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Introduction

Salient facts about the US federal crop insurance program

I $114 billion in liability in 2011

I Total premium in 2011 was $12 billion

I Premium subsidy $7.42 billion

I Implies 62% subsidy

I Subsidy paid as a percentage of premium such that rising
prices (which we have seen in recent years) imply much larger
costs to taxpayers

I Touted as a “public–private” partnership

I Latest CBO score $91 billion over 10 years

I Governed by complex (and favorable to companies)
reinsurance agreement

I Recent calls for Congress to raise guarantee to 90-95%
(“shallow losses”) of expected revenue
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US Crop Insurance Statistics Today
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US Crop Insurance Statistics: Participation

Source: Smith (2012)
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US Crop Insurance Statistics: Liability and Premium

Source: Smith (2012)
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Revenue Insurance

I 75% of liability is in the form of revenue coverage

I Based on product of (correlated) yields and prices

I Revenue coverage introduced in 1990s and quickly became
most prominent plan

I Duplicates (in part at least) operation of private market
(options) with a subsidized plan

I Basic rating model
I RMA yield rates based on 40–year average of loss-costs
I Calibrates RMA rates to a truncated normal distribution for

yields
I Uses futures and option prices to derive log-normal distribution

for prices
I Combines various assumptions or estimates of correlation
I Uses Iman–Conover procedure with normal score function to

generate correlated yield/price draws (more on this below)
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The Prominence of Crop Revenue Insurance
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Correlation/Dependence

I Correlation relationships play very important role in pricing
revenue coverage

I Livestock margin plans have $1.1 billion in liability
I Recently introduced livestock margin plans involve multiple

overlapping options contracts
I Margin plans:

I Cover margin between input prices and output price (e.g.,
cattle prices, hog prices, milk prices, corn prices, soybean meal
prices)

I Structured as Asian option
I Requires estimation of a large number of different correlation

relationships
I Little attention has been paid to how these dependent

relationships should be modeled

I Remember that price insurance is readily available in the
private markets (options markets) but without taxpayer
subsidies
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Revenue Rate and Correlation
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Objectives of this Analysis

I In recognition of the crucial role played by correlation in
establishing premium rates:

I Evaluate how different assumptions about the nature of the
joint probability distribution function may affect the pricing of
insurance contracts

I Demonstrate more flexible (data-driven) approaches to
modeling joint distributions

I Consider copula models that remain tractable for
high–dimension problems
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Copulas

I A copula is a function that joins the marginal distribution
functions to form the multivariate distribution function

I Copulas make use of the fact that if x ∼ F then
F (x) ∼ U(0, 1)

I To define a copula, consider m uniform (on the unit interval)
random variables u1, u2, ..., um. The joint cdf of m uniform
random variables is:

C (u1, u2, ..., um) = Prob(U1 ≤ u1,U2 ≤ u2, ...Um ≤ um)

where C is a “copula,” which is unique for continuous cdf’s

I For an m-variate function F, the copula associated with F is a
distribution function C : [0, 1]m → [0, 1] that satisfies

F (y1, ..., ym) = C (F1(y1), ...,Fm(ym); θ),

where θ is a set of parameters that measures dependence.
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Different Copulas Imply Different Relationships
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State Dependence in Spatial Correlation (Goodwin 2001):
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Systemic Risk and Agriculture:

I The most prominent aspect of risk in agriculture is weather

I Weather conditions are usually very systemic in major growing
regions (an exception is hail insurance, which is sold in private
markets)

I The diagrams presented above suggest that dependencies may
be stronger during extreme events (e.g., drought and flooding)

I Many argue that systemic risk is so large that private
insurance companies and reinsurers lack the capacity needed
to provide coverage

I Many reasons to dispute this assertion, but it has worked well
in Congress as a basis for arguing for high subsidies and an
ever-expanding program

I Compare the $100 billion in total liability in crop insurance to
the trillions held in credit default swaps
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Higher Ordered Copulas (k > 2)

Aas, et al. (2009) noted that a multivariate density function for k
random variables can be factored form as

f (x1, x2, . . . , xk) = fk(xk) · f (xk−1|xk) · · · · f (x1|x2, . . . , xk).

This density is unique for a given ordering of variables and can also
be expressed as

f (x1, x2, . . . , xk) = c1...k(F1(x1), . . . ,Fk(xk)) ·
k∏

i=1

fi (xi )

In the case of two random variables:

f (x1, x2) = c12(F1(x1),F2(x2)) · f1(x1)f2(x2).

Thus, with rearranging, a bivariate conditional density can be
written as

f (x1|x2) = c12(F1(x1),F2(x2)) · f1(x1).
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Higher Ordered Copulas (k > 2)

I Joe (1996) demonstrated that each of the terms can be
decomposed into the product of a pair-wise copula and a
conditional marginal density:

f (x |v) = cx ,vk |v−k
(F (x |v−k),F (vk |v−k)) · f (x |v−k).

I However, this decomposition is dependent on how the
conditional densities are arranged (i.e., the order)

I A set of k random variables can be arranged in k!/2 different
ways

I Other alternatives to a more parsimonious problem are factor
copulas (Patton)
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Canonical Vines

Source: Claudia Czado (Technische Universität Müunchen)
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D Vines

Source: Claudia Czado (Technische Universität Müunchen)
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Normalizing Yields and Prices

I Prices are easy—use futures and options
I Yields more problematic in light of substantial technological

gains
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Weibull Density for Yields
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Iman-Conover with Different Scoring Functions

Source:
S. J. Mildenhall, demonstrates that IC with normal scores is
equivalent to Gaussian copula.
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Our Approach

I Use common methods (with Gaussian copula as benchmark)
to estimate joint distributions for yields and prices

I Illustrative example considers a portfolio comprised of an
equivalent number of acres of corn and soybeans for four
prominent Illinois counties

I Consider a much broader approach to estimating the joint
distribution—Vine Copulas

I Use model selection criteria to evaluate alternatives and to
choose relevant copulas at each point in the vine

I Data–driven process to select from a range of 17 different
copulas: Gaussian, Student t, Clayton, Gumbel, Frank, Joe,
Clayton-Gumbel, Joe-Gumbel, Joe-Clayton, Joe-Frank, (With
rotated versions of all)

I Estimate by standard ML procedures
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Kendall’s Tau for Observed Data and Clayton Copula
Simulation
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Results
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Loss Probabilities
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Loss Probabilities
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Conclusions

I An immense portfolio of taxpayer subsidized crop insurance is
currently priced under strong assumptions regarding the
correlation of yields and prices

I In some of the more complex cases—livestock margin
insurance—a combination of many different overlapping
contracts and correlation coefficients may be used

I The famous “function that felled Wall Street” (i.e., the
Gaussian Copula) is applied in pricing these contracts

I Latest farm bill proposals may increase level of coverage to
95%

I We demonstrate that different copulas can yield very different
loss probabilities and premium rates
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Conclusions

I These differences are especially acute in the tails
corresponding to large losses

I The validity and robustness of current assumptions should be
evaluated in light of the many other alternative copulas that
may be more appropriate

I As ever–more complicated instruments are introduced,
correlation among dependent risks may become even more
important

Goodwin (NCSU):May 12, 2011 Copulas and Crop Insurance


