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Abstract

In this paper, we propose bootstrap methods for statistics evaluated on high frequency data such
as realized volatility. The bootstrap is as an alternative inference tool to the first-order asymptotic
theory recently derived in the literature. We consider the i.i.d. bootstrap and the wild boot-
strap (WB) and prove their first-order asymptotic validity. We then use Edgeworth expansions
and Monte Carlo simulations to compare the accuracy of the bootstrap with the existing fist-order
feasible asymptotic theory. Our Edgeworth expansions show that the i.i.d. bootstrap provides a
second-order asymptotic refinement when volatility is constant. Under stochastic volatility, the
i.i.d. bootstrap is not able to match the cumulants through third order and therefore the i.i.d.
bootstrap error has the same rate of convergence as the error implied by the standard normal ap-
proximation. Nevertheless, we show through simulations and using Edgeworth expansions that the
i.i.d. bootstrap is still able to provide a smaller error than that of the standard normal approxi-
mation. For the possibly time-varying volatility case, the WB provides a second-order asymptotic
refinement, provided we choose the external random variable used to construct the wild bootstrap
pseudo data appropriately. Monte Carlo simulations suggest that both the i.i.d. bootstrap and
the appropriately chosen wild bootstrap improve upon the first-order asymptotic theory in finite
samples.
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1 Introduction

The increasing availability of high frequency financial data has contributed to the popularity of realized
volatility as a measure of volatility in empirical finance. Realized volatility is simple to compute (it
is equal to the sum of squared high frequency returns) and it is a consistent estimator of integrated
volatility under general nonparametric conditions (see e.g. Andersen, Bollerslev and Diebold (2002)
for a survey of the properties of realized volatility).

Recently, a series of papers including Jacod (1994), Jacod and Protter (1998) and Barndorff-
Nielsen and Shephard (henceforth BN-S) have developed an asymptotic theory for realized volatility-
like measures. In particular, for a rather general stochastic volatility model, these authors establish
a central limit theorem for realized volatility over a fixed interval of time, for instance a day, as the
number of intraday returns increases to infinity. Similarly, BN-S (2003, 2004b) show that a CLT applies
to empirical measures based on powers of intraday returns (realized power variation) and products
of powers of absolute returns (e.g. bipower variation). More recently, BN-S (2004e) provide a joint
asymptotic distribution theory for the realized volatility and the realized bipower variation, and show
how to use this distribution to test for the presence of jumps in asset prices.

In this paper, we propose bootstrap methods for statistics evaluated on high frequency data such
as realized volatility. Our main motivation for using the bootstrap is to improve upon the existing
asymptotic mixed normal approximations. The bootstrap can be particularly valuable in the context of
high frequency data based measures. Current practice is to use a moderate number of intraday returns,
e.g. 30-minute returns, in computing realized volatility to avoid microstructure biases.! Sampling at
long horizons may limit the value of the asymptotic approximations derived under the assumption
of an infinite number of intraday returns. The Monte Carlo simulations in BN-S (2004a) show that
the raw feasible asymptotic theory for realized volatility can be a poor guide to the finite sample
distribution of the standardized realized volatility. BN-S (2004a) propose a logarithmic version of
the raw statistic and show it has improved finite sample properties. In a different context, BN-S
(2004d) use the Fisher-z transformation for realized correlation. However, analytical transformations
may not be available for other applications, for instance for the realized regression parameters such as
the realized beta. Similarly, Huang and Tauchen (2005) show that jump tests based on the (scaled)
difference between realized volatility and bipower variation can have potential size problems for certain
data generating processes when testing for jumps over a long time span.

We focus on realized volatility and ask whether we can improve upon the existing first-order

asymptotic theory by relying on the bootstrap for inference on integrated volatility in the absence

'Recently, a number of papers has studied the impact of microstructure noise on realized volatility, including Ait-
Sahalia, Mykland and Zhang (2004), Bandi and Russell (2004), Hansen and Lunde (2004a,b), Zhang, Mykland and
Ait-Sahalia (2004), Barndorff-Nielsen, Hansen, Lunde and Shephard (2004), and Zhang (2004). In particular, these
papers propose alternative estimators of integrated volatility that are robust to microstructure noise and that do not
coincide with realized volatility. Bootstrapping such measures is an interesting extension of our results, which we will
consider elsewhere.



of microstructure noise. Since the effects of microstructure noise are more pronounced at very high
frequencies, we expect the bootstrap to be a useful tool of inference based on realized volatility
when sampling at moderate frequencies such as 30 minutes horizon, as is often done in practice. For
instance, in their seminal paper, Andersen, Bollerslev, Diebold and Labys (2003) consider an empirical
application based on 30 minutes intraday returns for three major spot exchange rates.

We propose and analyze two bootstrap methods for realized volatility: an i.i.d. bootstrap and a
wild bootstrap. The i.i.d. bootstrap (cf. Efron, 1979) generates bootstrap pseudo intraday returns by
resampling with replacement the original set of intraday returns. The wild bootstrap observations are
generated by multiplying each original intraday return by an i.i.d. draw from a distribution that is
completely independent of the original data. The wild bootstrap was introduced by Wu (1986), and
further studied by Liu (1988) and Mammen (1993), in the context of cross-section linear regression
models subject to unconditional heteroskedasticity in the error term. Both methods are well known in
the bootstrap literature.? We are the first to the best of our knowledge to propose their application to
realized volatility and to study their theoretical properties under a general stochastic volatility model.
Zhang, Mykland and Ait-Sahalia (2004) and Zhang (2004) consider an application of the subsampling
method to realized volatility under stochastic volatility. In particular, they use subsampling plus
averaging to bias correct the realized volatility measure when microstructure noise is present. Our
main goal here is to use the bootstrap to estimate the entire distribution (as opposed to just the bias)
of realized volatility.

In a benchmark model in which the volatility is constant and therefore intraday returns are i.i.d.,
the i.i.d. bootstrap would be the natural method of choice. In practice, volatility is highly persistent,
especially over a daily horizon, implying that it is at least locally nearly constant. Hence we would
expect the i.i.d. bootstrap to provide a good approximation even under stochastic volatility. Indeed,
we show here that this approach remains valid under time-varying volatility if we center and scale the
realized volatility measure appropriately.?

The wild bootstrap (WB) is an alternative approach that explicitly takes into account the condi-
tional heteroskedasticity underlying stochastic volatility models. We show that this method is first-
order asymptotically valid under conditions similar to BN-S, when the bootstrap statistic is appropri-
ately centered and standardized.

A popular bootstrap for serially dependent data is the block bootstrap. In our context, intraday
returns are (conditionally on the volatility path) independent, and this implies that blocking is not
necessary for asymptotic refinements of the bootstrap. The issue here is heteroskedasticity and not

serial correlation.

2Gongalves and Kilian (2004) apply both methods in the context of autoregressions subject to conditional het-
eroskedasticity of unknown form.

3Recently, Goncalves and Vogelsang (2004) show the validity of the i.i.d. bootstrap for t-tests based on heteroskedastic
and autocorrelation consistent (HAC) variance estimators when data are serially dependent. There the i.i.d. bootstrap
is applied in a naive fashion, without any centering or scaling correction.



We use Monte Carlo simulations and formal Edgeworth expansions to compare the accuracy of the
bootstrap and the normal approximations at estimating confidence intervals for integrated volatility.
Both one-sided and two-sided intervals are considered. One-term Edgeworth expansions show that
the i.i.d. bootstrap provides a second-order asymptotic refinement when volatility is constant. This
is as expected given that returns are i.i.d. under this simple model. Our simulations also suggest that
the i.i.d. bootstrap outperforms the asymptotic normal approximation under more general stochastic
volatility models. Based on our one-term Edgeworth expansions, we prove that although the rate of
convergence of the i.i.d. bootstrap error is the same as that of the error of the normal approximation
when volatility is stochastic, the absolute magnitude of the coefficients describing the i.i.d. bootstrap
error is smaller than that of the coefficients entering the first term of the Edgeworth expansion for
the original statistic (cf. Shao and Tu (1995, Section 3.3) and Davison and Flachaire (2001) for a
similar argument). This can explain the good finite sample behavior of the i.i.d. bootstrap one-
sided intervals in our simulations. One-term Edgeworth expansions for the WB statistic show that
it provides a second-order asymptotic refinement when volatility is heterogeneous if we choose the
external random variable used to construct the wild bootstrap observations appropriately. We propose
an appropriate choice for this external random variable. Our Monte Carlo simulations show that the
WB implemented with this choice outperforms the first-order asymptotic normal approximation. The
comparison between this WB and the i.i.d. bootstrap favors the i.i.d. bootstrap, which is the preferred
method in the context of our study.

Motivated by the good finite sample performance of the bootstrap for two-sided intervals, we also
investigate the ability of the bootstrap to provide a third-order asymptotic refinement over the normal
approximation. Our results show that although the i.i.d. and the WB bootstrap can provide second-
order asymptotic refinements, third-order refinements are not possible. These theoretical predictions
are not confirmed by our simulations, which show that both the i.i.d. and the WB outperform the
normal approximation when estimating two-sided symmetric intervals for integrated volatility.

The remainder of this paper is organized as follows. In Section 2, we introduce the setup, review
the existing first order asymptotic theory and state regularity conditions. We also introduce the Monte
Carlo design underlying all simulations in the paper and discuss the coverage probability results for
the first-order asymptotic approach for nominal 95% one-sided and two-sided symmetric intervals.
In Section 3, we introduce the bootstrap methods and establish their first-order asymptotic validity
under the regularity conditions stated in Section 2. In Section 4 we discuss the second-order accuracy
of the bootstrap whereas Section 3 considers third-order accuracy results. These sections also contain
a discussion of the Monte Carlo results for bootstrap one-sided and two-sided intervals. Section 6
concludes. In Appendix A we derive the asymptotic expansions for the cumulants of the original and
bootstrap statistics. We also provide several auxiliary results. In Appendix B we collect all the proofs

of the results appearing in Sections 3 through 5.



2 The first-order asymptotic approach

2.1 Setup

We consider the following continuous-time model for the log price process {log S; : t > 0}:
dlog Sy = /Ltdt + vedWy, (1)

where W; denotes a standard Brownian motion, y, denotes a drift term, and v; a volatility term. For
simplicity, we will assume that p, = 0 for all ¢. The drift term is of order dt, which is smaller than
the order (dt)l/ % of the volatility term in (1) (see e.g. Andersen, Bollerslev and Diebold (2002) for a
discussion of this result). Hence the drift term is negligible at high frequencies. Our model is thus

given as
dlog Sy = v, dWy, (2)

where v; > 0 is in general a time-varying stochastic process. For the theoretical results, we assume
the independence between the stochastic volatility process v; and the Brownian motion W%, i.e. we
assume no leverage effects. Nevertheless our Monte Carlo study includes models with leverage and
drift. A benchmark model useful for comparisons is the time-invariant diffusion model where v; = v
for all t > 0. Given (2), the daily return for any day ¢ is defined as

t
ry = log Sy — log S —/ VudWy, t=1,2,... .
t—1

Since t is fixed in our analysis, we let ¢ = 1 throughout without loss of generality. We can define
intraday returns (for any given day) at horizon h as follows:
ih
ri = log Sip —log S(i_1yn = / VydWy, fori=1,...,1/h,
(i—1)h
with 1/h an integer. To simplify notation, we omit the dependence of intraday returns on the horizon

h. When v is constant, intraday returns are i.i.d. N (O,UQh), i.e. we have that

ih
r; = / v, dWy, = v (Wl — W(i_l)h) =vuy; ~iid N (O, U2h) ,
(i—1)h

(2

where u; = Wiy — Wii_py, ~ iid. N(0,h) for i = 1,...,1/h. When volatility is time-varying and
stochastic, intraday returns are (conditionally on the path of the volatility process v) independent but
heteroskedastic, i.e. we can write r; = o;u;, where G'ZZ = f(ii}il)h v2du, and u; ~ i.i.d. N (0,1). In this
case, and conditionally on the path of volatility, r; ~ N (0, a?) fori=1,...,1/h.

The parameter of interest is the integrated volatility over a day,

1
1V = / v2du,
0

which we assume to be finite. A simple estimator of the integrated volatility is the sum of squared



intraday returns, known as realized volatility:

1/h

RV => r.

i=1
This estimator is under certain assumptions (including absence of microstructure noise) a consistent
estimator of IV when the number of intraday observations increases to infinity (i.e. if A — 0). This
result is theoretically justified by the theory of quadratic variation.

We introduce some notation. For any ¢ > 0, define the realized ¢-th order power variation (cf.

BN-S (2004b)) as
1/h

Ry =h=92F0Y |4
=1

Note that for ¢ = 2, Ry = RV. Similarly, for any ¢ > 0, define the integrated power volatility

1
50 = q
oq:/ vldu.
0

Recently, Barndorff-Nielsen and Shephard (2004b, Theorem 1) show that R, il pg09, where p, =
E|Z|1, Z ~ N (0,1), for a broad class of stochastic volatility models.

2.2 The existing theory

Our goal is to perform inference on the integrated volatility, e.g., we would like to form a confidence
interval for the IV. One approach is to rely on first-order asymptotic theory. This has been the
standard approach in the realized volatility literature. We describe this approach here.

For the theory in this paper, we follow BN-S (2004b,e) and assume the following additional regu-
larity condition on the stochastic volatility process.

Assumption (V) The volatility process v is (pathwise) cadlag, bounded away from zero, and

satisfies the following regularity condition:

1/h
Ii 1/2

for some r > 0 (equivalently for every r > 0) and for any n; and ; such that 0 <& <n; <h <&, <
Mg < 2h <o <&y <y < 1.
As Barndorff-Nielsen, Jacod and Shephard (2004) note in their Remark 1, the cadlag assumption

r rl_
Un; — Ve, =0,

implies that all powers of v are locally integrable with respect to Lebesgue measure, so that in particular
fol vedu < oo for any ¢ > 0. Under Assumption (V), v can exhibit jumps, intra-day seasonality and
long-memory. Processes for {logS;} satisfying (2) and Assumption (V) are a special case of the
continuous stochastic volatility semimartingales.

Assumption (V) is stronger than required for the consistency of R, for p,09. It implies in particular



that R, = uqﬁ + op (\/E) It is also stronger than required to prove the central limit theorem for
realized volatility (see e.g. Jacod (1994), Jacod and Protter (1998)). The reason why we adopt it
here is that under Assumption (V), BN-S (2004b, Theorem 3) show that 07;11 — 09 =op (\/E), where
07;11 = pl-9/2 leg (U?)q/Q and o? = fé’il)h v2du < oo, a result on which we rely subsequently to
establish our bootstrap results. This is why we adopt Assumption (V) here.

The existing approach for constructing confidence intervals for IV relies on a CLT result for realized
volatility derived by Jacod (1994), Jacod and Protter (1998) and Barndorff-Nielsen and Shephard in

a series of papers. In particular, under appropriate conditions, as h — 0,

VATL(RV —1V) 4
VvV

1
V= 2/ vidu.
0

The result given in (3) is not immediately useful in practice because the asymptotic variance V' depends
on the unobserved quantity fol vidu. Barndorff-Nielsen and Shephard (see e.g. 2002, 2003, 2004b)
show that

N (0,1), (3)

where

VATL(RV —1V) 4

NG

9 . un 9
V==:pt {=ZR
3 ;T 3t

ThE

N (0,1), (4)

where

is a consistent estimator of V. By replacing V' with V, T, becomes a feasible statistic. We follow
Barndorff-Nielsen and Shephard and refer to this approach as the feasible (first-order) asymptotic
theory approach.

2.3 Simulations results for the feasible first-order asymptotic approach

Next we assess by simulation the accuracy of the feasible asymptotic theory of BN-S when computing
95% confidence intervals for IV. Our results confirm the previous simulation evidence by BN-S (2002,
2004a). In particular, we find that this approach leads to important coverage probability distortions
when returns are not sampled too frequently. This motivates the bootstrap as an alternative method
of inference in this context.

Our Monte Carlo design is inspired by Andersen, Bollerslev and Meddahi (2004). In particular,

we consider the following stochastic volatility model

leg St = /,Ldt -+ vy pldWhg + ,OQdWQt + \/ 1- p% - p%dWSt] y

where Wiy, Wo; and W3, are three independent standard Brownian motions. Our baseline models fix

w=p; = py =0, implying that dlog S; = v;dW3; and no drift nor leverage effects exist.



We consider three different models for v;. The first model is the log-normal diffusion reported in

Andersen, Benzoni and Lund (2002) where v; is such that
dlogv; = —0.0136 [0.8382 + log v7| dt + 0.1148dW7,.
Our second model is the GARCH(1,1) diffusion studied by Andersen and Bollerslev (1998):
dvi = 0.035 (0.636 — v7) dt + 0.144v7 dW,.

Finally, we consider the two-factor diffusion model analyzed by Chernov et al. (2003) (and recently
studied in the context of the nonparametric jump statistic test by Huang and Tauchen (2005)):

vy = s-exp (—1.2 +0.040%, + 1.5@%)
dvi, = —0.00137v3,dt + dWy;
dvy, = —1.386v5,dt + (14 0.25v3,) dWoy.

According to this model, the stochastic volatility factor v3, has a feedback term in the diffusion effect.*
This diffusion model has continuous sample paths but can imply sample paths for the price process
that look like jumps. Chernov et. al. (2003) find that it fits well the S&P500 returns.

Our baseline models assume no drift and no leverage effects and satisfy our regularity conditions.
Tables 1 through 3 report results for these models. Although our theory does not apply to stochastic
volatility models with drift and/or leverage effects, we include in the Monte Carlo simulation three
models for which p # 0 and for which leverage effect exists. The results are reported in Tables 4 and 5.
Following Andersen, Bollerslev and Meddahi (2004), for the one-factor log-normal and GARCH(1,1)

diffusions we consider
dlog S; = 0.0314dt + v; [—0.576dW1t +V1- 0.5762dW3t} ,

whereas for the two-factor diffusion model we follow Huang and Tauchen (2005) and assume that

dlog S; = 0.030d¢ + v; [—0.30dwlt — 0.30dWay + /1 - 0.302 — 0.302dW3t} .

We study the finite sample performance of one-sided and two-sided 95% level intervals. While
one-sided confidence intervals of IV are not common in the econometrics literature, Mykland (2003)
shows that these intervals are important for hedging in the context of option pricing.

The lower one-sided 100 (1 — «) % level confidence interval for IV based on the feasible asymptotic
theory of BN-S is given by:

oW - (0, RV — 2, \/ﬁ) ,

Feas,1—«a

where z, is the a-level critical value of the standard normal distribution. When o = 0.05, zg95 =

“The function s-exp is the usual exponential function with a linear growth function splined in at high values of its
argument: s-exp(x) = exp (z) if * < xo and s-exp(z) = %\/%0) xo — x3 + x? if x > xo, with zo = log (1.5).

7



—1.645.
The two-sided 100 (1 — &) % level interval for IV is given by:

1c? — (Rv — 210 VRV, RV + 21 _o 0V hf/) :

Feas,1—a

where 21_,/p is the 97.5% critical value of the standard normal distribution when o = 0.05, i.e.
z0.975 = 1.96. This interval is symmetric about RV because the normal distribution is symmetric.

As a way of improving upon their feasible asymptotic theory approach, BN-S (2002) suggest to
use a logarithmic version of this result. For comparison purposes, we also report results for confidence
intervals based on this logarithmic transformation of 7}. These are referred to as “log” (as opposed

to “raw” for the intervals described above) and are of the following form:

| WV
Iclgg)*feas,lfa = —00,log (RV') — 24 RV?2
| nV hV
o? = |log(RV)— 2 _ ——,log(RV) + z1_ — ],
log — feas,1—« ( g( ) 1-a/2 (RV)Q g( ) 1—a/2 (RV)2

where 2, and 21_,/9 are defined as before.

We compute the actual coverage probabilities of all these confidence intervals for each of the
stochastic volatility models described above. We report results across 10,000 replications for six
different sample sizes: 1/h = 1152,576,288,96,48 and 12, corresponding to “1.25-minute”, “2.5-
minute”, “5-minute”, “15-minute”, “half-hour”, “2-hour” returns. Tables 1 and 2 contain results for
the baseline models, for one-sided and two-sided symmetric intervals, respectively. (These tables also
include results for the bootstrap methods but those results will be discussed later in Sections 4 and
5.) Tables 4 and 5 contain results for one-sided and two-sided symmetric intervals for the models with
drift and leverage, respectively.

For all DGP’s, both one-sided and two-sided intervals tend to undercover. The degree of under-
coverage is especially large for larger values of h, when sampling is not too frequent, and it is larger
for one-sided than for two-sided intervals. For instance, if returns are sampled at every half-hour
(h = 1/48), a 95% symmetric interval contains the true IV about 92% of the 10,000 replications
for the log-normal and the GARCH diffusions. The corresponding one-sided 95% interval contains it
about 90% of the time. For the two-factor diffusion, these rate decreases to 88% and 85%, respectively.
This model implies overall lower coverage rates (hence larger coverage distortions) than the two other
models, for all sample sizes and all confidence intervals. The simulations show that the results are
robust to leverage and drift effects, as predicted by the theory of Jacod and Protter (1998) and BN-S
(2004c). Finally, and confirming previous results by BN-S (2002, 2004a), although the logarithmic
transformation helps reducing the coverage distortions, some distortions remain at the smaller sample
sizes. For instance, for the two-factor diffusion model, the coverage rate of the two-sided 95% interval

is 91% when sampling at half-hour horizon; for the one-sided interval, this rate is only equal to 88%.



3 The bootstrap

In this section we introduce the bootstrap methods and prove their first-order asymptotic validity

under conditions similar to those used by Barndorff-Nielsen and Shephard.

3.1 The i.i.d. bootstrap

Consider the benchmark model in which volatility is constant, i.e. v; = ¢ > 0 for all ¢. In this case
intraday returns at horizon h are ii.d. N (0,0’2}1), which suggests the use of an i.i.d. bootstrap.
Although the i.i.d. bootstrap is motivated by this constant volatility model, we show here that it is
asymptotically valid for general stochastic volatility models satisfying Assumption (V). This implies
in particular that the i.i.d. bootstrap remains first-order asymptotically valid even when the volatility
is not constant. Our Monte Carlo simulations in Sections 4 and 5 suggest that the i.i.d. bootstrap is
not only valid but it outperforms the standard normal approximation. These sections also discuss the
accuracy of the i.i.d. bootstrap approximation.

We denote the bootstrap intraday h—period returns as r;. For the i.i.d. nonparametric bootstrap,
we have that r} = r7,, where I; ~ ii.d. uniform on {1, ey %} This amounts to resampling with
replacement the sample of % intraday h—period returns. As usual in the bootstrap literature, we reserve
the asterisk to denote bootstrap quantities. We let P* denote the probability measure induced by the
bootstrap, conditional on the original sample. Similarly, we let E* (and Var*) denote expectation
(and variance) with respect to the bootstrap data, conditional on the original sample.”

The bootstrap realized volatility is the usual realized volatility, but evaluated on the bootstrap

intraday returns:
1/h

RV* =) r?.

i=1
It is easy to show that E* (RV*) = RV and V* = Var* (\/ h_lRV*) = Ry — RV? (cf. Appendix A,

Lemma A.5). We propose the following consistent estimator of the i.i.d. bootstrap variance V*:

1/h 1/h 2
Ve=nt> et = (> or? | =R;- RV, (5)
i=1 i=1

where for any ¢ > 0 we define R as R = h4/2+1 Z}f{ |r¥|?. The i.i.d. bootstrap analogue of T}, is
given by
Vh=1 (RV* — RV) (6)

Note that although we center the bootstrap realized volatility around the sample realized volatility

Ty

®Note that once we condition on the original intraday returns, adding the volatility path to the information set does
not change the bootstrap probability measure. Thus, P* can also be interpreted as being the probability measure induced
by the bootstrap, conditional on the original sample and on the volatility path.



(since E* (RV*) = RV), the standard error that we propose to studentize the bootstrap statistic is

1/h *4

not of the same form as that used to studentize T}. In particular, it is not given by %h Yol

1/h *4

=17 is not comnsistent

which would be the bootstrap analogue of V. The naive estimator 2h DY
for V* because it relies on a Gaussianity assumption that does not hold for the i.i.d. nonparametric

bootstrap. In contrast, V* given in (5) is a consistent estimator of V*.

Theorem 3.1 Consider DGP (2) and assume Assumption (V) holds. Let {r} :i=1,...,1/h} denote
an i.i.d. bootstrap sample of intraday returns. Then, as h — 0,

sup |[P* (T, < z) — @ (z)| — 0, (7)
z€R

where ® (z) = P(Z < z), with Z ~ N (0,1).

Theorem 3.1 establishes the first-order asymptotic validity of the i.i.d. bootstrap for general
stochastic volatility models satisfying Assumption (V). In particular, (4) and (7) imply that as h — 0

P (T; < @) = P(Th < 2) = op (1),

uniformly in « € R. This result provides a theoretical justification for using the bootstrap distribution
of Ty to estimate the quantiles of the distribution of 7}, in the general context studied by BN-S.

Sections 4 and 5 discuss the accuracy of this bootstrap approximation.

3.2 The wild bootstrap

As we argued previously, under stochastic volatility intraday returns are independent but heteroskedas-
tic, conditional on the volatility path. This motivates our application of the WB in this context.
Consider a sequence of i.i.d. external random variables n; with moments given by pg; = E* |n;|?, where
E* () denotes the expectation with respect to the distribution of n;. The WB intraday returns are
generated as r} =mmn;, i =1,...,1/h.

For applications we need to choose the distribution of 7;. As we will show here, this choice is
not important for the first-order asymptotic validity of the WB as long as we carefully center and
studentize the bootstrap realized volatility statistic. The choice of n, implies a specific centering and
studentization. Nevertheless, in order to prove an asymptotic refinement for the WB we need to choose
the distribution of 0, appropriately. Section 4 proposes an appropriate choice for 7,.

Let RV* denote the realized volatility evaluated on the WB pseudo data. Using the properties
of the WB, we can show that E* (RV*) = u3RV and V* = Var* (\/FRV*) = (w} — p3?) Ry (cf.
Appendix A, Lemma A.2 and Remark 1). We propose the following consistent estimator of V* :

1/h

() ()

10



and define the WB studentized statistic T} as

Ty Vh=L(RV* — 1RV) )

N

Note that T} is invariant to multiplication of n by a constant.

Suppose that we choose 7; such that p3 =1 and pj = 3, e.g. we let n; ~ N (0,1). Then

—1 * . 2
rp = YRRV ZBY) e e — S A

NS

so that for this choice of 7;, the statistic T} is of the same exact form as the original statistic T}, with

the bootstrap data replacing the original data. However, for other choices of 1, this is not necessarily
the case. The bootstrap standard error and the centering of the bootstrap realized volatility depend
on the particular choice of distribution for 7, through the moments ;5 and pj.

As long as we carefully center and studentize the RV* according to (8) and (9), the choice of 7, is

not important for the first-order asymptotic validity of the WB, as the following theorem shows.

Theorem 3.2 Consider DGP (2) and assume Assumption (V) holds. Let {r} :i=1,...,1/h} denote
a WB sample of intraday returns obtained with external random variables n; ~ i.i.d. such that py =

E*|n;|* < 0o for g =2(2+¢€) for some small e > 0. Then, as h — 0,

sup |P* (Ty < z) — @ (x)] 2 0, (10)
rER

where ® () = P(Z < x), with Z ~ N (0,1), and T} is the statistic defined in equations (8) and (9).

We note that although Theorems 3.1 and 3.2 explicitly rule out drift and leverage effects, the first-
order asymptotic validity of our bootstrap methods can be easily extended to include these features.
Indeed, as the proofs of these results reveal, we rely only on the convergence of R, to uqﬁ, which
holds under both drift and leverage effects (cf. Jacod and Protter (1998) and BN-S (2004c)). Similarly,
following Mykland and Zhang (2003), we can extend our first-order results to non-equal spaced data.
Here we abstract from these effects because their presence substantially complicates the higher-order

accuracy of the bootstrap, which we will investigate next.

4 Second-order accuracy of the bootstrap

In this section we discuss second-order properties of the bootstrap. In particular, we investigate the
ability of the bootstrap to provide an asymptotic refinement® through order O(\/E) over the standard

normal approximation when estimating the distribution function P (7} < x).

5We follow Horowitz (2001) and say that the bootstrap provides an “asymptotic refinement through order O (h")”,
for r > 0, when the bootstrap distribution of the statistic of interest is correct up to and including terms of order O (h"),
with an estimation error of order o (h"). For r = 1/2, this amounts to matching the first term of an Edgeworth expansion
(after the leading term given by the standard normal cdf), in which case the bootstrap is said to be second-order accurate.
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Consider the following formal” one-term Edgeworth expansion for the distribution of T}, :
P(T, <z)=® () +Vhqi ()¢ (x) + O (h), (11)

uniformly over € R, where ® (z) is the standard normal cdf and ¢ (z) is the standard normal pdf.
The function ¢ is a even function of z whose coefficients depend on the first three cumulants of T},.

In particular (see e.g. Hall, 1992, p. 48)

@ (x) =— (m + éﬁg (2* - 1)) : (12)

where k1 and k3 are the leading terms of the first and third order cumulants of Tj,.
Now consider the bootstrap. Let T} denote a bootstrap version of Tj, (either the i.i.d. or the WB).

We can write a one-term Edgeworth expansion for the conditional distribution of 7} as follows:
P*(Ty; <) = @ (2) + Vh gi (2) ¢ (z) + Op (h), (13)

where ¢] is an even polynomial in x, whose coefficients are now a function of the bootstrap cumulants

of Ty (up to order three). In particular,

i (0) = = (ki + i (2= 1)), (1)

where k], and 3, are the leading terms of the first and third cumulants of T}
Given the cumulants expansions presented in Appendix A (cf. Theorems A.1 — A.1) and the
definitions (12) and (14), we can readily obtain expressions for ¢, and for ¢ for the i.i.d. bootstrap

and the WB. The following proposition states these results.

Proposition 4.1 Consider DGP (2). Suppose v is independent of W and in addition assume As-
sumption (V) holds. Then, conditional on v, as h — 0, it follows that

_ A 1 9 o6 4(22®+1) o . .
a) q1($)——<—2+6(31—3z41)(w —1)> (04)3/2— o (ﬁ 73 with A1 = B = 2.

b) For the i.i.d. bootstrap,

e A 1 <\ o 1,0, R¢ — 3R4RV + 2RV

- Rg—3R4RV +2RV3
where A1 = )
(Ry — RV2)%/

"We will not provide a proof of the validity of the Edgeworth expansions we develop, which are in this sense only
formal expansions. Proving the validity of our Edgeworth expansions would be a valuable contribution in itself, which we
defer for future research. Here our focus is on using formal expansions to theoretically explain the superior finite sample
properties of the bootstrap. Our approach follows Mammen (1993) and Davidson and Flachaire (2001), who also rely
on formal Edgeworth expansions for studying the accuracy of the bootstrap in the context of linear regression models.
Finally, all of our results are valid conditionally on the path of the stochastic process o.
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c) For the WB,

A1 Re
f@ﬂ:—<—1+QT—SAUa?—1>,

where the constants A} and Bj are defined as

O L P 2 *3
At = He M2/;4 ol and B = He M2ﬂ42+3/52
i (i — p5?) (13 — 3?)

Given (11), the standard normal approximation ® (x) makes an error equal to
P(Ty <) = ®(2) = Vh g1 () ¢ (x) + O (), (15)

uniformly in « € R, when estimating P (7}, < ). The leading term is a function of ¢; () whose
form is given in Proposition 4.1. a). When v is constant, ¢; () simplifies to ¢; () = %% (222 +1).
When v is stochastic, ¢1 (x) is a function of the path of v through ¢® and o%. In this case, (11)
describes an asymptotic expansion of the distribution of 7T}, conditional on the volatility path. The
leading term of the Edgeworth expansion is the standard normal approximation ® (x). This is as
expected, given that BN-S (2002) show that the first-order asymptotic distribution of T}, is the standard
normal distribution. Here we provide a rate of convergence for the error committed by the first-
order asymptotic approximation. In particular, (15) implies that the error of the standard normal
approximation is of order O (\/ﬁ) .

Given (13), the bootstrap error implicit in the bootstrap approximation of P (T}, < z) (conditional

on o) is given by

PT; <)~ P(i<a) = Vi (g} () ~ 00 @) 6 (x) + Op (B)
= Vi (plimg; (5) = a1 (0) ) 0 0) + or (V) (16)

h—0
uniformly in € R. Thus, the bootstrap error in estimating the distribution function of T} has a
leading term of order O (\/E) equal to VA (plimy,_q ¢} (z) — q1 (x)) ¢ (x). The ability of the bootstrap
to improve upon the normal approximation depends on the magnitude of plim;,_,, ¢} () — q1 (), to

order O (\/E) . In particular, if the bootstrap is such that plim,_ ¢} () — q1 () = 0, then the
bootstrap error is op (\/ﬁ), smaller than the O (\/ﬁ) normal error. That is, the bootstrap provides a

second-order refinement. As we will see next, the bootstrap ability to match ¢; (z) with ¢} (z) depends

on its ability to match the first three cumulants of T} to order O (\/E)

4.1 The i.i.d. bootstrap error

The following result characterizes formally the i.i.d. bootstrap error.

Proposition 4.2 Under the conditions of Proposition 4.1, conditionally on v, as h — 0,
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o _ \3
1566 — 904 g2 + 2 (02> 4 P

o 1 2
%g%@%ﬂﬂ@—g@$+n EERENET- R 7o) (17)
354 _ (02) o
b) When vy = v for all t, then
plimg; (z) — q1 () = 0. (18)
h—0
c) In the general case, we have that uniformly in x € R,
plim gy (z) — 1 ()| < |1 (=) (19)

An immediate consequence of (18) is that under constant volatility the error of the bootstrap

approximation is of order op (\/ﬁ) This is of a smaller order of magnitude than the error of the
standard normal approximation, which is of order O (\/ﬁ) Thus, the i.i.d. bootstrap provides an
asymptotic refinement through order O (\/E) over the feasible asymptotic theory of BN-S under

constant volatility.

When volatility is heterogeneous, plim;,_,q ¢} () — g1 (z) # 0. Thus, the rate of convergence of the
bootstrap error is in this case of order Op (\/E), the same as that of the feasible asymptotic theory of
BN-S. The i.i.d. bootstrap is not able to match the cumulants of the original statistic when volatility is
time-varying and this explains why it does not provide an asymptotic refinement for the distribution of
T}, (although it is asymptotically valid, as we showed in Section 3). This result is nevertheless at odds
with our simulation evidence (to be discussed later) which shows that the i.i.d. bootstrap outperforms
the normal approximation even when volatility is stochastic.

We propose the following explanation. To order O (\/E), the bootstrap error is determined by the
difference v/h [plimy,_ ¢} (z) — q1 (x)] ¢ () . Similarly, the error of the first-order asymptotic normal
approximation is determined by v/hq; (z) ¢ (x). (19) implies that the absolute magnitude of the i.i.d.
bootstrap contribution of order v/A to the error in approximating the true sampling distribution of
T}, is smaller than that of the standard normal approximation. Equivalently, the relative asymptotic
error of the bootstrap, relative to the normal approximation can be approximated to order O (\/E)

by the ratio

li 1 (x) —
(o [P0 @)~ @)
@ (z)
for any 2 € R. Part ¢) of Proposition 4.2 implies that r; (x) < 1 uniformly in z and thus suggests that

, (20)

the bootstrap error is smaller (or never larger) than the error made by the normal approximation, to
order O (\/E) The asymptotic relative error is one of several accuracy measures that one can use to
compare the bootstrap with an alternative estimator such as the normal approximation when both

estimators have the same rate of convergence. Shao and Tu (1995, Section 3.3) give a review of these
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alternative criteria. Davidson and Flachaire (2001) rely on a similar criterion to explain the superior
performance of a certain wild bootstrap in the context of a cross-section linear regression model with
unconditional heteroskedastic errors.

An important implication of Proposition 4.2 concerns the accuracy of the bootstrap critical values.
Let g, denote the true a-level critical value of Ty, i.e. P (Tp < qq) = «a. Similarly, let z, be the
a-level critical value of the normal distribution (i.e. ® (z4) = ), and let ¢, denote the corresponding
a-level bootstrap quantile. Following Hall (1992, p. 92), and relying on the Cornish-Fisher expansions

corresponding to the Edgeworth expansions (11) and (13), we have that for any =z € R,
05— da = —Vh (di (za) — 1 (2a)) + Op (), (21)
In contrast, the error made by the normal approximation is equal to
Za — G = Vh q1 (za) + O (h). (22)

Given (21) and (22), it follows that the relative error for i.i.d. bootstrap critical values, relative to the

standard normal critical values, can be approximated to order O (\/E) by

plimy,_ g7 (2a) — q1 (2a)

q1 (Za)

Thus, by Proposition 4.2 under time-varying volatility, r1 (z,) < 1, implying that the accuracy of

=711 (2a) -

the i.i.d. bootstrap critical value at level o cannot be worse than that of the standard normal ap-
proximation. Under constant volatility, r; (z,) = 0 and the bootstrap critical value is second-order
accurate.

The magnitude of 71 (x) is thus a useful measure of the accuracy of the bootstrap relatively to
the accuracy of the normal approximation when both estimators have the same rate of convergence.
Under stochastic volatility, this ratio is a function of the volatility path and can be quantified for a
given stochastic model by simulation. Figure 1 and Table 6 contain results for the baseline models
considered in Section 2. The results suggest that this ratio is very small and close to zero for two
of the three models considered (namely for the log-normal and GARCH(1,1) diffusions), and slightly
higher for a two-factor diffusion model. This finding suggests that the bootstrap critical values are
more accurate than the normal-based critical values even under stochastic volatility. This is consistent
with the good performance of the i.i.d. bootstrap for these models for one-sided confidence intervals,

as evidenced by the Monte Carlo results in Section 4.3.

4.2 The wild bootstrap error

The following result characterizes the WB error in estimating P (7}, < z), to order O (\/71)
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Proposition 4.3 Under the assumptions of Proposition 4.1, conditionally on v,

. N Lo
g -0~ [ - ) (g ) (0]

h—0 h—0 h—0
where
1 of 5
: * _ *
pges = = e (R )

- [( 5 > < /
plimks, —ky = ——= || —=B]—B1| -3 —=47 — A
h—o (F) 32 [\v3™ NC

with Ay = By = %, and where A} and B} are as defined in Proposition 4.1.

This result shows that the choice of n; (which dictates the value of the constants A} and Bf
through py for ¢ = 2,4,6) influences the magnitude of the WB error. For instance, if we choose®
n; ~ N (0,1), then A} = A; = B; = Bj. This implies that plim,,_, Kip — k1= (% — 1) k1 # 0 and

plimy, o K3, — K3 = (% — 1) kg # 0. Thus, if n; ~ N (0, 1), it follows that

51132 g (z) —q1 () = (\% - 1) @1 (z) ~ 1.89q1 (),

showing that this choice of ; does not deliver an asymptotic refinement over the normal approximation.
It also shows that in absolute terms the contribution of the term O (\/ﬁ) to the bootstrap error is
almost twice as large as the contribution of ¢; () that is associated with the error made by the normal
approximation. We conclude that n; ~ N (0, 1) is not a good choice for the WB. This is confirmed by
our Monte Carlo simulations in the next section.

Our next result provides conditions on the external random variable 7, that ensure plim,,_,, ¢ (z)—
q1 (z) = 0, implying that the WB yields an asymptotic refinement through order O (\/E) over the

normal approximation.

Proposition 4.4 Suppose n; is i.i.d. with moments p, = E* In;|* for ¢ = 2,4 and 6 such that

pe—psmy V3 4

i —) 5 V2
g —3uspi + 25 V3 4
(5 — p32) ™ 5 V2

Then under the assumptions of Proposition 4.1, conditionally on o, as h — 0,

P*(T; <) = P(Ty < 2) = op (Vh),

8Given that returns are (conditionally on o) normally distributed, choosing 7, ~ N (0,1) could be a natural choice.
Moreover, this is a first-order asymptotically valid choice that implies a WB statistic T}, whose form is exactly that of
Ty, but with the bootstrap data replacing the original data, as we argued above.
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uniformly in x € R, where T} is the statistic defined in equations (8) and (9).

The first equation in Theorem 4.4 is a rewriting of A} = @Al as a function of u3, py and pug,
whereas the second equation is equal to B = ?Bl. According to this result, any choice of n; with
moments 5, py and ug satisfying these two conditions delivers an asymptotic refinement of the WB.
There is an infinite number of solutions. In particular, we can show that for any v # 0, the solution
is of the form p} = 2, uj = %74 and pg = %%76. Since the value of T} is invariant to the choice
of v, we can choose v = 1 without loss of generality, implying x5 = 1 (which ensures the WB realized
volatility is an unbiased estimator of realized volatility), u} = % = 1.24, and pg = %%—g = 1.8352.
Next, we propose a two point distribution for n; that matches these three moments and thus implies

a second-order asymptotic refinement for the WB.

Corollary 4.1 Let n, be i.i.d. such that

131+ V186 ~ 1.33  with prob p = § — —2= ~ 0.28
n; =
—$1/31— /186 ~ —0.83  with prob 1 — p.

Let
1/h
Vh1 * .
T = (RV Rv), with 7+ = 9 h—1§ 7
N 31 g

Under the assumptions of Proposition 4.1, conditionally on o, as h — 0,
P (T} <a)— P(Tp < ) = op (\/ﬁ) ,
uniformly in x € R.

4.3 Simulations for one-sided confidence intervals

The theoretical results in the two previous subsections suggest that both the i.i.d. bootstrap and the
WB with an appropriate choice of 7, are more accurate than the normal approximation for estimating
the distribution function of Tj. Estimators of P (T}, < x) are useful to compute critical values for
one-sided confidence intervals for I'V. In this section we evaluate the finite sample accuracy of the
i.i.d. bootstrap and the WB in terms of the coverage probabilities of one-sided confidence intervals.

A lower one-sided 95% bootstrap confidence interval for IV is given by
13} = (0.RV = g5 5 VV ),

where ¢}, is the a-quantile of the bootstrap distribution of 7}’. We consider three different bootstrap
methods for computing ¢g o5: the i.i.d. bootstrap and two WB methods, one based on n; ~ N (0,1)
and another based on the two-point distribution for which asymptotic refinements are to be expected.

Notice that the bootstrap statistics Tj' on which ¢j 5 are based differ according to the bootstrap
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method in question. In particular, except in the WB based on the normal distribution, 77 is not of
the same form as Tj,.
We also report results for confidence intervals based on a logarithmic version of the statistic T},

following BN-S. These are referred to as “log” and are of the following form:

*(1 * hf/
IClo(g,)O.QEJ = (—oo,log (RV) — 90.05 (RV)2> )

4505 denotes the 5% percentile of the bootstrap distribution of the logarithmic version of each T}’. For

the i.i.d. bootstrap, this is equal to

Vh=1(log RV* —log RV)

)

‘A/*

(RV*)?
with V* = R} — RV*2. For the WB, it is equal to

Vh=1(log RV* —log usRV)

‘A/*
(RV*)?

Y

where V* = (“ Z;{ 32) R}. We note that the theory in this paper only provides the first-order asymp-
totic validity of the bootstrap “log” intervals (based on an application of the delta method, given
Theorems 3.1 and 3.2). Our Edgeworth expansions do not apply to the log versions of T}. Thus, we
cannot use these expansions to make any predictions on the second-order correctness of the bootstrap
“log” intervals. We include these only for comparison purposes with the feasible asymptotic theory of
BN-S based on the logarithmic version of the statistic T},.

Table 1 contains results for the baseline models. Table 4 refers to the models with drift and
leverage. The bootstrap methods rely on 999 bootstrap replications for each of the 10,000 Monte
Carlo replications. A comparison of the two tables shows that the results are very similar with and
without leverage and drift. In all cases, the bootstrap intervals tend to undercover, with the exception
of the WB intervals based on n; ~ N (0,1). However, the degree of undercoverage is larger for the
feasible asymptotic-theory based intervals than for the bootstrap methods; it is larger the smaller the
sample size (i.e. the larger is h), and it is larger for the “raw” version of the intervals than for the
“log” version. As already noted for the feasible asymptotic approach, the bootstrap does generally
worst for the two-factor diffusion model of Chernov et. al. (2003). Nevertheless, the i.i.d. bootstrap
does remarkably well across all models, despite the fact that the volatility is stochastic and hence
time-varying. It essentially eliminates the coverage distortions associated with the BN-S intervals for
small values of 1/h for the log-normal and the GARCH(1,1) diffusions. The coverage probability of
the i.i.d. bootstrap intervals deteriorates for the two-factor model, but it remains very competitive

relatively to the other methods. The WB intervals based on the normal distribution tend to overcover
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across all models, with the degree of overcoverage being smaller for larger values of the sample size.
The WB based on the two-point distribution tends to undercover, but significantly less than the
feasible asymptotic theory-based intervals of BN-S. Except for the smaller sample sizes (h = 1/12 and
h =1/48) the WB based on the two-point distribution is competitive with the i.i.d. bootstrap.

5 Third-order accuracy of the bootstrap

Here we discuss the ability of the bootstrap to provide third-order asymptotic refinements. In partic-
ular, we develop Edgeworth expansions through order O (h) and use these to evaluate the accuracy of
the bootstrap for estimating the two-sided symmetric distribution function P (|7}, < z). This quantity
is of interest for two-sided symmetric confidence intervals.

Following our analysis in Section 4, we consider now a two-term Edgeworth expansion for the

distribution of T}, :
P(Th<z)=® )+ Vhq ()¢ (x) +hqg(z)+o(h), (23)

for any = € R. The function ¢; is defined in (12). The function g2 is defined as (cf. Hall, 1992, p. 48):

@ (z) = — {; (k2 + K1) Hey (z) + i (Ka + 4k1k3) Hes (x) + %"%Hes (SC)} ; (24)

where for each j, He; are Hermite polynomials (i.e. Hey (z) =z, Hes (z) = z (2% — 3), and Hes (z) =
T (x4 — 1022 + 15)), and r; are the leading terms of the cumulants of 7}, of order j. See Appendix A
for the cumulants expansions of 7T}, and their corresponding leading terms for j =1,...,4.

Similarly, for any x € R,
P*(Ty; <) = ® () + Vh qf () ¢ (2) + h g3 (2) + op (), (25)

where ¢] and ¢; are even and odd polynomials in z, respectively, whose coefficients are now a function

of the bootstrap cumulants of T} (up to order four). In particular,

1 1 1
¢ (z) = — {2 (k35 + K1%) Hey (z) + 2 (Kap + 457 K3 ,) Hes (x) + EHS?hH% (33)} ; (26)
where m;f 5, are the bootstrap cumulants.
Given the cumulants expansions presented in Appendix A and the definitions (24) and (26), we
can readily derive expressions for g2 and g3, similarly to Proposition 4.1 for ¢; and ¢f. To conserve
space, we do not state these results formally here.

It follows from (23) and the symmetry properties of ®, g1, and g2, that for any « > 0,

P(ITh] < @) = 20 (2) — 1 +2h 2 (¢) ¢ (2) + 0 ().
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Thus the error in estimating P (|7, | < z) made by the normal approximation is of order O (h):
P(|Th| < 2) = (2@ (2) = 1) = 2h g2 () ¢ () +-0(h) . (27)

Given (25) and the symmetry properties of ¢ and ¢35, the bootstrap estimator of P (|T,| < z) is
given by
P (ITy] < ) = 2@ (x) — 1 4 2h g5 (x) ¢ (x) + op (R)

for any z > 0. Thus the bootstrap error in estimating a two-sided distribution is equal to

P Tl < =) = P(Thl <2) = 2h g5 (x) — g2 ()] ¢ (x) + op (h)
= 2h I;llirélqi (@) —q2(z)| ¢ (2) +op(h). (28)

Because plimy,_, g3 () — g2 (x) depends on the first four cumulants of T} and T}, the ability of the
bootstrap to provide a third-order asymptotic refinement depends on its ability to consistently estimate
the first four cumulants of T}, through order O (h). Corollary A.1 in Appendix A gives plimy,_q K}, —K;
for j =1,...,4 for the i.i.d. bootstrap. Proposition 4.3 gives plim,,_,, H;h —rj for j = 1,3 for the WB
whereas Corollary A.2 in Appendix A gives the corresponding results for j = 2, 4.

As discussed in Section 4.1, the i.i.d. bootstrap provides a second-order asymptotic refinement
under constant volatility because it consistently estimates the first three cumulants of 7} through
order O (\/E) By Corollary A.1, we can show that the i.i.d. bootstrap is unable to consistently
estimate the second and fourth order cumulants through order O (h). This is true even under constant
volatility. Hence, even though the i.i.d. bootstrap provides a second-order refinement when volatility
is constant, it does not provide a third-order refinement. We find this a surprising result. If volatility
is constant, returns are i.i.d. and we would expect the i.i.d. bootstrap to be higher-order correct.
Proposition 4.2 shows that this statement is true to second-order. It is nevertheless not true to third-
order. We conjecture that one way of inducing the third-order accuracy of the i.i.d. bootstrap under
constant volatility is to transform the original statistic T} so as to more closely match the behavior
of Ty (see Andrews (2004) for a similar approach). We will explore this possibility in future research.
Our focus here is on bootstrapping the statistic T}, which is the statistic originally proposed in the
realized volatility literature by BN-S (2002).

The higher-order properties of the first four WB cumulants depend on the moments juy of the
distribution of n;, for ¢ = 2,4, 6 and 8. As we explain next, there is no choice of n; that matches all four
cumulants simultaneously. As discussed in Section 4.2, to match the first and third order cumulants
we need to choose 1; with moments p} = +2, ui = %74, and g = %%76. Since the WB statistic is
invariant to the choice of v, we set v = 1. We are left with two equations (plim;,_, /{;f’h —rj for j =2,4)
and one free parameter pg. Thus, there is no choice of 7; for which the WB can consistently estimate
all four cumulants to order O (h), and consequently the WB cannot provide a third-order asymptotic

refinement. Nevertheless any choice of 7, satisfying Proposition 4.4 delivers second-order refinements.
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One example is the two-point distribution proposed in Proposition 4.1, for which pg = 3.0137. This
choice of 7, only matches the first and third-order cumulants. We can show that in order to match
kj for j =1,2,3, we need p3 = 1, pj = %, He = %g—g and pug = (%)2 (%) (%) =3.056.” Any WB
with 7, satisfying these moment restrictions implies second-order refinements. Because it also matches
the second cumulant through order O (h), any such choice could potentially perform better than our
two-point choice of 7, in Proposition 4.1.

Next we evaluate the errors made by the i.i.d. bootstrap and the WB relatively to the error made
by the normal approximation for estimating P (|7}| < z). Given that the two estimators converge at

the same rate, we rely on the asymptotic relative error of the bootstrap as the criterion of comparison.

This error is to order O (h) equal to the ratio

_ |plimy,_o G5 () — g2 (x)

o @) , (29)

ro ()

where z > 0. If r9 (x) is inferior to one, the bootstrap is better than the normal approximation in
the sense that the absolute error implied by the bootstrap estimator is smaller than the error of the
normal approximation, to order O (h). Thus, the ratio rs (z) is a measure of the relative accuracy of
the bootstrap when estimating two-sided symmetric distribution functions. In particular, ry (Zl—a /2) ,
for z;_, /o the (1 — a/2) critical value of ®, has implications for the accuracy of the bootstrap critical
values in nominal 100 (1 — «) % two-sided symmetric intervals.

In the general stochastic volatility case, rs (z) is a function of x and of . When v is constant, it
becomes only a function of x. Figure 2 plots ry () against x when v is constant. Four methods are
considered: the i.i.d. bootstrap, the WB based on n; ~ N (0, 1), the WB based on 7; chosen according
to Proposition 4.1, and a third WB whose moments y; match the second cumulant, in addition to the
first and third cumulants. Figure 2 shows that for the i.i.d. bootstrap sup, r2 (x) < 1. Thus, although
the i.i.d. bootstrap does not provide a third-order refinement even when volatility is constant, under
the asymptotic relative error criterion it is better than the normal approximation. In particular, the
value of 1o at x = zp9.975 = 1.96 is equal to 0.36, suggesting that the i.i.d. bootstrap critical value
is more accurate than the normal-based critical value. Instead, Figure 2 shows that ry () can be
larger or smaller than one for the WB methods depending on x. An exception is the WB based on
N (0,1), for which ro (z) is always very large, well above one, for any value of x. For the other two
WB methods, 72 () is smaller than one for all values of x sufficiently large. In particular, ro (x) is
very small for x = z;_, /o = 1.96 with a = 0.05, which suggests that in the constant volatility case, the
WB methods that match cumulants up to the third order yield two-sided 95% critical values that are
more accurate than the corresponding standard normal critical value equal to 1.96. We could evaluate
r9 (x) by simulation when v is stochastic, as we did for 71 (z). The analysis is more complicated here

because 79 () depends on z. Some preliminary results suggest that ry () can be smaller or larger

9To match kj for j =1,2,4, we would need pg = 1.225. This value is not compatible with the other values of p3,u)
and g, because of Jensen’s inequality. So, there is no distribution which can match x; for j = 1, 2,4 simultaneously.
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than one depending on the value of 2. We will not pursue this analysis any further here.'®
To conclude this section, we compare the bootstrap with the feasible asymptotic theory of BN-S
when computing 95% two-sided confidence intervals for IV. We consider symmetric and equal-tailed

intervals. The 95% level symmetric bootstrap confidence intervals for IV are of the form,
RV 4 p§ o5 VIV,

where pjj 5 is the 95% percentile of the bootstrap distribution of |T;|, i.e. instead of using the standard
normal distribution to compute the critical value 1.96 we use the bootstrap. The 95% level equal-tailed

bootstrap intervals are of the form
(RV —V th8.9757 RV — v thg_025> N

where ¢}, is the a-th percentile of the bootstrap distribution of T}'. We compute bootstrap critical
values with the i.i.d. bootstrap and the two WB methods as in Section 4.3. Log versions of these
bootstrap intervals are also considered.

Tables 2 and 5 contain results for the symmetric intervals, for the baseline models and for the
models with drift and leverage, respectively. The results for symmetric intervals are in many ways
similar to those mentioned for the one-sided intervals. Overall, the i.i.d. and the WB based on
the two-point distribution outperform the normal approximation. This holds despite the fact that
these bootstrap methods do not theoretical provide an asymptotic refinement for two-sided symmetric
confidence intervals. The i.i.d. bootstrap is the preferred method in this case, followed by the WB
based on the proposed two-point distribution.

The Monte Carlo results in Tables 2 and 5 show that the log versions of the original and bootstrap
statistics outperform their raw versions. This suggests that asymmetry is more important for the
raw statistics than for their log versions in finite samples. Therefore we also compute equal-tailed
bootstrap intervals.'® Table 3 contains the results. A comparison of Table 2 and 3 shows that equal-
tailed intervals tend to outperform symmetric intervals. The main conclusion from Table 3 is that the
coverage rates of these intervals are very similar for both the raw and the log versions and therefore
there is no additional gain from using the log transformation. This suggests that the bootstrap is an
important inference tool in other contexts where the log transformation may be not applicable. For
instance, BN-S (2004d) use the Fisher-z transformation in the context of realized correlation. Such

transformation is not available for the realized regression parameters, e.g. realized beta.

10 Although Edgeworth expansions are the main theoretical tool for proving bootstrap asymptotic refinements, it has
already been pointed out in the bootstrap literature (see e.g. Hardle, Horowitz and Kreiss (2003)) that Edgeworth
expansions can be imperfect guides to the relative accuracy of the bootstrap methods. The same comment appears to
apply here to the asymptotic relative bootstrap error criterion for two-sided distribution functions.

"Note however that the standard arguments for asymptotic refinements based on comparing convergence rates suggest
that symmetric intervals are more accurate than equal-tailed intervals when one matches ¢; and g¢2.
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6 Conclusions

In this paper we propose two bootstrap methods for realized-volatility based statistics. One is the
i.i.d. bootstrap and the other is the wild bootstrap. We show that these methods are first-order
asymptotically valid under quite general conditions, similar to those used recently by BN-S in a series
of papers. In particular, they are valid under stochastic volatility. Next, we study the higher-order
accuracy of these bootstrap methods in comparison to the standard normal approximation using
Edgeworth expansions and Monte Carlo simulations.

The simulation evidence in this paper suggests that percentile-t bootstrap confidence intervals for
IV (specifically, the i.i.d. bootstrap and a particular WB method which we propose in the paper) are
more accurate in finite samples than the intervals based on the feasible first-order asymptotic theory.
This superior performance of the bootstrap holds for both one-sided and two-sided (symmetric and
equal-tailed) intervals.

The standard arguments based on Edgeworth expansions show that the i.i.d. bootstrap offers a
second-order asymptotic refinement when volatility is constant but not otherwise. When volatility is
heterogeneous, we compare the i.i.d. bootstrap and the normal approximations using the asymptotic
relative bootstrap error. This criterion has been proposed in the statistics literature to compare the
bootstrap with the normal approximation when both estimators have the same convergence rate. It
shows that the i.i.d. bootstrap outperforms the normal approximation when estimating the distribution
function of the RV statistic when volatility is time-varying. Second-order asymptotic refinements for
the WB can be obtained in the general setup allowing for stochastic volatility provided we choose the
external random variable appropriately. We provide an optimal choice of this random variable. The
Monte Carlo results for one-sided intervals are consistent with these theoretical predictions.

Although both the i.i.d. and the WB can achieve second-order asymptotic refinements, we show
that none of these methods can deliver refinements through third-order. However, the finite sam-
ple performance of two-sided bootstrap intervals is superior to that of the corresponding first-order
asymptotic theory intervals, especially when one considers equal-tailed bootstrap intervals.

Our focus here is on the bootstrap for realized volatility. Establishing the (first- and higher-order)
validity of the bootstrap for this simple statistic is an important step towards establishing its (first-
and higher-order) validity for more complicated statistics based on high-frequency data. For instance,
an interesting application of the bootstrap is to realized beta, where the Monte Carlo results of BN-S
(2004d) show that there are important distortions in finite samples. Another interesting application
are the nonparametric jump tests studied by BN-S (2003c), Huang and Tauchen (2005) and Andersen,
Bollerslev and Diebold (2004). Similarly, we can apply the bootstrap for inference on integrated
volatility in the presence of microstructure noise, relying on more robust measures of volatility. These

extensions are the subject of ongoing research.
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Table 1. Coverage rates of nominal 95% one-sided intervals for IV

Baseline volatility models: no leverage and no drift

Bootstrap Wild Bootstrap
CLT i.1.d. n; ~N(0,1) n; ~ 2 point
h raw log raw log raw log raw log

Log-normal diffusion

1/12 82.68 88.86 93.23 93.57 98.49 98.07 87.50 90.34
1/48 89.70 92.80 94.66 94.73 9831 97.73 93.91 95.20
1/96 91.28 93.20 94.47 94.56 98.12 97.78 94.28 95.26
1/288  93.08 94.29 95.03 95.05 97.39 97.04 95.08 95.55
1/576  93.30 94.03 94.81 94.82 96.83 96.40 94.60 94.97
1/1152 94.00 94.59 95.07 95.06 96.56 96.26 95.00 95.22

GARCH(1,1) diffusion

1/12 82.69 88.83 93.27 93.48 9851 98.07 87.50 90.27
1/48 89.74 9274 94.63 94.74 9832 97.73 93.87 95.20
1/96 91.27 93.19 94.52 94.59 98.15 97.77 9431 95.25
1/288  93.03 94.33 95.10 95.12 9740 97.03 95.04 95.55
1/576  93.31 94.09 94.78 94.79 96.82 96.43 94.64 94.98
1/1152 94.01 94.56 95.02 95.00 96.51 96.22 95.04 95.21

Two-factor diffusion

1/12 75.69 82.41 89.70 90.35 96.52 96.12 78.94 82.76
1/48 84.52 88.48 92.66 92.64 96.92 96.49 89.71 91.70
1/96 87.48 90.39 93.79 93.71 97.26 96.85 92.03 93.50
1/288  90.27 92.12 94.28 94.25 97.32 96.94 93.49 94.35
1/576 9226 93.55 94.92 94.88 97.32 96.97 94.55 95.06
1/1152  93.20 94.04 95.02 94.99 96.93 96.60 94.95 95.30

Note: 10,000 replications, with 999 bootstrap replications each.
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Table 2. Coverage rates of nominal 95% symmetric intervals for [V

Baseline volatility models: no leverage and no drift

Bootstrap Wild Bootstrap
CLT i.1.d. n; ~ N (0,1) n; ~ 2 point
h raw log raw log raw log raw log

Log-normal diffusion

1/12 86.07 90.40 93.72 95.86 98.49 9795 8749 88.37
1/48 92.32 93.62 94.86 9547 9831 9744 93.84 94.69
1/96 93.25 94.23 94.95 9528 98.09 97.22 9450 94.92
1/288  94.55 94.71 9527 95.09 97.04 96.40 95.16 95.12
1/576  94.56 94.74 94.98 9513 96.21 95.81 94.69 94.91
1/1152 94.83 94.88 94.98 95.06 95.63 9541 94.85 94.84

GARCH(1,1) diffusion

1/12 86.08 90.40 93.75 95.86 98.51 9796 8&87.49 88.30
1/48 92.32 93.64 94.87 9546 98.32 9742 93.83 94.66
1/96 93.21 94.22 95.00 95.27 98.12 97.22 94.44 94.93
1/288  94.57 94.70 95.18 95.11 97.05 96.38 95.17 95.13
1/576  94.52 94.79 94.99 9515 96.24 95.81 94.72 94.87
1/1152 94.81 94.85 94.97 94.99 9569 9543 94.88 94.86

Two-factor diffusion

1/12 7894 85.90 90.13 93.32 96.52 96.14 78.92 80.25
1/48 87.95 90.85 92.83 9397 96.92 96.50 89.79 90.95
1/96 90.58 92.51 94.00 94.78 97.26 96.74 92.16 93.19
1/288  92.83 93.59 94.59 94.88 97.25 96.78 93.98 94.27
1/576  94.52 94.70 9548 9559 97.29 96.89 95.15 95.14
1/1152  94.64 94.77 9520 95.11 96.52 96.08 94.89 94.92
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Table 3. Coverage rates of nominal 95% equal-tailed intervals for IV

Baseline volatility models: no leverage and no drift

Bootstrap Wild Bootstrap
CLT i.1.d. n; ~ N (0,1) n; ~ 2 point
h raw log raw log raw log raw log

Log-normal diffusion

1/12 86.07 90.40 9594 9589 94.33 96.34 86.65 87.92
1/48 92.32 93.62 95.57 9537 94.17 95.78 94.08 94.23
1/96 93.25 94.23 95.36 95.33 94.48 95.59 94.64 94.77
1/288  94.55 94.71 95.13 95.07 94.72 95.25 94.86 94.83
1/576  94.56 94.74 95.09 95.08 94.86 95.18 94.77 94.86
1/1152 94.83 94.88 95.14 95.17 94.62 94.96 94.92 94.99

GARCH(1,1) diffusion

1/12 86.08 90.40 9591 95.88 94.32 96.36 86.56 87.85
1/48 92.32 93.64 95.54 9543 94.14 95.79 94.07 94.24
1/96 93.21 94.22 9537 95.33 94.46 95.64 94.60 94.74
1/288  94.57 94.70 95.11 95.12 94.70 95.24 94.85 94.80
1/576  94.52 94.79 95.11 95.07 94.86 95.20 94.71 94.84
1/1152 94.81 94.85 95.13 95.13 94.63 94.98 94.96 94.96

Two-factor diffusion

1/12 7894 85.90 93.79 93.89 94.31 95.86 78.69 80.32
1/48 87.95 90.85 94.38 94.32 93.51 95.64 90.57 91.20
1/96 90.58 92.51 94.73 94.75 93.77 9543 92.67 92.94
1/288  92.83 93.59 94.77 94.85 93.97 95.25 93.96 94.14
1/576  94.52 94.70 95.22 9530 94.49 95.37 94.72 94.71
1/1152  94.64 94.77 94.82 9490 94.27 95.04 94.80 94.88
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Table 4. Coverage rates of nominal 95% one-sided intervals for IV

Volatility models with leverage and constant Drift

Bootstrap Wild Bootstrap
CLT i.i.d. n; ~N(0,1) n; ~ 2 point
h raw log raw log raw log raw log

Log-normal diffusion

1/12 82.47 88.44 9298 93.35 98.37 98.03 87.25 90.05
1/48 89.82 92.76 94.67 94.84 98.63 98.03 94.05 95.20
1/96 91.23 9348 94.73 94.76 98.28 97.86 94.44 95.32
1/288  92.80 94.26 95.05 95.05 97.37 96.88 94.98 95.47
1/576  93.63 94.53 94.99 95.02 97.01 96.55 94.97 95.28
1/1152 94.22 94.76 95.17 95.15 96.68 96.28 95.19 95.38

GARCH(1,1) diffusion

1/12 82.40 88.40 93.00 93.32 98.36 98.04 87.21 89.99
1/48 89.81 92.72 94.70 94.79 9857 98.01 94.01 95.17
1/96 91.28 93.43 94.69 94.73 9827 97.87 94.48 95.30
1/288  92.84 94.25 94.98 95.00 97.37 96.87 94.95 95.46
1/576  93.69 94.53 94.98 94.97 96.99 96.58 95.01 95.26
1/1152 94.28 94.77 95.16 95.16 96.70 96.27 95.13 95.39
Two-factor diffusion

1/12 75.79 83.09 90.44 90.67 96.75 96.34 79.57 8297
1/48 84.16 88.51 92.69 92.76 97.05 96.60 89.68 91.73
1/96 87.04 90.07 93.20 93.24 97.04 96.62 91.71 93.10
1/288  90.75 92.39 94.56 94.57 97.34 97.04 93.76 94.69
1/576  92.20 93.50 94.91 94.88 97.36 97.09 94.63 95.12
1/1152 93.01 93.98 95.13 95.08 96.79 96.54 94.82 95.17
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Table 5. Coverage rates of nominal 95% symmetric intervals for IV

Volatility models with leverage and constant Drift

Bootstrap Wild Bootstrap
CLT i.1.d. n; ~ N (0,1) n; ~ 2 point
h raw log raw log raw log raw log

Log-normal diffusion

1/12 85.86 90.80 93.92 9590 98.38 97.92 8&87.60 88.90
1/48 92.60 93.76 95.24 95.68 98.70 97.86 94.20 94.74
1/96 93.66 94.34 95.10 9544 98.22 9742 94.56 95.22
1/288  94.58 94.68 9534 95.18 96.90 96.32 95.18 94.98
1/576  94.40 94.62 94.68 94.68 96.06 95.58 94.64 94.84
1/1152 94.98 94.78 95.04 94.92 95.82 9542 95.10 94.82

GARCH(1,1) diffusion

1/12 85.72 9048 93.69 95.70 98.36 9793 8&87.22 88.29
1/48 92.35 93.65 94.97 95.55 98.57 97.70 93.92 94.66
1/96 93.44 94.23 94.99 9541 9825 97.29 9450 95.11
1/288  94.41 94.56 95.15 95.09 96.84 96.19 94.94 94.80
1/576  94.62 94.95 94.94 9510 96.29 95.88 94.91 95.15
1/1152  95.04 95.10 95.13 95.16 96.05 95.59 95.13 95.15

Two-factor diffusion

1/12 79.52 86.09 90.87 93.50 96.75 96.34 79.55 80.40
1/48 87.81 90.76 92.89 94.08 97.05 96.57 89.69 90.82
1/96 90.31 92.04 93.57 94.43 97.04 96.51 91.99 92.79
1/288 93.14 93.76 94.81 9499 97.30 96.68 94.08 94.36
1/576  94.25 94.46 95.15 95.24 97.20 96.67 94.86 95.00
1/1152  94.27 94.47 94.81 94.88 96.33 95.84 94.56 94.74

Table 6. Descriptive statistics for the ratio r; (z) for the i.i.d. bootstrap

Baseline volatility models: no leverage and no drift

Log-normal GARCH(1,1) Two-factor

Mean 0.00160 0.00247 0.08885
Minimum 1.4e — 004 1.8e — 004 0.01389
25" percentile  0.00069 0.00109 0.07006
Median 0.00116 0.00180 0.08883
75t percentile  0.00204 0.00314 0.10680
Maximum 0.01692 0.02436 0.21943

Note: 10,000 replications.
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Figure 1: Kernel density estimate of 1 (z) for the i.i.d. bootstrap in the baseline models
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Appendix A — Cumulants expansions and Lemmas

This Appendix is organized as follows. First, we provide cumulants expansions for the cumulants of
T}, and their bootstrap analogues (cf. Theorems A.1—A.3 and Corollaries A.1 and A.2). These results
are used to obtain the formal Edgeworth expansions through order O (h) presented in the main text.
Then, we state Lemmas A.1—A.7 useful for the proofs of these and other results in the paper. Next,
we prove Theorems A.1—A.3. Finally, we prove Lemmas A.1—A.7. o
We introduce some notation. Let o? = fm A vidu < oo, and for any ¢ > 0 define of =

hl=a/? Zl/h (o )q/2 = pl-9/2 ZZM} o?, where o = (o )q/ Note that for g =2 IV = O'h = fl vidu =
o2, but in general o} #01= fo vidu, as defined in the main text. Let p, = E|Z|?, where Z ~ N (0,1)

and ¢ > 0 and note that 5 = 1, uy = 3, pg = 15 and pg = 105. Since py = 1, we can write [V = p IV,
which will be convenient for proving the results for the WB. Define

A/ h—1 _ I h—1 V—V
W (RV — pp1V) and Uy = ( )

S, =
" Ni% Vv
We can write
v\ 12
T, = Sy <V> =5 (1 + \/EUh> .
Note also that
1/h 1/h
RV—/,L2[V:Z(T'Z'2—/,620'Z2) and V-V = p Mzh 12 T; —[L4O')
i=1 4 i=1

where for any ¢ > 0, |r;|? — p o7 are (conditionally on v) independent with zero mean since r; = oju;,
where u; ~ iid. N (0,1).
For any of the two bootstrap schemes, define the bootstrap statistics
VAT (f/* - V*)
V*

Vh=1(RV* — RV)
VIV

where V* = Var* (hfl/zRV*). By construction, E* (S}) = 0 and Var* (S}) = 1. V* is a consistent
estimator of V*. Then the studentized statistic T;’ can be written as

~ -1/2
V* —-1/2

In particular, for the ii.d. bootstrap, V* = Ry — RV? and V* = R} — RV*2. For the WB, V* =
A * *2
(i — p5%) Ry and V™ = (M5 Ry, Recall that Ry = A1=9/2 32}/ |r77.

Sh

* __
7Uh:

Cumulants expansions

Theorem A.1 (Cumulants of 7) Consider DGP (2). Suppose v is independent of W and in ad-
dition assume Assumption (V) holds. Then for any q > 0, ;Z — 09 =op (\/ﬁ), and conditionally on
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v, as h — 0,

Hl(Th) = \/ﬁ —éi +0(h)a

— N\ 2
& 1,
I€2(Th) = 1+h (Cl—Az) j2+1A1 73 +O(h),
() " ()
o6
w3 (Th) = Vh| (Bi—341) ———5 | +o(h),
0-4

=K3

Q

& (=)
ka(Tn) = h| (Ba+3C1 —64s) —— + (1847 — 641B1) ~—2
(+7) @

=Ky

+o(h),

Q

where, letting p, = E|Z|?, Z ~ N (0,1), and noticing in particular that py =1, py = 3, pg = 15 and
HB = 105,

ey Y L T 1A = 2piapte + 2030 _ 1,
Ly (M4 — M%)I/Z V2 My (ﬂ4 - M%)
B MeTBpemat 2 4 s — A+ 12050 — 6y —3pF
1 = 9 3/2 - \/57 2 = o 2 - y
(M4 - Mz) (M4 - MQ)
2

- 32
C, = Hg 2#4 _ 22

Hy 3

Theorem A.2 (Cumulants of the i.i.d. bootstrap) Let r} ~ i.i.d. from {r;:i=1,...,h}. Un-
der the same conditions as Theorem A.1, as h — 0,

KT = \/E<—“;1>+0p(h),
N—_——

75 (Th) = Vh(=241) +op(h),

KL (TY) = h[(BQ - 2D+3E) 6 (é_A2) —4,21%] +op(h),

—
=Kin

32



where

i, _ Fo—SRuRV+ 2RV q, - fs- AR? — ARgRV + 14R,RV? — TRV*
(Ry — RV2)32 7 (R4 — RV?2)? ’
5, _ s —ARGRV + 12R4RV? — 6RV* — 3R>
(Ry — RV?2)? ’
o _  Bs- R2 L 28— R4RV)* 12(Rg— R4RV)(RV) 12RV?
(Ry — RV2)> (R4 — RV?2)? (Ry — RV?)? Ry — RV?
54 (Re — 3R4RV + 2RV?) (Rg — R4RV)) L6 (Rs — R} — 2RgRV + 2R4RV?)
(Ry — RV?2)? (Ry — RV?)?
5 0BV (Rs — 3R4RV + 2RV?)
(Ry — RV?2)? ’
s _ 3 (Rs — R?) L 12 (Rs — R4RV)® 60 (Rg — RyRV) (RV) _ 60 (RV)?>
(Re— RV2)®  (Ry— RV?)® (Ry — RV?)? Ry, — RVZ

The following corollary follows from Theorems A.1 and A.2, noting in particular that plim;, .o R, =
pq07 for each ¢ > 0 under our assumptions (cf. BN-S, 2004b, Theorem 1).

Corollary A.1 (Probability limits of i.i.d. bootstrap cumulants) Under the assumptions of The-
orem A.2, conditionally on v,

_ _\3
1 [ 1566 — 95204 + 2 (02) 4 o6
plimk], — K1 = —

h—0 2 <304_ <0'2>2>3/2 _ﬂW

. A2
plimks, — k2 = plim | Cy — Ay — )
h—0 h—0 4

_ —\3
1506 — 90204 + 2 (02) 4 o6
plim iz, —rg = —2 52 5 32
h0 <304 - (02)2> V2 ()
_\2
b 3m) (6 A ai 7 ol™)
plim i, — k= plim ((Boy — 2Dy +38n) = 6 (Cp — Ay ) —443,) + 28— — 96—,
Sha BRCINC
- _ A2 - . . - _ _
where plim;,_ <Ch —Aop — jl’h> and plim,,_, ((Bgvh — 2Dy, + 3Eh> -6 (C’h — A27h) — 4Aih> can
be obtained from Theorem A.2 by noting that plim,_,, Ry = p,09 for each ¢ > 0.

Theorem A.3 (Cumulants of the WB) Let r} = r;n;, where n; ~ i.i.d. from a distribution inde-
pendent of {r;} such that p; = E* In;|* for any q > 0. Then, under the same conditions as Theorem
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A.1, as h — 0,

A% Rg
i (T7) = Vh|-ZL—=—- ] +o0p(h),
2 (34)5/2
E.‘Qih
- e e R T o (Re)
Ky (T) = 1+h<(01 *Az)WJFZAlZ(R E +op (h),
4 4
EH;,}L
k3 (T,) = ﬁ((BI —347) 7 )3/2> +op (h),
4
Em;h
* * * * * RS *2 * Yk (R6)2
ki (T7) = h| (B} 4307 —6435) R + (184}° — 6A}BY) (R +op (h),
4 4
Eﬁz’h
where
TR U Rt 110 o 1R = = 25 + 2057
L= * * *2 172’ 2= *(*— *2) ’
1w (u4—u2 ) g \Hy — Ho
By - Mot 23 By = M Asng + 1208 iy — 6p5* — 3u3”
* x2)3/2 ’ * %2 2 ’
(- p2)” (s — 13?)
o = B
Loy

Corollary A.2 complements Proposition 4.3 (in Section 4.2) by providing results for the second and
fourth order cumulants of the WB. Both results follow from Theorems A.1 and A.3 by noting that
plimy,_,y Ry = p,07 for each ¢ > 0 under our assumptions (cf. BN-S, 2004b, Theorem 1).

Corollary A.2 (Probability limits of WB cumulants) Under the assumptions of Theorem A.3,
conditionally on v,

N2
— 6
. " 8 35, . " 7\9 25 .,
plim Kop — k2 = i 2 [3 (Cl - A2) - (Cl - AQ)] + 4 ()3 <3A12 - A%)
" @ (+7)
o, o8 35 . . ]
phm K4,h — R4 = (B2 + 301 — 6142) — (BQ + 301 — 6A2)

h—0 (7) 213

g
—\ 2
<U) 25 *2 * % 2 1
+ 3 (18A}* — 6A1B}) — (1847 — 6A1B1)

with Ay = By = %, Ay = By =12, and Cy = %, and where A}, A5, BY, B3 and C} are defined in
Theorem A.3.
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Auxiliary Lemmas

We rely on the following Lemmas for the proofs of Theorems A.1, A.2 and A.3. Throughout this
Appendix we will use the following notation: Zl Ltk denotes a sum where all indices differ, e.g.

Doitjth = i idthjik

Lemma A.1 Let q, p and s be positive even integers. It follows that

1/h
_oyatr (—g
al) E 0;10'?:11 25 (0% of — hO’Zer).
i#]
a2)
1/h
_34.9tpts (—F @\ /—=\ 4 _94.9tpts —
> olotai = hTEEE (o) (oF) (oF) o — b (o of 40l of + 0] oh )
i#jl

op IR GO,
Lemma A.2 Under the same conditions as Theorem A.1, as h — 0,
al) E|r;|! = p,of.
a2) V="Var <h*1/2RV> = (py — p13) 072
a3) E :(RV - szv)ﬂ = h? (pg — Bpapiy + 2413) 072
ad) B |[(RV = IV)*| = 302 (s - 113)” (7%)2 + 1 (11 — Aot + 1203414 — 6113 — 3p3) 0.

(1g — 13) (16 — piohty)
iy

a5) E :(RV — V) (f/ - V> 0.

_p2ta T M Hq — MQ (

a6) E [(RV — p,IV)> (V Al
- - Hy

g — j3 — 2pape + 20344) O

)
)

a7) E[(RV = py1V)* (V = V)| =312 (1m0 = )" (s = paia) ol 0% +0(h).
)

Ha

- . 3 —5)°
38) E (RV _ //LQIV)4 (V -V h3 Hg — ,LL2 4 (1“’6 - 31“21“4 + 2/“1‘2) (IuG - /’621U‘4) (Uhl o

‘ : Ha | 46 (ug — 1f — 2uap6 + 203 10) (1a — 13) 0, o

O (h*)
~ 2 — /1,2 [
a9) E [(RV — pIV) (V - V) ] = (MMQQ) (/ho — 244106 — popts + 2#2#421) th}LO =0 (hz) :
7
[ 2 (1 2] 2(#4‘#%)2 2 2\ 4 8§ 2 (75)?

a10) E |(RV = uIV)* (V= V)| = h e <(M4 — 13) (s = 153) oh o + 2 (g — paa)? () )+

O (h%).

all) E |(RV — p,IV)? (V - v)z_ =0 (1) +0 (hY).
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. 22 3 _ )2 ) 4
al2) E [(RV _ uQIV)4 (V _ V)Q] —p3 (M4 2#2) (N4 Mz) (Ms M4) (2‘7}1 n
Ha 12 (pg — 113) (16 — Hott) (02 o},

Lemma A.3 Under the same conditions as Theorem A.1, as h — 0,
al) E(S,) =0.
a2) E(S3) =1.

g
a3) E(S}) =vh Bljih?)ﬂ
Th

3
Oh

2
(o7)

6

9h

ad) E(S;) =3+h| B

a5) E (ShUh) = Al

a6) E (S2U,) = Vh | Ag—hs
(%)
o
a7) E(SjU,) = A3—" + O (h)

(o)

L —\2
wsy £ (s =i o7, | o o)

-
8 o6

al0) E (SpU7) = |4 Th 5 +Cg< h> +O(h).

all) E (SjU?) =0 (h'/?).

— N\ 27
8 ob
al2) E(SyU}) = |E; h 5 +E2< h> +0(h).

The constants Ay, Aa, By, Bs, and Cy are defined as in Theorem A.1, and Az = 3A;, Cy = QA%,
Dl == 6A2, D2 == 4AlBl, E1 == 301, and E2 == 12A%
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Remark 1 The WB analogues of Lemmas A.2 and A.3 can be obtained from these same Lemmas by
making two changes. First, replace the moments ji, of the N (0,1) distribution defining the constants
Ay through Ey with the WB moments py = E* In;19. This yields the WB constants A} through E*.
Second, replace the power integrated volatilities 09 with the power realized volatilities Ry for any q > 0.

Thus, for instance, the WB analogue of Lemma A.3.a3) is E* (SZS) =vh (Bik ), where BY =

1 =3 s 257
2\3/2
(Wi=n3?)

Rg
(R4)3/2

Lemmas A.7 below is the i.i.d. bootstrap analog of Lemma A.3. The next results are auxiliary in
proving Lemma A.7.

Lemma A.4 Letr} ~ ii.d. from{r;:i=1,...,h}. Under the same conditions as Theorem A.1, for
any q >0 and for anyi=1,...,1/h,

al) E*(|rf|?) = h??R, and E* (R}) = Rg=0Op(1).

a2) E* [(r2 — hRV)?| = h2 (R4 — RV?).

a3) E*[(r2 — hRV)®| = h® (R — 3R4RV + 2RV?).

ad) E*|(r2 = hRV)*| = h* (Rs — ARGRV + 6R4RV? — 3RV*) .

as) E*[(r2 — hRV)®| = h® (Ryo — BRSRV + 10RgRV? — 10R4 RV + 4RV) .

a6) E* = h% (R12 — 6R1oRV + 15RsRV? — 20Rs RV? + 15R4RV* — 5RV®) .
a7) E* [(rf? — hRV

it = 2Ry)| = 0t (Rs - R3).

®
©
N
&
*
3
53,
(V]
|
>
=
<
N—

(ri* = h%Ry)] = h? (Re — R4RV) .

a10) E* (12 — hRV)? (r — h2Ry)

| = ht (Rs — R2 — 2RGRV + 2R,RV?).

all) E*[(r2 — hRV)® (1% — h2Ry)| = h® (Rio — RaRe — 3RsRV + 3RIRV + 3RgRV? — 3R,RV?) .

- - _ _ 2
al2) E* |(r> —hRV)" (rf* — h®Ry)| = h® ( Rz = Ralts = AR RV + ARtV + ORs RY ) .

—6RiRV2 — 4R6RV3 + 4R 4RV*
al3) E* ((T?Q — hRV) (7“:4 — h2R4)2) SR (Rlo — 2R4R¢ — RgRV + QRERV) .

al4) For any q.p >0, E° (2 — hRV)" (5" — W2R,)") = Op (1)

Lemma A.5 Letr} ~ i.i.d. from {r;:i=1,...,h}. Under the same conditions as Theorem A.1, for
any q > 0,

al) V*=Var* (h"Y/2RV*) = Ry — RV2.

a2) V* —V* =R — R, — [(RV* — RV)2+ 2RV (RV* — RV)] .
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a3) E*
ad) E*

a5) E*

a6) E*

(RV* —
(RV* —
(RV* —

(RV* —

a7) E*[(RV* —

a8) E*[(RV* —

RV)?| = h? (Rg — 3R4RV + 2RV?) .

RV)*]

RV)

h? |3 (Ry — RV?) ] + h? (Rg — 4R¢RV + 12R4RV* — 6RV* — 3R}) .

RV)®| = 1* (15 (Ry — RV?)*| + Op ().

(
3
h3 [10 (Rg — 3R4RV + 2RV?) (R4 — RV?)] + Op (h*).
5
Op (h

) forq=17,8.
RV) (R} — R4)] = h (Rs — R4RV).

a9) E* [(Rv* — RV)2(R} — R4)} = h2 (Rs — R — 2RgRV + 2R,4RV?) .

a10) E* [(RV* — RV)* (R} — Ry)| = 3h? (Rs — RyRV) (Ry — RV?) + Op (h*).
x| * 4k 1 _ .3 4 (RG — 3R4RV + 2RV3) (Rﬁ — R4RV) 4
all) EB7|(RVT — RV)'(Ri — Ra)| = h [ 6 (Ra— RV?) (Rs — B2 — 2RoRV + 2R Rv?) | TOP (W)
al2) E* [(RV* — RV)® (R: — Ry)| = 13 [15 (Rs— RV?)® (Rg — R4RV)} +0p (hY).
a13) E* [(RV* — RV)® (R} — Ry)| = Op (1Y) .
ald) E* [(RV* — RV) (R — Ry)?| = h? (Rio — 2R4R¢ — RgRV +2RiRV).
als) E* [(RV* — RV)2 (R — Ry)?| = 2 [(34 ~ RV?) (Rg — R2) +2(Rg — R4RV)2} +0p (h%).
a16) E* [(RV* — RV)® (R} — Ry)®| = Op (h?) .
- - 3 (Ry — RV?)® (Rg — R?)
17) E* [(RV* — RV)* (R} — Ry)?| = h® 4 8~ M +0p (hY).
al?) £ ) (R Ry +12 (Rg — RyRV)? (R4 — RV?) » ()
Lemma A.6 Let r! ~ ii.d. from {r;:i=1,...,h}. Under the same conditions as Theorem A.1,

al) E*

a2) E*

a3) E*

a4)

E* [(RV* —RV)* (V- V)} — 53 [

(RV* — RV)* (V" = v*)| = n? { (

(RV* = RV) (V* = V)| = h (Rs = BR4RV +2RV?) + Op (?).

Rs — R? — 2RgRV + 2R,RV?) — 3 (R4 — RV?)? 5
—2RV (Rs — 3R4RV + 2RV?) +Op (7).

[(RV* — RV)3 (V* _ v)} = h2[3 (R4 — RV?) (Re — 3BR4RV + 2RV?®)] + Op (h?) .

4 (R6 —3R4RV + 2RV3) (Rg — R4RV)
+6 (R4 — RVQ) (Rg - R?l —2R¢RV + 2R4RV2)

—n* (15 (Ry — RV?)’]
—h? [20RV (Rs — 3R4RV + 2RV?) (Ry — RV?)] + Op (h*).
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a5) E* | (RV* — RV) (V* - V*)Q] = 0p (h?).

i . (Rs — RV?) (Rs — R}) +2 (R — RaRV)?
a6) E* |(RV* — RV)> (V* - V*) —n2| —12(Rg— R4RV) (R — RV?) (RV) | L Op (h?).
- - +A(RV)” [3 (Rs — RV?)’|

a7) E* |(RV* — RV)? (f/* - v*)z_ = 0p (h?).
a8)

B [(RV* — RV)* (V7 - v*)Q] — B [3(Ra— RV®)® (Rs — R}) + 12 (Rg — RaRV)? (Ry — RV?)]

2

_p3 [60 (Ri— RV?)® (Rg — RyRV) (RV)}

3

+1* (60 (R — RV)* (RV)*| + Op ().

Lemma A.7 Let r} ~ ii.d. from {r;:i=1,...,h}. Under the same conditions as Theorem A.1,

SiUF) = AL+ Op (h).

205 = R Ay + Op <h3/2) .

(Si°UR) =
a7) E* (S;3Ur) = A3+ Op (h).
a8) B (Si'U;) = VhD + Op (h*?).
a9) E* (S;U%) =Op (hY?).
al0) E* (S;2U?) =C+ Op (h).
all) E* (S;3U;2) = Op (h'/?).
al2) E* (S;*Ui?) =E+Op(h).

The bootstmp constants Al,AQ,BQ,C D and E are as defined in Theorem A.2. As and By are
such that As = 3A, and By = A;.
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Proofs of Theorems A.1-A.3
Proof of Theorem A.1l. The first four cumulants of T}, are given by (e.g., Hall, 1992, p. 42):

k1(Th) = E(Th), k2 (Th) = E(T}) — [E(Tw)]?,
ks (Th) = E(T3) = 3E(T}) E(Thy) +2[E (T})]°, and
Th

ka(Th) = E(T) — 4B (T}) E(Ty) - 3 [E(T}))” + 12E (T7) [E (T))]* — 6 [E (T))]" .

Our goal is to identify the terms of order up to O (h) in the asymptotic expansions of these four
cumulants. We will first provide asymptotic expansions through order O (h) for the first four moments
of T,. Note that for a given fixed value of k, a second-order Taylor expansion of f (z) = (14 ) */?
around 0 yields f (z) =1— 224+ % (5 + 1) 22+ O (2%) . Thus, provided U;, = Op (1), we have that for
any fixed integer k,

/2 k k [k .
Tk = Sk (1 + \/EUh) = Sk — SVhS{UL + < + 1) hSEUZ + O (h3/2) ) <h3/2) .

4\ 2
For k =1,...,4, the moments of T} are given by
E (Th> - 0- \/E%E (ShUp) + ghE (SU?) (30)
E (Tg) = 1-VhE (S2Uy) + hE (S2UP) (31)
E(T}) = E(S})- \/EgE (S3UL) + ?hE (53U2) (32)
E (T;j) — E(S}) - 2VhE (SiUL) + 3hE (SiU2) (33)

where we have used the fact that E(S,) = 0 and E (S7) = 1 by construction. By Lemma A.3, we
have that

o o N2
B(T7) = 1=V |[Vi| 4 % vh| oy ”22+02<06)3+0(h)

(%) (1)

R B A
Uh Uh
- (o) | e (),
"))
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&
—~
Sl
—
Il

(b
oy

— N\ 2
o (%)
= 3+h|(By—2D1 +3E) —+ + (3B, — 2D,)

() @zf)”“”'

Thus k1 (Th) =vh (— gl <g)’13/2> +0 (h3/2) Since under Assumption (V), BN-S (2004b) show that
o}
?%—ﬂ =0 (h'/?), we can write k1 (T) = Vh (—’%1()3/2> o0 (h) = Vhk1 + o (h), proving the first

result. Next,

. —y - \12 07 (072)2 1 o6 2 )

ﬁg(Th> _ E(T,J—[E(Th)} —14+h |(C) — Ay) - Th +02(4>3 —h —2A1(4§3/2 +0 (h?)
Th Th

—\ 2

= 1+h[(01142) % +<02—IA%> <U}6l)

RG]

EHQ_’;-L

+0 (h?),

and ko (1) = 1+ hkop +0 (h3/2) . Notice that since Cy = 242, we can write ko = (C1 — Ag) <UEL)2

9h
(7). ==

702 Since ¢} —09 =0 (h1/2) under Assumption (V), kg, = k2 + o0 (\/ﬁ) , proving the second

(1)

result. Next,

. (Th) - E(Th) _3E (Th)E<Th>+2[E (Th)]?’:\/ﬁ

* )( 5 u]))

)3
=K3,h

(C1 — A2) (

()(

1
+2 \/E(th( : 3/2)> Vh
Uh

6
—l575, and under Assumption (V), k3 = k3 +

)
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Since A3 = 3A;, we can write k3 = (B1 — A3)



0 (x/fL), proving the third result. Finally, for 4 (7}), we have that

—\ 2

: ()
pa(Th) = 3+h | (B2—2D1+3E) by + (38, - 2D5) 25 | +0 (?)

o o)

—5 076) 1 o0
+12 | 14+ h | (C1 — Ag) ﬁ 5 +C2 (h 3 _§A1 7h3/2
4 4 4
Y@@ )
6
—6|vh —%Al (0;33/2 +0 (h3/2)

—\ 2
G (1)
= 3+h (B2 —2D1 + 3E1) h + (3E2 — 2D2)
4

N2 o 2
=3 |1+2h | (C; — A2) (j>2 + Cy Ej} + 12h —%Al (JZ?S/? +0 (h2)
h h h
oy

3 (Uz‘é)z
+h <(3E2 —2D9) + 24 <31 - 2A3> —6Cy + 3A%> —- + 0 (h?).
()
Thus,
N2
% 3 )\ ()
Kap = ((BQ — 2D + 3E1) —6 (Cl — Ag)) — 2+<(3E2 — 2D2) + 24, <Bl . 2A3> —6C5 + 3A1> — 3"
(1) ()
The result follows by noting that D; = 642 and E; = 3Cy, and by using Assumption (V) to write
K4ap =HK4+o0 (\/E)
Proof of Theorem A.2. We follow the proof of Theorem A.1 and use Lemma, A.7 instead of Lemma,

A.3. The cumulants expansions follow by noting that As = 34, and B, = A;. More specifically, for
k=1,...,4, define T;:k similarly to T}'f and note that T,ifk = T;ka + Op (h3/2). Then use Lemma A.7

to obtain E* (T;:k) by the bootstrap analogues of (30)—(33). This yields x} (Th) =vh (—%fh) +
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Op (h*/?) . Similarly,

5 (5) = 5 (577) - [ ()] =140 (- A) + 0 0) —n (—52) +0r ()

_ 1+h[é_g2_jlgg]+op(h2),

T
=R3 g,

and x5 (T;) = 1+ hiy, + Op (h?/?) Next,
$(5) = o () -ae (1) - (5) 2 ()
(=2 aien (- a)] (v (5a)) w2 (vi(3a))

_ A 34 .33 3/2
= \/E<Bl 2A3+2A1>+Op<h )

3

-~

Lk
=k3,n

Since A3 = 34; and B; = A;, we can write K3 = —2A;. Finally, for x} (T}), we have that
wi(T) = o (0 e (50 e (1) = [ (1)) w0 (52) [ ()] —o [ ()]
a\Ltn) = h h h h h h h

3+h [(Bg 2D +3E) + 24, <B1 - ;’Agﬂ —3[1420 (C - A3)] + 120 <ifi§> +0p (h?)

h [(BQ 2D+ 3E) +24, (Bl - ;’Ag) —6(C—Ar)+ 3;@] L 0p (12).

-~

—r
=Ryp

Since By = Ay and Ay = 341, 24 (By — §43) = 743 and it follows that rj, = (B2 — 2D +3E) -

6 (C’ - 1212) — 4[1%, which concludes the proof.
Proof of Theorem A.3. See the proof of Theorem A.1 and Remark 1.

Proof of Lemmas A.1-A.7

Proof of Lemma A.1. For al), note that

1/h 1/h 1/h 1/h
Yot = [ Yot] [ Xo) - [ e
i#] i=1 j=1 i=1

1/h 1/h 1/h
= (Y ol | atE (AR Y ot - el e > olt?
i=1 j=1 i=1

_ —o4 4t (—q —p q+p
= h 2 ((Ihahfhah )
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For a2), note that

1/h 1/h 1/h 1/h
> ateioi= (2ot ) (20t ) (k) -t - ot - ot Tt
i#j#k i=1 k=1 i#] i#] i#]

and then proceed as for al).
Proof of Lemma A.2. al) follows from r; = o;u;, where u; ~ ii.d. N (0,1). For a2), note that

RV = Zl/h 2 where r? is (condltlonal on v) independent with Var( ) E( ) (E (7"2))2 =

i=1T3> A

paot — (,ugai)2 = (pg — p3) o}, with o} = (o i)z. Proof of a3): Write
1/h 1/h 1/h
L = [(RV peIV) } E ZZZ 7“ —Mzg 7" —,u202) (7'1%—#20%)
i=1 j=1 k=1

The only non zero contribution to I; is when ¢ = 7 = k, in which case we get F [(rf — u2a?)3} =

(,LLG — 3oty + 2,u§) a? and I; = h? (,uﬁ — 3oty + 2,u§) ?2, proving a3). Proof of a4): Using the inde-
pendence and zero mean property of {r? — uza?}, we have that

/ /
E {(RV — M2IV)4] = iE [(T? - M20?)4] +3§E [(7”1‘2 - Nza?ﬂ K [(’"32‘ - Mz"?ﬂ
i=1 i#j

= Ko +3 (ny — i3)’ [h2 (( %) h(a’%))]
— 307 (g — pd)” (?ﬁf + 130 (072) ,

given Lemma A.1, and where Iy = F [(%2 - ,u2)4} = g — 33 + 6u3py — dpopg. Proof of ab5):

o, 1k
B[RV —poIv) (V-V)| = B2 u4M2 WS E (r8 — rPugot — ot + pgngo?)
i=1
fhy — u% 1,9 = (M4 - N%) (16 — M2M4)T;
= ————=h7 b (g — popy) o = h O
g Ha
Proof of a6):
1/h
((RV ,uQIV) (V V)) — M u4'u2h IZE[ 7" — L9075 )2 (rf—,uzpf)}
_ 2= i) (us 1 2papg + 2p50) —

221 o

Proof of a7): Write E ((RV — ppIV)? (V - V)) = ’“‘M;ﬁh_lb, where by the independence and mean

44



zero property of |r;|? — pyod,

1/h 1/h
L, = ZE [(7'12 - Mgaf)g (7’? - M4U;‘-‘)] + 3ZE [(r? - /LQO'?)Z (7“]2 — /1,20?) (7“;l — /L4O'?)]
i=1 ij
1/h 1/h
2
= MY ol 4 3B [(uF — ) B (4}~ o) (] = )] Y ol
i=1 i£j

= 31 (g — 13) (g — popra) oy 05 + O (h*),
given A.1, the fact that ﬁ = O (1) under our assumptions, and where M; = F {(uf — /,Lg)s (u;L — ,u4)]
is a constant, and F [(u — ug) } =y — p3 and E [(u]2 — ,u2> (u;1 — ,u4)} = lg — Lolly-

Proof of a8): Write E ((RV — oI V)? <V - V)> = M#;f%hfllg, where by the independence and

mean zero property of |r;|? — puyo?, and Lemma A.1,

1/h 1/h
I = Y B[ od)! (= paod)| + 43 B |07 1a0?)’| B [(1F = 1a0?) (7 — o))
) i#]
1/h
2 2
63 B | (12 = 100?)*| B[ (1] = 1o0%)* (v} = uaor})|
i#]

= MFPol + 4M, <h4 (ah) h%—}ﬁ) +6M; (hiof of — hPo}?)
4 %)’ T 3 5
= 040 (o) + 6MhYo o | + O (),

where M1 = F [(u? — u2)4 (u;l - ,u4)] , My=F [(u? — u2)3} E [( ? o ( ;" ,u4>}

= (16 — Bpapuy + 203) (1 — popyy) and Mz = E [(u2 - M2)2] [( — p1g)” (u} — py )}
= (ug — 12 = 2pqpg + 2u%u4) (M4 — Mg) and given the fact that Z O (1) under our assumptions.

~ 2 2
Proof of a9): Write E <(RV — eIV (V - V) ) = (#4“52) h~2 le/’i E [(7‘22 — pyo?) (rf — M40?)2} =
4
O (n?). ) )
N 2
Proof of a10): Write E ((RV - /,LQIV)2 (V - V) > = Mh”h, where by the independence

My

and mean zero property of |r;|? — po0?,

1/h 1/h
o= Y E[0F = paed) (rf = o)’ 4+ SB[ (0~ o)) B () — mac)”]
i=1 i]
1/h
123" B2 = 1a0?) (1 — o)) B [0 = 120?) (v — i)
i#]

2 N
= Din%o)? + Dy (Wiof of — 1°of?) + 2Dy <h4 (7F) - h%—}f)
[ —\ 2
= #(Dwﬁﬁ+ﬁD3@$:y+Ow%,
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given Lemma A.1, and where D1 = FE {(u? — ,u2)2 (u;1 — ,u4)2} ,Dy=F [(u? - ,uz)z} E [(u;l - ,u4)2] =
2
(2

(4 = 13) (s — i) and D3 = [E ((u;
Proof of a11): Write E <(RV — o IV)? (f/ -V ) = ("4;753)11-215, with

1/h 1/h

Io= B[ - mod) (- mod)’] + Y B[ o)’ B[ - )’

i=1 2
1/h :

+3ZE [(7“22 — /.LQU%)Q] F [(7“32 — ,uQJ?) (r? — /L40’?)2]
un

63 B |(rF = 120?)” (rf = o) | E[(rF = 120?) (1) = par})]
i

= KWl + K (W00 o} — hOolT) + 3K (Wl ol — hSG]T) + 6Ky (haF, of — o)

= R <K2crh crh + 3K30h O'h + 6K40h ah) + RS (K1 — Ko —3K3 — 6K4) ah
where we have used the independence and mean zero property of |r;|? — o0, Lemma A.1, and where
K through K, are constants depending . Since o} = O (1), the result follows.
. 2 _.2)?
Proof of a12): Write E <(RV — o IV)? (V — V) ) = (“4“752)h*216, with

4

1/h 1/h
Is = ZE {(Tf —u20f)4 (rf — 07 } + ZE [ 2 — pyo? ] E [(T —u404)2]

= 7]

1/h ) 5
Y B[(77 - o) (7! = i) B3 - a0) (v = o))

it

1/h
—i-GZE (r? — MQU?)2 (7“21 — ,u4a§1)2} E [(rjz — /,620-?)2:|

it

1/h

3 2

+4 Y E|(F = 102)°| B (12 = 130%) (r} = 1a0))’]

#j

1/h

2 2

+6 B [(17 = 1a0?)” (v = o) | B (12 = 10?)” (1} = s}

it

X 2 2 2

+3 Z { r2 — pyo? } E [(TJQ - /,620']2) } E [(rﬁ — ,u4oi) }

i#£j#k

1/h 2
12 30 B (17— 10?)’| E[(F = 103) (1} = 1)) B [(rF = a0?) (k= jacrd)]
i#jFk

_ [&]7 (o1)” 0% +12.% (ag)?aﬂ L0 (1) +0 (7).
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q
19

Jr = (B2~ Mz)g])Q B | (uf = )’ = (na—#3)" (s —p3)  and

Js = B | (u2 = 1a)°| (B [(6? = p) (ut = 1)) = (s = 123) (115 — pagua)*.

Proof of Lemma A.3. al) and a2) follow by construction given S;,. The remaining results from the
definition of Sj, and Lemma Al.a3) through al3). For instance for a3), given Lemma Al.a3) and the
definition of Sy,

given the independence and mean zero property of |r;|? — pgo?, Lemma A.1, and where

h73/2

E (Sp) = Tz

-3 + 23 of o0
B ((RV _ ,U'ZIV)g) _ Ve Mzﬂ;; 3/2M2 7113/2 = \/531%3/2,
(1g — p3) <a4> (0%)

h
Proof of Lemma A.4. Part al) follows from the properties of the ii.d. bootstrap. The re-
maining results follow from al), given the binomial expansions. Note in particular that since R, =

Op (1), it follows that B* [(172 — hRV)’] = Op (hf).. For instance, for a2), B | (172~ hRV)®| =
E* (r;‘ 4 —2r*2hRV + (hRV)2) = h? (R4 — RV?) . The other results follows similarly.
Proof of Lemma A.5. For al), since 7} are i.i.d. from {r; : 4 =1,...,1/h}, it follows that

1/h 1/h
Vi =hart (Son | = hTS Var (1) = b Var (7).
i=1 i=1

But Var* (ri?) = E* (r{*) — (E* (r{z))Q = h?Ry — (hRV)?. Thus, V* = Ry — RV2. Part a2)
follows because V* = Ry — RV? and V* = Ry — RV*2. For the remaining of the proof, note that

/hq _ 32 -1 _ -3 -1 -2 1/h _ 4 -3 -2 —1
Z#jl—h —h ,Z##kl—h +2h™ —3h ,andzi##k#ml—h —6h™°+11h=* —6h™".
In addition, note that

1/h 1/h
RV*—RV =) (rj>?~hRV) and R - Ry=h"">Y (ri*—=h’Ry),
i=1 i=1

where for any ¢ > 0 {|r}|? — h%/2R,} are (conditionally on the sample) i.i.d. with zero mean, and
R, = Op (1). Using this independence property, we evaluate the bootstrap expectations of the sums
of products and cross products of |r}|? — ha/ 2R, by relying on Lemma A.4 to compute the appropriate
bootstrap moments of products and cross products of |rf|? — he/ 2Rq. We proceed as in the proof of
Lemma A.2 and use the multinomial expansions to compute the number of coefficients in each sum.

Proof of Lemma A.6. Using part a2) of Lemma A.5, for ¢ = 1,...,4, we can write
E* [(RV* — RV)! (f/* - V)} — E*[(RV* — RV)" (R’ — Ry)] — E* [(RV* - RV)M}

—2(RV)E* [(RV* — RV)Hq]
19— 19— 12, (34)
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Similarly, for ¢ = 1,...,4, note that
N 2
E* [(RV* — RV)" (V* - V*) ] ~- B [(RV* — RV (R} — R4)2} PYox [(RV* — RV)*M (R} — R4)]
~4(RV) B* |(RV* = RV)"* (R} — Ry)| + B [(RV" — RV)**1|
+4(RV) E* |(RV* = RV)*"*| + 4(RV)* B* [(RV"* — RV)**"|
For al), set ¢ = 1 in (34). We have that
I} = E*[(RV* — RV) (R} — R4)] = h(Rs — R4RV)
= B [(RV* . RV)3} = h% (Rg — 3R4RV + 2RV?)
I} = 2(RV)E*|(RV* = RV)’| =2(RV) [ (Rs — RV?)],
by Lemma A.5. a8), a3), al), respectively. Thus
E* [(RV* — RV) (f/* . V)} = h[(Rg— R4RV) — 2RV (Ry — RV?)] — h? (Rg — 3R4RV + 2RV?)
= h(Rg—3R4RV +2RV?) + Op (h?).

The remaining results follow similarly.

Proof of Lemma A.7. Parts al) and a2) follow by construction given S;. The remaining parts
follow as in the proof of Lemma A.3, given the definition of V* in Lemma A.5. al) and given Lemmas
A.5 and A.6. For instance, for a3), given V* and Lemma A.5.a3), the definition of S} implies that

h—3/2 Rg — 3R4RV + 2RV .
* *3) __ * * 3\ _ 6 4 —
B (Si%) = Taan B ((BV = RV)?) = \/E< T ) = VB,

The other results follow similarly.

Appendix B - Proofs of results in Sections 3 and 4

Proof of Theorem 3.1. The proof contains two steps. Step 1: We show that the desired result

is true for S;. Step 2: We show that Ve P v prob-P. Proof of Step 1. We can write S} =
*2 _ Ik *2

Zig 2}, where 2 = % are (conditionally on the original sample) i.i.d. with £* (2}) = 0 and

Var* (z) = % = h such that Var* ( llg zf) = h™'h = 1. Thus, by Katz’s (1963) Berry-Esseen

bound, for some small € > (0 and some constant K,

Zl/h 2 L/h
sup | P* =15 <z |-®(x) <KY B (35)
=\ e (S24)
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We show that the RHS of (35) converges to zero in probability. We have that

2+4e
-5 e[ )

E* |} |2(2+€) 2|V*|77 hln +Eh2+s

1/h
DB = hE e r2+f:h—1h—2;f|v*|—2m*<

IN

2V B
— 2|V Wi Ryee) = Op <h5) ,

R2(2+5)

given that V* il Vo' > 0 and Ryo4e) Eif foye02(2+e) = O (1) (along any path of v, given Assumption
(V). Ash — 0, Op <h%) = op (1). Proof of Step 2. We use Lemma A.5 to show that Bias*(V*) 20
and Var* (V*

Proof of Theorem 3.2. We proceed as in the proof of Theorem 3.1. Proof of Step 1. We can write

S = Zzli flL x;, where =] = % Notice that ] is an array of independent random variables

* %2 7.2
with E* (z7) = 0 and Var* (z}) = h\}* Var* (n?) = % (so z} is heteroskedastic). Thus,

1/h 4
Var* (Zl/h *) = Zl/h Var* (zf) = (uf — p5?) Z,;Vi L= (uh— ,u§2) £ = 1, given the definition
of V*. Tt suffices to verify Lyapunov’s condition (35) using the properties of the wild bootstrap. In

particular, we can show that

1/h

Sl 2 = V5 RS Ry ey B [0 —
i=1

24 s|—2te e * e
1577 < KV B Ry (MQ(M) +M22+e> — Op (m) ,

~ *_ %2
arguing as in the proof of Theorem 3.1. Proof of Step 2. We have that E* (V*) = %E* (Ry) =V~
given the definition of V*. Thus, it suffices to show that Var* (V*) = op (1). We can show that

Var* (V*) =h ( :LQ ) (1§ — 13?) Rs = Op (h) = op (1), which since h — 0.

Proof of Proposition 4.1. The results follow from the definition of ¢; (x) and ¢} (z) in (12) and

(14), respectively, given the cumulants expansions in Theorems A.1, A.2 and A.3.

Proof of Proposition 4.2. a) follows from Corollary A.1. b) follows trivially when v is constant be-
56 6 4 52 2)3

ﬁgm and C* = 150(3030 (fﬁi% i

and note that C' > 0. Proving ¢) is equivalent to proving |C' — C*| < |C|, which in turn is equivalent

to proving 0 < C* < 2C. Next we show that C* > 0. The Jensen’s inequality implies that ot > (P)Q,
and since o4 > 0, it follows that the denominator of C* is positive. For the numerator of C*, note we

cause (07)” = v for any ¢, p > 0. We prove c) next. Define C' =

can write
1506 — 90 02 4 2(02)? > 1500 — 9(c1)3/% 4 2(62)3 > 9((04)3/2 — (64)%/?) + 606 + 2(c2)?,

using —(02)2 > —o4. Since the function Y(x) = 2%/2 for x > 0 is convex, we have that (04)3/2 —
(o4)3/2 > 0, which implies 1566 — 901 02 4 2(02)3 > 606 + 2(02)? > 0, proving that the numerator of
C* is also positive. Next we prove % S 2. We can write

C* 1500 — 901 02 +2(c%)®  2V/2(c?)%/?

c 800 (30 — (02)2)3/2
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We show that C; < 2 and C5 < 1. First, note that

1506 — 954 o2 4 2(02)?

<2 = 1505-90% 0242(02)3 < 1600 <= 0 < 00+70% 024202 (ﬁ - (P)Q) ,

806
which proves the result since ( ) >0 and 0 < 06 4 7o 2. Finally, we have that
22 (54)3/2 o o o o 3
7\f(07) <1< 8(c%)? ( ) «— 8(c1)3 < (204 + (04 — (02)2>) :
(30% — (02)2)3/2

which holds true since (E — (ﬁ)2> > 0.

Proof of Proposition 4.3. This follows from Theorem A.1 and A.3, given that R, — p,07 in
probability (conditional on v), for any ¢ > 0, by BN-S (2004b, Theorem 1).

Proof of Proposition 4.4. The conditions on the bootstrap moments 13, u3 and pg are a restatement
of the equations %A’{ = Ay and %Bi“ = Bj. Thus, plim;,_, ¢} (x) = q1 (z), implying the result.

Proof of Corollary 4.1. We seek 7, such that its moments are equal to u5 = 1, puy = %, and
= 3137 Tt
H6 = 2525
| m with prob p
i =\ 4y with prob 1 —p
We determine a1, ay and p such that En =1, Enz = —1 and Enz = %g—g In particular, we can
show that a; = %\/ 31+ /186, as = —é\/ V186, and p = 1 F solve the following system of
equations
afp+a3(1—p) = 1
adptab(l-p) = =
e 25
3137
6 6
1—p) = =2
a1p +az (1 —p) 25 95
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