t both in (0,2t]. By Proposition C= (T]'H, ﬁL,@H,QL)
solves these conditions (with Xy =X, = t), is the unique candidate for a symmetric equilibrium,
and is such that C € Sy when ¢ is in Regions I and II, while C € S;, when t is in Region III.
Furthermore, by Lemma[T4] the objective function is strictly concave over each of these subspaces,
so in each case C maximizes the program over the one to which it belongs. By Lemma moreover,

the global optimum C must also belong to Sy or Sr. Two cases therefore remain to consider.

Case A: t lies in Region I or II, so that Ce Su. If C € Sy as well, they must coincide. If
C € St then yg = y*, u; = 0 and

Ug — U =y A6 §QHAO:UH—UL. (D.28)
Subcase A1. If the inequality is strict then
UH—ﬁH <UL—UL. (D.29)

Note that this requires 7 = 0, otherwise t = Uy — U g < Up— U . < t, a contradiction. Next,
subtracting from {i its counterpart for C , and likewise for 1) we have:

qn [w(y*) + By —2Uy + Uy — t} +ug = qu {w(@H) + By — Uy — t} —fi,

qr, {w(yL)—i—B@L—QUL%—UL—t} — g t+v—T1L = (4L [w(y*)—i—BﬁL—UL—t}—i-/lL—i-ﬁ.

The first equation implies that w(y*) —w(jz) < 2(Ux — Ug), hence Uy, — Uz, > 0 by (D.29). Thus
Ur > U, implying v = 0. It then follows from the second equation above that w(y) + By —2Ur +
U, > w(y*) + BOL — Uy, hence 22U — ﬁL) < w(yr) — w(y*) <0, which contradicts Uy, > Ug.

Subcase A2. Equation (D.28) is therefore an equality, implying that y;, = gy = y* = yy (and
¥ = 0). Thus Uy — U, = ygA# and y;, = y*, implying that C € Sy, so it must coincide with C.
Note that C € Sy NSy can only occur at ¢t = t9.

Case B: t lies in Region III, so that Ce St. If C € St as well, they must coincide. If C € Sy
then yr, = y*, py =0and Uy — U, = yg A0 > g A0 = UH — UL. Therefore:

UH—UH EUL—ULZUL—UZO. (D.30)
Subtracting from 1' its counterpart for C , we now have:
qH [w(yH)+39H—2UH+UH—t — ML~ TH =4qH [w(y*)JrB@H —Up — t| + fug,

Therefore w(yg) — w(y*) > 2(Uy — Ugr), which together with (D.30) requires that Uy = Up, Uy, =
Uy, and yg =y* =9, so that C = C. Here again it must be that ¢ = t2, which corresponds to the
only intersection of Sy and Sz. =



