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Abstract

In theory, the sum of squares of log returns sampled at high frequency estimates their variance. When
market microstructure noise is present but unaccounted for, however, we show that the optimal sampling
frequency is finite and derive its closed-form expression. But even with optimal sampling, using say
five minute returns when transactions are recorded every second, a vast amount of data is discarded, in
contradiction to basic statistical principles. We demonstrate that modelling the noise and using all the
data is a better solution, even if one misspecifies the noise distribution. So the answer is: sample as often
as possible.
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Over the past few years, price data sampled at very high frequency have become increasingly available, in
the form of the Olsen dataset of currency exchange rates or the TAQ database of NYSE stocks. If such data
were not affected by market microstructure noise, the realized volatility of the process (i.e., the average sum
of squares of log-returns sampled at high frequency) would estimate the returns’ variance, as is well known. In
fact, sampling as often as possible would theoretically produce in the limit a perfect estimate of that variance.

We start by asking whether it remains optimal to sample the price process at very high frequency in the
presence of market microstructure noise, consistently with the basic statistical principle that, ceteris paribus,
more data is preferred to less. We first show that, if noise is present but unaccounted for, then the optimal
sampling frequency is finite, and we derive a closed-form formula for it. The intuition for this result is as
follows. The volatility of the underlying efficient price process and the market microstructure noise tend to
behave differently at different frequencies. Thinking in terms of signal-to-noise ratio, a log-return observed
from transaction prices over a tiny time interval is mostly composed of market microstructure noise and brings
little information regarding the volatility of the price process since the latter is (at least in the Brownian case)
proportional to the time interval separating successive observations. As the time interval separating the two
prices in the log-return increases, the amount of market microstructure noise remains constant, since each price
is measured with error, while the informational content of volatility increases. Hence very high frequency data
are mostly composed of market microstructure noise, while the volatility of the price process is more apparent
in longer horizon returns. Running counter to this effect is the basic statistical principle mentioned above: in
an idealized setting where the data are observed without error, sampling more frequently cannot hurt. What
is the right balance to strike? What we show is that these two effects compensate each other and result in a
finite optimal sampling frequency (in the root mean squared error sense) so that some time aggregation of the
returns data is advisable.

By providing a quantitative answer to the question of how often one should sample, we hope to reduce
the arbitrariness of the choices that have been made in the empirical literature using high frequency data: for
example, using essentially the same Olsen exchange rate series, these somewhat ad hoc choices range from
5 minute intervals (e.g., Andersen, Bollerslev, Diebold, and Labys (2001), Barndorff-Nielsen and Shephard
(2002) and Gengay, Ballocchi, Dacorogna, Olsen, and Pictet (2002)) to as long as 30 minutes (e.g., Andersen,
Bollerslev, Diebold, and Labys (2003)). When calibrating our analysis to the amount of microstructure
noise that has been reported in the literature, we demonstrate how the optimal sampling interval should be
determined: for instance, depending upon the amount of microstructure noise relative to the variance of the
underlying returns, the optimal sampling frequency varies from 4 minutes to 3 hours, if 1 day’s worth of data
is used at a time. If a longer time period is used in the analysis, then the optimal sampling frequency can be
considerably longer than these values.

But even if one determines the sampling frequency optimally, it remains the case that the empirical
researcher is not making use of the full data at his/her disposal. For instance, suppose that we have available

transaction records on a liquid stock, traded once every second. Over a typical 6.5 hour day, we therefore start



with 23,400 observations. If one decides to sample once every 5 minutes, then —whether or not this is the
optimal sampling frequency— this amounts to retaining only 78 observations. Said differently, one is throwing
away 299 out of every 300 transactions. From a statistical perspective, this is unlikely to be the optimal
solution, even though it is undoubtedly better than computing a volatility estimate using noisy squared log-
returns sampled every second. Somehow, an optimal solution should make use of all the data, and this is
where our analysis goes next.

So, if one decides to account for the presence of the noise, how should one go about doing it? We show that
modelling the noise term explicitly restores the first order statistical effect that sampling as often as possible
is optimal. This will involve an estimator different from the simple sum of squared log-returns. Since we work
within a fully parametric framework, likelihood is the key word. Hence we construct the likelihood function
for the observed log-returns, which include microstructure noise. To do so, we must postulate a model for
the noise term. We assume that the noise is Gaussian. In light of what we know from the sophisticated
theoretical microstructure literature, this is likely to be overly simplistic and one may well be concerned
about the effect(s) of this assumption. Could it do more harm than good? Surprisingly, we demonstrate
that our likelihood correction, based on Gaussianity of the noise, works even if one misspecifies the assumed
distribution of the noise term. Specifically, if the econometrician assumes that the noise terms are normally
distributed when in fact they are not, not only is it still optimal to sample as often as possible (unlike the
result when no allowance is made for the presence of noise), but the estimator has the same variance as if
the noise distribution had been correctly specified. This robustness result is, we think, a major argument in
favor of incorporating the presence of the noise when estimating continuous time models with high frequency
financial data, even if one is unsure about what is the true distribution of the noise term.

In other words, the answer to the question we pose in our title is “as often as possible”, provided one
accounts for the presence of the noise when designing the estimator (and we suggest maximum likelihood as a
means of doing so). If one is unwilling to account for the noise, then the answer is to rely on the finite optimal
sampling frequency we start our analysis with, but we stress that while it is optimal if one insists upon using
sums of squares of log-returns, this is not the best possible approach to estimate volatility given the complete
high frequency dataset at hand.

In a companion paper (Zhang, Mykland, and Ait-Sahalia (2003)), we study the corresponding nonpara-
metric problem, where the volatility of the underlying price is a stochastic process, and nothing else is known
about it, in particular no parametric structure. In that case, the object of interest is the integrated volatility
of the process over a fixed time interval, such as a day, and we show how to estimate it using again all the data
available (instead of sparse sampling at an arbitrarily lower frequency of, say, 5 minutes). Since the model is
nonparametric, we no longer use a likelihood approach but instead propose a solution based on subsampling
and averaging, which involves estimators constructed on two different time scales, and demonstrate that this
again dominates sampling at a lower frequency, whether arbitrary or optimally determined.

This paper is organized as follows. We start by describing in Section 1 our reduced form setup and the



underlying structural models that support it. We then review in Section 2 the base case where no noise is
present, before analyzing in Section 3 the situation where the presence of the noise is ignored. In Section 4, we
examine the concrete implications of this result for empirical work with high frequency data. Next, we show
in Section 5 that accounting for the presence of the noise through the likelihood restores the optimality of high
frequency sampling. Our robustness results are presented in Section 6 and interpreted in Section 7. We study
the same questions when the observations are sampled at random time intervals, which are an essential feature
of transaction-level data, in Section 8. We then turn to various extensions and relaxation of our assumptions
in Section 9: we add a drift term, then serially correlated and cross-correlated noise respectively. Section 10

concludes. All proofs are in the Appendix.

1. Setup

Our basic setup is as follows. We assume that the underlying process of interest, typically the log-price of

a security, is a time-homogenous diffusion on the real line

where Xy = 0, W; is a Brownian motion, s(.,.) is the drift function, o2 the diffusion coefficient and 6 the drift
parameters, § € © and o > 0. The parameter space is an open and bounded set. As usual, the restriction that
o is constant is without loss of generality since in the univariate case a one-to-one transformation can always
reduce a known specification o(X;) to that case. Also, as discussed in Ait-Sahalia and Mykland (2003), the
properties of parametric estimators in this model are quite different depending upon we estimate 6 alone, o>
alone, or both parameters together. When the data are noisy, the main effects that we describe are already
present in the simpler of these three cases, where o2 alone is estimated, and so we focus on that case. Moreover,
in the high frequency context we have in mind, the diffusive component of (1.1) is of order (dt)*/? while the
drift component is of order dt only, so the drift component is mathematically negligible at high frequencies.
This is validated empirically: including a drift actually deteriorates the performance of variance estimates from
high frequency data since the drift is estimated with a large standard error. Not centering the log returns for
the purpose of variance estimation produces more accurate results (see Merton (1980)). So we simplify the
analysis one step further by setting g = 0, which we do until Section 9.1, where we then show that adding a
drift term does not alter our results. In Section 9.4, we discuss the situation where the instantaneous volatility
o is stochastic.

But for now,

Xt = O'Wt. (12)

Until Section 8, we treat the case where we observations occur at equidistant time intervals A, in which case

he parameter o2 is therefore estimated at time T on the basis of N + 1 discrete observations recorded at times



T70=0,71 =A,..,7v = NA =T. In Section 8, we let the sampling intervals be themselves random variables,
since this feature is an essential characteristic of high frequency transaction data.

The notion that the observed transaction price in high frequency financial data is the unobservable efficient
price plus some noise component due to the imperfections of the trading process is a well established concept
in the market microstructure literature (see for instance Black (1986)). So, where we depart from the inference
setup previously studied in Ait-Sahalia and Mykland (2003) is that we now assume that, instead of observing

the process X at dates 7;, we observe X with error:

X, =X, + U, (1.3)
where the U/ s are i.i.d. noise with mean zero and variance a® and are independent of the W process. In that
context, we view X as the efficient log-price, while the observed X is the transaction log-price. In an efficient
market, X; is the log of the expectation of the final value of the security conditional on all publicly available
information at time ¢. It corresponds to the log-price that would be in effect in a perfect market with no
trading imperfections, frictions, or informational effects. The Brownian motion W is the process representing
the arrival of new information, which in this idealized setting is immediately impounded in X.

By contrast, U; summarizes the noise generated by the mechanics of the trading process. What we have
in mind as the source of noise is a diverse array of market microstructure effects, either information or non-
information related, such as the presence of a bid-ask spread and the corresponding bounces, the differences
in trade sizes and the corresponding differences in representativeness of the prices, the different informational
content of price changes due to informational asymmetries of traders, the gradual response of prices to a block
trade, the strategic component of the order flow, inventory control effects, the discreteness of price changes in
markets that are not decimalized, etc., all summarized into the term U. That these phenomena are real are
important is an accepted fact in the market microstructure literature, both theoretical and empirical. One
can in fact argue that these phenomena justify this literature.

We view (1.3) as the simplest possible reduced form of structural market microstructure models. The
efficient price process X is typically modelled as a random walk, i.e., the discrete time equivalent of (1.2). Our
specification coincides with that of Hasbrouck (1993), who discusses the theoretical market microstructure
underpinnings of such a model and argues that the parameter a is a summary measure of market quality.
Structural market microstructure models do generate (1.3). For instance, Roll (1984) proposes a model
whereU is due entirely to the bid-ask spread. Harris (1990b) notes that in practice there are sources of noise
other than just the bid-ask spread, and studies their effect on the Roll model and its estimators.

Indeed, a disturbance U can also be generated by adverse selection effects as in Glosten (1987) and Glosten
and Harris (1988), where the spread has two components: one that is due to monopoly power, clearing costs,
inventory carrying costs, etc., as previously, and a second one that arises because of adverse selection whereby
the specialist is concerned that the investor on the other side of the transaction has superior information.

When asymmetric information is involved, the disturbance U would typically no longer be uncorrelated with



the W process and would exhibit autocorrelation at the first order, which would complicate our analysis
without fundamentally altering it: see Sections 9.2 and 9.3 where we relax the assumptions that the U’s are
serially uncorrelated and independent of the W process, respectively.

The situation where the measurement error is primarily due to the fact that transaction prices are multiples
of a tick size (i.e., X,, = m;x where & is the tick size and m; is the integer closest to X, /k) can be modeled
as a rounding off problem (see Gottlieb and Kalay (1985), Jacod (1996) and Delattre and Jacod (1997)).
The specification of the model in Harris (1990a) combines both the rounding and bid-ask effects as the dual
sources of the noise term U. Finally, structural models, such as that of Madhavan, Richardson, and Roomans
(1997), also give rise to reduced forms where the observed transaction price X takes the form of an unobserved
fundamental value plus error.

With (1.3) as our basic data generating process, we now turn to the questions we address in this paper: how
often should one sample a continuous-time process when the data are subject to market microstructure noise,
what are the implications of the noise for the estimation of the parameters of the X process, and how should
one correct for the presence of the noise, allowing for the possibility that the econometrician misspecifies the
assumed distribution of the noise term, and finally allowing for the sampling to occur at random points in
time? We proceed from the simplest to the most complex situation by adding one extra layer of complexity at
a time: Figure 1 shows the three sampling schemes we consider, starting with fixed sampling without market
microstructure noise, then moving to fixed sampling with noise and concluding with an analysis of the situation
where transaction prices are not only subject to microstructure noise but are also recorded at random time

intervals.

2. The Baseline Case: No Microstructure Noise

We start by briefly reviewing what would happen in the absence of market microstructure noise, that
is when a = 0. With X denoting the log-price, the first differences of the observations are the log-returns
Y; = X,, — X,,_,, i = 1,...,N. The observations ¥; = o (Wry,, —Wy,) are then iid. N(0,02A) so the

likelihood function is

I(0%) = =N In(210%A) /2 — (20°A) 1YY, (2.1)

where Y = (Y1, ..., Yn)'.. The maximum-likelihood estimator of o coincides with the discrete approximation

to the quadratic variation of the process

=l

1 N
= (2.2)
i=1
which has the following exact small sample moments:
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where

w = AVAR(62) = AE [4@2)} QRPN (2.4)

Thus selecting A as small as possible is optimal for the purpose of estimating o2.

3. When the Observations Are Noisy But the Noise Is Ignored

Suppose now that market microstructure noise is present but the presence of the U’s is ignored when
estimating 2. In other words, we use the log-likelihood (2.1) even though the true structure of the observed

log-returns Y;'s is given by an MA(1) process since

Y, =X, - X,
=X, - X, ,+U;, -U,_,
=0 (Wr, =Wr_,)+Ur, —Us,_,
=&t Ngi—1 31

where the /s are uncorrelated with mean zero and variance 72 (if the U’s are normally distributed, then the

ghs are i.i.d.). The relationship to the original parametrization (02, a?) is given by

Y3(1 4 n?) = Varly;] = 0?A + 24? (3.2)

v?n = Cov(Y;, Y1) = —a? (3.3)

Equivalently, the inverse change of variable is given by

1
7 =2 {2a2 +0%A + /o2 A (a2 + am)} (3.4)
_ 1
242

n {72(12 — 0?A 4 \/o2A (4a2 + O'QA)} . (3.5)

Two important properties of the log-returns Y;'s emerge from the two equations (3.2)-(3.3). First, it is clear
from (3.2) that microstructure noise leads to spurious variance in observed log-returns, o?A + 2a? vs. o2A.
This is consistent with the predictions of theoretical microstructure models. For instance, Fasley and O’Hara
(1992) develop a model linking the arrival of information, the timing of trades, and the resulting price process.
In their model, the transaction price will be a biased representation of the efficient price process, with a variance
that is both overstated and heteroskedastic as a result of the fact that transactions (hence the recording of an

observation on the process X ) occur at intervals that are time-varying. While our specification is too simple



to capture the rich joint dynamics of price and sampling times predicted by their model, heteroskedasticity of
the observed variance will also arise in our case once we allow for time variation of the sampling intervals (see
Section 8 below).

In our model, the proportion of the total return variance that is market microstructure-induced is

2a?
T= A T30 (3.6)

at observation interval A. As A gets smaller, 7 gets closer to 1, so that a larger proportion of the variance
in the observed log-return is driven by market microstructure frictions, and correspondingly a lesser fraction
reflects the volatility of the underlying price process X.

Second, (3.3) implies that —1 < n < 0, so that log-returns are (negatively) autocorrelated with first order
autocorrelation —a?/(0?A+2a?) = —m/2. It has been noted that market microstructure noise has the potential
to explain the empirical autocorrelation of returns. For instance, in the simple Roll model, U; = (s/2)Q; where
s is the bid/ask spread and @, the order flow indicator, is a binomial variable that takes the values +1 and
—1 with equal probability. Therefore Var[U;] = a? = s2/4. Since Cov(Y;,Y;_1) = —a?, the bid/ask spread
can be recovered in this model as s = 2,/=p where p = 27 is the first order autocorrelation of returns.
French and Roll (1986) proposed to adjust variance estimates to control for such autocorrelation and Harris
(1990b) studied the resulting estimators. In Sias and Starks (1997), U arises because of the strategic trading of
institutional investors which is then put forward as an explanation for the observed serial correlation of returns.
Lo and MacKinlay (1990) show that infrequent trading has implications for the variance and autocorrelations
of returns. Other empirical patterns in high frequency financial data have been documented: leptokurtosis,
deterministic patterns and volatility clustering.

Our first result shows that the optimal sampling frequency is finite when noise is present but unaccounted
for. The estimator 62 obtained from maximizing the misspecified log-likelihood (2.1) is quadratic in the Ys :
see (2.2). In order to obtain its exact (i.e., small sample) variance, we therefore need to calculate the fourth

order cumulants of the Y}'s since
Cov (Y2, Y?) =2Cov (Y;,Y;)* + Cum(Y;, Y;,Y;,Y;) (3.7)

(see e.g., Section 2.3 of McCullagh (1987) for definitions and properties of the cumulants). We have:

Lemma 1 The fourth cumulants of the log-returns are given by

2 Cumy (U] if i=j=k=I1
Cum(Y;, Y}, Y, Y1) = ¢ (=1)500%D Cumy [U] if max(i, j, k,1) = min(i, j, k, 1) + 1 (3.8)

0 otherwise

where s(i, 4, k, 1) denotes the number of indices among (i,7,k, 1) that are equal to min(i, j, k,1) and U denotes

a generic random variable with the common distribution of the U, s. Its fourth cumulant is denoted Cumy [U].



Now U has mean zero, so in terms of its moments
Cumy [U] = E[U*] -3 (E[U%])*. (3.9)

In the special case where U is normally distributed, Cumy [U] = 0 and as a result of (3.7) the fourth cumulants
of the log-returns are all 0 (since W is normal, the log-returns are also normal in that case). If the distribution
of U is binomial as in the simple bid/ask model described above, then Cumy [U] = —s?/8; since in general s
will be a tiny percentage of the asset price, say s = 0.05%, the resulting Cumy [U] will be very small.

We can now characterize the root mean squared error
9 1/2
RMSE [6%] = ((E [6%] - 0*)” + Var [¢%])

of the estimator:

Theorem 1 In small samples (finite T'), the bias and variance of the estimator 62 are given by

2
E[6%] —0® = 2% (3.10)
472 27,2 1 1
Var [67] = 2 (0*A? +40°Aa® + 6a* +2Cumy [U]) 2 (2¢* + Cumy [U]) (3.11)

TA T2

Its RMSE has a unique minimum in /A which is reached at the optimal sampling interval

1/3 1/3
. 2447\ !/ 2 (3a* + Cumy [U])* 2 (3a* + Cumy [U])*
A= < o ) LV T et L G T - (312)

As T grows, we have
. 22/3a4/3 13 1

The trade-off between bias and variance made explicit in (3.10)-(3.11) is not unlike the situation in non-
parametric estimation with A~! playing the role of the bandwidth . A lower h reduces the bias but increases
the variance, and the optimal choice of h balances the two effects.

Note that these are exact small sample expressions, valid for all T. Asymptotically in T, Var [6%] — 0,
and hence the RMSE of the estimator is dominated by the bias term which is independent of T. And given
the form of the bias (3.10), one would in fact want to select the largest A possible to minimize the bias (as
opposed to the smallest one as in the no-noise case of Section 2). The rate at which A* should increase with
T is given by (3.13). Also, in the limit where the noise disappears (¢ — 0 and Cumy [U] — 0), the optimal
sampling interval A* tends to 0.

How does a small departure from a normal distribution of the microstructure noise affect the optimal

sampling frequency? The answer is that a small positive (resp. negative) departure of Cum 4 [U] starting from



the normal value of 0 leads to an increase (resp. decrease) in A*, since

2/3 2/3
4 4
<<1+ 1gfg4> (1 13:,,4) )
A = ;ormal + By
3 21/3g4/3T1/3, /1 — #08/3

+0 (Cum4 [U]Q)

Cum /4 [U] (3.14)

where A% | is the value of A* corresponding to Cumy [U] = 0. And of course the full formula (3.12) can be
used to get the exact answer for any departure from normality instead of the comparative static one.
Another interesting asymptotic situation occurs if one attempts to use higher and higher frequency data
(A — 0, say sampled every minute) over a fixed time period (T fixed, say a day). Since the expressions in
Theorem 1 are exact small sample ones, they can in particular be specialized to analyze this situation. With

n=T/A, it follows from (3.10)-(3.11) that

E[6%] = 200+ o) = —QnEJEUZ] +o(n) (3.15)
Var [6°] = 2n (6a* +;Sum4 v1) +o(n) = —4nET£U4] +o(n) (3.16)

so (T/2n)6? becomes an estimator of E [U?] = a? whose asymptotic variance is E [U*] . Note in particular
that 62 estimates the variance of the noise, which is essentially unrelated to the object of interest o2. This
type of asymptotics is relevant in the stochastic volatility case we analyze in our companion paper Zhang,
Mykland, and Att-Sahalia (2003).

Our results also have implications for the two parallel tracks that have developed in the recent financial
econometrics literature dealing with discretely observed continuous-time processes. One strand of the litera-
ture has argued that estimation methods should be robust to the potential issues arising in the presence of
high frequency data and, consequently, be asymptotically valid without requiring that the sampling interval A
separating successive observations tend to zero (see, e.g., Hansen and Scheinkman (1995), Ait-Sahalia (1996)
and Ait-Sahalia (2002)). Another strand of the literature has dispensed with that constraint, and the asymp-
totic validity of these methods requires that A tend to zero instead of or in addition to, an increasing length of
time T over which these observations are recorded (see, e.g., Andersen, Bollerslev, Diebold, and Labys (2003),
Bandi and Phillips (2003) and Barndorff-Nielsen and Shephard (2002)).

The first strand of literature has been informally warning about the potential dangers of using high fre-
quency financial data without accounting for their inherent noise (see e.g., page 529 of Ait-Sahalia (1996)),
and we propose a formal modelization of that phenomenon. The implications of our analysis are most salient
for the second strand of the literature, which is predicated on the use of high frequency data but does not
account for the presence of market microstructure noise. Our results show that the properties of estimators
based on the local sample path properties of the process (such as the quadratic variation to estimate o2)

change dramatically in the presence of noise. Complementary to this are the results of Gloter and Jacod



(2000) which show that the presence of even increasingly negligible noise is sufficient to adversely affect the

identification of o2.

4. Concrete Implications for Empirical Work with High Frequency
Data

The clear message of Theorem 1 for empirical researchers working with high frequency financial data is
that it may be optimal to sample less frequently. As discussed in the Introduction, authors have reduced their
sampling frequency below that of the actual record of observations in a somewhat ad hoc fashion, with typical
choices 5 minutes and up. Our analysis provides not only a theoretical rationale for sampling less frequently,
but also delivers a precise answer to the question of “how often one should sample?” For that purpose, we
need to calibrate the parameters appearing in Theorem 1, namely o, a, Cumy[U], A and T. We assume in this

calibration exercise that the noise is Gaussian, in which case Cumy[U] = 0.

4.1 Stocks

We use existing studies in empirical market microstructure to calibrate the parameters. One such study
is Madhavan, Richardson, and Roomans (1997), who estimated on the basis of a sample of 274 NYSE stocks
that approximately 60% of the total variance of price changes is attributable to market microstructure effects
(they report a range of values for 7 from 54% in the first half hour of trading to 65% in the last half hour,
see their Table 4; they also decompose this total variance into components due to discreteness, asymmetric
information, transaction costs and the interaction between these effects). Given that their sample contains an

average of 15 transactions per hour (their Table 1), we have in our framework
m=60%, A=1/(15x 7 x 252) (4.1)

These values imply from (3.6) that @ = 0.16% if we assume a realistic value of o = 30% per year. (We do
not use their reported volatility number since they apparently averaged the variance of price changes over the
274 stocks instead of the variance of the returns. Since different stocks have different price levels, the price
variances across stocks are not directly comparable. This does not affect the estimated fraction © however,
since the price level scaling factor cancels out between the numerator and the denominator).

The magnitude of the effect is bound to vary by type of security, market and time period. Hasbrouck
(1993) estimates the value of a to be 0.33%. Some authors have reported even larger effects. Using a sample
of NASDAQ stocks, Kaul and Nimalendran (1990) estimate that about 50% of the daily variance of returns
in due to the bid-ask effect. With o = 40% (NASDAQ stocks have higher volatility), the values

T =50%, A=1/252

10



yield the value a = 1.8%. Also on NASDAQ, Conrad, Kaul, and Nimalendran (1991) estimate that 11% of

the variance of weekly returns (see their Table 4, middle portfolio) is due to bid-ask effects. The values
m=11%, A =1/52

imply that a = 1.4%.

In Table 1, we compute the value of the optimal sampling interval A* implied by different combinations
of sample length (7') and noise magnitude (a). The volatility of the efficient price process is held fixed at
o = 30% in Panel A, which is a realistic value for stocks. The numbers in the table show that the optimal
sampling frequency can be substantially affected by even relatively small quantities of microstructure noise.
For instance, using the value a = 0.15% calibrated from Madhavan, Richardson, and Roomans (1997), we find
an optimal sampling interval of 22 minutes if the sampling length is 1 day; longer sample lengths lead to higher
optimal sampling intervals. With the higher value of a = 0.3%, approximating the estimate from Hasbrouck
(1993), the optimal sampling interval is 57 minutes. A lower value of the magnitude of the noise translates
into a higher frequency: for instance, A* = 5 minutes if a = 0.05% and T = 1 day. Figure 2 displays the
RMSE of the estimator as a function of A and T, using parameter values o = 30% and a = 0.15%. The figure
illustrates the fact that deviations from the optimal choice of A lead to a substantial increase in the RMSE:
for example, with 7' = 1 month, the RMSE more than doubles if, instead of the optimal A* = 1 hour, one

uses A = 15 minutes.

4.2 Currencies

Looking now at foreign exchange markets, empirical market microstructure studies have quantified the
magnitude of the bid-ask spread. For example, Bessembinder (1994) computes the average bid/ask spread s
in the wholesale market for different currencies and reports values of s = 0.05% for the German mark, and
0.06% for the Japanese yen (see Panel B of his Table 2). We calculated the corresponding numbers for the
1996-2002 period to be 0.04% for the mark (followed by the euro) and 0.06% for the yen. Emerging market
currencies have higher spreads: for instance, s = 0.12% for Korea and 0.10% for Brazil. During the same
period, the volatility of the exchange rate was ¢ = 10% for the German mark, 12% for the Japanese yen, 17%
for Brazil and 18% for Korea. In Panel B of Table 1, we compute A* with ¢ = 10%, a realistic value for the
euro and yen. As we noted above, if the sole source of the noise were a bid/ask spread of size s, then a should
be set to s/2. Therefore Panel B reports the values of A* for values of a ranging from 0.02% to 0.1%. For
example, the dollar/euro or dollar/yen exchange rates (calibrated to o = 10%, a = 0.02%) should be sampled
every A* = 23 minutes if the overall sample length is 7= 1 day, and every 1.1 hours if 7' =1 year.

Furthermore, using the bid/ask spread alone as a proxy for all microstructure frictions will lead, except in
unusual circumstances, to an understatement of the parameter a, since variances are additive. Thus, since A*
in increasing in a, one should interpret the value of A* read off 1 on the row corresponding to a = s/2 as a

lower bound for the optimal sampling interval.
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4.3 Monte Carlo Evidence

To validate empirically these results, we perform Monte Carlo simulations. We simulate M = 10,000
samples of length T' = 1 year of the process X, add microstructure noise U to generate the observations X and
then the log returns Y. We sample the log-returns at various intervals A ranging from 5 minutes to 1 week and
calculate the bias and variance of the estimator 4% over the M simulated paths. We then compare the results
to the theoretical values given in (3.10)-(3.11) of Theorem 1. The noise distribution is Gaussian, o = 30% and
a = 0.15% — the values we calibrated to stock returns data above. Table 2 shows that the theoretical values
are in close agreement with the results of the Monte Carlo simulations.

The table also illustrates the magnitude of the bias inherent in sampling at too high a frequency. While
the value of 02 used to generate the data is 0.09, the expected value of the estimator when sampling every 5

minutes is 0.18, so on average the estimated quadratic variation is twice as big as it should be in this case.

5. Incorporating Market Microstructure Noise Explicitly

So far we have stuck to the sum of squares of log-returns as our estimator of volatility. We then showed
that, for this estimator, the optimal sampling frequency is finite. But this implies that one is discarding a
large proportion of the high frequency sample (299 out of every 300 observations in the example described in
the Introduction) , in order to mitigate the bias induced by market microstructure noise. Next, we show that
if we explicitly incorporate the U’s into the likelihood function, then we are back in the situation where the
optimal sampling scheme consists in sampling as often as possible — i.e., using all the data available.

Specifying the likelihood function of the log-returns, while recognizing that they incorporate noise, requires
that we take a stand on the distribution of the noise term. Suppose for now that the microstructure noise is
normally distributed, an assumption whose effect we will investigate below in Section 6. Under this assumption,

the likelihood function for the Y’s is given by
I(,7?) = —Indet(V)/2 — NIn(2717%)/2 — (29*) "Y'V~ Y, (5.1)
where the covariance matrix for the vector Y = (Y1, ..., Yx)’ is given by v2V, where

1+n* 7 0 0

n 14+n* q

V= [Uz'j]i,j:17,,,,N = 0 n 1+ 772 0 (5'2)
n
0 0 n  1+4+n?
Further,
det(V) = L= (5.3)
€ = 1— 772 .
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and, neglecting the end effects, an approximate inverse of V' is the matrix Q = [w;;] _n Where

irj=1,..
wij = (1- 772)_1 (=)l

(see Durbin (1959)). The product V2 differs from the identity matrix only on the first and last rows. The

exact inverse is V1 = [o¥] where
3,j=1,....,N

o = (1=?) 7 (1= V) TH (il () — (2N (5.4)

_ (_n)2N+|i—j|+2 + (_n)2N+i—j+2 n (_n)zN—i—i-j—i-z}'

(see Shaman (1969) and Haddad (1995)).

From the perspective of practical implementation, this estimator is nothing else than the MLE estimator of
an MA(1) process with Gaussian errors: any existing computer routines for the MA(1) situation can therefore
be applied (see e.g., Section 5.4 in Hamilton (1995)). In particular, the likelihood function can be expressed

in a computationally efficient form by triangularizing the matrix V, yielding the equivalent expression:

N 1 V2
ma*) =—5 D In(@mdi) -5y —, (5.5)
i=1 i=1 "

where

P L+ +.. +n*
L )

and the ffi’ s are obtained recursively as Y =Y; and fori =2,..,N :

. n(1+n?+ ... +n2072)
Y, =Y; - 5 s Yi-1-
14792+ ... +n26E-1
This latter form of the log-likelihood function involves only single sums as opposed to double sums if one were
to compute Y’V Y by brute force using the expression of V! given above.
We now compute the distribution of the MLE estimators of o2 and a2, which follows by the delta method

from the classical result for the MA(1) estimators of v and 7 :

Proposition 1 When U is normally distributed, the MLE (62,a?) is consistent and its asymptotic variance

is given by
4,/08A (4a2 + 02A) + 20* A —02AR(A, 02, a2
AVARnorma,l(C}z,dQ) == \/0 ( @ g ) o o ( o, a )
. % (2&2 + JQA) h(A, 02, a?)
with
WA, 0% a%) = 2a% + \/02A (4a® + 02A) + 0 A (5.6)

Since AVAR,orma1(6?) is increasing in A, it is optimal to sample as often as possible. Further, since

AVARommal (62) = 80%aA? + 204 A + o(A), (5.7)
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the loss of efficiency relative to the case where no market microstructure noise is present (and AVAR(6?) =
20*A as given in (2.4)) is at order A'/2. Figure 3 plots the asymptotic variances of 62 as functions of A with
and without noise (the parameter values are again ¢ = 30% and a = 0.15%). Figure 4 reports histograms
of the distributions of 62 and &? from 10,000 Monte Carlo simulations with the solid curve plotting the
asymptotic distribution of the estimator from Proposition 1. The sample path is of length T" = 1 year, the
parameter values the same as above, and the process is sampled every 5 minutes — since we are now accounting
explicitly for the presence of noise, there is no longer a reason to sample at lower frequencies. Indeed, the
figure documents the absence of bias and the good agreement of the asymptotic distribution with the small

sample one.

6. The Effect of Misspecifying the Distribution of the Microstruc-

ture Noise

We now study the situation where one attempts to incorporate the presence of the U’s into the analysis, as
in Section 5, but mistakenly assumes a misspecified model for them. Specifically, we consider the case where
the U’s are assumed to be normally distributed when in reality they have a different distribution. We still
suppose that the U’s are i.i.d. with mean zero and variance a?.

Since the econometrician assumes the U’s to have a normal distribution, inference is still done with the
log-likelihood (02, a?), or equivalently I(n,~?) given in (5.1), using (3.2)-(3.3). This means that the scores
I,2 and .2, or equivalently (C.1) and (C.2), are used as moment functions (or “estimating equations”). Since
the first order moments of the moment functions only depend on the second order moment structure of the

log-returns (Y7, ..., Y ), which is unchanged by the absence of normality, the moment functions are unbiased

under the true distribution of the U’s :

Eirue [ln] = Etrue[iwz] =0 (6'1)
and similarly for [,» and I 2. Hence the estimator (62, a2) based on these moment functions is consistent and
asymptotically unbiased (even though the likelihood function is misspecified.)

The effect of misspecification therefore lies in the asymptotic variance matrix. By using the cumulants
of the distribution of U, we express the asymptotic variance of these estimators in terms of deviations from
normality. But as far as computing the actual estimator, nothing has changed relative to Section 5: we are still
calculating the MLE for an MA(1) process with Gaussian errors and can apply exactly the same computational
routine.

However, since the error distribution is potentially misspecified, one could expect the asymptotic distrib-

2

ution of the estimator to be altered. This turns out not be the case, as far as - is concerned:
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Theorem 2 The estimators (62,a%) obtained by mazimizing the possibly misspecified log-likelihood (5.1) are

consistent and their asymptotic variance is given by

0 0
AVAR0(62%,0%) = AVAR,10mai(62, 4%) + Cumy [U] (6.2)
0 A

where AVAR,, ormai(6%,a%) is the asymptotic variance in the case where the distribution of U is normal, that

is, the expression given in Proposition 1.

In other words, the asymptotic variance of 42 is identical to its expression if the U’s had been normal.
Therefore the correction we proposed for the presence of market microstructure noise relying on the assumption
that the noise is Gaussian is robust to misspecification of the error distribution.

Documenting the presence of the correction term through simulations presents a challenge. At the parame-
ter values calibrated to be realistic, the order of magnitude of a is a few basis points, say a = 0.10% = 1073.
But if U if of order 1073, Cumy[U] which is of the same order as U#, is of order 10712, In other words, with
a typical noise distribution, the correction term in (6.2) will not be visible.

To nevertheless make it discernible, we use a distribution for U with the same calibrated standard deviation
a as before, but a disproportionately large fourth cumulant. Such a distribution can be constructed by letting
U = wT, where w > 0 is constant and 7}, is a Student ¢ distribution with v degrees of freedom. 7T, has mean
zero, finite variance as long as v > 2 and finite fourth moment (hence finite fourth cumulant) as long as v > 4.
But as v approaches 4 from above, E[T] tends to infinity. This allows us to produce an arbitrarily high value
of Cumy[U] while controlling for the magnitude of the variance. The specific expressions of a? and Cumy[U]

for this choice of U are given by

a? = Var[U] = V“’Z (6.3)
6wi?

Thus we can select the two parameters (w,v) to produce desired values of (a?, Cumy[U]). As before,
we set a = 0.15%. Then, given the form of the asymptotic variance matrix (6.2), we set Cumy [U] so that
Cumy [U] A = AVAR, 5 ma1 (62)/2. This makes AVAR 0 (a2) by construction 50% larger than AVAR, o ma (62).
The resulting values of (w,v) from solving (6.3)-(6.4) are w = 0.00115 and v = 4.854. As above, we set the
other parameters to o = 30%, T' = 1 year, and A = 5 minutes. Figure 5 reports histograms of the distributions
of 62 and &2 from 10,000 Monte Carlo simulations. The solid curve plots the asymptotic distribution of the
estimator, given now by (6.2). There is again good adequacy between the asymptotic and small sample distri-
butions. In particular, we note that as predicted by Theorem 2, the asymptotic variance of 52 is unchanged
relative to Figure 4 while that of a? is 50% larger. The small sample distribution of 62 appears unaffected by
the non-Gaussianity of the noise; with a skewness of 0.07 and a kurtosis of 2.95, it is closely approximated by

its asymptotic Gaussian limit. The small sample distribution of a? does exhibit some kurtosis (4.83), although
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not large relative to that of the underlying noise distribution (the values of w and v imply a kurtosis for U of
3+ 6/(v —4) = 10). Similar simulations but with a longer time span of T' = 5 years are even closer to the

Gaussian asymptotic limit: the kurtosis of the small sample distribution of @ goes down to 2.99.

7. Robustness to Misspecification of the Noise Distribution

Going back to the theoretical aspects, the above Theorem 2 has implications for the use of the Gaussian
likelihood ! that go beyond consistency, namely that this likelihood can also be used to estimate the distribution
of 42 under misspecification. With [ denoting the log-likelihood assuming that the U’s are Gaussian, given in

(5.1), —I(62,a2) denote the observed information matrix in the original parameters o2 and a2. Then
o 1. -1
V= AVARnormal = <TZ(6—27 dz))

is the usual estimate of asymptotic variance when the distribution is correctly specified as Gaussian. Also
note, however, that otherwise, so long as (62, a2) is consistent, V is also a consistent estimate of the matrix
AVAR,0rma1 (62, a%). Since this matrix coincides with AVAR (62, a?) for all but the (a2, a?) term (see (6.2)),
the asymptotic variance of T'*/2 (6% — 0?) is consistently estimated by V,252. The similar statement is true for
the covariances, but not, obviously, for the asymptotic variance of T/ 2(a% — a?).
In the likelihood context, the possibility of estimating the asymptotic variance by the observed information
is due to the second Bartlett identity. For a general log likelihood [, if S = Fiyye [ii’ ]/N and D = —Ejye [l] /N
(differentiation refers to the original parameters (02, a?), not the transformed parameters (72,7)) this identity
says that
S—D=0. (7.1)

It implies that the asymptotic variance takes the form
AVAR = A(DS™'D)"' = AD™. (7.2)
It is clear that (7.2) remains valid if the second Bartlett identity holds only to first order, i.e.,

S—D=o(1) (7.3)

as N — oo, for a general criterion function ! which satisfies Eiye[l] = o(N).

However, in view of Theorem 2, equation (7.3) cannot be satisfied. In fact, we show in Appendix E that

S — D = Cumy [U] g¢' + o(1), (7.4)
where
Al/2
9o? o(4a2+02A)372
g = = L ( aAl/2U£6)a2+02A2 . (75)
Ga2 Sal <1 T T (Ga24o2n) 2 )



>From (7.5), we see that g # 0 whenever 0> > 0. This is consistent with the result in Theorem 2 that
the true asymptotic variance matrix, AVAR (62, a?), does not coincide with the one for Gaussian noise,
AVAR,orma1(62,a%). On the other hand, the 2 x 2 matrix gg’ is of rank 1, signaling that there exist linear
combinations that will cancel out the first column of S — D. From what we already know of the form of the
correction matrix, D! gives such a combination, so that the asymptotic variance of the original parameters
(0%,a?) will have the property that its first column is not subject to correction in the absence of normality.
A curious consequence of (7.4) is that while the observed information can be used to estimate the asymptotic
variance of 62 when a? is not known, this is not the case when a? is known. This is because the second Bartlett
identity also fails to first order when considering a® to be known, i.e., when differentiating with respect to o2

only. Indeed, in that case we have from the upper left component in the matrix equation (7.4)

50202 — Dgo,2 = NﬁlEtme {i0202 (02, a2)2:| + NﬁlEtme [10202 ((72, az)}

— Cumy [U] (9,2)* + o(1)

which is not o(1) unless Cumy [U] = 0.
To make the connection between Theorem 2 and the second Bartlett identity, one needs to go to the log
profile likelihood
Mo?) = sup l(0?,a?). (7.6)

a?
Obviously, maximizing the likelihood I(02, a?) is the same as maximizing A(¢?). Thus one can think of 02 as
being estimated (when o2 is unknown) by maximizing the criterion function A(¢2), or by solving A(62) = 0.

Also, the observed profile information is related to the original observed information by

X6 = [z(&z,az)—lh%z : (7.7)

i.e., the first (upper left hand corner) component of the inverse observed information in the original problem.
We recall the rationale for equation (7.7) in Appendix E, where we also show that Eipu[\] = o(N). In view of
Theorem 2, 5\(&2) can be used to estimate the asymptotic variance of 62 under the true (possibly non-Gaussian)

distribution of the U’s, and so it must be that the criterion function A satisfies (7.3), that is

N7 Eie[M0?)?] + N7 e [M0?)] = o(1). (7.8)
This is indeed the case, as shown in Appendix E.

This phenomenon is related, although not identical, to what occurs in the context of quasi-likelihood
(for comprehensive treatments of quasi-likelihood theory, see the books by McCullagh and Nelder (1989)
and Heyde (1997), and the references therein, and for early econometrics examples see Macurdy (1982) and
White (1982)). In quasi-likelihood situations, one uses a possibly incorrectly specified score vector which is
nevertheless required to satisfy the second Bartlett identity. What makes our situation unusual relative to

quasi-likelihood is that the interest parameter 2 and the nuisance parameter a? are entangled in the same
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estimating equations (iaz and [,> from the Gaussian likelihood) in such a way that the estimate of o depends,
to first order, on whether a? is known or not. This is unlike the typical development of quasi-likelihood, where
the nuisance parameter separates out (see, e.g., Table 9.1 page 326 of McCullagh and Nelder (1989)). Thus

only by going to the profile likelihood A can one make the usual comparison to quasi-likelihood.

8. Randomly Spaced Sampling Intervals

One essential feature of transaction data in finance is that the time that separates successive observations
is random, or at least time-varying. So, as in Ait-Sahalia and Mykland (2003), we are led to consider the
case where A; = 7; — 7;_1 are either deterministic and time-varying, or random in which case we assume for
simplicity that they are i.i.d., independent of the W process. This assumption, while not completely realistic
(see Engle and Russell (1998) for a discrete time analysis of the autoregressive dependence of the times between
trades) allows us to make explicit calculations at the interface between the continuous and discrete time scales.
We denote by Np the number of observations recorded by time 7. N7 is random if the A’s are. We also
suppose that U,, can be written U;, where the U; are i.i.d. and independent of the W process and the Als.
Thus, the observation noise is the same at all observation times, whether random or nonrandom. If we define
the Y;s as before, in the first two lines of (3.1), though the MA(1) representation is not valid in the same form.

We can do inference conditionally on the observed sampling times, in light of the fact that the likelihood

function using all the available information is
L (YN7AN7 -"7Y17A1;ﬁ7¢) =L (YN7 "'7Y1|AN7 ) Alvﬁ) x L (AN7 ) Alvw)

where 3 are the parameters of the state process, that is (¢2,a?), and 1 are the parameters of the sampling
process, if any (the density of the sampling intervals density L (Apny, ..., A1;%) may have its own nuisance
parameters v, such as an unknown arrival rate, but we assume that it does not depend on the parameters 5

of the state process.) The corresponding log-likelihood function is

N N-1
ZlnL(YN, Y1 AN, AL B) + Z InL(An, ..., Ay; 1)) (8.1)
n=1 n=1

and since we only care about 3, we only need to maximize the first term in that sum.

We operate on the covariance matrix X of the log-returns Y”’s, now given by

o2 A + 2a? —a? 0 e 0
—a? 02y + 242 —a?
Y= 0 —a? 02As +2a% . 0 (8.2)
—a2
0 0 —a? o2A,, + 2a?
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Note that in the equally spaced case, 3 = ?V. But now Y no longer follows an MA(1) process in general.
Furthermore, the time variation in A;s gives rise to heteroskedasticity as is clear from the diagonal elements
of ¥. This is consistent with the predictions of the model of Easley and O’Hara (1992) where the variance of
the transaction price process X is heteroskedastic as a result of the influence of the sampling times. In their
model, the sampling times are autocorrelated and correlated with the evolution of the price process, factors we
have assumed away here. However, Ait-Sahalia and Mykland (2003) show how to conduct likelihood inference
in such a situation.

The log-likelihood function is given by
InL(Yy,....,Yi|An, ..., A1; B) = 1(0?, a?) (8.3)
= —Indet(X)/2 — NIn(27)/2 - Y'S71Y/2.

In order to calculate this log-likelihood function in a computationally efficient manner, it is desirable to avoid
the “brute force” inversion of the N x N matrix ¥. We extend the method used in the MA(1) case (see (5.5)) as
follows. By Theorem 5.3.1 in Dahlquist and Bjorck (1974), and the development in the proof of their Theorem
5.4.3, we can decompose X in the form ¥ = LDL? | where L is a lower triangular matrix whose diagonals
are all 1 and D is diagonal. To compute the relevant quantities, their Example 5.4.3 shows that if one writes

D= diag(gh "'ag’n) and

1 0 0 0
Ky 1 0
L=1 0 s 1 " 0 [ (8.4)
0
0 -« 0 kK, 1

then the g}.s and x}.s follow the recursion equation g; = 0?A; + 2a? and for i = 2,..., N:
Ki = —a2/gz‘—1 and gi = 02 A; + 2a% + Kiad®. (8.5)
Then, define Y = L™Y so that Y'S71Y = Y'D~'Y. From Y = LY, it follows that Y; = ¥; and, for
i1 =2,..,N:
Y, =Y, — ki1
And det(X) = det(D) since det(L) = 1. Thus we have obtained a computationally simple form for (8.3) that

generalizes the MA(1) form (5.5) to the case of non-identical sampling intervals:

e 1 Ny
2 42y __ A Y i
l(o%,a%) = ~3 ;:1 In (27g;) 5 ;, . (8.6)
We can now turn to statistical inference using this likelihood function. As usual, the asymptotic variance

of TV2(6% — 62,4 — a?) is of the form
. _1
B [~y
: (8.7)
E

B

Sl

1E [—2’0202}

AVAR(6%,6%) = lim
T —> oo

el
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To compute this quantity, suppose in the following that 31 and (2 can represent either o2 or a?. We start

with:

Lemma 2 Fisher’s Conditional Information is given by

_lﬁzlndetz
2 0B

E [— [5,5, A} - (8.8)

To compute the asymptotic distribution of the MLE of (1, 32), one would then need to compute the
inverse of [—1'5251} = FEa {E [— 18,8,

A” where Fa denotes expectation taken over the law of the sam-
pling intervals. From (8.8), and since the order of Ex and 92?/0B23; can be interchanged, this requires the

computation of

N
Ea[Indet Y] = Ea Indet D] = Y Ea [In (g,)]
i=1

where from (8.5) the g}s are given by the continuous fraction

4 4
@ g3 = 02Nz + 2a® — a4

2 2 2 2
=0°A1 + 2a%, =0°Ag + 2a° — ,
91 ! 92 2 02A1 + 2a? 02As + 202 —

—a*
o2A1+2a?

and in general

a?

JzAi_l + 2a2 — et

gi = 02 A + 2a* —

It therefore appears that computing the expected value of In(g;) over the law of (A, Ag,...;A;) will be

impractical.

8.1 Expansion around a fixed value of A

To continue further with the calculations, we propose to expand around a fixed value of A, namely Ay =
E[A]. Specifically, suppose now that
A; = Ag (1 + 6&) (8.9)

where € and Ag are nonrandom, the s are i.i.d. random variables with mean zero and finite distribution. We
will Taylor-expand the expressions above around € = 0, i.e., around the non-random sampling case we have just
finished dealing with. Our expansion is one that is valid when the randomness of the sampling intervals remains
small, i.e., when Var [A;] is small, or o(1). Then we have Ag = E [A] = O (1) and Var [A;] = A3e2Var [§;]. The
natural scaling is to make the distribution of &; finite, i.e., Viar [&] = O (1), so that €2 = O (Var [A;]) = o (1).
But any other choice would have no impact on the result since Var[A;] = o(1) implies that the product
€2Var (&) is 0 (1) and whenever we write reminder terms below they can be expressed as O, (6353) instead of
just O (63). We keep the latter notation for clarity given that we set & = O, (1). Furthermore, for simplicity,
we take the £/s to be bounded.
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We emphasize that the time increments or durations A; do not tend to zero length as ¢ — 0. It is only the
variability of the A;’s that goes to zero.
Denote by ¥ the value of ¥ when A is replaced by Ag, and let = denote the matrix whose diagonal

elements are the terms Ag¢;, and whose off-diagonal elements are zero. We obtain:

Theorem 3 The MLE (62,4?) is again consistent, this time with asymptotic variance

AVAR(62,42) = AQ) 4 2A®) 1+ O(e?) (8.10)
where
A0 44/05A (4a2 + 02Ag) + 201 Ay —02Agh(Ag, 02, a?)

. %1 (2a% + 02Ao) (Ao, 0%, a?)

and
A(2) o Var[f] Af,22)02 A((fz)az

(4&2 + AQO'Q) ° Az(zz)az

with

AR, = —4 (830 + AY 0710 + 8g0?)

AQ) = AYPo%\/4a? + Ago? (2a% + 30002) + A2o* (80 + 3A00?)

o2a2 T

2
A? = _A2o? <2a2 + ov/Dov/4a? + Doo? + A002>

In connection with the preceding result, we underline that the quantity AVAR(62,a?) is a limit as T — oo,
as in (8.7). The equation (8.10), therefore, is an expansion in € after T — oc.

Note that A is the asymptotic variance matrix already present in Proposition 1, except that it is evaluated
at Ag = E[A]. Note also that the second order correction term is proportional to Var[{], and is therefore zero
in the absence of sampling randomness. When that happens, A = A with probability one and the asymptotic
variance of the estimator reduces to the leading term A i.e., to the result in the fixed sampling case given

in Proposition 1.

8.2 Randomly Spaced Sampling Intervals and Misspecified Microstructure Noise

Suppose now, as in Section 6, that the U’s are i.i.d., have mean zero and variance a2, but are otherwise
not necessarily Gaussian. We adopt the same approach as in Section 6, namely to express the estimator’s
properties in terms of deviations from the deterministic and Gaussian case. The additional correction terms

in the asymptotic variance are given in the following result.
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Theorem 4 The asymptotic variance is given by
AVAR i (6%,0%) = (A©) 4 Cumy [U] BO) + € (4@ + Cumy [U] B?)) + O(€?) (8.11)

where A©) and A® are given in the statement of Theorem 3 and

so_ [0 0
0 Ao
while

B(2) B(2)

B(Z) — Var[é'] o202 cz';)az

* 13a2a2

5 _ 10AY 26" | 4480° (16a" + 11a*Av0® + 2250")
770 (4a2 + Ago2)?? (22 + Ngo?)* (42 + Ago2)?

BY ., = 450" Va2 + Ago? (32a° + 64a'Ago? + 35a A0t + 6A30°
e (2a2+A002)3(4a2+A002)5/2 a® + Ago® (320 + 640" Ago® + 350° Ago™ +6450°)

+AY% (1160° + 1260 Ag0® + 47a*A30* + 6A30°) )

16aA5/03 (13a* + 10024002 + 2A204)
.
(22 + Ago2)?(4a2 + Ago2)?/? (2a2 +02A — \/o?A (da2 + O—ZA))

B(2) _

a2a?

The term A©) is the base asymptotic variance of the estimator, already present with fixed sampling and
Gaussian noise. The term Cumy [U] B is the correction due to the misspecification of the error distribution.
These two terms are identical to those present in Theorem 2. The terms proportional to €2 are the further
correction terms introduced by the randomness of the sampling. A®) is the base correction term present even
with Gaussian noise in Theorem 3, and Cumy [U] B is the further correction due to the sampling randomness.

Both A® and B® are proportional to Var[¢] and hence vanish in the absence of sampling randomness.

9. Extensions

In this section, we briefly sketch four extensions of our basic model. First, we show that the introduction of
a drift term does not alter our conclusions. Then we examine the situation where market microstructure noise
is serially correlated; there, we show that the insight of Theorem 1 remains valid, namely that the optimal
sampling frequency is finite. Third then turn to the case where the noise is correlated with the efficient price
signal. Fourth, we discuss what happens if volatility is stochastic.

In a nutshell, each one of these assumptions can be relaxed without affecting our main conclusion, namely
that the presence of the noise gives rise to a finite optimal sampling frequency. The second part of our analysis,
dealing with likelihood corrections for microstructure noise, will not necessarily carry through unchanged if the
assumptions are relaxed (for instance, there is not even a known likelihood function if volatility is stochastic,

and the likelihood must be modified if the assumed variance-covariance structure of the noise is modified).
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9.1 Presence of a Drift Coefficient

What happens to our conclusions when the underlying X process has a drift? We shall see in this case
that the presence of the drift does not alter our earlier conclusions. As a simple example, consider linear drift,
i.e., replace (1.2) with

X = pt + oWy (9.1)

The contamination by market microstructure noise is as before: the observed process is given by (1.3).

As before, we first-difference to get the log-returns Y; = X, — X, | +U,, —U,,_,. The likelihood function

1S now

InL (Yn,....,Y1|AN, ..., A1; B) = 1(0?, a?, 1)
= —Indet(£)/2 — NIn(27)/2 — (Y — pA)YS™HY — pA)/2,

where the covariance matrix is given in (8.2), and where A = (A1, ..., Ax)’. If 3 denotes either o2 or a?, one

obtains
ox—1

op
so that E[l,3]A] = 0 no matter whether the U’s are normally distributed or have another distribution with

ZMB = A (Y - MA)7

mean 0 and variance a?. In particular,

Eli,s5] = 0. (9.2)

Now let E[l] be the 3 x 3 matrix of expected second likelihood derivatives. Let E[l] = —TE[A]D + o(T).
Similarly define Cov(i,i) = TE[A]S + o(T). As before, when the U’s have a normal distribution, S = D,
and otherwise that is not the case. The asymptotic variance matrix of the estimators is of the form AVAR =
E[A]D~1SD1L.

Let D2 42 be the corresponding 2 x 2 matrix when estimation is carried out on 0% and a? for known p, and

D,, is the asymptotic information on  for known 0? and a?. Similarly define So2,q2 and AVAR,2 42. Since D

is block diagonal by (9.2),

Dy242 0
D= ’ :

o D,
it follows that

—1

D! ‘Daz,a2 0

o D!

Hence
AVAR(6%,a%) = E[A]D,. 12552 42D - (9.3)

The asymptotic variance of (62,a?) is thus the same as if y were known, in other words, as if p = 0, which is

the case that we focused on in all the previous sections.
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9.2 Serially Correlated Noise

We now examine what happens if we relax the assumption that the market microstructure noise is serially
independent. Suppose that, instead of being i.i.d. with mean 0 and variance a2, the market microstructure
noise follows

dUt = *bUtdt + CdZt (94)

where b > 0, ¢ > 0 and Z is a Brownian motion independent of W. Ua|Up has a Gaussian distribution with

. .2 oy . .2
mean e 20U, and variance T (1 —e . The unconditional mean and variance of U are 0 and a2 = 55+ The

72bA)
main consequence of this model is that the variance contributed by the noise to a log-return observed over an
interval of time A is now of order O(A), that is of the same order as the variance of the efficient price process
02/, instead of being of order O(1) as previously. In other words, log-prices observed close together have very
highly correlated noise terms. Because of this feature, this model for the microstructure noise would be less
appropriate if the primary source of the noise consists of bid-ask bounces. In such a situation, the fact that a
transaction is on the bid or ask side has little predictive power for the next transaction, or at least not enough
to predict that two successive transactions are on the same side with very high probability (although Choi,
Salandro, and Shastri (1988) have argued that serial correlation in the transaction type can be a component
of the bid-ask spread, and extended the model of Roll (1984) to allow for it). On the other hand, the model
(9.4) can better capture effects such as the gradual adjustment of prices in response to a shock such as a large
trade. In practice, the noise term probably encompasses both of these examples, resulting in a situation where
the variance contributed by the noise has both types of components, some of order O(1), some of lower orders
in A.

The observed log-returns take the form
Y, = Xﬂ' - XTi—l + UTi - U‘ri,l
=0 (Wﬂ - WTi—l) + UTi - UTI-,I
= w; + u;

where the w]s are 1.i.d. N(0,02A), the ujs are independent of the w]s, so we have Var [Y;] = 0?A + E [u?],

and they are Gaussian with mean zero and variance

2 (1 — e‘bA)

Euf] = B[(Us ~Us,)'| = = = @A +0(a) (9.5)
instead of 2a2.
In addition, the u}s are now serially correlated at all lags since
2 (1 _ efbA(ifk))
E [Un UTk] = 2%
for ¢ > k. The first order correlation of the log-returns is now
2 1— —bA)2 2b
Cov (Y;,Yi-1) = S Gl ( 2; ) = —%AQ +0(A?)
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instead of 7.
The result analogous to Theorem 1 is as follows. If one ignores the presence of this type of serially correlated

noise when estimating o2, then:

Theorem 5 In small samples (finite T'), the RMSE of the estimator 62 is given by

4 —bA\2 4 —bA\2 (T —2bA —2Tb
o [t (=) ct(1—e)" (Xe —1+4e )
RMSE [G ] - < b2A2 + T2h2 (1+e—bA)2
9 2(1- e t2) 2\ /2
+ = <02A+%> (9.6)
2
_ 27% (02"‘02) A 2 1
—E - A+ T 208+ 0 (5

so that for large T, starting from a value of ¢ in the limit where A — 0, increasing A first reduces RMSE [&2] .

Hence the optimal sampling frequency is finite.

One would expect this type of noise to be not nearly as bad as i.i.d. noise for the purpose of inferring
o2 from high frequency data. Indeed, the variance of the noise is of the same order O(A) as the variance of
the efficient price process. Thus log returns computed from transaction prices sampled close together are not
subject to as much noise as previously (O(A) vs. O(1)) and the squared bias 32 of the estimator 62 no longer
diverges to infinity as A — 0 : it has the finite limit ¢*. Nevertheless, 32 first decreases as A increases from 0,
since y DAL 2

g (B[] - o) = oS
and by /OA — —bc* < 0 as A — 0. For large enough T, this is sufficient to generate a finite optimal sampling
frequency.

To calibrate the parameter values b and ¢, we refer to the same empirical microstructure studies we
mentioned in Section 4. We now have 7 = E [u?]| /(6?A + E [u?]) as the proportion of total variance that is
microstructure-induced; we match it to the numbers in (4.1) from Madhavan, Richardson, and Roomans (1997).
In their Table 5, they report the first order correlation of price changes (hence returns) to be approximately
p = —0.2 at their frequency of observation. Here p = Cov (Y;,Y;—1) /Var[Y;]. If we match 7 = 0.6 and
p = —0.2, with 0 = 30% as before, we obtain (after rounding) ¢ = 0.5 and b = 3 x 10*. Figure 6 displays the
resulting RMSE of the estimator as a function of A and T'. The overall picture is comparable to Figure 2.

As for the rest of the analysis of the paper, dealing with likelihood corrections for microstructure noise, the
covariance matrix of the log-returns, ¥2V in (5.2), should be replaced by the matrix whose diagonal elements

are
2 (1—e )

Var [V?] = E [w}] + E [u}] = 0?A+ 2
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and off-diagonal elements ¢ > j are:

Cov (Y;,Y)) = E[Y;Y)] = Ef(w; + w) (w) + u;)]
= Eluuj] = E [(Uﬂ‘ - Uﬂ'—l) (UTj - Uijl)]
=K [UTiUT].] [U Ur,_ 1] -E [UTFlUT].] [Uﬂ Uny_ 1]
c? (1 _ efbA) efbA(’ijfl)

2b

Having modified the matrix 4V, the artificial “normal” distribution that assumes i.i.d. U’s that are N (0, a?) would
no longer use the correct second moment structure of the data. Thus we cannot relate a priori the asymptotic

variance of the estimator of the estimator 62 to that of the i.i.d. Normal case, as we did in Theorem 2.

9.3 Noise Correlated with the Price Process

We have assumed so far that the U process was uncorrelated with the W process. Microstructure noise
attributable to informational effects is likely to be correlated with the efficient price process, since it is generated
by the response of market participants to information signals (i.e., to the efficient price process). This would
be the case for instance in the bid-ask model with adverse selection of Glosten (1987). When the U process
is no longer uncorrelated from the W process, the form of the variance matrix of the observed log-returns Y

must be altered, replacing y?v;; in (5.2) with

Cov(Y;,Y;) = Cov(c (Wr, = Wr,_,) +Ur, = Uy, ,0 (We, =Wy, ) + Uy, = Ur,_))
=0?Ab;; + Cov(oc (Wr, = Wr, ), Ur, — Uy, )
+ Cov(o (Wy, = Wy, ), Uy, = Uy,_,) + Cov(Uy, — Uy, ,, Uy, — Uy, )

J

where d;; is the Kronecker symbol.
The small sample properties of the misspecified MLE for o2 analogous to those computed in the independent

case, including its RMSE, can be obtained from

| N
227 L 2
Bl = 1 B
| X N i-1
Var :T—; ar Y2 Jr—;jleov Y2 Y2

Specific expressions for all these quantities depend upon the assumptions of the particular structural model
under consideration: for instance, in the Glosten (1987) model (see his Proposition 6), the U’s remain station-
ary, the transaction noise U, is uncorrelated with the return noise during the previous observation period, i.e.,
U,,_, — U;,_,, and the efficient return o (Wﬂ. — W-,_,) is also uncorrelated with the transaction noises U.

i— - Tit+1
and U, ,.

With these in hand, the analysis of the RMSE and its minimum can then proceed as above. As

for the likelihood corrections for microstructure noise, the same caveat as in serially correlated U case applies:
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having modified the matrix 2V, the artificial “normal” distribution would no longer use the correct second

moment structure of the data and the likelihood must be modified accordingly.

9.4 Stochastic Volatility

One important departure from our basic model is the case where volatility is stochastic. The observed
log-returns are still generated by equation (1.3). Now, however, the constant volatility assumption (1.2) is
replaced by

dX; = o dWh. (9.7)

The object of interest in much of the literature on high frequency volatility estimation (see e.g., Barndorff-

Nielsen and Shephard (2002) and Andersen, Bollerslev, Diebold, and Labys (2003)) is then the integral

T
/ oldt (9.8)
0

over a fixed time period [0, 7], or possibly several such time periods. The estimation is based on observations
0=ty <t <..<t,=T,and asymptotic results are obtained when max A¢; — 0. The usual estimator for

(9.8) is the “realized variance”
n

Z(Xti+l - Xti)z' (99)

i=1

In the context of stochastic volatility, ignoring market microstructure noise leads to an even more dangerous
situation than when o is constant and 7" — co. We show in the companion paper Zhang, Mykland, and Att-
Sahalia (2003) that, after suitable scaling, the realized variance is a consistent and asymptotically normal
estimator — but of the quantity 2a?. This quantity has, in general, nothing to do with the object of interest
(9.8). Said differently, market microstructure noise totally swamps the variance of the price signal at the level
of the realized variance. To obtain a finite optimal sampling interval, one needs that a®> — 0 as n — oo, that
is the amount of noise must disappear asymptotically. For further developments on this topic, we refer to

Zhang, Mykland, and Ait-Sahalia (2003).

10. Conclusions

We showed that the presence of market microstructure noise makes it optimal to sample less often than
would otherwise be the case in the absence of noise, and we determined accordingly the optimal sampling
frequency in closed-form.

We then addressed the issue of what to do about it, and showed that modelling the noise term explicitly
restores the first order statistical effect that sampling as often as possible is optimal. We also demonstrated
that this remains the case if one misspecifies the assumed distribution of the noise term. If the econometrician
assumes that the noise terms are normally distributed when in fact they are not, not only is it still optimal

to sample as often as possible, but the estimator has the same asymptotic variance as if the noise distribution
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had been correctly specified. This robustness result is, we think, a major argument in favor of incorporating
the presence of the noise when estimating continuous time models with high frequency financial data, even
if one is unsure about what is the true distribution of the noise term. Hence, the answer to the question we
pose in our title is “as often as possible”, provided one accounts for the presence of the noise when designing

the estimator.
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Appendix A: Proof of Lemma 1
To calculate the fourth cumulant Cum(Y;, Y}, Y, Y1), recall from (3.1) that the observed log-returns are
Yi=o (W"'i - WTi—l) +U- —Ur ;.

First, note that the 7; are nonrandom, and W is independent of the U’s, and has Gaussian increments. Second, the

cumulants are multilinear, so

Cum(Y;,Y;,Ye,Y)) = Cum (0 (Wr, = Wr, ) + U, —Uri_y,0 (Wr, = Wy )) + Ury; —Us,y_y,
o(Wry =Wr_ )+ Uy, = Un_yyo (Wey = Wir ) +Un = Ury )
=o' Cum(Wy, — Wi, W, = Wr, | [ Wey — W | We, —Wr, )
+0° Cum(Wr, = Wy, , Wy = Woy | Wy, = Wr | Ur, — Ur,_,)[4]
+0? Cum(Wr, = Wo, _, ,We, =Wo,_,,Ury = Usr,_,,Ury — Uy _)[6]
+ o Com(We, —Wo,_ ,Ur; = Ury_,Uryy = Uny_, Ury = Ury )[4
+ Cum(Ur, =Ury_y,Ur; = Ur;_,Ury = Uz, Uy = Uyr )
Out of these terms, only the last is nonzero because W has Gaussian increments (so all cumulants of its increments of

order greater than two are zero), and is independent of the U’s (so all cumulants involving increments of both W and

U are also zero.) Therefore,
Cum()/%}/ja Ylw}/l) = Cum(UTi - U"’i—UUTj - UTj—17U7'k - U‘rk-quTl - Ufl,l)«
If i=j=k=1, we have:

Cum(UT«; -Urn, ,Ur, =Us, ,Ur, = Uz, Ur, — UTi—l) = Cum4(U‘Fi - U"'i—l)
= Cumy(Ur;) + Cumy(-U-,_,)
=2 Cumy [U]

with the second equality following from the independence of U, and U-,_,, and the third from the fact that the
cumulant is of even order.

If max(i,7,k,1) = min(i,j, k,1) + 1, two situations arise. Set m = min(s, j, k,!) and M = max(i,j, k,l). Also set
s =s(t, 7, k, 1) = #{4,j,k,l =m}. If sis odd, say s =1 with i = m, and j,k,l = M = m+1, we get a term of the form

Cum(U‘Fm - UTm—17UTm+1 -U U‘Fm+1 -U,, U‘rm+1 - UTm) = - Cum4(UTm).

Tm )

By permutation, the same situation arises if s = 3. If instead s is even, i.e., s = 2, then we have terms of the form

Cum(U.

Tm

-U

Tm—1>

U

Tm

-U

Tm—1>

U7m+1 - Uva U7m+1 - UTm) = Cum4(U‘Fm)'
Finally, if at least one pair of indices in the quadruple (4, j, k, 1) is more than one integer apart, then
Cum(Ur;, = Ur,_y,Ur; = Ur;_,Uryy =Ury_, Uy =Ur ;) =0

by independence of the U’s.

Appendix B: Proof of Theorem 1
Given The estimator (2.2) has the following expected value

a N (o®A + 20 2
P =53 pl] = O = B
i=1
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The estimator’s variance is

N N
Var [&2} = % Var ZYf = % Z Cov (Yi27Y]~2) .
i=1 ij=1

Applying Lemma 1 in the special case where the first two indices and the last two respectively are identical yields

2 Cumy [U] if j=i
Cum(Y;, Y:,Y;,Y;) =¢ Cumyu[U] if j=i+1 or j=3—1 (B.1)

0 otherwise

In the middle case, i.e., whenever j =i+ 1 or j =i — 1, the number s of indices that are equal to the minimum index

is always 2. Combining (B.1) with (3.7), we have

N N-1 N
Var [6°] =72 ZCOV (Y2, Y?) + 1 Z Cov (Y2,Y2,) + +os ZCOV (V2,2
i=1 i=1 P
X
= 75 > {2Cov (¥i,Yi)* +2 Cumy [U]}
i—1
| Nl
+ T2 Z {200V (Yz‘aYi+1)2 + Cumy [U]}
i—1
L
+ﬁz{2cov(yiyyi—1)2+0um4 1)
i—2
_T_]\;{Var[Yi]Z+Cum4 }+ {200v Y;,Yi_1)? + Cumy U]}

with Var[Y;] and Cov (Y;,Y;—1) = Cov (Y;, Yit+1) given in (3.2)-(3.3), so that

2T_]\2] {(02A+2a2)2 4+ Cumy [U]} + {2a4+Cum4 [U]}

2 (0*A? + 40 Aa® + 6a* +2Cumy [U]) 2 (2a* + Cumy [U])
TA a T2

Var [&2} 2(N —1)

since N = T'/A. The expression for the RMSE follows from those for the expected value and variance given in (3.10)
and (3.11):

4da 2 (U4A2 + 402 Ad’® + 6a* + 2 Cumy [U]) 2 (2(14 + Cumg [U]) ) B (B.2)

RMSE [6 ] <A2+ A T2

The optimal value A* of the sampling interval given in (3.12) is obtained by minimizing RMSE [&2] over A. The
first order condition that arises from setting 9 RMSE [6’2} /OA to 0 is the cubic equation in A :

2 (3a* + Cumy [U)) A 4a0*T

3
A° —
ot ot

=0 (B.3)

We now show that (B.3) has a unique positive root, and that it corresponds to a minimum of RMSE [62} . We are

therefore looking for a real positive root in A = z to the cubic equation
2 4pz—q=0 (B.4)
where ¢ > 0 and p < 0 since from (3.9):
3a* 4+ Cumy [U] = 3a* + E [UY] —3E [U*]* = E[U*] >o0.
Using Viéta’s change of variable from z to w given by z = w —p/(3w) reduces, after multiplication by w?, the cubic to

the quadratic equation
3

2 p
—ayu—2 =0 B.5
Y qy o7 (B.5)
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in the variable y = w3.

Define the discriminant 5 )
p=(5) +(3)

q 1/2
-—-D
2

The two roots of (B.5) are

Y= % +D1/27 Y2 =

are real if D > 0 (and distinct if D > 0) and complex conjugates if D < 0. Then the three roots of (B.4) are

a =y +y/°
1 .31/2
=3 (yi/3 + yé/s) Fit— (y-il/S - yé/g) (B.6)

2
2 = —% (02" + ") - i%/z (w17 - ")
(see e.g., Section 3.8.2 in Abramowitz and Stegun (1972)). If D > 0, the two roots in y are both real and positive
because p < 0 and ¢ > 0 imply
y1 > y2 >0
and hence of the three roots given in (B.6), 21 is real and positive and z2 and z3 are complex conjugates. If D = 0,

then y1 = y2 = ¢/2 > 0 and the three roots are real (two of which are identical) and given by

2 = y}/:)’ I y;/:& _ 22/3ql/3

1 1
29 = 23 = -3 (yi/3 +y§/3) = —521.

Of these, z1 > 0 and z2 = 23 < 0. If D < 0, the three roots are distinct and real because

y1 = % +i(=D)?=re? yy = % —i(=D)* =pe ¥

SO

1/3

yl/3 = T1/36i0/3’ y;/S — pl/3,-10/3

and therefore
yi/3 + y;/S = 2r1/3 cos 6/3), y-}/s - y;/g = 2ir'/*sin (9/3)

so that

2 = 2r"/% cos (0/3)
2o = —1r'/ cos (6/3) + 3'/%r'/3sin (6/3)
25 = —1r'/ cos (6/3) — 3/2r'/3sin (0/3) .

Only z; is positive because ¢ > 0 and (—D)? > 0 imply that 0 < § < 7/2. Therefore cos (6/3) > 0, so z1 > 0;
sin(6/3) > 0, so z3 < 0; and

1/2
cos (0/3) > cos (w/6) = 37 = 3'2sin (7/6) > 3'/%sin (0/3),

so z2 < 0.
Thus the equation (B.4) has exactly one root that is positive, and it is given by 21 in (B.6). Since RMSE [6°] is of

the form

RMSE [57] = <2TA3O'4 — 2A? (2a* — 4a°To® + Cumy [U]) + 2A (6a*T + 2T Cum, [U]) + 4a4T2> e

T2A2

. a3A3 =+ a2A2 + a1 A+ ag 1/2
- T2A2
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with az > 0, it tends to +0o0 when A tends to +oo . Therefore that single positive root corresponds to a minimum of
RMSE [6’2} which is reached at

A" =y 4"

(e )

Replacing g and p by their values in the expression above yields (3.12). As shown above, if the expression inside the

square root in formula (3.12) is negative, the resulting A* is still a positive real number.

Appendix C: Proof of Proposition 1

The result follows from an application of the delta method to the known properties of the MLE estimator of an
MA (1) process (Section 5.4 in Hamilton (1995)), as follows. Because we re-use these calculations below in the proof of
Theorem 2 (whose result cannot be inferred from known MA (1) properties), we recall some of the expressions of the
score vector of the MA (1) likelihood. The partial derivatives of the log-likelihood function (5.1) have the form

_ _10Indet(V) 1 .,0V"

b= 2 an 272 an Y (C.1)
and N 1
7 Iy r—1
lﬂ/2 :—2—72—0—2—741/‘/ Y. (CQ)
so that the MLE for 4?2 is
5% = %Y’V*Y. (C.3)

At the true parameters, the expected value of the score vector is zero: E [ln} =F |:l',y2i| = 0. Hence it follows from
(C.1) that

2N 2(1+N
sl V] a0mdet(v) _ 2277(1—(1+N)n + Nt ))
o )T Ty T (1 —?) (1 — 20+N)
thus as N — oo

-1 2
E {Y’BV Y] = —2777”2 +o(1).
on (1—=n)
Similarly, it follows from (C.2) that
E[Y'VT'Y] =N+~
Turning now to Fisher’s information, we have
N

. 1 R N
E[-lp] = —5a t B VY] =55, (C.4)
whence the asymptotic variance of Tl/z(’y2 —~?) is 29*A. We also have that
- 1 oVt _ n
E [ 5727,] =5 {Y o Y] =i o (C.5)
whence the asymptotic covariance of T%/2(3% — ~4?) and T?() — n) is zero.
To evaluate E [—lm,} , We compute
- 1 10°Indet(V) 1 ,02V !
E [—z,m] =5 ap — taal |V Y (C.6)
and evaluate both terms. For the first term in (C.6), we have from (5.3):
o2 Indet(V) 1 2(1+n>+7>"N (1-39%)) (1—n*Y)
o (1 —gEeen)? (1 =72
—oNg2N (3 + n2+2N) _ 4N2772N}
2 (147%)
=——-=+40(1 C.7
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For the second term, we have for any non-random N x N matrix Q:
E [Y’QY] =F [Tr [Y’QY” =F [Tr [QYY'H =Tr [E [QYY']]
=Tr [QE[YY']] =Tr [Q+*V] =~+°Tr [QV]

where Tr denotes the matrix trace, which satisfies Tr[AB] = Tr[BA]. Therefore

B {Y’EY} =Ty {828‘/; ] <ZZ 82”: )

8772 =1 j=1
N
82’0“ 82,01 ,i+1 82 i,2—1
2
= 1
(LG )+ X Lt s )
__ 7 a2y +77“2N(1—477 ) (L —7*")
(L ppeeN)? (1—n?)?
2N (14 n°N (6 — 6n° + 2> 2N — 3p*+2N)) NN
(1=n)
272N
= + o(N C.8
(L=n2) ) (C.8)
Combining (C.7) and (C.8) into (C.6), it follows that
. 18%Indet(Vaw) 1 PVt N
E |-l = — /4 gy Y ~ N .
[ nn] D) o2 + 272 a2 N oo (1= 12) +o(N) (C.9)

In light of that and (C.5), the asymptotic variance of T%/2(7) —n) is the same as in the 42 known case, that is, (1—n?)A

(which of course confirms the result of Durbin (1959) for this parameter).
We can now retrieve the asymptotic covariance matrix for the original parameters (o2, a?) from that of the para-

meters (v2,7). This follows from the delta method applied to the change of variable (3.2)-(3.3):

< ’ > = F(+*m) = ( A7 (Lm) > (C.10)
a N
Hence L )

T1/2 << 22 ) _ < 22 >> T_’OON(O AVAR(6%,4%))

where

AVAR(6%,a%) = Vf(+*,n). AVAR(5*, 7).V f(+*,n)’
i R - -
S\ —? 0 (1-n)A D) 2

4,/08A (402 + 02A) + 20 A —a?Ah(A, 0%, a?)
2 (2a® + 0®A) h(A, 0%, a%)
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Appendix D: Proof of Theorem 2
We have that

Etrue |:l'77l"‘/2i| = Cov““e(l"fﬁl'ﬁz)

L \myy @7 1§

_ L R ki
= COVtruc 2 Z: 7 j a 2 IZ Y]QY—['U

N

1 v
= o o ™ Coviene (Y;Y5, Vi) (D.1)
i,J,k,l=
N i
Z kl [Cumtf\lC (1/17 Y_—jy Yk7 Y'l) + 2 COVtruc (Yn Yy) COVtruc (Yk7 Y—l)]

i,5,k

where “true” denotes the true distribution of the Y’s, not the incorrectly specified normal distribution, and Cum

denotes the cumulants given in Lemma 1. The last transition is because

COVtrll(z(Yiy}y YkY—l) = Etruc [YYYk:Y] - Etruc [YLY7] Etruc [Yk%]

ijkl _ ikl

,Jkl+K,JKk,l[3] K,Jl%kl

,Jkl

=R

+ KZ k:nj,l + Kl’lﬂj’k

= Cumtruc (1/17 1/3'7 Yk7 %) + COVtruc (1/17 Yk) COVtruc (Y?y Yk)
+ CovVirue (Yn 1/2) Covirue (1/]7 Yk)

since Y has mean zero (see e.g., Section 2.3 of McCullagh (1987)). The need for permutation goes away due to the
summing over all indices (4, 5, k, 1), and since V™! = [v"] is symmetric.
When looking at (D.1), note that Cumuormai (Y3, Y5, Y, Y1) = 0, where “normal” denotes a Normal distribution with

the same first and second order moments as the true distribution. That is, if the Y’s were normal we would have

N i
Enormal [lnlq2i| = — Z av 2 COVnozmal (1/27 Y; ) COVnozmal (Yk7 Y—l)]
7.k,

Also, since the covariance structure does not depend on Gaussianity, Covirue(Yi,Y;) = Covinormai (Y3, Y;). Next, we

have
Erormal |:l'nl'-y?i| = —Eyormal |:zlyw2:| = —Eirue |:zlyw2:| (DQ)

with the last equality following from the fact that Lmz depends only on the second moments of the Y’s. (Note that in
general Fi,ye [l.,,l.ﬂfz] # —Firue [lmz] because the likelihood may be misspecified.) Thus, it follows from (D.1) that

N ..
.. .. 1 ovY
Erye |:lnl-y2i| = Ehormal |:lnl—y2i| - 4_,)/6 E 8—771}M Cumnue(Yi, Yj,Yk, YE)
i, k,l=1
N
- 1 o'
= _Etruc |:ln72] - 4_,}/6 Z a Ukl Cumtru( (K: 1/]7 Yk:, Y) (D3)
ik, l=1
It follows similarly that
.\ 2 .
Etrue |:(ln) :| = Vartrue(ln)
N i kl
- 1 Y v
= —Burue [imn] + =) j;_l B gy G (Y5, Y5, Yie Y) (D.4)
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and
. 2 .
Etrue |:(lq2) :| :Vartrue (l-y2)
1 N
7 ij, ki
= —FEirue |:lq2-y2i| + 4_’78 ijgilv Tv Cumtrue()/'iy}/jayky}/l). (D5)

We now need to evaluate the sums that appear on the right hand sides of (D.3), (D.4) and (D.5). Consider two

generic symmetric N x N matrices [Vi’j] and [wi'j}. We are interested in expressions of the form

Z

(—1) vkt = > (—=1)" T WMt (D.6)

i,k M=m+1 h=1 4,5,k l:m=h, M=h+1
N—-1 3
_ § : § : (_l)ryi,jwk,l
h=1 r=11,j,k,lim=h,M=h+1,s=r
N-1
Roh+1 h41,h+1 h41,h+1 h,h+1
_ {—2V 1 htLhtL o) ht LAl bkt
h=1

hyh  h41,h+1 h+1,h+1 h,h h,h+1  h,h+1

4 Rt AL Rk gy et et
h+1,h h,h h,h h+1,h

—oythhy b g by, it }

It follows that if we set v

Trw)= > v Cumie (Y, Y, Yi, V1) (D.7)

5,k 1=1

then Y (v,w) = Cumy [U] ¥(v,w) where

N N-1
P(v,w) = 2 Eyh,hwh,h + Z {_2Vh,h+1wh+1,h+1 _ g LAt Rkt
h=1 h=1
L h LR R LR Bk g hohet L Rt (D.8)

h+1,h h,h h,h  h+1,h
—oythih b g b, it }

If the two matrices [ui’j} and [wi’j} satisfy the following reversibility property: pNF1=6N+1=0 — i gpd (N FLI=6N+HL=7 -

w"7 (so long as one is within the index set), then (D.8) simplifies to:

N N-1
W(v,w) =2 Eyh,hwh,h + Z {_4Vh,h+1wh+1,h+1 IS NS PURER]

h=1 h=1

Lol ittt +4yh,h+1wh,h+1}

This is the case for V™! and its derivative 9V ™' /dn, as can be seen from the expression for v*/ given in (5.4), and
consequently for dv™d /on.

If we wish to compute the sums in equations (D.3), (D.4), and (D.5), therefore, we need, respectively, to find the
three quantities ¢ (9v/0n,v), ¥(dv/dn, dv/0n), and (v, v) respectively. All are of order O(N), and only the first term
is needed. Replacing the terms v*” and 8v*?/9n by their expressions from (5.4), we obtain:

2 2N 2 2(14+N) | 2(24N)
(1+72) (1 —n)>(1 — n2(1+N))? {_(1+77) (1_77 ) (1+277 +21 +tn )

+ N =) (L4 7) (24 4?0 gyt 2N g2t L

¢(U7 'U) =

- % +o(N) (D.9)
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" <8v v) 2(0(1) +2N(1—n) (1 +n*)n(L+n0*+0@m*N)) + N?°O(n*"))
n(1 —n)*(1+n?2)>(1 — n2a+N))?
AN

=G +o(N) (D.10)

(@ @) 4 (0 +3N (1= 1) n* (14 7%)* + O@™)) + N2O@*™) + N*0(*Y))
on’ on 302 (1+1n) (1+n2)°(1—n)°(1 — 20+t
4N

Tt o(N) (D.11)

The asymptotic variance of the estimator (52,7) obtained by maximizing the (incorrectly-specified) log-likelihood

(5.1) that assumes Gaussianity of the U’s is given by
AVARue(3%,7) = A (D'ST'D)™"
where, from (C.4), (C.5) and (C.9) we have

VR q_ 1 a1 ..
D=D = NEtruc |:l] == NEnormal |:l] - NEnormal [ll]
1 __ 1
— ( 277 Ny2(1-n2) +o(x) ) (D.12)
= . )
. ) +o(1)
and, in light of (D.3), (D.4), and (D.5),
1 a1 .; B
§ = < Buruo [ii'] = ~Birue [i] + Cuma [U] ¥ = D+ Cums [U] W (D.13)
where
oo L[ FEo@) (3
Wl (e
1 -1
— [ ~®a-m? +o(1) 75 (1-n)3 +o(1) (D.14)
) ———= +0o(1)
yi(1-m)?

from the expressions just computed. It follows that

AVAR e (3%,) = A (D (D + Cumy [U] ¥) 1 D) 7"

=4 (D (1d+Cums U] D))

=A (Id+Cums[U] D'®) D}

=A (Id+Cumy[U] D~'W) D}

= AVARuormal (32,7) + A Cumy [U] D~'¥D™?

where Id denotes the identity matrix and
—2(147)
2’Y4A 0 -1 -1 174 2 2(1—n)?2
AVARnormal(’?27 ﬁ) = 3 D vD = a-m v 77;
0 (-n)A © Sty

so that
2'74 0 a - V2 ;2(11+3‘L2
AVARtruc (’3/27 'f]) =A + A Cum4 [U] - v 1 .
° (- © Sl

By applying the delta method to change the parametrization, we now recover the asymptotic variance of the estimates

of the original parameters:
AVARne (6%,0%) = Vf(3%,1). AVARue (37,7).V £ (77, )’

< 4,/0SA (4a2 + 02A) + 20* A —o?Ah(A, 0%, d?) )
. .

2 (2a® + 0®A) h(A, 0%, a*) + A Cumy [U]
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Appendix E: Derivations for Section 7

To see (7.4), let “orig” (E.7) denote parametrization in (and differentiation with respect to) the original parameters
0% and a2, while “transf’ denotes parametrization and differentiation in 2 and 7, and finy denotes the inverse of the

change of variable function defined in (C.10), namely

2 119242 + 62A 4+ \/02A (4a2 + 02A
< ry ) = fi[lv(o-27a2) = ? ( )} . (E.l)

n 2o3 —2a? — 0?A + /02 A (4a2 + U2A)}

and V finy its Jacobian matrix. Then, from lorig = V finy (62, 2)" Jiranst, We have

lorig = vfinv (0'27 az),«i.‘transfovfinv (0'27 a2) + H[l'transf]

where H[l'tmnsf] is a 2 X 2 matrix whose terms are linear in itrangf and the second partial derivatives of fi . Now
Eirue[lorig] = Etrue[liranst] = 0, and s0 Firue [H [liranst]] = 0 from which it follows that

Dorig = NﬁlEtrue[_lorig]
= Vfinv (027 az)l'Dtransf-Vfinv (027 052)

Al/2 (2024024 AL/2

203 (4a2+o'2A)3/2 o'(4a2+o'2A)3/2
: L sy | o (E:2)
2a% (4a2+o'2A)3/2

with Diranst = NilEtrue[—Znansf] given in (D.12). Similarly, l'origl'{,rig =V finv (02, a2)/.l‘trangfl‘éransf.vﬁny (02, a?) and so

Sorig = Vfinv(a'zy az),«stransfovfinv (0'27 a2)
= vfinv(a-27 O¢2),«(Dtransf + Cum4 [U] \II).vfinv(O-zy aZ)
= Dovig + Cumy [U] V finy (02, 0%) WV finy (02, 0°) (E.3)

with the second equality following from the expression for Siranst given in (D.13).

To complete the calculation, note from (D.14) that

V= gtranSf-gt,‘ra‘nsf + 0(1)7

where
- —1
g — [ A=)
o — (=)
Thus
V finv (027 ozz)'.\I/.mev(orz7 az) = garig.g:,rig +o(1), (E.4)
where
Al/2
o(4a2+02A 3/2
9 = Gorig = V finv (02: O‘2)l-gtransf = 3 (y ( A1/2U(6)a2+a2A) (E.5)
2af \ 7 (4024024)7

which is the result (7.5). Inserting (E.4) into (E.3) yields the result (7.4).

For the profile likelihood A, let diz denote the maximizer of I(¢2, a®) for given ¢2. Thus by definition \(c?) =
(o2, &32). From now on, all differentiation takes place with respect to the original parameters, and we will omit the
subscript “orig” in what follows. Since 0 = I 2 (o2, &i2), it follows that

0= 2sl,a(0%, 22)

~2
80/02
do2’

= Z;,.QGQ (0’27 d§.2) + Za2a2 (0'2, &(2,2)
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so that

aa% _Lo2q2(0?, 85) (E.6)
80 la2a2 (0-27 &32)
The profile score then follows
. ; . 04>
A(0?) = 1,2(0%, a22) + 1,2 (02, aiz)% (E.7)
so that at the true value of (02, a?),
. ; Eiruell,2,2] ;
No?) =12(02,a%) — Buellyze2]; | (02,a%) + 0,(1), (E.8)
Etrue [la2a2]
since a2 = a® + O,(N ™) and
Azlg2a2 = Nﬁli;,2a2 (0'27 di2) — NﬁlEn-ueU.ozaz] = O;,(Nil/z)
Ai‘a2a2 = Nﬁlia2a2 (0'27 d§2) — N'Eirue [i.azaz] = O;,(Nil/z)
as sums of random variables with expected value zero, so that
9aZs N 'l,2,2(0%,a2,)
do? Nﬁli.azaz(az,diz)
N 'Buuelly2g2] + Alyo,e
N=1Eiuc[ly2q2] + Aly2,2
lﬂruc[[ 2 2] 7 ¥ —1/2
= ——=7% 4 (Algy2g2 — Alg2g2 ) + 0p(N
Etruc [la2a2] ( ) p( )
Etruc[l. 2 2] —1/2
= ——=79 4+ Op(N
Eirvella242] i )
while
l.a2 (027 az) = OP(N1/2)
also as a sum of random variables with expected value zero.
Therefore
\ 7 E rue l a
B A0®)] = Bunelipa (0%, 0*)] - 222 (1202, )] + 0)
Etruc [la2a2]
=0(1)
since Enue[l'gz (0%,a%)] = Eirue iaz (0%,a®)| = 0. In particular, Etrue[)'\(cﬂ)] = o(N) as claimed.
Further differentiating (E.7), one obtains
. . . 942, \ 2
No?) = 1,202(0%,622) + 1,242 (07, a22) <%)
.. 04> ; 8%a?
120 2,2(07, a22) a‘f;; tiya(0?,a%2) 62‘;0;
. l 2 2(0'2 d22)2 . (92&22
::l 2 A2 _ f a y Yo l 2 A2 o
0202(0 ,CLo_z) la2a2(0'2,d£2’_2) + a2(0’ 7a0'2) 0202
from (E.6). Evaluated at o = 62, one gets 42> = a* and [,2(6%,a%) = 0, and so
7 A2 A2N2
R(62) = [0,0(6%, 82) — l2a2(0,07)
l242(02,a2)
1
=T 3 (E.9)

[l(&27 d2)—1]

02052

where [f(&z,if)*l} , , 15 the upper left element of the matrix 1(62,a2)~ . Thus (7.7) is valid.
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Alternatively, we can see that the profile likelihood A satisfies the Bartlett identity to first order, i.e., (7.8). Note
that by (E.8),

Etrue [lo'2a2

N—IE rue )\ 2)2 = NﬁlE,ru(‘ <l 27 ’ ]
t [ (O- ) ] true 02(0- “ ) Et1u( [l 2 2]

i

]

l2(0°,a%) + Op(1)>2}

Etlll( [l02a2

2
= N 'Eirve <l0 0'27a2 la 0'2,a2 )
i 2( ) — B Lo 2( )

= N7 Bue [i2 (07,07 + (L‘”” zali (o 2,a2))
Etlll(‘[la2a2]

Enue[lo—2a2]
Etlue[la2a2]

-2 l2(0?,a®)l,2 (02,a2)] +0(1)
so that

2
N~ 1Etru([ ( ) ] - 552(,2 + <%) Sa2a2 - gazaz S 252 + Op(l)

a2a2 a2a
D22\ > D 242
= <D0202 + (#222) D242 — D:zjz D 2J2>

2 D02a2 2 2 D02a2
+ Cumy [U] [ g5z + ( 75 ) ga2 — 2 9o29q2 | + 0p(1)
D,z D22

a“a

by invoking (7.4).

Continuing the calculation,

Dgzaz D22 2
N7 Euwue[M0®)?] = ( Do2g2 — 57 | + Cumy [U] ( g2 — a2z | +o(1)
D242 D242
=1/ [D71]0202 +o(1) (E.10)
since from the expressions for Do,y and gorig in (E.2) and (E.5) we have
Goz — Djj gu2 = 0. (E.11)
Then by (E.9) and the law of large numbers, we have
N Burne[M0®)] = =1/ [D7Y] .2 +o(1), (E.12)
and (7.8) follows from combining (E.10) with (E.12).
Appendix F: Proof of Lemma 2
Y¥~! = Id implies that
ozt 108 (1
=y ==X F.1
o 98, -
and, since ¥ is linear in the parameters o2 and a® (see (8.2)) we have
)
— = = F.2
aﬂ28ﬂ1 ( )
so that
’»xt o (az*l)
dB2061 0P \ 9B
() % % () IR .
_ 1925102 51 0% 5 O _y1 074
082 OB 01 B2 051082
ox % % ox
0 D= RS Y Mgt inc F.3
28> OB, 96> 0B (F:3)
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In the rest of this lemma, let expectations be conditional on the A’s. We use the notation E[-| A] as a shortcut for

E[-| An, ..., A1]. At the true value of the parameter vector, we have,

OZE[iﬁl A]
10lndet> 1 )t
= _58—51 — §E {Y 95 Y‘ A] . (F.4)

with the second equality following from (8.3). Then, for any nonrandom @, we have
E [Y’QY} =Tr [QE [YY']] =Tr[QY]. (F.5)

This can be applied to @ that depends on the A’s, even when they are random, because the expected value is conditional

on the A’s. Therefore it follows from (F.4) that

Olndet X ,087! ‘ ] {az*l } {,102]
gmetts _ _ply YAl =-1r || =7 |21 2 F.6
96, { 96 "o (T (-6)
with the last equality following from (F.1) and so
2
0°Indet 2 :iTT {2718—2]
0B20681 082 0681
0 _1 0%
=Tr | = (9L
' {aﬂz< 361)]
1 0% (1 0% 1 9°%
=_Tr|y ="' 4x! }
T{ 98: OB 9B20p:
_10¥% 1 0%
=_Tr |2 '==% 1—], F.7
’“{ 96> OB (1)
again because of (F.2).
In light of (8.3), the expected information (conditional on the A’s) is given by
. 10%Indety 1 0?8t
E[—ZM1 A] =5 955 2 {Y aﬂzﬂly‘a].
Then,
o*x ! 0*x !
E|Y’ YAl =Tr | ——X%
{ 0B ‘ ] ! {352,31 }
_10Y 1 0% _10¥% 1 0%
=Tr |2 ' nT 2 ey 2y 1—}
’“{ 98~ Opr 961 0ps
1 0¥ 1 0%
=2Tr |27 =% 1—]
T{ 98" 9B

with the first equality following from (F.5) applied to Q = 8*£7! /9231, the second from (F.3) and the third from the
fact that Tr[AB] = Tr[BA]. It follows that

i _ 1 ~1 08 1 08 ~1 08 o1 08
E[—15261 A}f 2T7‘|:E o 851} TT{E > on
_1 108 0 08
f2Tr{E 8522 351}
__lﬁzlndetz
T2 0B281
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Appendix G: Proof of Theorem 3

In light of (8.2) and (8.9),
Y =30+ e’E (G.1)
from which it follows that

S = (Do (Id + e0®S5 'E))

= (Id+eo?s5'E) ' 55t
=55t — oS lEN  + ot (50 1E) 55 L+ O() (G.2)
since
(Id+€A)™F =Id — €A+ EA* + O(%).

Also,
82 820 80'2

a5~ 9B 0B

=
=

Therefore, recalling (F.6), we have

2 [
=Tr _(251 ~ 0?5 'ES; ! + 20 (55 1E) 55t + 0(63)) (Z—Z)f + e%jaﬂ
—Tr _zolgio} +€TT’|: oy _zolg? g‘; S0 :]
+ETr {04 (=5'E)? 251‘2?0 zgg 201:201:}
+0p(") (G.3)

We now consider the behavior as N — oo of the terms up to order 2. The remainder term is handled similarly.
Two things can be determined from the above expansion. Since the &js are i.i.d. with mean 0, E[Z] = 0, and so,

taking unconditional expectations with respect to the law of the Ajs, we obtain that the coefficient of order ¢ is

1820 80’ 271’_‘:|:|
9By 8,31

1820 80' E,L_‘:|:|
ErN 531

_ 251 e 1% a;‘z —1 e
7TT{—020 E[E] 2, o +86 OE[H]]

E {TT {—02251525

=Tr [E [—02251525

=0.

Similarly, the coefficient of order € is

0p1 01

—Tr|o'E [CeN zglg—?f - 23;1 E [(2515)2]]

_ 1 o2 [(512)?] (0251980 _ 99% 1\
=17 |o”E [(%'8)"] <a %' 55 —aﬂlld)_

_ [ = = 2 1%_30
= Tr 0?5 B [2ny " ]( %' 55 %lfd)]

E{Tr {04 (ziE) eyt d 200" (= H)Q]

The matrix E [EX7'E] has the following terms

N N
[E55'E],, =Y > = [551],, By = At [551],,

k=11=1
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and since F [§;€;] = d;; Var[¢] (where d;; denotes the Kronecker symbol), it follows that
E [EX;'E] = Af Var[¢] diag [£;'] (G.4)

where diag [Eal] is the diagonal matrix formed with the diagonal elements of Eal. From this, we obtain that

25 [
+€eTr {ﬁzglE (== (ﬁzglg—z’ — g%jfdﬂ +0(€)
=Tr _20 ! g;]f (G.5)
+ €A} Var[g]Tr {JZEaldiag [Z6] <02251‘;—2’ - g;;ld)} + O(e%).

To calculate E [1'52;31] , in light of (8.8), we need to differentiate F [01ndet 3/901] with respect to B2. Indeed

1 d?Indet ¥ 1 0 Olndet X
AH:_iE{ 982081 ]:_58_62@{ R D

where we can interchange the unconditional expectation and the differentiation with respect to B2 because the uncon-

E [—Zﬁzﬂl] -y [E [_zm

ditional expectation is taken with respect to the law of the Ajs, which is independent of the 8 parameters (i.e., 0% and
a?). Therefore, differentiating (G.5) with respect to 82 will produce the result we need. (The reader may wonder why
we take the expected value before differentiating, rather than the other way around. As just discussed, the results are
identical. However, it turns out that taking expectations first reduces the computational burden quite substantially.)

Combining with (G.5), we therefore have

. 1 0 Olndet X
B[] = 555 (7|55 ))

__19 —10%0
= QBBQTT {EO 851]
1 9 1. _ 0%  9do®
- 5€°A8 Varlg) - <Tr {02201(11@9 (5] (a 5t aﬂf 8%1[(1)])
+0(e%)
=6 + 26 +0(*) (G.6)

It is useful now to introduce the same transformed parameters (v2,7) as in previous sections and write £y = vV
with the parameters and V defined as in (3.2)-(3.3) and (5.2), except that A is replaced by Ag in these expressions.
To compute (;5(0), we start with

10%0| _ [ —2 718(’72‘/)
Tr {ZO a5 } Tr |y °V 7851
_ 10V -2 Oy
7Tr_V aﬂ:|+T7'|: V- V@ﬂ}
[ 10V on Y
=Tr |V 1—=| =4+ Ny 2L G.7
" }aﬁl " o (G-1)

with 9y2/3p1 and 81/3B1 to be computed from (3.4)-(3.5). If Id denotes the identity matrix and J the matrix with
1 on the infra and supra-diagonal lines and 0 everywhere else, we have V = n?Id + nJ, so that 0V/on = 2nId + J.
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Therefore
r {Vﬁlg—‘;] =2nTr [Vﬁl} +Tr [VﬁlJ]
_ 27]21)1,2 + Z {Uz,zfl +U1,1+1} +v1’2 _|_,UN,N71
i=1 i=2

_ (- (N (1 -9?) +1))
o (1=n?) (1 =20t

= ﬁ + O(l) (G.S)

Therefore the first term in (G.7) is O(1) while the second term is O(NN) and hence
_ _ &y
Tr|S5ts=| =Ny > +0
=] = v (1),

This holds also for the partial derivative of (G.7) with respect to B2. Indeed, given the form of (G.8), we have that

since the remainder term in (G.8) is of the form p(N)nq(N), where p and ¢ are polynomials in N or order greater than

or equal to 0 and 1 respectively, whose differentiation with respect to n will produce terms that are of order o(N). Thus

it follows that
0 1 820 0 92 8’y2 )
— o =N— — N
062( { 0 86]) 962 (7 o ) T o)

B a,y72a_,y2 5 82'72
=N { 98 05 aﬂQaﬂl}“(N ) (G.9)

Writing the result in matrix form, where the (1,1) element corresponds to (81, 82) = (02, 0?), the (1,2) and (2,1)
elements to (81, B2) = (02, a?) and the (2,2) element to (f1,52) = (a?,a?), and computing the partial derivatives in
(G.9), we have

5O — _li —1 0%0
2 0P o En
1/2 2a +0'2A0 A1/2
Y
20’3 4a2+02A0)3/2 0'(4a2+o'2A0)3/2
1 1 A(l)/2a(6a2+u2A0) +0(N)' (G.IO)
2a® a (4a2+o'2A0)3/2
As for the coefficient of order €2, that is ¢® in (G.6), define
2
a=Tr {ﬁzgldmg (55 <02251g—§f - g—glfd)] (G.11)
so that S
¢! = ——Ao Varlg] 5.
We have
a=a'Tr {E&ldiag (55 zglg—?j - Zg—ngT (S5 'diag [£51]]
(v 2
= 0'4776T7‘ Vﬁldiag [Vﬁl} yt ((;51 ) - 02% —4ry [Vﬁldiag [Vﬁl]]
4_—4 1. 17 1,-10V 9]
= T d —
oy T'|:V zag[V }V o0 051 |
+o 776 (9fy Tr [Vﬁldiag [VﬂH — 02(9;‘2774Tr [Vﬁldiag [Vﬁl]]
01 0B
. 2
=gty Bag Tr { V™ 'diag [Vﬁl] Vﬁlg—‘;_ + <04776 gg 02%774> Tr [Vﬁldiag [V71H .
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Next, we compute separately
-1 4. -1 718_‘/ _ . 10V
Tr |V~ "diag [V }V an =Tr dzag[ }V anV
oV~
on

=-Tr {diag (V]

XN: . avzz

v

0(1) —2Nnp (1 +n° —n* —n°+0n*")) + N2O(n*")
(LT PP (L) (1 iy

_ —2Np o
“a-ny + o(N)
and
N
Tr [ 1dzag Z( )
_ O+ N (-5 +0*Y)
(1472 (1—72)* (1 —720+N)?
N
= 7(1 - 772)2 + o(N)
Therefore

oyt a77 —2Nn ot —68_'72 230 74) < N )
YT BB <(1—n2)3) +( T 57 9B 1 —n2)? o),

which can be differentiated with respect to 82 to produce da/dB2. As above, differentiation of the remainder term o(N)
still produces a o(N) term because of the structure of the terms there (they are again of the form p(N)np?™).)

Note that an alternative expression for a can be obtained as follows. Going back to the definition (G.11),

95 T[S, 'diag [£5]] (G.12)

4 —1 5. — 1820} 280
a=oc Tr |X, diag |2 Yo —
a { 0 9[ 0 ] 0 ah

the first trace becomes

100

Tr {Ealdiag (=1 = 95

_ %
] =Tr {diag [Zo }20186020 }

=-Tr {diag [Eal] 9% }

0p1

9B
a N
28, 2% )i
K3

Tr [Ealdiag [251” .

- _Z(Egl)ii(azal)ii

N = N =

0p1

44



so that we have

o= —04%8%1%« [ 'diag [25']] - UQ%TT (g 'diag [£51]]
= o2 21 [ g [357)] - 3 (%) Tr (55" diag [£57]]
— %a%l (0" T [25  diag [S5]])
— 335 (" *Tr [V diag [V]))

|
v| =z
E
VR
Q
| S
2
L
—
2

where the calculation of T'r [Vﬁldiag [VAH is as before, and where the o(N) term is a sum of terms of the form

p(N)n‘I(N) as discussed above. From this one can interchange differentiation and the o(NN) term, yielding the final

equality above.

Therefore

Oa o 1 82 4 —4 N
B2 20B10B: <U 7 ((1 —n2)? +O(N)>>

B N 82 0_4,)/74
= _3861862 <(1 _772)2) +O(N)

Writing the result in matrix form and calculating the partial derivatives, we obtain

(8a2 720'2A0)
289 ) +o(N)

(2)__1 2 8a _
P = QAOVME]_@BQ 5"
0

N A Varl¢] —2a% —
(402 + 02A¢)?

Putting it all together, we have obtained

B [l ] = 5 (69 + 0 + o)

=FO9 L 2F® 4+ 0(*) +0(1)

where
Aé/2(2a2+02A0) Al/2
F(O) o 20’3(4a2+02A0)3/2 0'(4a2+o'2A0)3/2
- 1 1 Aé/za 6a2+02A0
° 1 _
2a4 (4a2+02A0)3/2

oo _ _A3Varlg] (202 - (C270)
- (4a? + 02A0)3 = ’

° — Ao

The asymptotic variance of the maximum-likelihood estimators AVAR(&2, 4?) is therefore given by

AVAR(62,42) = E [A] (F(O) +EF® 4 0(63)) B
— A, (F(O) <Id +E[FO) T F® 4 0(63))) -
(Id +é [FO)] G 0(53)) - B o
- o (1a=¢ [0 00) ]
= Ao [F(O)} e, [F(O)] aC) [F@)} Lo

=AY £ 24?1 0P
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-1 -1 -1
where the final results for A© = A, [F(O)] and A® = —A, [F(O)] F® [F(O)] , obtained by replacing F(® and

F® by their expressions in (G.15), are given in the statement of the Theorem.

Appendix H: Proof of Theorem 4

It follows as in (D.3), (D.4) and (D.5) that

FEirue [hﬁ%%] = Covirue (I, , I3, |A)

= CoVirue (__1;11/1/ < - )i_’ zzv: le( 1)kl>

N 1 .
- i (aaz ) (az ) Covirue (YiY;, YiYI|A)
i,g,k,l=1 1 082
N w1
. 1 82
= —Firue [161B2|A] 1 Z < op1 ) < 9Ba ) Cumyrue (Y3, Yy, Y, Yi|A)
1,7,k,1=1 iJ
! on!
B [Ty5513] + 7 Coms W”’( 96 ' 0P ) (H.1)

since Cumyrue (Y3, Y5, Yi, Yi|A) = 2, +1, or 0, X Cumgue(U), as in (3.8), and with ¢ defined in (D.8). Taking now
unconditional expectations, we have
Etruc |:lBl 162] - COVtrll(z(iﬂl7 162)
=F |:COVtru(: (l.[ﬁ’ lﬁz |A)] + COVtruc (Etruc [lﬂl |A]7 Etruc [ZBQ |A])

=E [COme (s, 15, |A)}

" 1 ox~1 gx?!
= B [zﬁlﬂ2] + 5 Cumy [U] B {«/» <8_61’ 8_,6’2)} . (H.2)

with the first and third equalities following from the fact that Fi,ye [lgl |A] = 0.

Since
Etrue [lﬂlﬁz |A] Enormal [lﬁlﬂ2|A]

and consequently
FEirue [lﬂ152j| = Euwormal [lﬁlﬂ2:|

have been found in the previous subsection (see (G.15)), what we need to do to obtain Fiyye [iﬁl igz] is to calculate

-1 -1
> {1/) <82 ’ ox )} ‘
061 0Bz
With 7! given by (G.2), we have for i = 1,2

o5 _ 0%, 0
B OB Opi
and therefore by bilinearity of v we have

’ {w (?ﬂj’ a‘?ﬁ;)] - <azﬂal ’ 882651) e {d) <8§6611 ’ a%z (022515251))] 2]
{ <88251 55 (" (2515)2261))] 2]

{ < (020 220 ), 8%2 (022515251))]

%),

0
OBi

(*Sp'ESg ) + €

(04 (55'2)? 251) +O(é)

O(e (H.3)
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where the “[2]” refers to the sum over the two terms where 81 and 32 are permuted.
The first (and leading) term in (H.3),

. (azgl 8251> .y <8(72V1),5(72V1)>

B’ 0P 9B 9B
N LVTE oyTE 728‘/71)
— vt vy
”’( 9B LT T T 9B,
NP1 0V op TPy L0Vt 377)
— |7 S e L A SN Vs S =L
d’(@ﬁl " Tan 9 08 " Ton op:

corresponds to the equally spaced, misspecified noise distribution, situation studied in Section 6.

The second term, linear in €, is zero since

axst o e
E{zp( 8601 ,%(022015201))]

05" (A N
(e o =)

_ 8271 8 2¢—1 = —1
*7/)( 8501 75_32(0 DI E[~120 ))

=0

with the first equality following from the bilinearity of 1), the second from the fact that the unconditional expectation
over the Ajs does not depend on the 8 parameters, so expectation and differentiation with respect to B2 can be
interchanged, and the third equality from the fact that E[Z] = 0.

To calculate the third term in (H.3), the first of two that are quadratic in €, note that

%t o o
ar=F |:’(/)< aﬂol ’8_ﬂ2 (0-420 1:,201:,20 1)>:|

_ 05,! [ S R P |
*1/)(—861 %% (c*So'E [EX5'E] 55 ))
8261 i dae—1 ;- —1yy—1
95" 06 (0 3 diag(X )2, ))
o(y?v K
op1 " 02

— A2 Varlgly (

= AJ Var[¢]y < (0'476V1diag(V1)V1)> , (H.4)
with the second equality obtained by replacing E [EEalE] with its value given in (G.4), and the third by recalling that
Yo = ¥*V. The elements (i, j) of the two arguments of 1/ in (H.4) are

0B 01 7 on 0B

and

N
k,l a 4 —6 kE,m_ mm_m,l
w =5 |0y v v v
082

m=1
8(04’}/76) al k,m m,m _ m,l 4 768 al km mm _ m,l 877
=——Fz v YT A+ — v MY ™ ) —=
9P Z‘l 77 oy qu 962
from which ¢ in (H.4) can be evaluated through the sum given in (D.8).

Summing these terms, we obtain
" o(v*v™) o
01 0B
4N (Civ (1 =) + C2vCsy) (Crw (1 —1?) + 2Caw Caw (1 + 3n))

- T e

(0476V1diag(V1)V1)>
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where

_ oy _ _ On

Civ = a6, , Cov =7y ,Csvfaﬁ1
8(04’Y76) 4 -6 on
Clw—a—&, C’zwfffv ,O3W78—ﬂ2

The fourth and last term in (H.3), also quadratic in e,
0 2¢—loge1y O 2¢—1oy—1
=F — Yo =% — Yo =%
a2 {w <861 (U 0 0 )7352 (ff 0 0 )

is obtained by first expressing

o T d e
) <a_51 (e®25'ESg ), %5 (0°25 2%, 1))

in its sum form and then taking expectations term by term. Letting now
i 0 _ _ 0 _ _
v = (— o’sptEDy ! ) wht = <— o*S ED )
EXR ( 0 0 ) ijv 9Ba ( 0 0 )

we recall our definition of 1(v,w) given in (D.8) whose unconditional expected value (over the Ajs, i.e., over Z) we

kl

now need to evaluate in order to obtain as.

We are thus led to consider four-index tensors A% and to define

N N-1
1/:()\) = QZ Athb Z {_2)\h,h+1,h+1,h+1 _ g\h LAt R
h=1 h=1
1 ABRRALAEL | AR LRt LR gy Rkt LR (H.5)

_ophtLhhih 2)\h,h,h+1,h}

where A% is symmetric in the two first and the two last indices, respectively, i.e., X% = X and AUF = N4tk 1
terms of our definition of t in (D.8), it should be noted that (v, w) = ¥(\) when one takes A% = p»I*!  The

expression we seek is therefore

az=F {¢ (8%1 (c*S5'Exg ), %5 (0—22515251)” =9\ (H.6)

where A¥* is taken to be the following expected value

AR = g [Vi,jwk,l}

— i 2y —1loy—1 i 2 —1lmgy—1

=k <851 (0 EO _‘EO )>U <862 (U EO HEO )>kl:|

—E §N: O (0255 )i B (55 ) er) = (02 (55 e Zrn (S5 )u)
r,s,t,u=1 aﬂl ! 862

N 9 ) ) 5 i .
- r,S,tZ; 8_61 (02(20 1)”(20 1)Sj) 8_62 (02(20 1)kt(20 1)ul) E [ErsEtu]

e (0 (55 (S5 )

with the third equality following from the interchangeability of unconditional expectations and differentiation with

respect to 8, and the fourth from the fact that F[=,:5:,] # 0 only when r = s = ¢ = u, and

E[E/Err] = Ad Var[g].
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Thus we have

(0_27—4,01',1"1}1",]') 8%2 (sz%wvnl) , (H.7)

and

2 4 kr r,l) _ <3(0274) LTy _‘_szyfz;a(vz’%r'j) ﬂ)

0B on 0B
y d(a*y") VR g2y 3 (v"mom) on
0B2 on 02 )
Summing these terms, we obtain
~ A% Var[ﬁ] 2N 4 2 3 4
v = 1=n)"(1+n)?®0+n2)? (Cix (1 =17) (2C5xCox (L+n+n" +20°) + Cax (1 = 17))
+ 2052 C3x (2C57C6n (1 + 20+ 4n° + 60° + 50 + 41° + 4n°)
+Caix (L+n+n"+20° —n* —n° —n° —21")))
+ o(N)
where
8(02W74) 2 —4 On
Cn—a—ﬂl, Cor =077 703)\73_51
8(02W74) 2 —4 On
C4A—a—ﬂ2, Csn=0"y ,Cﬁxfa—ﬂz

Putting it all together, we have

ozt 9x I\l _ (955" 0%t | o 3
E{d)( op1 7 9Pz )] _¢( aﬂol 75—502) + e (a1[2] + a2) + O(€”)

Finally, the asymptotic variance of the estimator (62, a?) is given by
AVAR((62,0%) = E[A] (D'S™'D)™" (H.8)

where

;L 1 . i g i I’y
D=D = NEtrue |:l:| - NEnormal |:li| - NEnormal |:ll:|
=F9 4 2F® 4 0(&)

is given by the expression in the correctly specified case (G.15), with F® and F® given in (G.16) and (G.17)
respectively. Also, in light of (H.1), we have

S= L. [ii’} - 1. M 4+ Cumy [U] ¥ = D + Cumy [U] ©

N N
ax~t gxn—1
802 7 da2
az~! ax—1

da2 7 daZ

where

(8

T AN o E [

(Pl

=0+ 2u® 4 0oP).
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Since, from (H.3), we have

ox~t 9!\ [9%y! 9%t 2 2 3
E{”’ <WW)} ”"( B OB )“ P+ Coe 0,

—1 —1
it, follows that ¥(® is the matrix with entries ﬁ@/} (%}1—, %)2—), i.e.,

AL/2 AY2(6a2 4 Ago?
o | e (e R 4 o)
- . 1 _ A(l)/2o'(6a2+Aoo'2) _ 2a4(16a2+3A002) 0 ’
2a% (4a2+A002)3/2 (4a2+A002)3
and
1
v = T (@12 +a2).
with

2A3/2(74a2+A0g2) Ag ((74a2+A002)(4a2+A002)3/27A(1)/20'(740a4+2a2A00'2+A80‘4))

1 _ 0'(4a2+A00'2)9/2 2a4(4a2+A002 9/2
mal[Q] - Var[g] . 8Aoo'2((4a2+A002)3/27A(1)/2o'(6a2+A00'2))
a? (4a2+A002)9/2
+o(1),
A3 (40a® —120% 800 4+ 80%0®)  AY/Zo(—44a% 1801 Ao +7a% A0 0% +340%05)
1 o 20(2(12+A002)3(4a2+A002)9/2 g2a2+A002)3(4a2+A002)9/2
AN = Varl¢] . 285253 (5002 +424% Ago2 +940%0 %)
(2a2+A002)3(4a2+Aoo‘2)9/2
+o(1).

It follows from (H.8) that

1

AVARi1 (62,42) = E[A] (D (D + Cumy [U] ¥) "' D)~

o (D(1d+Cums U] D0) ")

(Id+ Cumy [U] D™'W) D}
(Id+ Cumy [U] D~'¥) D!
AVARn()rmal(&Zg &2) + AO Cum4 [U] D71WD71

E
A
Ao
A

0

where
AVARnormal(&zg d2) = AO-D71 = A(O) + 62A(2) + 0(63)

is the result given in Theorem 3, namely (8.10).
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The correction term due to the misspecification of the error distribution is determined by Cumy [U] times
AeD'UD ! = Ay (F(O) +EFD 4 0(63)) o (\1/“” +ET? 4 0(63))
x (F“J) +EF® 4 0(63)) o
Y <Id _ ¢ [F(O)} TPy 0(63)) [F(O)} o (\I/(O) +Eu® 4 0(53))
X <Id _ & [F(O)} TR@ g 0(8)) [F(O)}
= 8o [F] Ty [F((’)]*l +
1A, ([Fw)}*l 7@ [Fw)rl _ [Fw)]*l o) [F(O)Jfl o© [Fw)]*l
_ [Fw)]*l © [F<o>]*1 F2 [Fw)]*l)

+0(e%)
=B 1+ &B® 1 0().

-1

where the matrices The asymptotic variance is then given by
AVAR e (62,3%) = (A(O) + Cumy [U] B<°>) te (A<2> + Cumy [U] B<2>) +O(eH).

with the terms A®, A® B© and B® given in the statement of the Theorem.

Appendix I:  Proof of Theorem 5

From
2 (1 _ 67bA)

E[Y?] =E [w]] + E [u}] =c°A+ 2

it follows that the estimator (2.2) has the following expected value

= (0®+¢?) — §A+O(A2). (I1.1)

The estimator’s variance is

Var [6’2} = % Var

N
el
=1

N N i—1

1
O DHITEES 3 SR
=1 =1 j=1
Since the Y/ s are normal with mean zero,

Var [Y?] = 2 Var[y;]? = 2E [v?]”

and for ¢ > j
Cov (Y, Y}]) =2 Cov (Y;,Y;)? = 2 E [uiu;]”
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Cov (Y3,Y;) = E[YiYj] = E[(wi + wi) (w; +u;)] = E [uiuy] .

Now we have

[(U - ) (UTJ' - Ufj—l)}
E U, UT]} E[UnUr,_,] — E [Ur,_,Ur;] + E [Ur,_, Ur,_, |
C2 (1 _ efbA) efbA(zfjfl)

2b

E [ujuy]

so that

2 (1 _ —bA\2Z —bA(i—j—1)\ 2
COV(YZ-Q,YJ-Z)ZQ <_c (1 e )be )

2
cle—2bA(i—i-1) (1 —bA)4
- 207
and consequently
2
0 i A (1 _ 67bA)2 (Ne’ZbA 14 672NbA) ) 2 (1 _ 67bA)
Var [6%] = T { b (11 ) +2N (o A+7b (1.2)

with N = T/A. The RMSE expression follows from (I.1) and (I.2). As in Theorem 1, these are exact small sample
expressions, valid for all (T, A).
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Value of a T =1 day T =1 year T =5 years

Panel A: 0 = 30% Stocks
0.01% 1 mn 4 mn 6 mn
0.05% 5 mn 31 mn 53 mn
0.1% 12 mn 1.3 hr 2.2 hr
0.15% 22 mn 2.2 hr 3.8 hr
0.2% 32 mn 3.3 hr 5.6 hr
0.3% 57 mn 5.6 hr 1.5 day
0.4% 1.4 hr 1.3 day 2.2 days
0.5% 2 hr 1.7 day 2.9 days
0.6% 2.6 hr 2.2 days 3.7 days
0.7% 3.3 hr 2.7 days 4.6 days
0.8% 4.1 hr 3.2 days 1.1 week
0.9% 4.9 hr 3.8 days 1.3 week
1.0% 5.9 hr 4.3 days 1.5 week
Panel B: 0 = 10% Currencies
0.005% 4 mn 23 mn 39 mn
0.01% 9 mn 58 mn 1.6 hr
0.02% 23 mn 2.4 hr 4.1 hr
0.05% 1.3 hr 8.2 hr 14.0 hr
0.10% 3.5 hr 20.7 hr 1.5 day
Table 1

Optimal Sampling Frequency

This table reports the optimal sampling frequency A* given in equation (3.12) for different values of the standard
deviation of the noise term a and the length of the sample 7. Throughout the table, the noise is assumed to be
normally distributed (hence Cumy [U] = 0 in formula (3.12)). In Panel A, the standard deviation of the efficient price
process is o = 30% per year, and at ¢ = 10% per year in Panel B. In both panels, 1 year = 252 days, but in Panel
A, 1 day = 6.5 hours (both the NYSE and NASDAQ are open for 6.5 hours from 9:30 to 16:00 EST), while in Panel
B, 1 day = 24 hours as is the case for major currencies. A value of a = 0.05% means that each transaction is subject
to Gaussian noise with mean 0 and standard deviation equal to 0.05% of the efficient price. If the sole source of the
noise were a bid/ask spread of size s, then a should be set to s/2. For example, a bid/ask spread of 10 cents on a $10
stock would correspond to a = 0.05%. For the dollar/euro exchange rate, a bid/ask spread of s = 0.04% translates into
a = 0.02%. For the bid/ask model, which is based on binomial instead of Gaussian noise, Cumy [U] = —s*/8, but this
quantity is negligible given the tiny size of s.
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Sampling Theoretical Sample Theoretical Sample
Interval Mean Mean Stand. Dev. Stand. Dev.
5 minutes 0.185256 0.185254 0.00192 0.00191
15 minutes 0.121752 0.121749 0.00208 0.00209
30 minutes 0.10588 0.10589 0.00253 0.00254

1 hour 0.097938 0.097943 0.00330 0.00331

2 hours 0.09397 0.09401 0.00448 0.00440

1 day 0.09113 0.09115 0.00812 0.00811

1 week 0.0902 0.0907 0.0177 0.0176

Table 2

Monte Carlo Simulations: Bias and Variance when Market Microstructure Noise is Ignored

This table reports the results of M = 10,000 Monte Carlo simulations of the estimator 62, with market microstructure
noise present but ignored. The column “theoretical mean” reports the expected value of the estimator, as given in
(3.10) and similarly for the column “theoretical standard deviation” (the variance is given in (3.11)). The “sample”
columns report the corresponding moments computed over the M simulated paths. The parameter values used to
generate the simulated data are 0® = 0.32 = 0.09 and a? = (0.15%)2 and the length of each sample is T' =1 year.
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Figure 1
Various discrete sampling modes — no noise (Section 2), with noise (Sections 3-7) and
randomly spaced with noise (Section 8)
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RMSE of the estimator 5> when the presence of serially correlated noise is ignored
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